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Abstract

Probabilistic Circuits (PCs) are a class of generative models
that allow exact and tractable inference for a wide range of
queries. While recent developments have enabled the learning
of deep and expressive PCs, this increased capacity can often
lead to overfitting, especially when data is limited. We ana-
lyze PC overfitting from a log-likelihood-landscape perspec-
tive and show that it is often caused by convergence to sharp
optima that generalize poorly. Inspired by sharpness aware
minimization in neural networks, we propose a Hessian-
based regularizer for training PCs. As a key contribution,
we show that the trace of the Hessian of the log-likelihood–
a sharpness proxy that is typically intractable in deep neu-
ral networks–can be computed efficiently for PCs. Minimiz-
ing this Hessian trace induces a gradient-norm-based regu-
larizer that yields simple closed-form parameter updates for
EM, and integrates seamlessly with gradient based learning
methods. Experiments on synthetic and real-world datasets
demonstrate that our method consistently guides PCs toward
flatter minima, improving generalization performance.

Introduction
Probabilistic generative models are fundamental to modern
machine learning, offering a principled framework for rea-
soning under uncertainty by modeling data as samples from
an unknown underlying distribution. While deep generative
models—such as GANs (Goodfellow et al. 2014), VAEs
(Kingma and Welling 2014), and Normalizing Flows (Pa-
pamakarios et al. 2021)—have excelled in generating high
fidelity samples, they sacrifice the ability to do exact infer-
ence tractably. This limits their usefulness when downstream
tasks require calibrated probabilities. In contrast, Probabilis-
tic Circuits (PCs) (Choi, Vergari, and den Broeck 2020)
have emerged as a unifying framework that imposes struc-
tural constraints to guarantee efficient and exact inference
for a rich set of queries (Vergari et al. 2021), while retain-
ing enough expressivity for real-world applications such as
constrained generation (Zhang et al. 2023), image inpaint-
ing (Liu, Niepert, and den Broeck 2024), multi-modal fusion
(Sidheekh et al. 2025), and Neurosymbolic-AI (Ahmed et al.
2022; Karanam et al. 2025).

*These authors contributed equally.
Copyright © 2026, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

Standard Training Hessian-Trace Regularization

Figure 1: Visualization of the 2D (top) and 1D (bottom)
loss-landscape (NLL) near the converged parameters of a
PC trained with (right) and without (left) our Hessian trace
regularizer on a 2D dataset. Standard training falls into a
narrow, sharp basin, while the regularized model settles in
flatter minima that generalizes better. The bar plots in the
bottom figures depict the top-15 eigenvalues of the hessian at
the converged point. The lower eigen spectrum on the right
quantifies the reduced sharpness achieved by our method.

Recent works have therefore pushed towards building
deeper and more expressive PCs (Sidheekh and Natarajan
2024), with millions of parameters that can be parallelized
on GPUs for fast and efficient training/inference (Zhang
et al. 2025; Peharz et al. 2020). However, similar to neu-
ral networks, deeper and more expressive PC architectures
are increasingly prone to overfitting, especially when trained
on limited/noisy data. Standard parameter-learning methods
can often converge to sharp local optima, leading to poor
generalization. Such sharp minima, characterized by high
curvature, have been extensively studied in deep neural net-
works, leading to the development of sharpness-aware opti-
mization methods (Foret et al. 2021; Kwon et al. 2021) that
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explicitly target flatter minima to enhance generalization.
However, to the best of our knowledge, sharpness-aware

learning strategies remain relatively unexplored for PCs. We
aim to bridge this gap through our work, by studying the ge-
ometry of the PC log-likelihood landscape. Our key insight
is that the structural properties of a PC permit efficient and
exact computation of second-order geometric information.
In particular, we show that the trace of the Hessian of the
log-likelihood—which serves as a measure of surface curva-
ture and a proxy for sharpness– can be computed efficiently
in time linear in the number of parameters and the dataset
size. This is in stark contrast to deep neural networks, where
such exact Hessian computations are intractable in general.

Leveraging this insight, we introduce a Hessian trace
regularizer that integrates easily into both gradient-based
and Expectation-Maximization (EM) based training of PCs.
Crucially, for EM, we derive the closed-form update rule for
the sum node parameters, making our approach scalable and
easy to integrate into existing training pipelines. To provide
an intuitive picture of what our approach accomplishes, we
visualize the loss landscape around the converged param-
eters of a PC trained with and without the Hessian trace
regularizer in Figure 1, using the filter-normalized projec-
tion technique of Li et al. (2018). The regularized model
settles in a broader and flatter optima compared to standard
training, verifying our claim that Hessian trace minimization
steers the optimization away from sharp valleys, which in
turn delivers stronger generalization. Overall, in this work,
we make the following contributions:
1. We derive a closed form expression for the exact full

Hessian of the log-likelihood for tree-structured PCs and
show that it can be computed tractably.

2. For general (DAG-structured) PCs, we establish that al-
though the full Hessian can be intractable, its trace re-
mains exactly computable in time linear in both the num-
ber of parameters and dataset size, providing the first
practical curvature measure for large-scale PCs.

3. We introduce a novel sharpness-aware regularizer for
learning PCs, derived from this Hessian trace.

4. We show that while directly minimizing the Hessian trace
via EM leads to a cubic update equation, we can reformu-
late this objective into an equivalent gradient norm min-
imization problem, resulting in a quadratic equation
with closed-form parameter updates.

5. We conduct exhaustive experiments on multiple syn-
thetic and real-world datasets to show that our regular-
izer enforces convergence to flatter optima and helps
reduce overfitting, especially in limited data settings.

Background and Preliminaries
Definition 1. A Probabilistic Circuit p is a parameterized
directed acyclic graph (DAG) with a unique root node nr

that compactly encodes a joint probability distribution over a
set of random variables X = {X1, . . . , Xd}. It is composed
of three types of nodes: Input nodes (leaf) representing sim-
ple univariate distributions over a single variable, Sum nodes
(internal) that compute a weighted sum of its children’s out-
put, and Product nodes (internal) that compute a product

of its children’s output. Formally, each node n in the DAG
computes a distribution pn, defined recursively as follows:

pn(x) =


fn(x), if n is an input node∏

c∈in(n) pc(x), if n is a product node∑
c∈in(n) θnc · pc(x), if n is a sum node

where fn is a univariate input distribution (e.g., Bernoulli,
Gaussian, etc), in(n) denotes the children of n and θnc is
the weight parameter on the edge (n, c), such that ∀c ∈
in(n) θnc ∈ (0, 1] and

∑
c∈in(n) θnc = 1.

The sum and product nodes represent convex mixtures
and factorized distributions over the scopes of their chil-
dren, respectively. A PC is evaluated bottom up and the joint
distribution is computed as the output of its root node, i.e.
p(x) = pnr

(x). The size of p, denoted |p|, is the number of
edges in its DAG. We make the common assumption that p
contains alternating sum and product node layers. This for-
malism subsumes several classes of tractable models such as
arithmetic circuits (Darwiche 2003), sum-product networks
(Poon and Domingos 2011), PSDDs (Kisa et al. 2014) and
cutset networks (Rahman, Kothalkar, and Gogate 2014).

To achieve tractability for exact marginal (MAR), condi-
tional (CON) and maximum-a-posteriori (MAP) inference, a
PC has to satisfy certain structural properties (Choi, Ver-
gari, and den Broeck 2020), such as smoothness, which en-
sures that each sum node represents a valid mixture, and de-
composability, which allows integrals (or sums) to factorize
recursively for tractable MAR and CON inference. However
enforcing structural properties often reduces the model’s ex-
pressivity. Thus, recent works have aimed to increase their
expressivity by efficiently scaling them using tensorized im-
plementations (Peharz et al. 2019, 2020; Liu, Ahmed, and
den Broeck 2024; Loconte et al. 2025), borrowing induc-
tive biases from deep generative models (Sidheekh, Kerst-
ing, and Natarajan 2023; Liu, Zhang, and den Broeck 2023;
Correia et al. 2023; Gala et al. 2024), and relaxing assump-
tions on the parameters (Loconte et al. 2024; Loconte, Men-
gel, and Vergari 2025; Wang and Van den Broeck 2025) as
well as structure of the PC (Sharir and Shashua 2018; Shao
et al. 2022; Dos Martires 2024).

Regardless of these advances, learning the PC param-
eters is predominantly achieved using one of two stan-
dard paradigms: stochastic gradient based optimization or
expectation-maximization (EM). As differentiable computa-
tional graphs, PCs allow efficient computation of gradients
of the likelihood (or log-likelihood) w.r.t their parameters via
backpropagation. Thus stochastic gradient descent (SGD)
and its variants can be used directly to learn their parame-
ters. Alternatively, one can view each sum node as introduc-
ing a latent categorical variable indexing its child edges and
apply EM to optimize the incomplete data log-likelihood. In
this framework, the E-step computes posterior distributions
over edges, while the M-step updates the weights in closed
form, given the posterior. Notably, both SGD and EM admit
a unified formulation that can be understood in terms of the
notion of circuit flow (Liu and den Broeck 2021).

Definition 2 (Circuit Flow). The flow associated with the
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nodes of a PC is defined in the following recursive manner

Fn(x) =



1, if n is the root∑
m∈pa(n)

Fm(x), if n is a sum/input

∑
m∈pa(n)

θmn
pn(x)

pm(x)
Fm(x), if n is a product

The flow associated with an edge (n, c) is defined
as Fnc(x) = θnc

pc(x)
pn(x)

Fn(x). In the EM interpretation,
Fnc(x) corresponds to the expected count of how often
the edge (nc) is used (E-step). The M-step then maxi-
mizes

∑
c∈in(n) Fnc(x) log θnc s.t.

∑
c∈in(n) θnc = 1,

which for a mini-batch Di yields the closed form update
θmini
nc =

∑
x∈Di Fnc(x)∑

j∈in(n)

∑
x∈Di Fnj(x)

. To smooth out mini-batch

noise, a running average is often used: θnew
nc = (1−α) θold

nc +
α θmini

nc , α ∈ [0, 1]. Under gradient-based learning, flows
have the interpretation that Fnc(x) = θnc

∂ logPnr (x)
∂θnc

. Com-
puting the flows requires only a single forward-backward
pass of the PC, and has been proven effective for learning
PCs with hundreds of millions of parameters at scale (Liu,
Ahmed, and den Broeck 2024).

However, such large and expressive PCs can overfit when
data is limited, prompting regularization strategies that
adapt ideas from both deep learning and graphical mod-
els. Probabilistic dropout (Peharz et al. 2019) randomly
masks inputs and sum-node children during training to
simulate missing data and mixture uncertainty, reducing
co-adaptation among sub-circuits. Pruning and re-growing
(Dang, Liu, and den Broeck 2022) has been suggested to
remove redundant sub-networks, yielding sparser models
that generalize better. Classical Laplacian smoothening on
the sum-node weights have also been applied to PCs (Liu
and den Broeck 2021), although naive Laplace priors can
bias the mixtures when child supports are imbalanced. Shih,
Sadigh, and Ermon (2021) observed that deep PCs can have
tens of millions of parameters and proposed a hypernet-
work that generates sum-node weights from low dimen-
sional embeddings, thereby reducing the free parameters
while preserving expressivity. Recent work has also tried to
exploit the tractability of PCs to propose customized reg-
ularizers. Ventola et al. (2023) adapted the idea of Monte
Carlo dropout (Gal and Ghahramani 2016) to PCs by de-
riving tractable dropout inference that propagates variances
through the circuit in a single pass to obtain better calibra-
tion and out-of-distribution detection. Liu and den Broeck
(2021) proposed data softening, which replaces each train-
ing example with a locally blurred distribution and an en-
tropy regularizer on the circuit’s global output distribution.
However, this requires solving a non-linear equation via
Newton’s method at each sum node, leading to added imple-
mentation and computational complexity during training.

In parallel, the deep-learning community has demon-
strated that convergence to sharp minima–regions of high
curvature–often correlates with poor generalization, lead-
ing to the development of sharpness-aware optimization

strategies. While the idea that flatter minima can help un-
lock higher generalization capability in deep neural net-
works (DNNs) has been around for a long time (Hochre-
iter and Schmidhuber 1997), recent works have shown how
to achieve this in practice using sharpness aware minimiza-
tion (SAM) (Foret et al. 2021), which solves a local mini-
max problem to find parameter updates robust to worst-case
perturbations. Extensions such as Adaptive SAM (ASAM)
(Kwon et al. 2021) have also been proposed to adaptively
scale the perturbations using curvature information. We
posit that the relevance of sharpness-aware techniques
extends beyond DNNs to PCs, where training objectives
like log-likelihood maximization are often non-convex and
prone to overfitting in overparameterized regimes. In such
settings, sharpness-aware learning can not only offer a prin-
cipled means to promote solutions that generalize better, but
the structure inherent in PCs can enable computing such cur-
vature information exactly and efficiently.

Sharpness-Aware Learning for PCs
The Hessian matrix-the second order partial derivatives of
a loss function-has long been used as a natural way to
quantify flatness, as its eigenvalues capture the curvature
along different directions. Böttcher and Wheeler (2024) used
dominant eigenvectors to visualize the loss landscape of
DNNs and distinguish sharp minima from flat ones, while
Chaudhari et al. (2017) used this idea to guide DNNs to-
wards wider optima. More recently, Kaur, Cohen, and Lip-
ton (2023) proposed using the largest eigenvalue as a flatness
metric, while Sankar et al. (2021) developed a layer-wise
Hessian trace-based regularizer. However, as computing the
full Hessian is intractable for DNNs, most methods rely on
implicit curvature estimates, such as rank-1 approximations
(Martens, Sutskever, and Swersky 2012) or the Hutchinson
trace estimator (Hutchinson 1990). Recent theoretical work
by Maene and De Raedt (2025) on algebraic model count-
ing suggests that computing the full Hessian for PCs incurs a
quadratic memory cost even for smooth, decomposable, and
deterministic circuits. In this work, we study the tractability
of the Hessian for PCs in further detail, and show that their
structural properties enable exact and efficient Hessian-trace
computations, allowing a true sharpness-aware regularizer
without resorting to costly approximations typical in DNNs.

Full Hessian Computation for Tree-Structured PCs
A tree-structured PC (in short TS-PC) is one where every
non-root node in its DAG has exactly one parent, and hence
there is a unique path from the root (nr) to any node (n).
Our first result is that for a TS-PC, the Hessian of the log-
likelihood with respect to the parameters can be computed
tractably. Figure 2 illustrates a typical nr–n path in a TS-PC.
Let Sl

i(x) and P l
i (x) denote the outputs of the ith sum and

product nodes at level l, respectively. Note that x would con-
tain only the subset of variables defined in the scope of the
node. We ignore it in the notation for clarity. To see how this
structure yields closed-form Hessian entries, consider the
task of expressing the gradient of the root likelihood Pnr (x)
w.r.t a mixing weight θnc. We can unfold the computation
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Figure 2: A typical path structure in a tree-structured PC.

along a unique path nr → · · · → P l
i → Sl

j → · · ·n → c.
At each product node P l

i on this path, the contribution of its
other children, i.e. those not on the path enters as a multi-
plicative factor. We will refer to the product of such sibling
outputs as the product complement, as defined below:
Definition 3 (Product Complement). The product comple-
ment of a product node P l

i with respect to one of its children
Sl−1
j is defined as: P

l

ij(x) =
∏

k∈in(P l
i )

k ̸=j

Sl−1
k (x)

All such product complements in a PC can be computed in
a single forward pass. Recall that a single forward-backward
pass also computes the circuit flow Fn(x) (Def. 2) for each
node n and Fnc(x) for each edge (n, c), which can be used
to compute the gradients. The unique-path property of a TS-
PC collapses the summations in the circuit flow recursion
into a simpler chain, resulting in compact expressions for
the flow and gradient, as presented below.
Lemma 1. Consider the unique path from the root nr to a
sum node n in a TS-PC: nr → PL

1 → SL−1
1 → · · · →

P 1
1 → S0

1 = n, as shown in Figure 2. Then the flow at node
n is given by: Fn(x) = θ11

P 1
1 (x)

Pnr (x)

∏L
j=2 θ

j
1P̄

j
11(x)

Proof. The proof involves unrolling the flow at a sum node
using the tree structure of a TS-PC and the notion of product
complements of the product nodes along the path from the
node to the root, and is provided in the appendix (Suresh
et al. 2025).

Corollary 1. The flow associated with the edge (n, c)
parametrized by θnc ( = θ01 in Figure 2) is given by: Fnc(x) =

θnc
Pc(x)
Pnr (x)

∏L
l=1 θ

l
1P̄

l
11(x) and correspondingly, the gradi-

ent of the likelihood at the root node with respect to θnc is
∂Pnr (x)
∂θnc

= Pc(x)
∏L

l=1 θ
l
1P̄

l
11(x)

Proof. The proof is a straight forward application of the flow
defined on an edge.

For notational simplicity we have labeled every sum and
product-node along our canonical path by index “1”. In a
general TS-PC path, the nodes at layer l would carry their
own index il, but the same formulas hold by replacing each
“1” with the appropriate il. The key insight from the above
corollary is that the partial derivative of the likelihood with
respect to θnc factorizes into exactly the product comple-
ments and weights along the unique path from n to the root,
and does not depend on any sum-node outputs on that path.

Let θnc and θn′c′ be the weights associated with two dis-
tinct edges in a TS-PC. Due to the tree-structure, n and n′

either lie on the same path from the root node or share ex-
actly one deepest common ancestor, let us call it q. Thus, the
pair (θnc, θn′c′) belongs to one of the following three cases:
1) Sum pair: if q is a sum node. 2) Product pair: if q is a
product node. 3) Path pair: if the θnc and θn′c′ lie on the
same path from the root. Our main result shows that the sec-
ond derivative of root likelihood w.r.t the PC parameters can
be expressed in closed form for each of the above cases.

Theorem 1. The mixed second derivative ∂2Pnr(x)
∂θn′c′∂θnc

of the
output of a tree-structured PC with respect to any two pa-
rameters θnc and θn′c′ equals

0, if it is a sum pair
∂Pnr (x)

∂θnc

∂Pnr (x)

∂θ
n′c′

θk
1P

k
1 (x)(

∏L
l=k+1 θl

1P̄
l
11(x))

, if it is a product pair
1

θn′c′
· ∂Pnr (x)

∂θnc
, if it is a path pair with

θn′c′ closer to the root

where P k
1 denotes the deepest common product node, and

we follow our canonical notation for the path to the root.

Proof. Deferred to the appendix.

Theorem 1 can be further extended to obtain equally sim-
ple expressions for the Hessian of the log-likelihood which
is typically used as the objective for training PCs, as follows:
Proposition 1. If (θnc, θn′c′ ) is a sum pair, then

∂2 logPnr (x)

∂θn′c′∂θnc
= −Fnc(x)

θnc

Fn′c′(x)

θn′c′
(1)

Proof. Deferred to the appendix.

Thus, the mixed second derivative of the log-likelihood
for a sum pair factorizes into the negative product of the cor-
responding first-order derivatives. A special case is when the
sum pair corresponds to the same parameter (θnc = θn′c′ ),
in which case the double derivative equals the negative
square of the gradient of the log-likelihood with respect to
θnc.
Proposition 2. If (θnc, θn′c′ ) is a product pair with P k

1 being
their deepest common ancestor, then

∂2logPnr (x)

∂θn′c′∂θnc
=

Pnr (x)
Fnc(x)
θnc

Fn′c′ (x)
θn′c′

θk1P
k
1 (x)

(∏L
l=k+1 θ

l
1P̄

l
11(x)

) −
Fnc(x)

θnc

Fn′c′ (x)

θn′c′

Proof. Deferred to the appendix.

Proposition 3. If (θnc, θn′c′ ) is a path pair, with θn′c′ closer
to the root node, then

∂2 logPnr
(x)

∂θn′c′∂θnc
=

∂2 logPnr
(x)

∂θnc∂θn′c′

=
1

θn′c′
· Fnc(x)

θnc
− Fnc(x)

θnc

Fn′c′(x)

θn′c′

Proof. Deferred to the appendix.

Since each entry of the full Hessian depends only on
the circuit flow, the mixing parameters and the product
complements–all of which can be computed efficiently–the
Hessian as a whole can likewise be evaluated tractably.
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Hessian for General (DAG-Structured) PCs
To understand whether the tractability of Hessian compu-
tation extends to general DAG-structured PCs, we examine
its diagonal and off-diagonal entries separately. Our anal-
ysis suggests that while the former can be computed effi-
ciently, the latter can suffer from a combinatorial explosion.
We present the results and defer proofs to the supplementary.

Proposition 4. The diagonal entry of the Hessian of the log-
likelihood of a general PC w.r.t a parameter θnc is given by:
∂2 logPnr (x)

∂2θnc
= −

(
Fnc(x)
θnc

)2

From Proposition 4, we observe that computing the trace
only requires access to the edge flows and the mixing pa-
rameters. From Definition 2, all edge flows can be com-
puted with a single forward and backward pass through the
circuit, making the flow computation linear in time with
respect to the number of edges. Consequently, the overall
trace computation is also linear in time. However, for general
PCs, we conjecture that computing the off-diagonal entries
of the Hessian is intractable due to the exponential num-
ber of dependency paths between parameters. Concretely,
consider a PC where each internal node (except the root
and its immediate children) has up to w parents. Suppose
that sum nodes n and n′ share w deepest common ances-
tors at the same depth, and let d∗ denote the number of lay-
ers between these deepest common ancestors and the lower
of the two nodes, i.e., d∗ = min(depth(n), depth(n′)) −
depth(deepest common ancestors). Then, the number of
paths connecting n and n′ can grow as O(wd∗

). This expo-
nential growth in the number of shared paths indicates that,
in such densely connected PCs, computing off-diagonal en-
tries of the Hessian becomes computationally intractable.

A Tractable Sharpness Regularizer for PCs
Although the full Hessian can be intractable for arbitrary
PCs, its trace remains efficiently computable, and serves
as a scalar measure of the overall curvature of the log-
likelihood surface–large values indicating sharper optima,
while lower values correspond to flatter optima (Keskar
et al. 2017; Foret et al. 2021; Kwon et al. 2021). Thus,
reducing the Hessian trace during training can serve as an
effective regularization strategy. While the full Hessian can
be computed efficiently and potentially incorporated as a
regularizer for tree-structured PCs, we focus instead on its
trace, as it is both simpler to compute and applicable to
the general class of PCs. Crucially, for any PC (not just
tree-structured), the absolute trace (ignoring absolute hence-
forth) simplifies to the sum of squared partial derivatives:

Tr
(
∇2 logPnr

(x)
)
=

∑
n,c

(
∂ logPnr (x)

∂θnc

)2

=
∑

n,c

(
Fnc(x)
θnc

)2

This enables sharpness-aware regularization using
only first-order derivatives that can be computed us-
ing the edge flows, while still promoting flatter so-
lutions during training. A simple way to incorporate
this into gradient-based learning is to add the Hessian
trace as a regularizer R(θ, x) =

∑
n,c(Fnc(x)/θnc)

2

to the negative log-likelihood, yielding the objective
minθ −

∑
x∈D logPnr

(x) + λ
∑

x∈D R(θ, x). Since

R(θ, x) depends only on the local flows and weights, its
gradients can be computed with a forward-backward pass,
making integration with optimizers like SGD or Adam
straightforward. However, EM is often preferred over gra-
dient descent to learn PCs as it achieves faster convergence
(Desana and Schnörr 2017). Thus, we next discuss how to
integrate this curvature penalty into EM-based learning.

Sharpness-Aware EM. To endow EM with sharpness
awareness, we propose to add the Hessian-trace regularizer
into the M-step by constraining the sum squared gradients
at each sum node. More formally, the M-step optimization
is now carried out under two constraints: (1) the parameters
at each sum node must lie on the probability simplex, i.e.,∑

c∈in(n) θnc = 1, and (2) the trace of the Hessian is upper

bounded, i.e.,
∑

c∈in(n) (Fnc(x)/θnc)
2 ≤ m for some m.

The resulting parameter update takes the following form:
Proposition 5. The EM update for a parameter θnc at a sum
node n, under a Hessian trace-based sharpness regularizer,
is the solution to the cubic equation:

λ θ3nc − Fnc(x) θ
2
nc − 2µFnc(x)

2 = 0, (2)

where Fnc(x) is the expected edge flow, and λ, µ are
Lagrange multipliers for the normalization and trace con-
straints, respectively.

Incorporating the Hessian trace into the EM update thus
yields, at each sum node, a cubic equation in the parameters
that must be solved exactly. However, solving such cubic
equations can be computationally expensive and may yield
multiple real roots, negative values, or even complex solu-
tions, making the update process unstable or infeasible. To
overcome this, we exploit a key property of PC gradients:
the partial derivative of the log-likelihood with respect to
a sum node parameter θnc takes the form Fnc(x)

θnc
, which is

always non-negative as both Fnc(x) and θnc are positive.
Consequently, the squared gradient is a monotonic function
of the gradient itself, thus minimizing the gradient suffices
to reduce its square. This allows us to directly penalize the
gradient as a surrogate for reducing the trace, resulting in a
simpler quadratic update with a closed-form solution.
Theorem 2. The EM parameter update at sum node n, under
the gradient regularized objective is given by:

θnc =
Fnc(x) +

√
Fnc(x)2 + 4λµFnc(x)

2λ
,

where Fnc(x) denotes the flow along the edge from sum
node n to its child c, and λ, µ ≥ 0 are the Lagrange multi-
pliers corresponding to the normalization and regularization
constraints, respectively.

Experiments and Results
We organize our empirical evaluation to answer the follow-
ing four research questions.
(Q1) Do large, expressive PCs overfit on limited data, and
does sharpness, defined via Hessian-trace capture this?
(Q2) Is our derived sum-squared-gradient expression for
the Hessian-trace efficient to compute?
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Dataset 1% 5% 10% 50% 100%

∆NLL ∆DoF ∆Sharp ∆NLL ∆DoF ∆Sharp ∆NLL ∆DoF ∆Sharp ∆NLL ∆DoF ∆Sharp ∆NLL ∆DoF ∆Sharp

bent lissajous 46.65 65.62 93.41 19.45 28.23 52.87 18.16 22.21 56.44 1.27 2.01 34.58 0.65 −0.06 31.25
helix 32.38 62.87 91.80 17.92 35.29 57.51 10.85 5.48 21.48 8.93 −1.90 13.76 7.33 −1.76 15.71
interlocked circles 41.19 68.16 88.06 26.54 39.14 75.72 18.65 14.55 46.30 2.20 1.14 34.15 1.02 0.40 41.59
knotted 52.66 59.88 91.01 26.68 42.31 65.46 17.06 9.42 31.12 5.67 1.23 25.44 10.07 −0.01 21.57
pinwheel 57.29 61.85 93.85 22.62 23.27 66.14 13.24 17.58 75.54 3.70 6.14 76.26 0.38 0.77 79.01
spiral 62.11 69.82 92.23 34.03 37.47 67.09 22.62 20.49 61.48 19.83 1.38 12.66 18.35 3.78 23.72
twisted eight 49.03 70.20 75.09 13.65 22.31 63.21 11.22 12.54 51.52 2.72 2.42 32.11 −1.22 −0.04 40.85
two moons 54.92 67.30 88.47 27.99 30.24 56.63 19.72 17.88 34.10 16.22 −0.13 30.68 3.80 0.85 28.31

Mean 49.53 65.71 89.24 23.61 32.28 63.08 16.44 15.02 47.25 7.57 1.54 32.45 5.05 0.49 35.25

Table 1: Percentage improvements in test negative log-likelihood (∆NLL), reduction in overfitting (∆DoF ), and percentage
decrease in the loss-surface sharpness (∆Sharp) for an Einsum Network on the synthetic manifold datasets, comparing
models with Hessian-trace regularization against vanilla counterparts. Values are averaged across 5 independant runs.

(Q3) Does the proposed sharpness aware-learning frame-
work reduce overfitting and improve generalization?
(Q4) What effect does the regularization strength µ have?

Setup. To answer these, we conducted experiments on 8
synthetic 2D/3D manifold datasets (Sidheekh, Kersting, and
Natarajan 2023) as well as the 20 standard binary density
estimation benchmark. To show that our approach applies
broadly across different PC model classes and implemen-
tations, we integrated it into two widely used PC frame-
works—Einsum Networks (Peharz et al. 2020) and PyJuice
(Liu, Ahmed, and den Broeck 2024), evaluating it on differ-
ent structural settings. For synthetic datasets, we use a fixed
RAT-SPN (Peharz et al. 2019) architecture with 10 input-
distributions, sum-nodes and num-repetitions. For the binary
datasets, we adopt the Hidden Chow-Liu Tree (HCLT) struc-
ture from PyJuice, with a latent size of 100 to increase model
capacity. To simulate limited data settings where overfitting
can happen, we train each model on random subsets of each
dataset at fractions {1%, 5%, 10%, 50% and 100% }. To
show applicability across learning methods, we integrated
our regularizer into two settings: (1) gradient-based learn-
ing for Einsum Networks (using Adam) and (2) EM-based
learning for PyJuice HCLTs (using our quadratic closed-
form updates). We provide further experimental results and
details in the appendix, along with our code repository1.

(Q1) Overfitting and Sharpness: To show that deep PCs
indeed overfit when data is scarce, we plot the train and
validation negative log-likelihoods (NLL) for an Einsum-
Net trained on a 5% data for 2D spiral distribution in Fig-
ure 3[left]. We see that the train-NLL continues to decrease,
while the val-NLL rises, indicating overfitting and a widen-
ing generalization gap. Crucially, the value of sharpness,
computed via Hessian-trace also grows in tandem with this
gap, peaking when overfitting occurs. This confirms that
sharp minima that correlate with overfitting do exist in PCs,
and that the Hessian-trace is capable of detecting them.

(Q2) Efficiency of Hessian-Trace Computation. We
empirically validated the correctness of our Hessian trace
derivation using Einsum Networks, which support full Hes-
sian evaluation via PyTorch’s automatic differentiation.

1https://github.com/starling-lab/sharpness-aware-pc

Figure 3: [Left] Training and validation negative log-
likelihood of EinsumNet on a 2D spiral dataset across
epochs, with Hessian-trace computed by our sum-squared-
gradients formula and torch autograd. [Right] Time taken for
computing the Hessian trace as the network depth grows.

Figure 3[left] shows an exact match between the Hes-
sian trace computed using our proposed sum-of-squared-
gradients (SSG) formula and the one obtained directly via
autograd on the 2D spiral dataset, where full Hessian com-
putation was feasible without exceeding memory limits. Fig-
ure 3[right] also compares the computation time of the Hes-
sian trace using autograd and our closed-form SSG formula.
We see that as the model depth increases, autograd’s runtime
suffers from an exponential blow up, while our approach
scales linearly, and is thus a more practical and accurate way
to analyze the curvature, even for deep PCs.

(Q3) Gains from Sharpness-Aware Learning. To study
the effect our sharpness regularizer has in learning better
PCs, we measured the performance improvement achieved
by our regularized model as compared to its vanilla counter-
part using three metrics-(1) The relative reduction in Test-
NLL [∆NLL(%)], (2) The reduction in the degree of over-
fitting [∆DoF (%)], where DoF = NLLtest−NLLtrain

|NLLtrain| and
(3) The relative reduction in sharpness [∆Sharp(%)], as
measured by our Hessian-trace formula, at convergence. Ta-
ble 1 reports the mean results over five runs for an Ein-
sumNet trained on the synthetic 2D/3D manifold datasets at
varying training-set fractions. We observe that in the lowest
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Dataset 1% 5% 10% 50% 100%

∆NLL ∆DoF ∆Sharp ∆NLL ∆DoF ∆Sharp ∆NLL ∆DoF ∆Sharp ∆NLL ∆DoF ∆Sharp ∆NLL ∆DoF ∆Sharp

accidents 1.40 6.94 15.61 −1.88 1.54 16.54 −1.67 0.67 12.33 −0.50 0.04 12.03 −0.29 0.01 3.39
ad 2.11 1.24 56.79 3.20 3.54 78.44 1.26 2.65 27.21 −2.26 1.42 10.80 −1.85 0.43 9.31
baudio 9.39 24.87 9.33 −0.58 1.30 3.06 −0.56 0.35 5.17 −0.20 0.00 1.19 −0.11 0.00 0.88
bbc 10.45 3.52 32.12 15.75 19.70 25.16 8.75 19.57 28.21 −0.23 1.32 11.47 −0.37 0.25 10.74
bnetflix 3.07 10.71 −1.65 −0.38 0.29 2.94 −0.31 0.12 2.68 −0.02 0.00 0.30 −0.01 0.00 0.14
book 9.56 6.11 74.56 1.47 4.15 29.80 −0.60 1.09 21.63 −0.83 0.03 10.23 −0.48 0.02 7.63
c20ng 11.56 13.28 31.06 0.78 3.03 25.84 0.06 0.84 10.53 −0.28 0.01 6.30 −0.12 0.01 3.54
cr52 10.54 9.76 35.21 3.68 12.54 −2.54 −0.10 4.04 3.47 −0.57 0.24 3.45 −0.31 0.04 2.65
cwebkb 9.05 4.05 30.95 14.17 26.46 30.52 3.83 12.36 28.79 −0.63 0.39 11.21 −0.46 0.11 5.29
dna 29.45 15.54 3.87 2.59 6.88 13.93 0.10 2.30 8.95 −0.89 0.25 8.81 −0.47 0.07 3.91
jester 19.22 28.28 25.52 0.24 3.81 −2.60 −0.71 0.36 −3.30 −0.24 0.04 0.88 −0.12 0.00 −0.89
kdd 0.04 1.51 11.96 0.11 0.16 3.50 0.10 0.08 7.49 −0.02 0.00 3.65 0.00 0.00 2.20
kosarek 1.93 6.84 23.70 −0.76 0.60 13.33 −0.42 0.27 7.90 −0.20 0.03 7.51 −0.07 0.00 5.66
msnbc −0.10 0.03 0.35 0.02 −0.01 0.04 −0.02 0.00 0.07 −0.01 0.00 0.06 0.00 0.00 0.06
msweb 1.11 3.75 33.03 −0.23 0.79 18.57 −0.29 0.45 7.33 −0.08 0.04 10.80 −0.03 0.03 6.54
nltcs 0.18 2.31 7.20 −0.94 0.35 4.80 −0.68 0.06 2.52 −0.08 0.00 −1.04 −0.07 0.00 −0.58
plants 1.59 7.19 13.72 −2.41 0.95 10.34 −1.63 0.38 8.02 −0.56 0.02 3.56 −0.28 0.01 3.50
pumsb star 2.04 4.83 8.62 −2.76 1.09 16.12 −1.69 0.51 8.68 −0.50 0.05 5.50 −0.29 0.02 4.33
tmovie 15.15 15.90 16.97 12.01 28.27 −3.17 0.02 8.32 9.83 −1.42 0.34 3.55 −0.82 0.12 11.08
tretail 4.55 9.60 31.95 −0.25 0.44 21.81 −0.10 0.12 10.93 −0.03 0.00 0.69 −0.02 0.00 1.44

Mean 7.12 8.81 23.04 2.19 5.79 15.32 0.27 2.73 10.42 −0.48 0.21 5.55 −0.31 0.06 4.04

Table 2: Percentage improvements in test negative log-likelihood (∆NLL), reduction in overfitting (∆DoF ), and percentage
decrease in the loss-surface sharpness (∆Sharp) for a PyJuice HCLT model on the binary density estimation datasets,
comparing models with Hessian-trace regularization against vanilla counterparts. Values represent the mean over 5 runs.
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Figure 4: Ablation showing the effect of µ on the validation
negative log-likelihood, degree of overfitting and sharpness.

data setting, on average, our regularizer cuts overfitting by
up to 65 %, flattens the loss surface by 89%, and boosts test
log-likelihood by upto 49%. Although the absolute gains di-
minish with more data, they remain positive across all frac-
tions on average, demonstrating that trace minimization con-
sistently guides the learning toward better-generalizing op-
tima. Table 2 presents analogous results for PyJuice HCLTs
on real-world binary datasets using our regularized EM.
Again, in the lowest-data regime we observe a 7 % improve-
ment in test NLL, an 8% reduction in overfitting, and a 23%
decrease in sharpness, on average. As dataset size grows,
these gains plateau—and at the highest data fractions we
record a marginal (< 0.5%) drop in test NLL. This is ex-
pected when overfitting is negligible as the regularizer may
push the parameters away from an otherwise sufficient opti-
mum. But even in these settings, our method continues to re-
duce overfitting and sharpness, confirming its effectiveness
at steering PCs toward flatter, more robust solutions.

(Q4) Ablation on µ. To study the sensitivity of our frame-
work to the regularization strength, we trained a PyJuice
HCLT using the 5% split of DNA binary dataset, for vary-
ing values of µ and tracked changes in Validation-NLL, de-
gree of overfitting and sharpness (in Figure 4). We observe
that even a small µ ∈ (0, 0.1] is sufficient to capture most of
the gains-reducing overfitting and curvature. Larger µ values
yield only marginal gains at the cost of slight underfitting.
Thus, our framework is robust to the choice of µ in a broad
mid-range and we select it based on validation performance.

Conclusion
In this work, we introduced a new direction to study the
training of PCs through the lens of the log-likelihood sur-
face geometry. We derived a closed-form expression for the
exact full Hessian of the log-likelihood for tree-structured
PCs. For general DAG-structured PCs, we showed that while
the full Hessian can be intractable, its trace remains ex-
actly and efficiently computable– offering the first scalable
curvature measure for training large PCs. Building on this,
we designed a novel regularizer whose equivalent gradient-
norm formulation yields closed-form quadratic updates, en-
abling efficient optimization. Our experiments confirmed
that our approach steers training toward flatter minima and
reduces overfitting, especially in low-data regimes. Overall,
our work opens up a promising new direction for study-
ing PCs. Future work includes investigating the presence
of asymmetric valleys in the loss landscape, analogous to
those observed in DNNs, developing a theoretical frame-
work for understanding convergence in over-parameterized
PCs, and designing optimization strategies that can better
exploit tractable geometric information.
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