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Abstract

This paper investigates problems of large-scale distributed
composite convex optimization, with motivations from a
broad range of applications, including multi-agent systems,
federated learning, smart grids, wireless sensor networks,
compressed sensing, and so on. Stochastic gradient descent
(SGD) and its variants are commonly employed to solve
such problems. However, existing algorithms often rely on
vanishing step sizes, strong convexity assumptions, or en-
tail substantial computational overhead to ensure conver-
gence or obtain favorable complexity. To bridge the gap be-
tween theory and practice, we integrate consensus optimiza-
tion and operator splitting techniques (see Problem Refor-
mulation) to develop a novel stochastic splitting algorithm,
termed the stochastic distributed regularized splitting method
(S-D-RSM). In practice, S-D-RSM performs parallel updates
of proximal mappings and gradient information for only a
randomly selected subset of agents at each iteration. By in-
troducing regularization terms, it effectively mitigates con-
sensus discrepancies among distributed nodes. In contrast to
conventional stochastic methods, our theoretical analysis es-
tablishes that S-D-RSM achieves global convergence with-
out requiring diminishing step sizes or strong convexity as-
sumptions. Furthermore, it achieves an iteration complexity
of 1/epsilon with respect to both the objective function value
and the consensus error. Numerical experiments show that S-
D-RSM achieves up to two to three times speedup compared
with state-of-the-art baselines, while maintaining comparable
or better accuracy. These results not only validate the algo-
rithm’s theoretical guarantees but also demonstrate its effec-
tiveness in practical tasks such as compressed sensing and
empirical risk minimization.

Introduction
In this work, we consider a class of large-scale distributed

composite convex optimization problems:
®(z) == Z (fi(z) + Qi(m))} ;

(-3

where m is the number of nodes, {f;}, is a sequence of
proper, lower semicontinuous convex functions (not neces-
sarily differentiable), {g;}!" is a sequence of convex func-
tions that are Fréchet differentiable on R™, and each gradient

m
min
TER™

ey
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Vg is é-Lipschitz continuous. Throughout this paper, the
usual restrictive requirement of strong convexity of f; or g;
is not needed (Pathak and Wainwright 2020; Li, Chang, and
Chi 2020; Li, Acharya, and Richtarik 2024; Sadiev, Condat,
and Richtdrik 2024). Problem (1) arises in a wide range of
applications, including economics and traffic theory (Cor-
nuejols and Tiitiincii 2006; Gu et al. 2019), image process-
ing (Chambolle and Pock 2016; Ehrhardt et al. 2025), ma-
chine learning (Philippenko and Dieuleveut 2024), and other
fields.

Some “full participation” optimization methods—where
all nodes are involved in computation at per iteration—have
been proposed to solve problem (1); see, for exam-
ple, (Raguet, Fadili, and Peyré 2013; Bricefio Arias 2015;
Pathak and Wainwright 2020; Aragén-Artacho et al. 2023).
It is worth noting that in (Wu et al. 2025), the authors pro-
posed a new algorithm that unifies several commonly used
full-participation schemes and provides a unified framework
for their theoretical analysis. Although these algorithms ad-
mit global convergence under general convexity assump-
tions, their per-iteration cost remains high due to the need
to compute all proximal mappings prox;, and evaluate all
gradients Vg; for large-scale problems. As a result, stochas-
tic (i.e., partial participation) optimization methods have at-
tracted increasing attention.

Related Works

Gradient-Based Methods for Smooth Problems.
Stochastic gradient descent (SGD) (Robbins and Monro
1951) is a foundational algorithm widely used in machine
learning. Since its introduction by Robbins and Monro
(1951), SGD has undergone numerous developments,
giving rise to variants such as stochastic batch gradient
descent (Nemirovski et al. 2009) and compressed gradient
descent (Alistarh et al. 2017). Recently, Gower et al. (2019)
proposed a general framework for analyzing SGD with
arbitrary sampling strategies in the strongly convex setting.
Overall, while these methods are effective in many practical
settings, their theoretical convergence guarantees typically
rely on restrictive conditions such as vanishing step sizes
and strong convexity.

Proximal Point Algorithms for Non-Smooth Problems.
For non-smooth optimization problems, the proximal point



algorithm (PPA) (Rockafellar 1976) and its variants have
been extensively investigated. Compared to gradient-based
methods, PPA exhibits greater robustness to inaccuracies in
step size selection, as evidenced by the analyses in (Ryu
and Boyd 2014; Parikh and Boyd 2014). For large-scale
non-smooth problems, stochastic variants of PPA (S-PPA)
are more commonly employed in practice (Bertsekas 2011;
Bianchi 2016; Patrascu and Necoara 2018). Under ran-
dom sampling of component functions, vanishing step sizes,
and suitable measurability and boundedness assumptions,
Bianchi (2016) established the almost sure convergence of
S-PPA in the ergodic sense. Recently, Li et al. (2024) pro-
posed an extrapolated version of S-PPA (also known as Fed-
ExProx) for federated learning, which incorporates mini-
batch sampling and an extrapolation step to accelerate con-
vergence. Under convexity, Lipschitz continuity, and inter-
polation regimes (Montanari and Zhong 2022)—which are
satisfied in overparameterized deep learning models—they
established an iteration complexity of O(e~1). Sadiev et
al. (2024) further established linear convergence under ad-
ditional structural assumptions.

Proximal Gradient Methods for Composite Problems.
For composite problems with multiple smooth components
and a single non-smooth convex function, the stochastic
proximal gradient (S-PG) method—originating from a com-
bination of SGD (Robbins and Monro 1951) and prox-
imal gradient methods (Beck and Teboulle 2009)—has
been extensively investigated (Rosasco, Villa, and Vii 2016;
Atchadé, Fort, and Moulines 2017; Rosasco, Villa, and Vi
2020). In (Rosasco, Villa, and Vi 2016), the almost sure
convergence of S-PG was established under strong convex-
ity and vanishing step sizes. Under the general convex set-
ting, Atchadé et al. (2017) developed a unified analytical
framework for both unbiased and biased gradient estimators
in S-PG and derived an O(¢~2) complexity bound under
the assumption that the non-smooth component of the ob-
jective function is nonnegative and vanishing step sizes. Re-
cently, Rosasco et al. (2020) refined the complexity result of
Atchadé et al. (2017) by establishing an improved bound of
O (e'/=1) without requiring the non-negativity assump-
tion, with a vanishing step size of the form O(1/k"), where
t € (1/2,1) and k denotes the iteration index. However,
no convergence guarantees for S-PG are available in the ab-
sence of either strong convexity or vanishing step sizes.

Operator Splitting Methods. When both smooth and
non-smooth components are present in multiple blocks, op-
erator splitting techniques provide a powerful algorithmic
framework for designing deterministic algorithms. Some
methods have been successfully extended to stochastic set-
tings in recent works. Cevher et al. (2016; 2018) introduced
the stochastic forward Douglas-Rachford (S-FDR) splitting
method, establishing a stochastic extension of determinis-
tic FDR (Bricefio Arias 2015). Although S-FDR adopts the
SGD-style gradient estimate, its requirement to compute all
proximal mappings per iteration raises scalability concerns
for large-scale problems. Furthermore, by inheriting SGD’s
framework, S-FDR inherits similar theoretical requirements,
including vanishing step sizes and strong convexity assump-

26356

tions (Yurtsever, Vi, and Cevher 2016). More recently, a
broader algorithmic framework was introduced by Com-
bettes et al. (Combettes and Pesquet 2015; Bui, Combettes,
and Woodstock 2022; Combettes and Madariaga 2025), who
developed the stochastic generalized forward—backward (S-
GFB) method as a stochastic extension of the determinis-
tic GFB (Raguet, Fadili, and Peyré 2013). In contrast to S-
FDR, this approach reduces the per iteration computational
burden by updating only a subset of the proximal mappings
{prox. s, }/2,, though it may still pose computational chal-
lenges due to the need for full gradient evaluations, par-
ticularly in large-scale applications. For a comprehensive
overview of operator splitting algorithms, we refer the reader
to (Condat et al. 2023; Han 2022; Cai et al. 2022).

For clarity and ease of comparison, the properties of the
aforementioned algorithms are summarized in Table 1. In
the table, S} denotes the index set sampled at iteration k.
The notions of “Convergence” and “Complexity” are ana-
lyzed under standard convexity assumptions, without impos-
ing strong convexity or diminishing step-size conditions.

Theoretical and Practical Trade-offs. Compared to full
participation approaches, stochastic methods significantly
reduce computational costs by involving only a subset
of nodes in each iteration. However, they also entail in-
herent trade-offs in step size policies, strong convex-
ity requirements, gradient approximation accuracy, conver-
gence guarantees, and complexity analysis. Vanishing step
sizes are commonly used to establish almost sure conver-
gence (Bianchi 2016; Rosasco, Villa, and Vii 2020), but
they may degrade practical performance. Conversely, con-
stant step sizes typically require more accurate gradient esti-
mates (Combettes and Madariaga 2025; Bui, Combettes, and
Woodstock 2022; Combettes and Pesquet 2015), which can
increase computational overhead. Furthermore, complexity
analysis often relies on additional structural assumptions
about the objective function, such as strong convexity or in-
terpolation regimes (Yurtsever, Vi, and Cevher 2016; Gower
et al. 2019; Rosasco, Villa, and Vi 2020; Li, Acharya, and
Richtarik 2024). These challenges highlight the need for al-
gorithms that are both theoretically robust and computation-
ally efficient.

Contributions. Motivated by the unresolved theoretical-
practical trade-offs in stochastic optimization, we propose a
novel framework addressing three persistent limitations in
state-of-the-art methods:

* Practical Limitations of Vanishing Step Sizes
While vanishing step sizes (yx — 0) ensure theoreti-
cal convergence, empirical evidence consistently high-
lights adverse effects: asymptotic slowdown preventing
e-optimal solutions and hyperparameter sensitivity caus-
ing sharp convergence deterioration (Bottou, Curtis, and
Nocedal 2018). This bottleneck acutely impacts cross-
device federated learning with heterogeneous compute
capabilities.

* Restrictive Functional Assumptions
Existing O(e~!) guarantees rely on structurally conve-
nient but impractical conditions: strong convexity vio-



Algorithm fi, gi Step size Computational cost Convergence | Complexity
S-PPA B i N N
(Bianchi 2016) g: =0 vanishing prox., s o 0
FedExProx
(Li, Acharya, and Richtérik 2024) 9: =0 constant {prox .}, o, No No
S-PG _ - N O(/C=D)
(Rosasco, Villa, and Vii 2020) fi=0,i22 | vanishing {Vaities, No te(1/2,1)
S-GFB
(Combettes and Madariaga 2025) fi,9: #0 constant {prOX'Yfi Viesis {Vgitiem Yes No
S-FDR L.
(Cevher, Vi, and Yurtsever 2018) figi #0 vanishing | {prox, ;. Yiefmi: {V9ities, Yes No
This paper fi,9i #0 constant {prox_; , Vgi}tics, Yes o)

Table 1: Comparison of the properties of S-D-RSM (Algorithm 1) and several state-of-the-art methods.

lated by large machine learning models, and interpola-
tion regimes implausible under non-IID data (e.g., rec-
ommendation systems) (Zhang et al. 2024).
* Large-scale computing bottlenecks

Despite their stochastic formulations, prevalent operator-
splitting methods still inherit deterministic burdens: S-
FDR-type algorithms require O(m) proximal evalua-
tions per iteration, while S-GFB-type methods neces-
sitate O(m) gradient computations. These computa-
tional demands can become prohibitive in large-scale dis-
tributed systems, especially when m is large or when
proximal or gradient evaluations are costly.

The main contributions are summarized as follows:

e The proposed method integrates consensus optimization
with operator splitting and exploits parallelism by eval-
uating only a subset of proximal mappings {prox. ;, }7*,
and gradients {Vg;}7, at each iteration. In addition,
regularization is introduced into each subproblem to mit-
igate consensus discrepancies among distributed nodes,
as confirmed by numerical experiments.

e We provide a rigorous convergence analysis showing that
S-D-RSM achieves global convergence under general
convexity assumptions, without requiring strong convex-
ity, interpolation, or vanishing step sizes. The method at-
tains a sublinear ergodic convergence rate of O(1/K)
with respect to both the objective gap and consensus vio-
lation, leading to an iteration complexity of O(e~!). No-
tably, we establish almost sure convergence of the iterate
sequence, further reinforcing the algorithm’s reliability
in practice.

o Since the theoretical guarantees of our algorithm are es-
tablished solely based on the objective function and do
not depend on the underlying data distribution across de-
vices, it retains global convergence and an O(e~!) com-
plexity under heterogeneous settings, provided that the
loss function is convex.

Notations

We denote by T'g(R™) the set of all proper, lower semicon-
tinuous, and convex functions on R™. Given f € T'o(R"™),
the subdifferential of f is defined as

Of :x = {ueR" [ f(y) = f(z) + (w,y —x), Vy e R"},
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and its proximal mapping is defined by
. 1 2
RS + =y — .
proxs : x arg;gi{g {f(y) 2”9 z| }

From the definition of prox, it can be verified that for all
u,z € R"and § > 0,

x:proxf(u—(sm)(:»:v:prox% (11(5)' ()
Let (Q, F,P) denote a probability space, with ) the sam-
ple space, F the o-algebra, and [P the probability measure.
The abbreviation “P-a.s.” refers to “P-almost surely”. A se-
quence of random variables {£¥}2° , is said to converge P-
a.s. to a random variable &, if

P <{w € Q| lim &*(w) = g(@}) =1,
k—o0
which is denoted as limy,_, o 5’“ = ¢, P-a.s. Unless other-
wise specified, all inequalities involving random variables
are understood to hold P-almost surely. The bold symbol x
represents a vector of m — 1 stacked vectors, {z;}7" ! C

R", ie, x = (x1,22,...,Tm—1). Moreover, we define
o(x%,x',... 2%) C F as the smallest o-algebra gener-
ated by the set of random variables {z°,z!, ... z*}. For

a random variable v and a o-algebra J C F, we denote by
E(v|J) the conditional expectation of v given 7, and write
v 11 J to denote that v is independent of 7. Finally, for
any real number r, the largest integer not greater than r is
denoted by |r], and we define § = oo in this paper.

Problem Reformulations and the Proposed
Algorithm

In this section, we introduce two reformulations of problem
(1) that serve as the foundation of our approach. The first re-
formulation characterizes a system of equations satisfied by
the solutions of problem (1), offering theoretical guidance
for the algorithm design and global convergence analysis.
The second reformulation gives rise to the definition of e-
optimal solutions, laying the foundation for the complexity
analysis of the proposed algorithm. Since both reformula-
tions are equivalent to problem (1), their interrelationship
is further clarified in Lemma 3. Due to space constraints,
all technical details and proofs are provided in the extended
version: https://arxiv.org/abs/2511.10133.



Problem Reformulation I

Assumption 1 Assume that problem (1) admits at least one
solution and problem (1) satisfies

m
ﬂ (dom ;) # 0,
where “ri” denotes the set of relative interior points.
Under Assumption 1, we obtain (Rockafellar 1970)

arg min ®(x) = zer (Z(@fi + Vgi)> . 3)

zeR™ :
1=1

Based on (3), we derive an alternative reformulation of the
solution set of problem (1).

Lemma 1 (Reformulation I) Ler S be the set of all

(21,22, -« Zm—1, T) satisfying the following system:
1 m—1
2= b5 (5 5 (5= 01 9(0) = 750 0).
i=1

r=prox, 2z — 21 — (1 = 0)yVgi()),

r=prox,s (20— zn_1—(1-0)7Vgn-1(2)).

Then the following assertions hold:

o If x* minimizes ®, then there exist z7,... 2}, _; € R"
such that (z3,...,z5_1,2*) € S.

o Conversely, if (z7,...,z5_1,2*) € S, then x* mini-
mizes P.

Problem Reformulation II

By introducing the constraint 1 = x5 = - --
lem (1) can be reformulated as:
m—1

min > i)+ {(1-0)gi(i) +0gi(@m)} + gm(Tm)

=1 i=1

= Xy, prob-

st. 1 =x90 =+ =x,. “)

By leveraging the equivalence between problem (1) and
problem (4), the e-optimal solution of problem (1) is defined
as follows.

Definition 1 Let the tuple (x4, 22, ..., Ty) consist of ran-
dom variables generated by a stochastic algorithm over a
probability space (0, F,P). The tuple (x1,22,...,Tm) is
said to be e-optimal in expectation if the random variables
(x1,22 ..., Ty) satisfy the following two conditions for all
i,j € [m]
|IElz; — ]| <€ and |E[H(z1,...,2m)] —2*| <F¢,

where H denotes the objective function of the reformulated
problem (4), and ®* denotes the global optimal value of
problem (1).
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Algorithm 1: S-D-RSM for solving problem (1)

Input: K > 0;0; > 050 €[0,1]; oy + |1 — o # 0 initial
point 4?2, 20 € R™, i € [m — 1].

Parameter: v € { 0, min 2ai ,2(21+ai)ﬁ7: :
Viefm—1] | Fmm-D T5; -0

A\ € (O, 2+ a; — M); error = 1 and the error toler-

2Bi
ance € > 0.
Output: Approximate solution z*.
Process:

1: Let k = 0, error = 1.
2: while error > c or k < K do
3:  Server update

m—1

P DN CIC (R
=1

0 B _ 97 N (o
——LA )) p—— ;ng(yl ))-

4:  Randomly select users Sy, C [m — 1].
5:  Foruseri € Sk, compute

2F = prox 4 s, 2fm
m—

v = prox, (205 2 ot -y

-(1- 0)7Vgi(xk+1)),
zf"'l = zzk + A (yf"'l - xk+1) .

6:  Foruseri ¢ S, set

k+1 _ Kk
yz - yz )
ZI»C+1 = Z:C

m—1

2
7. Update error < % and k + k + 1.
8: end while

The Proposed Algorithm

Based on the problem reformulation I, we introduce the
stochastic distributed regularized splitting method (S-D-
RSM) for addressing (1).

Remark 1 e Based on the definition of the proximal map-
ping, the subproblems in step 3 and step 5 contain regu-

larization terms, specifically % Z?;Il aillz — y¥||? and
%Hyz — 2812, which are introduced to balance the

discrepancy between x**' and yf, with the balancing

strength controlled by the parameter o;.

e Ifo > 0, the computation of x* requires all ¥ g;(y¥)

and N g,,,(y¥) only at the initial iteration k = 0, while
for k > 0, only a subset of these gradients needs to be
computed.

e For computational convenience, we explicitly express



zF 1 and ykJrl (for i € Sy) based on (2) as follows:

m—1

k k k

'H—prox Y fm ((m71)1(1+a) Z (Zz + oY
(I+a)(m—1) i=1

m—1

%ng(yf)) - WZ Vgi(yvlzc))y
i=1

k
k+1_ 24a; k1 2 A=)y, (.k+1
Yi  =DPIOX v | <1+aim = Trar T Ta, Vi)
1+
1 m—1
where o = ——= ) .— | «;

Assumption 2 Select Sy, C [m — 1] such that Sy, L1 Fy
withP(i € Si) = p; > 0,0 € [m — 1], where the o-algebra

Fi is defined as
—Fk =0 ({ijzj}‘l;::0> )

= (y5)", " and 2F = ()7

Consequently, the iterates z*, y*, and z* are random vari-

ables, and the random set S}, is independent of the history
J 2d J : k+1 :

{y ,Z }jgk and {z }jgk—s-l' Furthermore, since x is

where y*

generated through a continuous mapping of y* and z*, it
follows that zF*1 is Fi-measurable.

Main Theory Results

In this section, we present several convergence results for
Algorithm 1. All theoretical results concerning Algorithm 1
are derived under Assumptions 1-2 and the parameter set-
tings for v, o, «;, and \; as specified in Algorithm 1. To
facilitate the convergence analysis of Algorithm 1, we intro-
duce the following auxiliary variables, which are not com-
puted in practice:

T =Pprox,, (2xk+1 — 2B (et — gt
—(1- a)vVgi(mk'H)), Vi € [m—1], )

R DY (7, Rl k“), Vi € [m—1].
The following result demonstrates the decreasing proper-
ties of the random variables generated by Algorithm 1.

Lemma 2 (Decreasmg properties) The random sequence
{J; (yk, 2k )iy }k o generated by Algorithm 1 and the

virtual user variables {(yl )imy } w—, defined by (5) satisfy

that
fk}

m—1 1
E{}j (st = st + St =)
- iPi
i=1
m—1 1 .
< Zl_c_zf2_’_2yk_l,*2>
2 (/\ipi” i = piH i |

m—1 ~y oy
- (ai Y et ) [ — 2

2Bm(m—1)  2p;

m—1
1—
— (2 +oy— (A-o)y )\i) 25+ — gE 2,

(6)

forany (2},25,...,25_1,2*) € S.
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Based on the reformulation I (Lemma 1) and the decreas-
ing properties of Algorithm 1 (Lemma 2), we are now able
to demonstrate the global convergence of the sequence pro-
duced by Algorithm 1 without requiring diminishing step
sizes or strong convexity assumptions.

Theorem 1 (Convergence) Let {«*, (yF, zF)7 "} de-
note the sequence generated by Algorlthm 1. Then, the fol-

lowing hold:

o lim |zt — y¥|| = lim [|2* — §F| = 0, P-a.s., Vi €
k—o00 k—o00
[m — 1].

e There exists a random variable % taking values in
arg mingegn {®(x)} such that limy,_, o, z* = 7, P-a.s.
The following lemma establishes a connection between
two equivalent formulations of problem (1). Specifically, it
presents properties of the objective function in problem (4)
associated with the solution set S defined in Lemma 1.

Lemma 3 For any (27,23,...,%5_1,2*) € S and any
z; € R™ for i € [m), the following inequality holds:
m—1
H(xl,...7xm)—<1>*2%Z(m*—zf,azm—wi% @)
i=1

where ®* is the global optimal value of problem (1).
Next, we analyze the evolution of the objective function

of problem (1) along the sequence of iterates generated by
Algorithm 1.

Lemmad Let {z*, (y¥, 2F)7" }k_ be the sequence
generated by Algorzthm 1, and let the virtual vari-
ables {yZ ) }k be defined by (5). Then, for any
(27,25,...,2% ) € S, the following inequality holds:

7m1’

2y H(y]f+1" 7g§1+117 k—H) _H(‘T*v"' ?w*))

m—1
<2 Z (a* — 25, 251 = G 4 o — Elaggs | Fil
=1
- (1-0)y
- (2 +ap = A - ) (A &
i=1 pi
m—1 5 oy
k+1 k12
- ;= —————— — | |27 = /|5,
> (o~ o - 2! ||
(8)
where
m—1 a 1
i,k *112 k * 12
ap = —ly =2+ e — 2] )
> (St -2 IP + 5let - <

i=1

Building on the previously established descent properties
of Algorithm 1 and the structural characteristics of the orig-
inal problem, we now establish the convergence rate of Al-
gorithm 1 under a constant step size and general convexity
assumptions.

Theorem 2 (Rate) Ler { ()", 2%, (y¥)"31} "~ be the

sequence generated by Algorithm 1. Then for every K eN
and i € [m — 1], define

| el 1 =

_ k+1 K _ k

—gz_:x 7yav,i_Ek_0yi'

—



Then the following hold:
o |[E[zK —yE ]| =01/K), foralliec [m—1].
° |]E [H(yg/,l» e ’yg,mfl’xa{{/)] - (I)*| = O(l/K) .

As a consequence of Theorem 2, Algorithm 1 achieves
an e-optimal solution in expectation within at most O(e™ 1)
iterations.

Numerical Experiments

In this section, we apply the proposed S-D-RSM to solve
the compressed sensing problem and the logistic regres-
sion problem. We compare the performance of S-D-RSM
with four state-of-the-art methods: Split-Douglas-Rachford
method (SDR)(Bricefio-Arias and Roldan 2021; Wang, Cai,
and Chen 2024), S-GFB (Combettes and Madariaga 2025),
FedDR(FedADMM)(Tran Dinh et al. 2021; Wang, Marella,
and Anderson 2022), and S-FDR (Cevher, Vi, and Yurt-
sever 2018). All algorithms were implemented in MATLAB
2021b, and experiments were conducted on a desktop com-
puter equipped with an Intel(R) Core(TM) i15-10210U CPU
@ 1.60GHz, 2112 MHz, and 8 GB RAM.

For all tested algorithms, each numerical experiment is
repeated 20 times, and the average performance is reported.
In each iteration, 30% of the users are activated according
to a uniform sampling strategy in the stochastic method.
The initial points are set to zero vectors and are identical
across all algorithms. The regularization parameters «;, for
all i € [m — 1], are set to 1, and the parameter o is set to
1/2 in the proposed S-D-RSM algorithm. To ensure a fair
comparison, the parameters of each algorithm are tuned as
large as possible while still guaranteeing convergence.

Compressed Sensing

We begin by evaluating the empirical performance of the
proposed method on the compressed sensing problem:

min ||z
zER™ (9)
s.t. Ax = b,

where A € RP*" is the sensing matrix and b € RP is the
observed measurement vector. Let a; denote the i-th row of
A, and b; denote the i-th entry of b. By incorporating indi-
cator functions for affine constraints, which equal O on the
constraint set and co otherwise, problem (9) can be reformu-
lated in the structure of problem (1), with g; = 0:

p
i Ic, 1
min 2l + Y I, (), (10)

i=1

where each C; = {z | a; z = b;} is a affine constraint set.
We set n = 2500 and p = 0.25n, and construct the sens-
ing matrix A using the discrete cosine transform (DCT) or
discrete Fourier transform (DFT). The ground-truth signal
x* € R?590 js generated from the standard normal distribu-
tion, with a sparsity level of 1%. The observed vector is then
computed as b = Az*. Figure 1 shows the relative consensus
error max; { [|[y¥ — *||/||z*||} of all the algorithms for the
two sensing matrices A (DCT, DFT). These figures clearly
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Figure 1: Comparison of different methods for compressed
sensing problems: DCT (top) and DFT (bottom).

indicate that S-D-RSM converges much faster than SDR and
S-GFB in terms of the objective value and relative error un-
der all settings. Compared with S-GFB and FedADMM, the
regularization term in S-D-RSM helps reduce the consen-
sus error during the iteration process. Compared with SDR,
the parallel update mechanism in S-D-RSM enhances com-
putational efficiency, while the randomized selection of con-
straint sets C; for projection reduces the frequency of redun-
dant constraint processing in the linear system Ax = b.

Logistic Regression Problem with ¢;-norm
Regularization Terms

We further evaluate the performance of the proposed S-D-
RSM algorithm on a logistic regression problem with ¢;-
norm regularization terms:

m
min
zER™ 4

1=1

1
p- (log(1 + exp(—bsa; x)) + Aillz[|1) ,

where {a;}"; C R" and {b;}!"; C {£1} denote the input
features and output labels, respectively.

Due to space limitations and the similarity of experimen-
tal patterns, we present results only for two commonly used
benchmark datasets, namely a7a and mushrooms, obtained
from the LIBSVM repository (Chang and Lin 2011). The
datasets are randomly partitioned into 75% training and 25%
testing sets, and the maximum number of iterations is set
to 1000. The regularization parameters \; are sampled uni-
formly from the interval [10~3,1072]. S-D-RSM demon-
strates a clear advantage over competing methods in terms
of CPU time, as shown in Figure 2. In particular, S-FDR
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Figure 2: Comparison of different methods for the logistic
regression problem with /1 -norm regularizer on the two data
sets: a7a (top) and mushrooms (bottom).

107

e
@

50 100

Time(s)

150 200 0 6

2 ¢ 14
# of epochs 102

employs a vanishing step size, which leads to slower con-
vergence compared to S-GFB and S-D-RSM, both of which
use constant step sizes. Although both S-GFB and S-D-RSM
involve a comparable number of proximal mapping evalua-
tions per iteration, S-D-RSM updates at least 30% of gradi-
ents, whereas S-GFB computes the full gradient in every it-
eration. Consequently, S-D-RSM can potentially reduce the
gradient computation cost by up to 70% per iteration relative
to S-GFB.

Conclusions

In this work, we propose a novel stochastic splitting al-
gorithm, S-D-RSM, by integrating consensus optimization
with operator splitting techniques. The method enables par-
tial agent participation via parallel updates and incorpo-
rates regularization to reduce consensus errors. In contrast
to conventional stochastic methods, S-D-RSM is theoreti-
cally shown to achieve global convergence and an O(e~!)
complexity for both the objective value and consensus error,
under constant step sizes and without strong convexity.
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