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Abstract

Selecting an appropriate look-back horizon remains a funda-
mental challenge in time series forecasting (TSF), particu-
larly in the federated learning scenarios where data is decen-
tralized, heterogeneous, and often non-independent. While
recent work has explored horizon selection by preserving
forecasting-relevant information in an intrinsic space, these
approaches are primarily restricted to centralized and inde-
pendently distributed settings. This paper presents a princi-
pled framework for adaptive horizon selection in federated
time series forecasting through an intrinsic space formulation.
We introduce a synthetic data generator (SDG) that captures
essential temporal structures in client data, including autore-
gressive dependencies, seasonality, and trend, while incorpo-
rating client-specific heterogeneity. Building on this model,
we define a transformation that maps time series windows
into an intrinsic representation space with well-defined ge-
ometric and statistical properties. We then derive a decom-
position of the forecasting loss into a Bayesian term, which
reflects irreducible uncertainty, and an approximation term,
which accounts for finite-sample effects and limited model
capacity. Our analysis shows that while increasing the look-
back horizon improves the identifiability of deterministic pat-
terns, it also increases approximation error due to higher
model complexity and reduced sample efficiency. We prove
that the total forecasting loss is minimized at the smallest
horizon where the irreducible loss starts to saturate, while the
approximation loss continues to rise. This work provides a
rigorous theoretical foundation for adaptive horizon selection
for time series forecasting in federated learning.

Extended Version — https://arxiv.org/abs/2511.12791

Introduction

Time series forecasting (TSF) underpins numerous high-
impact domains, including finance (Zivot and Wang 2006),
healthcare (Futoma, Hariharan, and Heller 2017), and en-
ergy systems (Kong et al. 2019), where accurate prediction
of future values from historical trends is crucial for informed
decision-making and operational efficiency. A central mod-
eling choice in TSF is the selection of the look-back horizon,
defined as the number of past time steps used as input. This
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choice significantly influences model complexity, predictive
accuracy, and generalization performance (Lim et al. 2021).

Traditionally, the look-back horizon is treated as a tun-
able hyperparameter, often selected via cross-validation or
heuristic search. Recent theoretical advances offer a more
principled perspective. Shi et al. (Shi et al. 2024) propose a
scaling law theory based on a theoretical framework that em-
beds time series into an intrinsic representation space, allow-
ing the forecasting loss to be decomposed into two compo-
nents: Bayesian error, capturing irreducible uncertainty from
noise and limited information, and approximation error, re-
flecting the model’s capacity to learn the true mapping. This
decomposition enables analytical reasoning about the opti-
mal look-back horizon as a function of dataset size, model
complexity, and intrinsic dimensionality (Sharma and Ka-
plan 2020; Bahri et al. 2024). Empirical results support these
insights, showing that the optimal horizon grows with data
availability and varies by model type. For example, channel-
dependent models like iTransformer (Liu et al. 2024) ben-
efit from shorter horizons under limited data, while linear
models such as NLinear (Zeng et al. 2023) maintain per-
formance with longer horizons due to smoother feature de-
cay and lower intrinsic complexity (Xu, Zeng, and Xu 2024;
Toner and Darlow 2024).

However, this framework relies on strong assumptions,
including centralized data, independent identically distribu-
tion (IID), and homogeneous model architectures, which
are often violated in real-world federated learning scenar-
ios. In such decentralized settings, data is distributed across
clients with diverse distributions, sequence lengths, and do-
main characteristics (Kairouz et al. 2021). Applying a glob-
ally fixed horizon in this context may lead to mismatches
between local dynamics and model inputs, degrading fore-
casting performance (Edwards et al. 2024). Moreover, real-
world data frequently exhibits feature sparsity, variable
noise levels, and heterogeneous scaling behaviors, challeng-
ing the smooth manifold assumptions in intrinsic dimension
theory (Levi and Oz 2024; Zador 1982). These limitations
highlight the need for adaptive horizon strategies that ac-
count for both data heterogeneity and localized model con-
straints. Integrating hybrid architectures or meta-learning
mechanisms with principled theoretical foundations, such as
those introduced by Shi et al., presents a promising direction
for addressing these challenges in federated time series fore-



casting.

This paper addresses the challenge of selecting the opti-
mal look-back horizon for time series forecasting in feder-
ated learning environments characterized by non-IID client
data. We develop a principled framework that leverages a
structured Synthetic Data Generator (SDG) to model core
temporal patterns (e.g., autoregressive dynamics, seasonal-
ity, and trends), while capturing client-specific heterogene-
ity. Using the SDG as a foundation, we construct a data-
aware transformation that maps time series windows into an
intrinsic representation space with well-defined geometric
and statistical properties. This enables a rigorous loss de-
composition into irreducible (Bayesian) and approximation
components, each tied to the underlying generative struc-
ture. Crucially, the formulation reveals how the informative-
ness of historical context and thus the optimal look-back
horizon varies across clients depending on their local dy-
namics and data regimes. Our analysis shows that the total
forecasting loss is minimized at the smallest horizon where
the Bayesian error saturates and the approximation error be-
gins to dominate, yielding a theoretically grounded, client-
adaptive criterion for horizon selection in federated forecast-
ing settings. Our contributions include the following:

* We propose a novel intrinsic space formulation that trans-
forms heterogeneous, non-IID multivariate time series
into a compact and geometry-preserving representation.
This space is rigorously characterized by bi-Lipschitz
continuity, intrinsic dimensionality saturation, and inter-
horizon compatibility, enabling consistent comparison
and reasoning across clients and temporal contexts.

We establish a tight decomposition of predictive loss into
irreducible (Bayesian) and approximation components,
each analytically tied to the structural elements of time
series data (e.g., AR memory, seasonality, trend) and the
look-back horizon. Our analysis uncovers the fundamen-
tal bias—variance trade-off that governs forecasting per-
formance in federated settings.

We prove that the total loss is unimodal with respect
to the horizon length and identify the smallest sufficient
horizon as its global minimizer. This result provides the
first rigorous criterion for horizon selection in time se-
ries forecasting and introduces a new design principle for
model construction under sample-limited, heterogeneous
environments.

Related Work
Horizon Selection and Intrinsic Representation

A central yet understudied question in time series forecast-
ing (TSF) is how much historical context, i.e., look-back
horizon, is truly needed for accurate prediction (Kim et al.
2025). Traditional statistical models such as ARIMA select
lag length using information criteria like AIC (Akaike 1974;
Box et al. 2015), which implicitly perform horizon selec-
tion under strong linearity assumptions. While interpretable,
these methods struggle to capture nonlinear or long-range
dependencies. Modern deep learning approaches, including
LSTMs (Hochreiter and Schmidhuber 1997), hybrid models
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like LSTNet (Lai et al. 2018), and attention-based architec-
tures such as the Temporal Fusion Transformer (Lim et al.
2021) or Informer (Zhou et al. 2021), have greatly improved
modeling capacity. However, they still treat the input hori-
zon as a tunable hyperparameter, typically set through vali-
dation or heuristics, without theoretical grounding. This em-
pirical approach can lead to overfitting, underfitting, or in-
efficient use of data, particularly in settings with limited or
distributed samples (Woo et al. 2023; Koparanov, Georgiev,
and Shterev 2020).

Recent theoretical work has begun to formalize the hori-
zon selection problem. Notably, Shi et al. (2024) analyze
how forecasting error scales with input length, dataset size,
and model complexity, revealing a trade-off: longer hori-
zons can improve identifiability of temporal structure but
also increase approximation error due to model limitations
and finite data (Shi et al. 2024). Their framework intro-
duces the notion of an intrinsic representation space, where
the forecasting loss decomposes into two parts: a Bayesian
(irreducible) error reflecting inherent unpredictability, and
an approximation error arising from statistical and model
constraints. This idea builds on Takens’ embedding theo-
rem (Takens, Young, and Rand 2006), which implies that
a system’s future behavior can be reconstructed from a finite
number of past observations, defining an intrinsic dimension
sufficient for prediction. However, Shi’s work assumes cen-
tralized and IID data, limiting its relevance to modern fed-
erated learning scenarios where data is distributed, non-IID,
and client-specific. We extend this theory to federated, non-
IID settings by introducing an intrinsic representation that
captures essential temporal structure across clients. This en-
ables a principled approach to selecting the optimal look-
back horizon in decentralized forecasting.

Time Series Forecasting in Federated Learning

Federated learning (FL) enables decentralized training
across clients without sharing raw data. The foundational
FedAvg algorithm introduced by McMabhan et al. (2017) laid
the groundwork for collaborative model training in privacy-
sensitive environments (McMahan et al. 2017). However, FL
under non-IID data poses major challenges, including model
divergence, degraded generalization, and client imbalance.
To address data heterogeneity, methods like FedProx (Li
et al. 2020) introduce regularization terms that stabilize op-
timization across diverse client distributions. In time series
forecasting specifically, recent works apply FL to real-world
sequential tasks, such as traffic and energy demand predic-
tion, but focus primarily on model architecture and aggre-
gation (Perifanis et al. 2023). These systems rarely exam-
ine how temporal structure varies across clients or how such
variation affects forecasting horizons. While personalization
and communication efficiency have been explored, no prior
work provides a theoretical framework for look-back hori-
zon selection in federated TSF. Our paper addresses this gap
by analyzing horizon choice through the lens of synthetic
modeling and intrinsic representation under client hetero-
geneity.



Preliminary

In this section, we defined the basic settings for time series
forecasting in the federated learning scenario. More specifi-
cally, we propose a synthetic data generator (SDG) that well
describes real-world non-IID data and implement a step-by-
step transformation that converts the time series data de-
scribed by the SDG into an intrinsic space that represents
the information carried by a time series.

Time Series Forecasting in Federated Learning

We study S-step forecasting from a length-H look-back
window in a federated setting with K clients. Client k €

{1,..., K} holds a multivariate time series {xgk) Lk with

t=1
F features, x,(gk) € RY . Fortimeindext € {H,...,Ly—S},

define the input window and S-step target block as:

X0 = @, aP] € RDHL @)
Y = [a), .. alls] e RFXS, 2)

Training proceeds in rounds via standard FL aggregation
(e.g., FedAvg). On client k, overlapping windows yield Dy,
training samples; due to overlap, the number of effectively
independent samples scales as Dy, /H.

Intrinsic Space Formulation

We adopt the concept of intrinsic space to represent the in-
formation carried by a time series. The intrinsic dimension
d; of the intrinsic space is defined as the minimum number
of dimensions required to represent the time series without
losing significant information. To gain a deeper understand-
ing of the intrinsic space, we investigate the typical structure
of non-IID time series data in the federated learning scenario
and propose a synthetic data generator that is both theoret-
ically and empirically proven to be sound in describing the
structure of the focused non-IID time series data.

Synthetic Data Generator A Synthetic Data Generator
(SDQG) is a parametric model designed to simulate univari-
ate time series data, which often exhibits structural pat-
terns characterized by seasonality, temporal dependence
(AR memory), and trend (Kim et al. 2025).

For a given client k, feature f, and time step ¢, the syn-
thetic observation £ ¢ ; . is defined as:

Z g1 = Seasonal(Ay,j k. Tt ks Of jk) + ARp k(dk)
+ Trend(By,k) + €1tk

J 27t
= ZAka . Sin ( + e‘f’j’k)
Ty jk

Jj=1
p
+ Z Phyi Tft—ik + Bt +€rpp.
i=1

3)

Here, seasonality is represented by a sum of sinusoids, pa-
rameterized by amplitude Ay ; ., period T ; ;, and phase
shift 0 ; 1. Temporal dependence is modeled via an autore-
gressive process AR, 1 (¢r) = D.7_ ¢k Tf1—ik, Where
¢r,; are the lag coefficients specific to client k. The trend is
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Figure 1: Comparison between real-world data and data gen-
erated by the SDG. The close alignment indicates that the
SDG effectively captures the patterns present in real data.

captured by a linear component Trend(8 ) = By t. The
additive noise term is drawn from a Gaussian distribution:
€ft,k ™ J\/‘(,ufyk, szf,k)'

We also provide empirical studies to demonstrate the va-
lidity of the SDG, as illustrated in Figure 1. Please refer to
the Extended Version for more details.

Feature Skewness Formulation In the federated learning
scenario, each client tends to observe a different distribution
of the same features in time series data, simulating feature
skew (Wu et al. 2024). We apply a customized skewness par-
titioning method to create feature heterogeneity.

To be more precise, we construct an affine transformation
for each data point of the SDG: for client k, feature k:

Trok = NprZpon + 05k 4)
where Ay, is the linear scale, which controls how the vari-
ance of the feature f, oj%, changes for client k; dyy, is the
mean shift, which changes the mean of the feature f, uy,
for the client k. Note that, though the univariate SDG is able
to describe each feature, each client is allowed to observe a
subset of all the features.

Intrinsic Space Construction At a high level, we con-
struct a geometry-aware representation space that captures
the essential temporal structure of non-IID time series
through a transformation grounded in the SDG, which ex-
plicitly models autoregressive dependencies, seasonal cy-
cles, and linear trends, and serves as a unifying scaffold
for both analytical reasoning and empirical evaluation across
heterogeneous clients.

Our construction is supported by a set of structural as-
sumptions. These include: (i) compactness of the intrin-
sic image to ensure bounded representation norms; (ii) bi-
Lipschitz continuity to preserve distances and guarantee sta-
ble inverses; (iii) a horizon-indexed intrinsic dimension that
increases monotonically and saturates once all relevant tem-
poral structure is captured; (iv) compatibility of representa-
tions across horizons via stable linear projections; (v) ap-
proximate commutativity between truncation and projec-
tion, ensuring robustness under input length variation; and
(vi) a power-law spectrum of the intrinsic covariance, which
enables efficient dimensionality reduction. These assump-
tions reflect statistical regularities commonly observed in
time series data and enable a clean separation between mod-
eling complexity and representational geometry.



The transformation pipeline proceeds in five steps: (1)
Client-wise normalization to remove affine feature skew and
align marginal distributions; (2) Window flattening to con-
vert each normalized time-series segment into a fixed-length
vector; (3) Global covariance estimation and eigendecom-
position to identify dominant axes of variation; (4) Intrinsic
dimension estimation based on the SDG and empirical spec-
trum; and (5) Projection into intrinsic space via principal
components. Specifically, the intrinsic dimension for client
k is approximated as:

drp(H) = F - (min{H,lar i} +gx(H)+1). (5
Here, £AR, 1, denotes the effective AR memory:
In(1/(1 —¢€
LARE = [(/1())—‘ , €€(0,1) (6)
— Pk

where pi. € (0, 1) is the spectral radius of the AR companion
matrix. gi (H) reflects the resolved seasonal complexity:

J
gx(H) = 2ij,k - min (
=1

F 2
_ zf =1 Aﬁj,k
- F J 2 !
=1 25=1 A%k
This formulation yields a compact and information-
preserving representation that enables a precise loss decom-
position and supports optimal horizon analysis under feder-

ated, non-1ID settings. Please refer to the Extended Version
for more details.
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Loss Analysis

Before we proceed to analyze how the look-back horizon H
affects forecasting performance in the federated setting, we
explore decomposition of the prediction loss into two com-
ponents: an intrinsic, irreducible term that captures the un-
certainty of the data-generating process, and an approxima-
tion term that captures the difficulty of learning a mapping in
an H-dimensional input space using a finite-capacity model
trained on finite and heterogeneous data.

Overall Loss Analysis

Consider the forecasting task of predicting the next S val-
ues from the previous [ observations. Under the intrinsic-
space representation, this corresponds to learning a mapping
m : M(H) — M(S). For a given client distribution and
any measurable predictor m, the squared loss can be decom-
posed into

L(H,S,m) = LBayes(Ha S) + Lapprox(Hys;m) (9)

where:

* Bayesian loss Lpayes(H, S) is the irreducible error in-
curred even by an ideal predictor with full knowledge of
the data distribution.

* Approximation loss L,,p.o0x(H, S;m) captures the ad-
ditional error due to using a finite-capacity predictor m
trained on limited local data.
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The formal derivation of (9) and the precise definitions of
the two terms are given in the Extended Version.

We now formalize this intuition by establishing a precise
decomposition of the prediction loss in the federated setting,
showing how the Bayesian and approximation components
arise directly from the client-specific data-generating distri-
butions and the server-side evaluation protocol.

Theorem 1 (Federated Loss Decomposition). For each
client k € {1,...,K}, let (U, Vi) denote its data-
generating pair, where Uy, takes values in a measurable in-
put space M(H) and V}, in an output space M(S), both
embedded in a real Hilbert space (H, || - ||) with the associ-
ated Borel o-algebras.

Let mj(u) := E[ Vi | Uy = u ] be the client-specific
Bayesian predictor, defined Py, —almost everywhere. For
any measurable, square-integrable predictor m : M(H) —
M(S), the server’s global predictive loss is

L(H,S;m) == Epor [E[ | Vie — m(Uy) ||2H (10)
where m = (w1, ..., Tk) is any distribution over clients and
the inner expectation is over (U, Vi) under client k’s dis-
tribution. Then the loss decomposes as:

L(H7 S; m) = LBayes(H7 S) + Lapprox(H7 S§m)7

where the federated Bayesian loss is

Liayes(H, 8) i= Bou [E[ || Vi = mi(T3) 1], (12)

Y

and the federated approximation loss is

Lapprox(H7 S; m) = Egmr [E[ || mZ(Uk) - m(Uk) ||2]i| .
(13)
In particular, the total loss separates into the expected ir-
reducible (client-wise Bayes) component and the expected
approximation error of the global predictor relative to each
client’s Bayes-optimal rule. Please refer to the Extended
Version for the proof.

Server—client interpretation The global model m is
hosted on the central server and evaluated on clients sam-
pled according to k& ~ m. The term Lpayes(H,S) cap-
tures the irreducible uncertainty within each client’s lo-
cal data-generating process, averaged over clients, while
Lapprox(H, S;m) measures the discrepancy between the
global server model and the collection of Bayes-optimal
per-client predictors {mj }#*_,. Although both components
are defined via client-side distributions, the total loss
L(H, S;m) represents the expected prediction error of the
server’s global model.

In the remainder of this section, we investigate these two
components respectively.

Bayesian (Irreducible) Loss

We first characterize the irreducible component of predictive
loss for each client using the structure of the SDG.

Theorem 2 (Client-wise Bayesian Loss). According to the
SDG model in Equation (3) for client k: each feature is gen-
erated as an additive sum of (i) an autoregressive compo-
nent, (ii) a seasonal component, (iii) a linear trend, and (iv)



an innovation noise term, with the innovations independent
across time and independent of the deterministic seasonal
and trend components. Then the client-wise Bayesian loss
admits the exact decomposition:

L oo (H, 8) = LY3(S)

Bayes
where each term is the contribution of the corresponding
SDG component to the conditional mean-squared error un-
der a horizon-H Bayesian predictor:

(k)

+ ngb(H) + Ltrend (H) (14)

L3R (8) =E[| ViR - E[Y&)k | XVIEL as)
LE&L(H) =E[| Y2l ~ BN, | X“”] 13, ()
Ligona () = B[ Vil B | XCVTIE] ()
Here X( ) and Y( ) denote the input window and S-step
forecast block for client k, and inR & Y;Ejl & Kg&dk

are the corresponding SDG components of the future

block Yk(s). Please refer to the Extended Version for the
component-wise characterization and bounds.

Remark 1. For each client k, the Bayesian loss
L](chs(H ,S) decreases with the look-back horizon H as

longer histories improve identifiability of seasonal structure
and (where present) trend components. The loss increases in
the forecast horizon S, reflecting the accumulation of au-
toregressive innovations. Once the dominant seasonal cy-
cles and the client’s effective AR memory are covered, fur-
ther increasing H yields only negligible improvement: the
Bayesian loss has reached its horizon-dependent saturation
level.

The irreducible uncertainty perceived by the server is the
weighted combination of these client-level Bayesian losses.

Lemma 1 (Server-level Bayesian Loss Aggregation). Let
m = (m,...,TK) be any probability distribution over the
K clients. The population—level Bayesian loss is

E : Tk LBayes

a quantity determined by the client data-generating pro-
cesses (Uy, Vi) and independent of any global predictor. It
aggregates the client-wise irreducible components (autore-
gressive variation, seasonal residuals, and optional trend
terms), each of which exhibits a distinct dependence on the
horizon H according to the client’s temporal dynamics.

L(server H S

Bayes

H,S), (18)

Approximation Loss

We now analyze the approximation loss in the federated set-
ting, where a global model m is trained on a central server
using client-local updates. This loss arises from the discrep-
ancy between the global model and the Bayes-optimal pre-
dictor on each client.

Theorem 3 (Client-wise Approximation Loss). For client k,

let m}(X) be the Bayesian predictor and m be any learned

predictor. The approximation loss at horizon (H, S) is
Lo (H, S3m) i= E [ || m(X) = mi(X)|3] -

approx

19)
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Assume the Bayesian predictor mj, is twice differentiable
on the intrinsic representation space with bounded curva-
ture, and that m is a piecewise-affine model defined on the
intrinsic manifold of dimension dy ;,(H). Let Dy, denote the
number of training windows on client k.

Then the approximation loss admits the intrinsic-
dimension—dependent bound

dr,k (H)
(8, S:m) § (K3 di(1)?) T4

({1
Dy,

where Ko is a curvature constant depending only on mj,.
The first term reflects the geometric complexity of the intrin-
sic manifold, and the second term quantifies finite-sample
limitations due to the effective sample size Dy, / H. Full tech-
nical derivation is provided in the Extended Version.

Lk

approx

(20)

The client-wise approximation losses aggregate to form
the global loss on the server:

Lemma 2 (Server-level Approximation Loss Aggregation).
Let m1 = (my,...,7K) be the client-sampling distribution
used by the server, with m;, > 0 and ), m, = 1. The
global approximation loss under the server-side predictor m
is the weighted aggregation of the client-wise approximation
losses:

sy (H, 8;m) Zm L) o, S5m). 1)
Remark 2. Because the intrinsic dimension dy ;(H) typi-

cally increases with the look-back horizon H, and the num-
ber of effectively independent samples scales as Dy, / H, both
the curvature-driven bias term and the finite-sample vari-

ance term in Lg’f))pmx(H ,S;m) grow with H. Consequently,
each client exhibits a horizon beyond which approximation
error begins to dominate. The server-level approximation
loss inherits this behavior via the mixture weights , reflect-
ing how rising intrinsic complexity and diminishing effective
sample size jointly amplify the approximation error.

In this section, we decompose the forecasting error into
its fundamental components and characterize how each be-
haves as a function of the look-back horizon H and fore-
casting span S. We begin by expressing the population pre-
diction error as the sum of (i) the Bayes loss, which reflects
irreducible uncertainty in the SDG, and (ii) the approxima-
tion loss, which arises from learning a nonlinear predictor
from finite data. This yields the client-wise decomposition
with the global loss obtained by aggregation across clients.

The combined loss, therefore, exhibits a fundamen-
tal tradeoff: the Bayesian loss decreases and eventually
plateaus, while the approximation loss increases with H.
Their interaction induces a unimodal structure in the total
loss L®)(H, S) and yields a client-specific optimal look-
back horizon that balances signal coverage with statistical
efficiency. This analysis forms the theoretical basis for the
optimal horizon selection framework developed in the next
section.



Optimal Horizon H

This section formalizes the choice of the look-back horizon
H as an explicit optimization over the total loss

L(H,S,m) = LBayes(H7 S) + Lapprox(HaS;m) (22)

where Lpayes and Lapprox are defined through the intrinsic-
space formulation and federated loss decomposition in
the previous sections. Since the trained model implic-
itly depends on the horizon, we slightly abuse notation
and write L(H, S) and Lapprox(H, S) for L(H, S;m) and
Lapprox(H, S;m), suppressing the dependence on m to
avoid clutter.

We work client-wise (suppressing the client index when
clear) and treat H € N, using forward differences

Af(H) = f(H+1) - f(H) (23)

to study how each loss component changes when one ad-
ditional time step is added to the look-back window. Intu-
itively, the Bayesian loss should decrease as more history
becomes available, while the approximation loss should in-
crease due to higher intrinsic dimensionality and lower ef-
fective sample size. The remainder of this section quantifies
this trade-off and characterizes the minimizer H*.

Bayesian—Approximation Loss Dynamics
We study how the total client-wise prediction loss

LW (H) (H) + LE) o (Hym)  (24)

approx
varies with the look-back horizon H. We use the discrete
forward difference Af(H) := f(H+1) — f(H) to analyze
whether adding one additional step of history decreases or
increases the loss.

_ W

— “Bayes

Bayesian Loss Behavior Under the SDG generative
model (Eq. (3)), the irreducible loss decomposes into AR,
seasonal, and (optionally zero) trend components. As H

*) (H)<0,and ALY (H) = 0.

increases, ALBayeS Bayes

Proof sketch. If Hy > Hy, then 0(X1.5,) C 0(X1.51,), and
thus Var(Y | X1.p,) < Var(Y | X1.x, ) almost surely; tak-

ing expectations yields L](Bkgycs(Hg) < Lg;)ycs(H 1). Under
the SDG, the future depends on finite AR memory ¢aR k,
finite seasonal periods T ;, and a linear trend; there-

fore, the conditional expectation becomes invariant once

H > Hj, implying AL3) (H) — 0. The monotonic
decrease, therefore, follows from the conditional-variance
identity, and the eventual plateau follows from the finite de-
pendency structure of the SDG. Thus, the Bayesian loss en-
ters a plateau where additional history yields negligible im-

provement.

Approximation Loss Behavior The learned model must
approximate the intrinsic mapping from past to future. From
the dimension-dependent bound (Theorem 3),

dr . (H)
(Him) < (K3 dp(H)?) 0+

!

L&)

approx

(25)

drx(H)H

) 4+dy . (H)
Dy

)
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where dj i, (H) denotes the intrinsic dimension of the input
window and Dj is the number of overlapping training
windows on client k.

Proof sketch. Both terms in (25) worsen as H
grows. First, dji(H) is nondecreasing by con-
struction, so the model must approximate a higher-
dimensional function class; the dimension-dependent

term (K%de(H)Q)df’k(H)/(4+dI'k(H)) therefore increases
with H. Second, due to window overlap, the number of
effectively independent samples scales as Dy /H; hence,

the statistical term (dlvk(H)H/Dk)4/(4+d1‘k(H)) also
increases with H since the numerator grows and the
effective sample size shrinks. Thus, for sufficiently large [,

ALgIE,)prOX(H ;m) > 0, showing that the approximation cost
eventually worsens once the horizon is long enough.

Hence, the approximation loss exhibits the opposite trend
of the Bayesian loss: increasing window size ultimately
leads to higher approximation error.

Smallest sufficient horizon Now we define a key concept,
the smallest sufficient horizon, which serves as the optimal
look-back horizon that minimizes the forecasting loss.

Formally, for any tolerance § > 0, define the smallest
sufficient horizon as

H;(8) == min{H : |ALL)

Bayes(H)‘ < 6}7 (26)

at which the Bayesian loss has effectively saturated: further
historical context improves the irreducible loss by at most 4.
Together, these monotonicity properties imply a unimodal
structure for the total loss.
Theorem 4 (Unimodality and Optimal Horizon). If for a
given 6 > 0 the Bayesian loss satisfies ALg;)yCS(H )< =6
for all H < Hj} (), and the approximation loss satisfies
ALgf,)prox(H;m) > § forall H > H}(9), then the com-
bined loss obeys that L'¥) (H) decreases on [1, H; ()], and
L) (H) increases on [H} (5), 00).

Consequently, H; () € argmingeny L¥)(H) with
uniqueness up to integer ties.

Proof. From the Bayesian loss analysis, increasing H re-
duces seasonal/phase ambiguity and uncovers AR structure,
but only up to a finite coverage horizon. Hence, there exists
Hj such that

ALBayes(H; S) <0 (H < H()), 27
while for any 6 > 0 we can choose Hj large enough so that
ALgayes(H,S) > =6 (H > Hy). (28)

For the approximation term, the curvature—variance
bound on the intrinsic manifold shows that the error grows
with both the intrinsic dimension dj(H) and the factor
H/D coming from the effective sample size per window
(x D/(HN)). Since d;(H) is non-decreasing and eventu-
ally saturated, while H/D grows linearly, there exists 7 > 0,
independent of H, such that

ALapprox(H,S) 2 n  (H = Hy). (29)



Fix any 6 € (0, 7) and define H*(0) as the smallest H >
Hy with ALpayes(H,S) > —9. Then for H < H*(§), we
have ALgayes(H,S) < —6 and ALapprox(H,S) > 0, so
AL(H,S) = ALgayes(H, S) + ALapprox(H, S) < = <
0, and L(H,S) is strictly decreasing. For H > H*(J),
we have ALgayes(H,S) > —6 and ALypprox(H,S) > 1,
hence AL(H,S) > —d+n > 0,s0 L(H,S) is strictly
increasing.

Thus L(H, S) decreases up to H*(4) and increases there-
after, so it is unimodal in H and attains its unique minimum
at H*(0) (up to trivial ties), as claimed.

O

Hence, before H;; (), the reduction in irreducible error out-
weighs the increase in approximation error; afterwards, the
opposite holds. The total loss thus has a single optimal basin,
and the smallest sufficient horizon attains the minimum.

Seasonal Coverage and Horizon Selection The tolerance
0 can be linked to an interpretable signal structure via sea-
sonal coverage. Let A7 = >, . A% ., denote the total sea-
sonal energy of client %, and define the T-coverage horizon
T,gT) as the smallest H for which the unresolved seasonal
energy beyond H obeys:

Y M <0-na 6o
£ Ty 5. e>H
assuming the residual seasonal loss satisfies Lﬁ’;lb( H) <

A2r(H,T) with r(-,T) decreasing in H.
Corollary 1 (Coverage—Tolerance Mapping). If a coverage
level T is chosen so that (1—7) A% < 6, then every H > T,iT)
satisfies |AL](3k£yCS(H )| < 0. Thus, the optimal horizon is
given by

H; (8) = max{larx, T."}. 31)

This provides a direct way to set the horizon using inter-
pretable signal parameters: choose a desired seasonal cover-
age 7, infer the corresponding ¢, and compute H(9).

Federated Horizon Aggregation In federated learning,
the server must choose a single global horizon Hgepye, de-
spite heterogeneous client optima {H;(d)}. Because ex-
treme clients (e.g., very large horizons) can substantially re-
duce effective sample sizes for all participants, robustness is
crucial. Let wy o« ny be data-proportional weights normal-
ized so that ), wy, = 1.

Robust Federated Horizon The global horizon can be de-
fined via the weighted trimmed mean:

Hs*crvcr = TrimMeana ({H]: (5)}521; {wk}gzl)

(32)

which discards an a-fraction of the smallest and largest
client-specific horizons (by weight) and averages the re-
mainder.

This estimator is equivalent to minimizing a convex
Huber-type aggregation objective and yields a horizon that
balances most clients while avoiding inflation by a small
number of extreme ones.
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Discussion and Conclusion
Limitation and Discussion

This work proposes a principled framework for federated
time-series forecasting under non-IID conditions, grounded
in a structured synthetic data generator (SDG) and an in-
trinsic space formulation. The framework enables a precise
decomposition of forecasting error and leads to a provably
optimal look-back horizon. To make the analysis tractable
and the theoretical guarantees possible, several assumptions
are made that define the scope of applicability.

The SDG models additive components, e.g., trend, au-
toregressive memory, and seasonality, with Gaussian inno-
vations. While this structure captures core dynamics ob-
served in real-world data, it does not account for regime
switches, nonlinear seasonal patterns, or cross-feature in-
teractions beyond what is implicitly represented through
PCA. The analysis assumes local stationarity and a stable
autoregressive structure, which may be challenged in long-
memory or near-unit-root settings. Additionally, estimating
global covariance in a federated context requires secure or
privacy-aware aggregation, and our sample efficiency anal-
ysis treats overlapping windows as approximately indepen-
dent, which may overstate the effective sample size under
certain data regimes.

These assumptions are common in theoretical work and
are intentionally chosen to isolate the role of horizon length
and data heterogeneity. Importantly, they enable the first
provable characterization of optimal look-back windows in
federated forecasting, providing a foundation for future ex-
tensions that relax these constraints.

Conclusion

This paper introduces a principled framework for hori-
zon selection in federated time series forecasting under
non-IID conditions, grounded in a synthetic data generator
(SDG) that models key temporal structures, trend, autore-
gressive memory, and seasonality, along with client-specific
heterogeneity. By embedding time-series windows into a
geometry-preserving intrinsic space, we enable a precise de-
composition of forecasting loss into irreducible Bayesian er-
ror and model-dependent approximation error, each tied to
the underlying statistical structure and data distribution. Our
analysis reveals a fundamental trade-off: while the Bayesian
loss decreases with horizon length as more temporal struc-
ture becomes identifiable, the approximation loss increases
due to growing intrinsic dimension and reduced sample ef-
ficiency. This yields a provable result that the total loss is
minimized at the smallest sufficient horizon H*, where ad-
ditional history no longer improves identifiability but exac-
erbates overfitting. Furthermore, we propose a robust aggre-
gation strategy to identify a global horizon across clients.
Together, these contributions establish the first theoretically
grounded criterion for adaptive horizon selection in feder-
ated settings, offering practical guidance for model design,
deployment, and benchmarking in decentralized, heteroge-
neous environments.
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