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Abstract

Gaussian Processes (GPs), as a nonparametric learning
method, offer flexible modeling capabilities and calibrated
uncertainty quantification for function approximations. Ad-
ditionally, GPs support online learning by efficiently incor-
porating new data with polynomial-time computation, mak-
ing them well-suited for safety-critical dynamical systems
that require rapid adaptation. However, the inference and on-
line updates of exact GPs, when processing streaming data,
incur cubic computation time and quadratic storage mem-
ory complexity, limiting their scalability to large datasets
in real-time settings. In this paper, we propose a streaming
kernel-induced progressively generated expert framework of
Gaussian processes (SkyGP) that addresses both computa-
tional and memory constraints by maintaining a bounded set
of experts, while inheriting the learning performance guaran-
tees from exact Gaussian processes. Furthermore, two SkyGP
variants are introduced, each tailored to a specific objective,
either maximizing prediction accuracy (SkyGP-Dense) or im-
proving computational efficiency (SkyGP-Fast). The effec-
tiveness of SkyGP is validated through extensive benchmarks
and real-time control experiments demonstrating its superior
performance compared to state-of-the-art approaches.

Code — https://github.com/Zewen- Yang/SkyGP
Extended version — https://arxiv.org/abs/2508.03679

1 Introduction

Real-time learning has become essential for modeling the
dynamics of physical systems, where machine learning
models must be continuously updated to adapt to chang-
ing environments while satisfying the requirements of re-
sponsiveness and safety. This capability is especially critical
for autonomous systems, such as underwater vehicles, aerial
drones, and healthcare robots, that operate in complex and
safety-critical environments (Yang et al. 2025a). In such sce-
narios, the ability to learn accurate models online and seam-
lessly integrate them into control loops is key to ensuring
robust and efficient operation (Dai et al. 2023).

Gaussian Processes (GPs) provide a powerful nonpara-
metric framework for modeling dynamical systems, par-
ticularly in safety-critical applications, due to their ability
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to quantify uncertainty (Wachi et al. 2018). However, de-
spite their modeling flexibility, standard GP inference suf-
fers from severe scalability limitations. It scales cubically
with the number of data points, requiring O(NN?3) time and
O(N?) memory for N training data. This scalability bottle-
neck makes conventional GPs impractical for online appli-
cations involving continuously streaming data or long-term
deployments.

To mitigate these limitations, a variety of scalable approx-
imation techniques have been developed. Among global ap-
proximations, sparse Gaussian Processes introduce a set of
M < N inducing points to efficiently summarize the train-
ing data, reducing the complexity to O(NM?) for train-
ing and O(M?) for prediction. Notable methods include
fully independent training conditional approximation (Snel-
son and Ghahramani 2005), variational free energy (Naish-
guzman and Holden 2007), and latent projection tech-
niques (Reeb et al. 2018). While streaming variants such
as incremental sparse spectrum GP (ISSGP) (Gijsberts and
Metta 2013) and streaming sparse GP (SSGP) (Bui, Nguyen,
and Turner 2017) allow for incremental online updates, these
frequently require computationally expensive optimization
at each update, which can undermine their practical use
in latency-sensitive settings. Moreover, these methods typ-
ically forgo guarantees on prediction error bounds, sacrific-
ing reliability in critical applications.

Distributed Gaussian Processes (DGPs) provide com-
plementary scalability by partitioning data across multi-
ple processors or agents for parallel processing. Within
this paradigm, mixture-of-experts (MoE) approaches (Tresp
2000b; Yuan and Neubauer 2008; Trapp et al. 2020) aggre-
gate predictions from independently trained GP experts us-
ing fixed or learned weights. Extensions such as product-
of-experts (PoE) (Cohen et al. 2020), generalized PoE
(gPoE) (Cao and Fleet 2015), and correlated PoE with sparse
GPs (Schiirch et al. 2023) have been proposed to better
utilize uncertainty in aggregation. The Bayesian commit-
tee machine (BCM) (Tresp 2000a) and its robust variant
(rBCM) (Deisenroth and Ng 2015; Liu et al. 2018) explicitly
integrate the GP prior to mitigate overconfidence. To address
real-time learning problems within distributed frameworks,
Lederer et al. (2021) proposed LoG-GP, which incremen-
tally constructs a tree-structured ensemble of GP experts of-



fering a scalable solution for DGPs. However, the reliance
on partitioning along a single dimension limits effectiveness
in high-dimensional spaces. The structure of DGPs enables
parallel and distributed deployment, with each GP model
hosted on a separate computational node or agent. This is
widely employed in multi-agent systems, where agents can
independently operate local GPs and collaborate through
a communication network for cooperative learning (Yang
et al. 2021, 2024a,b; Lederer et al. 2023). Nevertheless,
these methods overlook online learning requirements, par-
ticularly the need to efficiently incorporate new observa-
tions and adapt to nonstationary environments (Yuan and
Zhu 2024; Dai et al. 2024, 2025). While Yang, Dai, and
Hirche (2025) tackle asynchronous communication, their
computation-aware random splitting strategy fails to exploit
spatial or temporal correlations in the streaming data.
These limitations motivate our streaming kernel-induced
progressively generated expert framework for Gaussian pro-
cesses (SkyGP), which handles non-stationary, streaming
data by dynamically allocating GP experts based on kernel
similarity and temporal recency. Our main contributions:

* We propose a progressive expert generation strategy that
leverages kernel-induced centers to determine whether
incoming data should be incorporated into an existing ex-
pert model or used to initialize a new one. SkyGP enables
dynamic partitioning of streaming data and addresses the
limitations of the state-of-the-art (SOTA) approaches.

* We develop a time-aware and configurable expert ag-
gregation framework that incorporates temporal weight-
ing to effectively manage the generated GP experts. The
framework adapts to system constraints, such as mem-
ory and computational budgets, while ensuring bounded
complexity during both training and inference.

* We provide a learning-based policy for dynamical system
control tasks with a rigorous theoretical analysis. The
main theorem reveals the relationship between model un-
certainty and control performance.

* We validate the proposed approach on real-world bench-
mark datasets and real-time control tasks. Extensive
experiments demonstrate that the Sky-GP outperforms
SOTA methods in terms of prediction accuracy, compu-
tational efficiency, and closed-loop control performance.

2 Problem Statement and Preliminaries

This paper investigates the problem of online function ap-
proximation in a streaming data environment for learning
and control tasks. The objective is to infer an unknown tar-

get function f(-) : R™ — R using a estimated function f(-)
based on given an sequential stream of input-output data
pairs (z®, y*) indexed by s — oo, where m, s € N5 . Each
input * € R™ is paired with an output 4 = f(z%)+¢ € R,
where the noise ¢ follows a normal distribution with zero
mean and variance U%, and 0, € Ryg.

Gaussian Processes represent a Bayesian non-parametric
approach commonly employed for function regression and
approximation tasks. It assumes that the target function
f(-) is sampled from a GP prior, denoted as f(:)

~
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GP(m(-),k(-,-)), where m(-) is the mean function (often
set to zero when no prior knowledge is assumed) (Ras-
mussen and Williams 2006) and «(-,-) is the covariance
kernel (e.g., the squared exponential kernel). With the
streaming observations accumulated up to time step t;, €
R>( forming the dataset D(tx) = {(x*,y°)}s=1,2,....N(ts)»
where N(t;) = |D(t)|, the posterior mean and variance
functions of the GP can be derived as follows

wx) = k(z, X)a, (1
where k(x, X) = [k(x,x°)]s—1,... N(t,) IS the covariance
vector between the test input & and training inputs X =
[x!,..., 2N ()] and o, v are computed using the Cholesky
decomposition L = cholesky(K + 021) as

a = LT\(LT\y)’ v=L\k(z, X) 2

with the training output y = [y, ..., 4V )] The kernel
matrix K is defined by its elements K;; = x(z*,z7) (Ras-
mussen and Williams 2006).

In online learning scenarios, the predictive mean and
variance computations in (1) demonstrate O(N (¢x)) and
O(N?(t;)) complexities respectively, indicating these op-
erations computationally intractable as data grows without
bound. To address these scalability challenges, a widely
adopted strategy involves partitioning the data into multiple
subsets and training separate GP experts with their means
wi(+) and variances o2(-), where i € N denotes the index
of the GP expert. Various aggregation techniques have been
proposed for DGPs, and the structure of such aggregation
methods can be formulated in a general framework as

fi(x) ZiEN wi (@) pi (),

~2 2

i)=Y wi@)o}(), (3b)
where N' C N is the set of all GP experts, the functions
wi() : R* = R>¢ and w;(-) : R" — R represent the
aggregation weights for the mean and variance, respectively.

o?(x) = k(z, z) — v,

(3a)

3 Generated Experts of Gaussian Processes

In this section, we introduce an efficient online distributed
learning framework designed to adaptively process stream-
ing data in real time. At the core of SkyGP is a fully online
and adaptive architecture that maintains a bounded, scalable
set of GP experts. To enable dynamic expert allocation and
effective aggregation, we first present the kernel-based cen-
ter mechanism in Section 3.1. Building on this, we describe
the progressive generation strategy for updating and predict-
ing with the GP experts in Section 3.2, followed by the ag-
gregation strategy in Section 3.3. Finally, we analyze the
bounded computational complexity of SkyGP in Section 3.4.

3.1 Kernel-Induced Distance

To enable partitioning and localization for newly generated
GP experts, we adopt a center-based representation of the
training inputs, where the center of the i-th expert GP; is de-
fined as ¢; Ni Zévzl x¥, following (Nguyen-tuong, Pe-
ters, and Seeger 2008). Each expert maintains its own rep-
resentative center to support fast and scalable online allo-
cation. To facilitate online computation, the center of each



Algorithm 1: Expert Localization with an Adaptive Window

Require: =¥, vpev, {07 Licar(in 1)
Step I: Compute adaptive window size
if £ > 1 then
Compute distance: diemp < 1/k(z" 1, z")
Window size: W < min(W, |exp(diemp/0)])
else W < 0 end if
Step II: Locate nearest expert
if W # 0 then
T+ {Vprev — W, ..., Vprey + W} from T (tg—1)
T {ieINN(tr1) |9 >0}
else 7 < vy end if
Vor ¢ arg max;er k(xF, ¢;); Vorev < Var
GPu(t) < Choose GP expert corresponding to vy,
return Z and Vprey

bl

T2Y e e

—_—

expert is updated incrementally as new data points are as-
signed. Specifically, when a new point «* arriving at time
step ty, is allocated to the selected expert, the expert center
is updated as

= (k-1 k+ bk

“
To evaluate the distance between the expert center cf and
the newly arrived input «* in the feature space induced by
the kernel, we define the kernel-based distance as follows

df(céﬂwk) = l/ﬁ(cf7wk). 5)

3.2 Progressive Expert Generation Strategy

Expert Localization and Generation In conventional on-
line GP approximation methods, new data points are typ-
ically assigned to the first available expert that has not
yet reached its capacity (Nguyen-tuong, Peters, and Seeger
2008; Lederer et al. 2021; Yang, Dai, and Hirche 2025).
Once the expert becomes full, it is either no longer up-
dated or directly split into sub-experts, often without ex-
plicitly accounting for the underlying distributional proper-
ties and space features of the data. In contrast, our SkyGP
framework dynamically allocates each incoming data point
to the most appropriate expert based on kernel proximity and
time-aware factor. Specifically, from the prediction phase,
we have already calculated the kernel distances between the
new arriving point and the experts within an adaptive win-
dow W € I yy and found the nearest experts with in the
expert set N'(t), where N (to) = 1 (see Algorithm 1). Af-
ter locating the previous index vpe, of the nearest expert
denoted by vy, we are able to process the streaming data
based on the index list Z filtered by the time-aware factor
¥ € (0, 1] initialized by 1, which encodes the usage history
of the experts. Moreover, we define the upper bound of
as 1 to filter out the outdated experts. If the expert has not
reached its capacity, the data point is added to it (see Fig-
ure 1). Otherwise, the two SkyGP variants handle this situa-
tion in two different ways outlined in Algorithm 2.

In particular, a data replacement strategy is employed in
SkyGP-Dense. When the new data pair (x*,y*) is con-
firmed to add to D, (¢x), and the data point within GP,, that
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Figure 1: Data allocation process

is furthest from its center is cast off and moved to a separate
dropped dataset DO (¢,,), whose center °c¥ is then updated
in the same method in (4). Since such a replacement requires
recomputing the expert’s kernel matrix and Cholesky factor-
ization, we introduce an event-triggered mechanism to limit
updates only to critical cases. Let ¢,; and off, be the cen-

ter and the dropped center of expert GP,,. with Ny (t) data

points {(x5,, ygr}f;'f“). The event-triggered data forward-

ing strategy is designed as

Dy (13 )= ot )@ )\ @), if A < 0
SR Do (ti1), otherwise’

where A € R is defined as A = max,—,... n, (¢,) A(s) and

).

This kernel-based selection strategy encourages experts to
retain points that align with the current local distribution
while avoiding repeated inclusion of previously discarded
regions. Although computationally expensive, this step is
infrequent and remains tractable under the predefined data
threshold V. If no expert accepts 2*, a new expert will be
created and the center will be initialized with «*. In SkyGP-
Fast, no replacement is performed. This design ensures all
update GP expert is a rank-one update to the Cholesky fac-
tor, which incurs a computational complexity of O(N2).
SkyGP-Fast bypasses recomputations by appending new ex-
perts instead of replacing data, favoring low-latency updates
and scalability. In contrast, SkyGP-Dense limits memory
usage by reusing expert slots, making it more suitable for
resource-constrained settings. Together, these two modes of-
fer a flexible trade-off between computational efficiency and
memory control across diverse online learning scenarios.

(6)

s off

k off
i Cnr

A(s)=r(x®, cn) —K(x )fn(a:k,cm)+n(m e

Dynamic Expert List Creation The expert search is im-
plemented over a center-indexed list that maintains a glob-
ally ordered list of expert centers based on their insertion
positions. The index of this list is defined as v; € N with cor-
responding GP; expert. The newly instantiated expert with
center 2 will be inserted adjacent to the nearest existing ex-
pert identified during search. To update the table when new
GP expert generated, we compare the kernel-based distance
between ¥ and the left/right neighbors of the selected ex-
perts with their corresponding center ¢, and ¢}

diete = 1/k(2*, ), drighe = 1/k(z" — ¢t

) D



Algorithm 2: Expert Update Strategy

Require: z*, vy, Z, {19;‘3*1}1-6/\/(%_1)
Step I: Aggregated Prediction
I: Temp < {v €T |95~ > 9}
2: T4 < indices of the largest N values in ZLiemp
3: j(z*),5(x¥) < (3) with MOE/POE/BCM (9) to (11)
Step II: GP Expert Model Update

4: {ﬁf}ief\f — {ﬁfil}ie\f

5: forall v € 7,4, do

6: ﬁz’f(_LDtemp(_ {:I:EDV(tk_lﬂﬁ,(ﬂl‘,C,,)>Ii(.’13k,cy)}
7: if D, (tx_1)| < N then

8: D, (t) + D, (tp_1) U (z*, y*)

9: Update GP,, (tx) < Cholesky rank-one update
10 return {97 };c (e,
11: else if SkyGP-Dense and Dieyp = () then
12: Update D, (x) < (6), GP, (tx) < (2)

13: Update °¢,, < (4) with dropped data
14: return {95 };c (e,
15: end if

16: end for

17: Create GP|nr(¢,,_,)|+1 With dataset D(tz) = (v, y¢)
18: Update expert list 7 (tx) < T (tx—1) and (8)
19: Update N (tx) < {N(tg—1), N (tx—1)] + 1}
Step III: Update Time-Aware Factor
20: for i = N'\Zyge do 9% < p9¥~! end for
21: return {95 };c ey

According to the previous v, in Algorithm 1, the new index
of GPpew 18

L min(vy, |NV]), if dignt < diete
new max(vy — 1, 0)  otherwise

®

3.3 Aggregated Prediction

Leveraging DGP framework in (3), our proposed SkyGP can
be seamlessly integrated with existing aggregation strategies
to enhance predictive performance and uncertainty estima-
tion across decentralized data streams. These weights are
typically chosen to satisfy certain properties, such as non-
negativity and normalization, ensuring that the aggregated
predictions are coherent and interpretable. For example, the
aggregated weight functions of MoE are

w;(x) = w, (9a)

wi(@) = wi (o} (@) + 17 (2)) — A*(x)/wi,  (9b)
satisfying Ziezagg w; = 1, which is also utilized in the mix-
ture of explicitly localized experts. Considering the posterior
variance in GP experts, the PoE family methods employ the
following aggregation structure

wi(x) = wio} (z)/wi(z), (10a)
wi(x) =1/ Zsezugg w0y % (x). (10b)

Furthermore, these aggregation schemes can be extended to
incorporate the prior variance of the unknown function, de-
noted as o, to further refine the combined predictive un-
certainty in the BCM family approaches. In this context, the

weight function for the mean remains consistent with that of
the PoE in (10a), while the corresponding weight function
for the aggregated posterior variance is given by

wi(m)zl/( Zsezag:ujaj 2(a:)+(1fzjezaggwj) o; 2). (11)
This extension ensures that the aggregated predictions re-
main well-calibrated, especially in distributed or federated
learning scenarios where each expert may have access to dif-
ferent subsets of the data.

According to Algorithm 1, given a new input ¥, SkyGP
performs prediction by first identifying the definable A
number of experts within the search window. Based on the
returned aggregation expert list Z,,,, each expert predicts the
posterior mean j;(z*) and variance o2 (x*). These predic-
tions then are fused using a principled weighting strategy,
e.g., MoE, PoE or BCM, yielding the final prediction in (3).

3.4 Bounded Complexity Analysis

In this section, we formalize the computational efficiency of
the proposed SkyGP framework, which is designed to main-
tain bounded per-step complexity during both model update
and prediction. The primary sources of computational cost
include nearest expert localization, aggregated prediction,
and expert model update. Each component is explicitly de-
signed to ensure low complexity and scalability in streaming
scenarios, while maintaining high prediction accuracy.

Model Update For expert localization, as described in Al-
gorithm 1, the computational cost from evaluating kernel
similarities between the current input and the expert centers
to obtaining index set Z (line 1-8) is O(1). The subsequent
selection of the nearest expert from the candidate set Z in
line 9, even when incorporating the time-aware factor, re-
quires only a linear search over Z with the same order of
complexity, i.e., O(W). Consequently, the overall computa-
tional complexity of Algorithm 1 is O(W).

The overall computational cost of the Algorithm 2 is dom-
inated by three components. First, the selection of the ag-
gregated expert set in line 2 requires filtering the candi-
date index set Z and selecting the top A elements, which
can be performed in O(|Z|log ) time. Second, the up-
date phase iterates over the A aggregated experts. For
each, the construction of the temporary data subset incurs
O(|Dy (tx—1)|) cost, which is bounded by O(NV) consider-
ing D, (tx)| < N. Moreover, when a GP model is updated
via a rank-one Cholesky modification for SkyGP-Fast, an
additional O(N?) cost per expert is incurred. On the other
hand, SkyGP-Dense requires full Cholesky factor recompu-
tation when performing replacement operations, incurring
a higher cost of O(N?). Third, the time-aware weighting
update over the remaining experts requires O(N) opera-
tions. Hence, the total worst-case complexity can be ex-
pressed as O(W log N + N'N?) for SkyGP-Fast, and simi-
larly O(W log N + N N3) for SkyGP-Dense.

Prediction Aggregated mean and variance in SkyGP are
computed using the bounded top N nearest experts. As each
local GP performs inference with O(N?(t;)) complexity,
the overall prediction complexity per step is O(N N2(t)).



4 Safe Learning-based Control Policy

In this section, we present a learning-based control policy
that integrates the proposed SkyGP framework into nonlin-
ear systems with unknown dynamics. The key idea is to
leverage real-time GP predictions to estimate model uncer-
tainties and design a feedback controller that ensures safe
and stable trajectory tracking. Following the introduction of
the prediction error bound of SkyGP in Section 4.1, we an-
alyze the control performance for general dynamical sys-
tems and design a tracking control policy specifically for
Euler-Lagrange (EL) systems in Section 4.2.

4.1 Learning Performance of SkyGP

We consider a function f belonging to a reproducing kernel
Hilbert space (RKHS) H,. associated with a positive definite
kernel k(,-), such that || f]|, < T. Let p;(x) and o;(x)
denote the posterior mean and standard deviation from the
i-th GP expert trained on dataset D; fori = 1,--- , N. Then
the following probabilistic prediction error bound holds.

Lemma 1. Consider the regression task in a compact do-
main X, and suppose the kernel function k(-,-) is Lipschitz
with Lipschitz constant L, € R 4. Choose § € (0,1/N)
and T € R, then the prediction error satisfies

|f(z) = iz | D)| < Bo(x) +v(x), VreX

with a probability of at least 1 — N6, where v(x)
Yien Wil@)vi, o(w) = 3 i pr wil@)oi(T), and

n vn,_ 5\ 1/2
B=2(23"" tog[Y (@~ x| —210g ) L (13)
Vi = (VBsLoi +TV/2Ly + L), 14

with ; = maXgex T, z; = mingex x; and x; as the j-
th dimension of x. The positive constants L, ; € Ro 4 and

Lo € Ry 4 are the Lipschitz constant for posterior mean
1;(+) and variance o;(+), respectively fori € N.

12)

Lemma 1 shows the probabilistic theoretical error bound
of the aggregated prediction fi(-), which also holds for the
proposed Sky-GP!. Note that the boundness of the predic-
tion error does not rely on the choice of aggregating strat-
egy reflected by the weighting function w; (). For notational
simplicity, denote the prediction error bound as 7(x)
Bo(x) + v(x), which is used in Section 4.2.

Remark 1. Compared with the other probabilistic (Srinivas
et al. 2012; Scharnhorst et al. 2022) or deterministic bounds
(Maddalena, Scharnhorst, and Jones 2021; Hashimoto et al.
2022), the error bound chosen in this paper follows (Led-
erer, Umlauft, and Hirche 2019), which results in an am-
plitude constant 5 of posterior variance o(-). Moreover, it
is shown that there always exists a sufficiently small grid
factor 7 € Ry such that y(z) < fo(x) for all x € X,
i.e., the posterior variance dominates the error bound 7(x).
Therefore, the prediction error bound could also be written
as n(x) < 2Bo(x) (Lederer et al. 2024).

!The proofs of all lemmas and theorems are provided in Ap-
pendix A in (Yang et al. 2025b).
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4.2 Safe Critical Control Application

A General Control System The objective is to design a
GP-based control law that drives an unknown dynamical
system to exhibit a desired behavior. Specifically, we con-
sider a class of control applications focused on output sta-
bilization, where the goal is to ensure that the system out-
put converges to the equilibrium point asymptotically. The
continuous-time nonlinear system is described as follows

& = f(x,u) + g(x,u), z =h(t,x) (15)

where x €¢ X C¢ R, v € U Cc R™ and z €
R™= denote the system state, control input and system
output, respectively. The transition function f(-,-)
[f1(5), s fm ()] T : X x U — R™ is unknown, where
each scalar f;(-,-) belongs to a RKHS #, ; corresponding
to a kernel function x;(-,-) : Xo x Xo = Rg 4 with X, =
X x U c R™™u forall j = 1,--- ,m. The measurement
function h(-,-) : R>¢p x X — R™= is known. To achieve
system output stabilization, i.e., lim; o 2(t) = Oy, 1, @
control policy 7 (-, -, ) : R>o x X x H,, — R™ is designed
satisfying the following assumption.

Assumption 1. Suppose there exists a differentiable func-
tion V(+,-) : R>o x R™v — R> satisfying
a(llz]) < V(t z) < a(lz]]) (16)

with class-XC functions a(-),@(:) : R>¢g — Rg 4. The con-
trol law 7r (-, -, -) is designed such that

Vo V(t,z)(u(z, w(t z,p) + g(z, 7t z, 1)) (17)
+ ViVt ®) < —a(V(th(t,x)) - VLV (E )%/ (4e),

with a positive constant € € R+, where the function «(-) :
R>g — R>q belongs to class-X and

_OV(t,h(t,x)) | OV(t h(t,x)) Oh(t )

Vivit@) ot Oh(t,z) ot
_ OV(t,h(t,xz)) Oh(t,x)
VaV(t @) = Oh(t, ) oxr ’ (18)

for any () = [11(-), -+ , i ()] satisfying 1;() € He

forallj=1,--- ,m.

This assumption indicates the asymptotic output stabil-
ity of the equivalent system € = u(x,u) + g(x,u) us-
ing the control law 7 (¢, x, u). Compared to the condition
in conventional asymptotic stability (Khalil 2002), the addi-
tional term ||V, V (¢, )|?/(4e) introduced in (17) is used
following input-to-state control Lyapunov functions to par-
tially compensate for the potential effect from unknown dis-
turbances. Later, an example is provided to demonstrate how
to design a model-based controller that satisfies this assump-
tion. Notably, the true dynamical system is unknown f(-)
instead of p(-), whose performance is shown as follows.

Theorem 1. [f there exists a control law (-, -, ) satisfying
Assumption 1. Choose 6 € (0,1/m), then the output z(t) of
the true system (15) is ultimately bounded by

limg o0 [|2(8)]| < a”t(a (eR?)) (19)



with a probability of at least 1 — md. The positive con-
stant ) = maxXcr, , zex [|N(&(t, x, w))|| denotes an up-
per bound on the model error between f(-) and its GP ap-
proximation p, where &(t,x, u) = [21, 7l (t,z, n)]T and
n() = () ,na, (T and (") obained using pre-
diction error bound.

This theorem guarantees that the system output ulti-
mately remains within a bounded neighborhood of the de-
sired equilibrium, despite the presence of model uncertain-
ties. To instantiate this theorem and derive a practically ap-
plicable controller, we next consider a representative Eu-
ler—Lagrange (EL) system and demonstrate the design and
performance of a corresponding learning-based policy.

Euler-Lagrange System Control Consider an EL system

M(q)d+C(q.9)4+9(q,q) =w+d(q,q), (20)
where g € Q CR™ and u € U CRR™* denote the generalized
coordinate and control input with m, = m/2. Define x =
[q",q"]" € X, then the dynamics of (20) is rewritten as

s q quxl
T IM (@) (u - Clg,9)d — g(w))} * [Ml(q)d(w)}
g(@.u) f(@w)

The control task is to track a pre-defined trajectory x4(-) =
[a] (-),q, ()]" : Rsog — X, such that the output is defined
as tracking error as z(t) = x(t) — x4(t). To achieve this
control objective, a learning-based control law inspired by
computed torque control is proposed as

w(t, @, p) = C(x)q + g(x) — p(x) + M(q)ga(t) (21)

+M (g) (K (g-aa(0)+Ka(d— da()-B () P2/(2¢),
where B = [04, x4,, M~ " (q)]". The control gains K, and
qu X mq Imq

K, K,
The matrix P is the solution to the Lyapunov equation as-
sociated with the quadratic Lyapunov function V (¢, z)
z' Pz, where P > 0 satisfies AT P + PA = —Q with
Q@ > 0 being a positive definite matrix. The existence and
uniqueness of the solution P is guaranteed due to Hurwitz
A (Khalil 2002). Then, the control performance in terms of
tracking error bound is shown as follows.

Theorem 2. Consider the EL system (20) driven by the con-
trol law (21) using the proposed Sky-GP satisfying all as-
sumptions in Lemma 1. Choose 6 € (0,1/my) C R, then
the tracking error z is ultimately bounded by

limy o0 [|2()]| < eA(P)AQ)AP)) ™7
with a probability of at least 1 — m 0.

Theorem 2 shows the tracking error bound obtained by
using the controller (21) with the proposed Sky-GP, which
is relevant to the worst-case learning performance 7 and the
desired convergence strength reflected by Q. Specifically,
smaller prediction error 7 and larger eigenvalues of @ in-
duce smaller tracking error. Note that increasing the control
gains with larger eigenvalues of @ also leads to high sensi-
tivity of the measurement noise, which may deteriorate the
control performance. Therefore, an accurate prediction for a
smaller 7 is essential to achieve high tracking precision.

K ; are chosen such that A = } is Hurwitz.

(22)
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5 Experimental Evaluation

We conduct comprehensive experiments to evaluate the pro-
posed SkyGP framework from both regression and control
perspectives. In Section 5.1, we assess the regression per-
formance on multiple real-world benchmark datasets. Then,
a closed-loop control performance comparison is evaluated
against SOTA approaches on a nonlinear dynamical system
in Section 5.2. Finally, we present an ablation study analyz-
ing different algorithmic design choices?.

5.1 Regression Performance Evaluation

We evaluate the proposed SkyGP framework on four real-
world benchmark datasets. The SARCOS dataset con-
tains 44,484 samples with 21 input features. The PUMA-
DYN32NM (PUMA) dataset consists of 7,168 samples with
32 input features. The KIN40K dataset includes 10,000 sam-
ples with 8-dimensional inputs. The ELECTRIC dataset
records household electricity consumption, comprising over
2 million samples with 11-dimensional inputs. For simplic-
ity, we use the first 20,000 samples of ELECTRIC dataset.
To assess the performance of SkyGP, we compare our two
variants against several strong baselines: LoG-GP (Lederer
et al. 2021) and Local GPs (Nguyen-tuong, Peters, and
Seeger 2008) with each expert holding at most 50 data
points, SSGP with 50 inducing points (Bui, Nguyen, and
Turner 2017), and ISSGP with 200 random features (Gijs-
berts and Metta 2013). All methods use an ARD kernel with
hyperparameters pre-trained with the first 1000 samples in
each dataset. Each model is evaluated in a sequential setting,
where predictions and updates are performed on-the-fly as
each new data point arrives. We evaluated the average pre-
diction and update times, as well as the standardized mean
squared error (SMSE) and the mean standardized log loss
(MSLL) in a sequential interpretation (Lederer et al. 2021).
The maximal number of experts A” € {1, 2, 4} are used in all
benchmark. Each expert with SkyGP holds at most N = 50
data points and the maximal search window size W = 40
and uses the rBCM aggregation method. Set the time-aware
decay weighting factor p = 0.995 and ¥ = 10~3. SkyGP-
Fast with a maximum of one expert is denoted by SkyGP-F-
1, and SkyGP-Dense with one expert by SkyGP-D-1. Other
variants follow the same naming convention.

Table 1 shows the average SMSE and MSLL across three
benchmark datasets, demonstrating that the proposed SkyGP
variants consistently outperform baseline methods such as
LoG-GP and LocalGPs in both predictive accuracy and un-
certainty calibration. While ISSGP achieves the best SMSE
and MSLL on the PUMA dataset, its prediction and update
time is over 30 times slower, as detailed in Table 2, making
it less suitable for real-time applications. Notably, SkyGP-
D-4 achieves the best overall performance, with the lowest
SMSE (0.017) and MSLL (-2.03) on the SARCOS dataset,
and competitive results on PUMA and ELECTRIC. Table 2
summarizes the average prediction and update times across
three datasets. SkyGP-F-1 achieves the lowest overall la-
tency, with update times consistently at 0.04s and the fastest

2For additional results and ablation study analysis, refer to Ap-
pendix B in (Yang et al. 2025b).



Model SARCOS PUMA ELECTRIC
€smse €msll  €smse  €msll  €smse  Emsll
LoG-GP 0.044 -1.83 020 -1.00 0.11 3.08
SkyGP-F-1 0.037 -1.83 026 092 0.08 3.29
SkyGP-F-4 0.024 -191 0.09 -1.39 0.07 3.36
SkyGP-D-1 0.031 -1.89 0.23 -.10 0.08 3.31
SkyGP-D-4 0.017 2.03 0.08 -1.40 0.07 3.38
LocalGPs-1 0.031 -190 0.18 -.11 0.08 3.26
LocalGPs-4 0.071 -1.38 0.18 0.79 0.14 2.20
ISSGP 0.023 -191 0.08 -1.46 0.06 =2.19
SSGP 0.068 -1.11 0.09 -.05 - -

Table 1. Average SMSE and MSLL on 3 datasets.

Model SARCOS PUMA ELECTRIC
tpred tup tpred tup tpred tup
LoG-GP 0.30 0.22 0.22 020 0.18 0.24
SkyGP-F-1 0.16 0.04 0.26 0.04 0.15 0.04
SkyGP-F-4 023 0.04 035 0.04 021 0.04
SkyGP-D-1 0.17 0.09 0.25 0.08 0.14 0.06
SkyGP-D-4 024 0.16 0.28 0.16 0.22 0.08
LocalGPs-1 1.17 0.15 1.07 0.08 278 0.06
LocalGPs-4 1.25 0.23 1.14 0.08 2.88 0.06
ISSGP 18 7 3 6 4 8
SSGP 5 4 2 6 - -

Table 2. Average prediction and update time on 3 datasets.

prediction on SARCOS (0.16s), making it well-suited for
real-time applications. SkyGP-D-1 has the best prediction
time on ELECTRIC (0.14s) while maintaining competitive
update performance. In contrast, traditional baselines such
as ISSGP and SSGP exhibit significantly higher computa-
tional costs, with ISSGP requiring up to 18s for prediction
and 7s for update on SARCOS, rendering them impractical
for online deployment. Notably, SSGP fails to produce re-
sults on the ELECTRIC dataset within 20s, so we omit it.

5.2 Control Performance Evaluation

We evaluate the control performance of the system described
asmqg+ 9.8 = u+ f(x) withm = 1, where

f(x) =1+ x122/10 + cos(xz)/2 (23)
— 10sin(521) + (1 + exp(—x2/10)) 1 /2.

Choose ©1 = q,r2 = ¢, then the dynamics is reformulated
as &1 = x2, 2 = g(u) + f(x) with g(u) = u — 9.8 =
(u—cq — g)/m similar as (21) with ¢ = 0 and g = 9.8.

w(t,@, i) = 9.8  fil@) — a,w? sin(w,t) + ky(g — qa(t))
+ kald — da() — [0, 1P — 24)/(2¢) (24)

with control gains k, = 5, kg = 10 and ¢ = 1. The ma-
trix P is obtained by solving the Lyapunov equation with
Q = I,. The two variants of SkyGP are with N = 50,

W = 10, I' = 1 and the maximal data size set to 100.
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Figure 2: Learning and tracking performance comparison of
the control task from the 100 times Monte Carlo tests.

Other hyperparameters are set the same in Section 5.1. Fur-
thermore, the desired reference is chosen with the form
qr(t) = a, sin(w,t) with coefficients a,, = 1, w, = 0.1.
The maximum norm values of tracking errors z = x — x4
and prediction errors f(x) — ji(x) are shown in Figure 2.
The box plot summarizes the distribution of the performance
on prediction error and tracking error over 100 trials with
a random initial state «(0) uniformly distributed in [0, 1]2.
The proposed SkyGP variants demonstrate both lower av-
erage and median in prediction and tracking errors, indicat-
ing more accurate and consistent learning and control be-
havior compared to all baselines. Particularly, the prediction
and tracking errors of SkyGP-Dense are lower than those of
SkyGP-Fast with sufficiently fast computation time, which
is consistent with the regression benchmarks in Section 5.1.

6 Conclusion and Discussion

In this paper, we introduced SkyGP for scalable and adap-
tive learning. Designed to address the computational and
memory bottlenecks of exact GPs in real-time settings,
SkyGP maintains a bounded set of experts while preserving
strong predictive performance with uncertainty quantifica-
tion. SkyGP-Fast, targeted for computational efficiency, and
SkyGP-Dense, designed for high prediction accuracy. Our
extensive empirical evaluation across multiple real-world re-
gression datasets and real-time control tasks demonstrates
the superiority of SkyGP over SOTA baselines.

A limitation of the center update rule in Equation (4) is
that it may fail to accurately capture special data distribu-
tions, such as annular or multimodal patterns. We adopt the
method from (Nguyen-tuong, Peters, and Seeger 2008) for
its simplicity and computational efficiency. Another limi-
tation lies in the use of the dynamic table list, which may
struggle to handle data with sudden distributional shifts, po-
tentially affecting the timely allocation or reuse of experts.
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