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Abstract

This paper examines a variety of classical optimization prob-
lems, including well-known minimization tasks and more gen-
eral variational inequalities. We consider a stochastic formu-
lation of these problems and, unlike most previous work, we
take into account the complex Markov nature of the noise.
We also consider the geometry of the problem in an arbitrary
non-Euclidean setting and propose four methods based on the
Mirror Descent iteration technique. The theoretical analysis is
provided for smooth and convex minimization problems and
variational inequalities with Lipschitz and monotone operators.
The convergence guarantees obtained are optimal for first-
order stochastic methods, as evidenced by the lower bound
estimates provided in this paper. In order to validate the theo-
retical results, we present the relevant numerical experiments
on various reinforcement learning tasks.

Code — https://github.com/brain-lab-research/ MLMC_RL

1 Introduction

In the quest to solve complex real-world problems, optimiza-
tion plays a crucial role in various fields, including artificial
intelligence (Creswell et al. 2018; Zhang 2018; Hashem et al.
2024), finance (Cornuejols and Tiitiincii 2006), operations
research (Rardin and Rardin 1998), and reinforcement learn-
ing (Sutton and Barto 2018). While traditional deterministic
optimization methods assume that all problem data is known
and fixed, practical scenarios often involve uncertainty and
variability. Stochastic optimization proves to be a powerful
method (Robbins and Monro 1951) for addressing these chal-
lenges. This approach incorporates randomness into the opti-
mization process, allowing it to handle the unpredictable na-
ture of application problems more effectively, thus enabling
the generation of more robust and reliable solutions. The
sources of stochastic behavior can include noise (Huang and
Becker 2021), sampling methods (Hedar, Allam, and Fahim
2020), and environmental factors (Gorbunov, Danilova, and
Gasnikov 2020). To describe this randomness, one of the sim-
plest and most common assumptions is that noise variables
are independent and identically distributed (i.i.d.) (Bach and
Moulines 2013; Zhou et al. 2017; Johnson and Zhang 2013;
Nazykov et al. 2024). However, in modern applications, there
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are an increasing number of problems where the noise de-
pends on a certain background. Therefore, the assumption of
independence is not always satisfied. For instance, this occurs
in reinforcement learning (Bhandari, Russo, and Singal 2018;
Srikant and Ying 2019; Durmus et al. 2021) or in distributed
optimization (Lopes and Sayed 2007; Dimakis et al. 2010;
Even 2023). Thus, we naturally arrive at the statement of the
problem in a more general form, where the noise variables
are the realizations of an ergodic Markov chain.

In the first paper on Markovian optimization (Duchi et al.
2012), the authors incorporate this type of stochasticity in
arbitrary geometry; however, they only consider non-smooth
problems. Recently, for the general case of Markovian noise,
the finite-time analysis of non-accelerated SGD-type algo-
rithms has been studied in (Sun, Sun, and Yin 2018) for
the convex case and in (Doan 2022) for the non-convex and
strongly convex settings. Alongside this, (Dorfman and Levy
2022) propose a random batch size algorithm that adapts
to the mixing time of the underlying chain for non-convex
optimization with a compact domain. In the exploration of
accelerated SGD, the paper (Doan et al. 2020a) obtains esti-
mates, and (Beznosikov et al. 2024) improves these results for
both non-convex and strongly convex settings. At the same
time, numerous papers have appeared that deal with the spe-
cial scenario of distributed optimization (Even 2023; Doan
2022). Unfortunately, all of these works only consider the
Euclidean formulation, while it is interesting to investigate
the arbitrary geometry setting as in (Duchi et al. 2012), but
in the smooth case, since it is possible to design accelerated
methods for it (Nesterov 1983).

The classical algorithm that utilizes non-Euclidean proper-
ties is Mirror Descent (MD) (Nemirovsky, Yudin, and Daw-
son 1983). Various modifications of this method have been ex-
tensively studied, including Stochastic MD (Zhou et al. 2017;
Jin and Sidford 2020a), Composite MD (Duchi et al. 2010;
Lei and Tang 2018), Accelerated MD (Lan 2012; Krichene,
Bayen, and Bartlett 2015; Lan, Li, and Zhou 2019), Coor-
dinate MD (Gao et al. 2020; Hanzely and Richtarik 2021),
Coupled MD (Allen-Zhu and Orecchia 2014) and even Zero-
order MD (Gorbunov, Dvurechensky, and Gasnikov 2022).
Recently, the first work combining MD with Markovian noise
has appeared (Xiao et al. 2024). However, this paper consid-
ers only a token algorithm (finite-sum stochasticity) in the
specific setting of decentralized optimization and proposes a



non-accelerated method.

When considering the generalization of optimization prob-
lems, it is possible to do this not only from the perspective
of randomness or geometry but also from the overall for-
mulation of the problem to be solved. For instance, we can
consider a wide class of variational inequalities (VIs). VIs
encompass important special cases, including minimization
over a convex domain, saddle point/min-max, and fixed point
problems with a wide variety of applications in supervised
(Joachims 2005; Bach et al. 2012) and unsupervised (Xu
et al. 2004; Bach, Mairal, and Ponce 2008) learning, image
denoising (Chambolle and Pock 2011), computational game
theory (Facchinei and Pang 2003), and GANs (Gidel et al.
2018). As demonstrated in (Goodfellow 2016), the classical
Gradient/Mirror Descent algorithms can diverge for the VI
problem; therefore, more sophisticated techniques need to
be introduced. One of the first algorithms dealing with VI is
the Extragradient method (Korpelevich 1976), followed by
Dual Extragradient (Nesterov 2003) and Mirror-Prox (MP)
(Nemirovski 2004). As shown in (Nemirovski 2004), the
Mirror-Prox algorithm attains an optimal convergence rate
for monotone variational inequalities with Lipschitz contin-
uous operators. The pioneering work dealing with MP in
the stochastic setting was done in (Juditsky, Nemirovskii,
and Tauvel 2011). Later, the analysis of stochastic finite-
sum variational inequalities or saddle point problems has
been extensively studied by many authors, but mostly in the
i.i.d. setting (Chavdarova et al. 2019; Alacaoglu and Malit-
sky 2022; Beznosikov et al. 2023). In the Markovian noise
setup, (Wang et al. 2022) considered the finite-sum case in
the narrowing of the saddle point problem only. Whereas,
(Beznosikov et al. 2024) examines the general formulation
of VI, yet again in the Euclidean setup.

Motivated by these research gaps, we arrive at the follow-
ing results:

* We present new algorithms based on Mirror Descent and
Mirror-Prox methods for minimization problems and for
variational inequalities, respectively. The analysis is pro-
vided in the general setup of arbitrary norms and compati-
ble Bregman divergences, which are uncommon for the
Markovian case.

* We provide lower bounds for minimization and VI prob-
lems with Markovian noise (Proposition 2.11 and 2.17),
allowing us to show the optimality of convergence rates
for Algorithms 2 and 3 using batches of size O(1) only
(Theorems 2.9 and 2.15).

* For the non-batched version of the algorithm that solves
the VI problem (Algorithm 4), we show the convergence
under the assumption that the variance is bounded only
in expectation with respect to the stationary distribution
(Theorem E.4), which has not been achieved with Marko-
vian noise before.

* We present a series of numerical experiments conducted
on reinforcement learning tasks (see Section 3). The re-
sults verify the competitiveness of our approach compared
to the baselines.

¢ As a byproduct of our main results, we provide a novel
deviation bound for the mean of realizations of the ge-
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ometrically ergodic Markov chain (Lemma 2.7) in an
arbitrary norm. To the best of our knowledge, this result
has previously only been obtained in the Euclidean setup
(Paulin 2015).

Notations

We use || - ||« to denote the norm conjugate to || - ||, in par-
ticular || - ||, := max_,; <1 (-, 2). We denote || - ||y as the
total variation distance. We define poly(x) as a notation of
polynomial dependence, that is, poly(z) := x* for some
k > 0. Let (Z,dz) be a complete separable metric space
endowed with its Borel o-field Z. We denote by (ZV, Z®N)
the corresponding canonical process. Let Q be the Markov
kernel defined on Z x Z, and denote by P, and E¢ the cor-
responding probability distribution and the expected value
with initial distribution . Let (Z)xen be the corresponding
canonical process. For £ = 0., z € Z, we simply write P,
and E, instead of Ps, and Es_. For 2°, ..., 2! being the it-
erates of any algorithm, we denote F; = o(27,j < t) and
write E; to denote E[|F].

2 Main Results
Technical Preliminaries

In this section, we study the optimization problem of the
form

I = min (@) = BalF(z, 2)]} ()

where 7 is usually an unknown distribution and X C R? is
a normed space with a dual space X'* and a pair of primal
and dual norms || - ||, || - ||«- Let w(-) be a differentiable and
1-strongly convex function with respect to || - || on X’. Then,
for any z,y € X we can define the Bregman divergence
as V(z,y) = w(z) —w(y) — (Vw(y),z —y) . We assume
that for all optimization problems that are considered in this
paper, there exists a Bregman divergence V' with respect to
anorm | - || on X'. We also assume that X’ is compact and
D? := max, yex V(z,y). From the 1-strong convexity of

w, it follows that ||z — y||* < 2D? forall ,y € X'
For all £ € R? we also define the prox mapping P, (€) as

Py () = arg ggg{V(%y) + &y} 2)

We now introduce the common assumptions, required for
the analysis of solving (1).

Assumption 2.1. The function f is L-smooth on X’ with
respect to || - || norm, i.e., there exists L > 0 such that for
any z,y € X the following inequality holds: ||V f(z) —
Vil < Lilz -yl

Assumption 2.2. The function f is convex on X, i.e., it is
differentiable and for any x, y € X the following inequality
holds: f(y) < f(z) = (V[ (y),z —y).

We assume that access to the function f and its gradi-
ent is only available through the noisy oracles F'(x, Z) and
V. F(x, Z), respectively. Henceforth, the notation VF(x, Z)
will be used for brevity. Now, we make assumptions on the
noise variables {Z;}, .



Assumption 2.3. Let {Z,;}3°, be a stationary Markov chain
on (Z, Z) with Markov kernel Q and a unique invariant dis-
tribution 7. Let { Z; } 72, be uniformly geometrically ergodic
with a mixing time Ty, i.e. for all £ > 0 the following holds:
sup, ez [Q1(2,) = Q< )llrv < (1/2)%/7.

Assumption 2.3 is a common occurrence in the literature
on Markovian noise (Creswell et al. 2018; Doan et al. 2020a;
Dorfman and Levy 2022; Beznosikov et al. 2024). This as-
sumption covers finite Markov chains with an irreducible and
aperiodic transition matrix (Even 2023). The mixing time
Tmix 18 the number of steps of the Markov chain required for
the distribution of the current state to be close to the station-
ary distribution 7. We now provide an assumption on the
stochastic gradient.

Assumption 2.4. For all 2 € R? it holds that
E.|VF(x,Z)] = Vf(x). Moreover, forall Z € Z and x €
de the following inequality holds ||V F (z, Z) — V f(x)||? <
ag~.

In Markovian noise problems, we are forced to bound the
noise uniformly rather than only in expectation, as is done
in the i.i.d. case (Agarwal et al. 2011; Bach and Perchet
2016; Akhavan, Pontil, and Tsybakov 2020; Dvurechensky,
Gorbunov, and Gasnikov 2021). This complication arises in
many works (Duchi et al. 2012; Sun, Sun, and Yin 2018;
Doan et al. 2020a; Doan 2022; Dorfman and Levy 2022;
Even 2023; Beznosikov et al. 2024), and the authors have not
yet worked out how to avoid this assumption.

Motivating Example from Reinforcement Learning

We now present a motivating example from reinforcement
learning (RL) in which Markovian noise has to be taken into
account. In this setting, a learning agent interacts with an
environment, represented as a finite average-reward Markov
decision process (MDP) (Wan, Naik, and Sutton 2021; Jin
and Sidford 2020b) M = (S, A, R, P,~), where S is a set
of states, A is a set of actions, R : S x A — R is the reward
function, and P : § x A x § — [0, 1] denotes the transition
dynamics of the environment. At each discrete time step ¢,
the agent receives a state of the MDP s, € S. Based on the
state, it selects an action a; € A, using a stochastic policy
u € S x A(A) defined over the set of states S and the
(lA] — 1)-dimensional probability simplex. Then, the agent
gets areward r = R(s¢, a;) from the environment, and the
environment proceeds to the next state with a probability,
defined by the transition function P.

The goal of the learning process is to maximize average
reward via interaction with the environment:

J(u), suchthat  (3)

*
= ar max
H & HESXA(A)

J(/u’) = ET(“) thrt|80 ~ p,ag ~ :U‘(|SO) 3
t=0

where p is an initial state distribution for the environment
and ET(H) [] = ]Esl~P(<|ag,so)Ea1~u(~\sl) ce H describes
the environment transitions.

Notably, it is often assumed (Liu et al. 2020; Lee et al.
2021) that the optimal policy p* corresponds to the station-
ary distribution 7 of the Markov chain, and by construction,

25510

Algorithm 1: MAMD without batching

1: Parameters: stepsizes {7; }, momentums {/3;} and num-
ber of iterations 7'

2: Initialization: choose z° = 2 € X.

3: fort =0,1,2,...,T do

4wy =p e+ (1- e

50 gttt =P (’ytVF(xtg, Z4))

6

7

41 = 5t 1 (1
: end for

its transition kernel Q(s'[s) = >, 4 P(s'[s, a)u(als) falls
under Assumptions 2.3 and 2.4 (Dong et al. 2024).

Many reinforcement learning algorithms that solve the
problem (3) utilize a policy gradient technique and update
the policy p iteratively using a stochastic first-order oracle
V. J(p'). In order to perform optimization not on the com-
plex set of S x A(A) of policies u, one can use a transition to
a dual space. Such a technique is called Mirror Descent policy
gradient optimization (Yang et al. 2022; Alfano, Yuan, and
Rebeschini 2024). According to the Policy Gradient Theorem
(Sutton et al. 1999), the problem (3) fits under Assumptions
2.1 and 2.2 with respect to policies p (Dong et al. 2024).

In the case of finite S and A, we can store a table of size
|S] % |.A| in memory, then the step of the idealized MD al-
gorithm (Nesterov 1983; Sutton et al. 1999) is of the form

pitt = P [—fthg‘t} for all s € S, where P is defined

in (2), 4 is a stepsize, pul = pi(-|s) € A(A),Q" =
Q"(s,-) € R%and Q" : S x A — R denotes the associated
state-action value function, or (J-function, associated with
a policy p: Q*(s,a) = Bz, Do rtlso = s,a0 = a] .
However, in practice, we cannot compute the ()-function
in the MD step exactly; therefore it takes the form pft! =

Py [—%@gt} forall s € S, where Q"' (s, a) is an estima-

tion of the true Q“t -function. Here, the stochasticity of the
Mirror Descent algorithm is contained only in the estimation
@. In this paper, we provide two methods of such estimation.
The first one does not use the batching technique and consid-
ers only one rollout from the system (see Algorithm 1), the
second method uses the MLMC batching technique (Giles
2015), which takes into account the fact that in RL problems
we deal with Markovian noise (see Algorithm 2).

Markovian Accelerated Mirror Descent

To obtain optimal theoretical estimates, we consider accel-
erated methods to analyze the Markovian noise setting. We
present two different techniques for gradient approximation.
One technique utilizes a batching construction similar to that
used in (Dorfman and Levy 2022; Beznosikov et al. 2024).
The other technique does not involve any batching. Firstly,
let us introduce a method that uses only one sample of Z
at each iteration (Algorithm 1). This algorithm is similar to
vanilla Accelerated Mirror Descent (Lan 2012), but with the
Markovian noise. The convergence rate of Algorithm 1 is
explored in the theorem below.



Theorem 2.5 (Convergence of MAMD without batching
(Algorithm 1)). Let Assumptions 2.1, 2.2, 2.3, 2.4 be satisfied.
Let the problem (1) be solved by Algorithm 1. Assume that
the stepsizes ¢ and momentums [, are chosen such that

0 < (Bes1 — D)yeg1 < Beves Be = 2L forallt > 7y and
Br,.. = L. Then, for all T > T, it holds that

T
(Br —WrE[f(zF) - f*] =0 <D2 + o0 Zv?-) :

We can specify the choice of -, and S; to achieve the
accelerated convergence of Algorithm 1.

Corollary 2.6 (Parameters tuning for Theorem 2.5). Un-
der the conditions of Theorem 2.5, choosing [, and
Ve oas By = Inax{it_;’"‘* +1§1}7'Yt = (7t_2T”""‘ +1) :
: 1. D . .
mm{%’(T—m,»X)W , in order to achieve the e-

mix

approximate solution in terms of E {f(x?) — f*} < eit

~ LD> 73 D%
T:O(max{ ; 77-’"”‘20 })
€ €

iterations (oracle calls) of Algorithm 1.

takes

The complete proofs of Theorem 2.5 and Corollary 2.6
are provided in Appendix B. The result of Theorem 2.5
in i.i.d. (Tmix = 1) case aligns with the result in (Lan
2012): T = O(max{\/(LD?)/e; D?c%/£?}). However,
in the Markovian noise setup, we inevitably face the Tpix-
dependency. It cannot be removed because it appears in the
lower bound for the convergence rate of the methods that
utilize Markovian properties (see Proposition 2.11). Despite
this, Algorithm 1 has a reasonably good polynomial depen-
dence on 7. There are several works (Doan et al. 2020b;
Doan 2022), whose bounds contain terms that are even ex-
ponential in mixing time. A more detailed overview of the
upper and lower estimates is presented after Corollary 2.10.

If we use the batching technique as in (Dorfman and Levy
2022; Beznosikov et al. 2024), we can relax the polynomial
dependence on T to a linear one. Let us now introduce a
modified version of Algorithm 1 that utilizes this technique.

Before analyzing the convergence of Algorithm 2, we pro-
vide two important lemmas. The first lemma provides a gen-
eral result for batching in the context of Markovian noise for
arbitrary norms. The second bounds the error between the
gradient estimator g* (line 6) and the true gradient V f (xh).

Lemma 2.7. Let {¢'}$2, be an arbitrary Markov chain, such
that it satisfies Assumption 2.3 and

E-[¢']=0 and €] < o*.
Then for any N € N it holds that

A >

2
—1p2 2
}SN R0 Thix,
"

where R? := MaXyepd:||z||=1 V (0, 2) and V' is an arbitrary
Bregman divergence, not necessary V on X.
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Algorithm 2: MAMD with batching

1: Parameters: stepsizes {~; }, momentums {3; }, number
of iterations 7', batchsize B, batchsize limit M.

2: Initialization: choose ° = 24 € X, Ng = 0.

3: fort:O,liZ,...,Tdo .

4 xh =0t + (1 -6, )k

5:  Sample J; ~ Geom (1/2)

6 g =gb+ 270 (g5, — 95,-1), f27 <M

0 0, otherwise

i 2B
gt =271B" 'YV BV E(at, Zn,44)
7. 2ttt = Pu(1gh)
8l =B et + (1 B
9: Nep1 = N+ 2"B
10: end for

, with

In this bound, we again obtain terms of the form poly(Tmix),
which are related to the Markovian nature of the noise vari-
ables {£'}:2,. The term R?, which is related to the choice
of norm, on which the noise variance is bounded, can be
removed for certain types of norms, which will be described
below. This result is novel in the literature, since it was not
proven even for the i.i.d. case. In previous works, the authors
only considered the Euclidean norm (Paulin 2015) with an
arbitrary ergodic Markov chain.

If we take || - || = || - |lp, 1 < p < 2, then the re-
sult of Lemma 2.7 is consistent with the classical result for
the Euclidean norm (Paulin 2015) (in this case V(z,y) =
1/2||z — y||3, R? = 1/2, hence log(d) disappears),d but in
the case of 1 < p < log(d)~?, the term log(d) cannot be
removed (Ben-Tal and Nemirovski 2001). We regard this as
a negligible charge for the generalization of the result to an
arbitrary norm and further omit this term in our theoretical
estimates.

Lemma 2.8. Consider Assumptions 2.3 and 2.4. Then for
the gradient estimates g* from line 6 of Algorithm 2, it holds
that E,[g'] = E; [gflog Mj]‘ Moreover,

Ec[Vf(zg) = g'112] £ B~ Tnix log(M) 0,
IV £(2g) = Eelg'lllZ € B~ s M ~ 0.

The full proofs of Lemmas 2.7 and 2.8 are provided in
Appendix C. Note that Lemma 2.8 follows directly from
Lemma 2.7. Moreover, it provides insight about the trade-
off between parameters M and B that control the number
of calls to the oracle VF'(z, Z). The expected number of
oracle calls required to compute g* is O(Blog(M)). Thus,
M affects it as log(M) while the bias term decreases as
M. Hence, increasing this parameter is not significantly
expensive in terms of computational complexity but is very
helpful in terms of accuracy. At the same time, the parameter
B linearly increases the number of oracle calls. Therefore,
we take B = 1 in our algorithms.

We are now ready to explore the convergence rate of Algo-
rithm 2.

Theorem 2.9 (Convergence of MAMD with batching (Algo-
rithm 2)). Let Assumptions 2.1, 2.2, 2.3, 2.4 be satisfied with



Method Small batches | Arbitrary norm | Acceleration Oracle complexity
EMD (Duchi et al. 2012) v v X O(mmixG*D? /e*)
MARCHON (Zhao 2023) v X X O(max{72,L*D? /e ; TixD*G?/<%})
MC SGD (Sun, Sun, and Yin 2018) v X X O(h(G, L) (Tmix /%) 1 79)
MC SGD (Doan 2022) v X X O(e™*L2D?/e?)
ASGD(Doan et al. 2020a) v X v (5( max{vLD?/e ; T,ﬁixDQGZ/SQ})
MAG (Dorfman and Levy 2022) X X X O (Tmix L*G? /%)
MC SGD (Even 2023) v X X 6(Tmix max{LD?/e; D*c?/e?})
RASGD (Beznosikov et al. 2024) X X v O (mix max{/LD?/e ; D?*c*/¢?})
MMD (Algorithm 2) v v/ v O(max{\/LD?/e ; TmixD*0?/<*})

Table 1: Summary of the results on first-order method with Markovian noise.

-1l =1"llpy 1 <p <2 Let the problem (1) be solved by
Algorithm 2. Assume that the stepsizes ~y; and momentums 3;
are chosen such that 0 < (Brr1—1)ver1 < Beve, Br > 2 L
forallt > 0and By = 1. Then, for all T > 0 it holds that

(Br — V)vrE [f(2F) — f*] =

= O(D* + 7B~ (TM ™ +10g M) o

Similarly, as outlined in Corollary 2.6, we can specify the
choice of all parameters of Algorithm 2.

Corollary 2.10 (Parameters tuning for Theorem 2.9). Under
the conditions of Theorem 2.9, choosing By, v, M and B as
Be=3%+1 7= (;Jrl)min{zlL ; Ta/;;l/?}, M =
T and B =1, in order to achieve the c-approximate solu-
tion in terms of E [f(xf) - f*} < ¢ it takes

~ 2 . 2. 2
T:O<max{,/w; D})
3 3

iterations (oracle calls) of Algorithm 2.

ix

The complete proofs of Theorem 2.9 and Corollary 2.10
are provided in Appendix D.

Discussion. In Corollary 2.10, we obtain the result directly
in terms of oracle complexity, because using g* as a gradient
estimator requires to make O (B log(M)) first-order oracle
calls at each iteration. And since in Corollary 2.10 we set
M =T and B = 1, we can conclude that oracle complexity
is equal to iteration complexity in terms of O(-). The results
of Theorem 2.9 and Corollary 2.10 again align with the re-
sults from (Lan 2012) in the i.i.d. (7uix = 1) case. The usage
of Markovian batching with batchsize B = O(1) (Algorithm
2) helps us to achieve better performance compared to Al-
gorithm 1 (see Corollary 2.6). In particular, the degree of
dependence on T in the stochastic (second) term decreases
from cubic to linear. If we consider B ~ €, Tmix, 02, L, then,
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according to Theorem 2.9, we can achieve the same conver-

gence rate as in the deterministic case: T' = O(\/(LD?)/e).
However, the oracle complexity remains the same as in Corol-
lary 2.10. If we do not know Tpx, to compute 7, from
Corollary 2.10, we can consider the step size of the form
Y = (t/241) -min{1/(2L); D/(T3/%c)}. This pre-
vents us from explicitly estimating the mixing time; how-
ever, in this case, we obtain a different convergence rate:
T = O(max{\/LD?/e ; 72, D?c?/£?}). Since for many
types of Markovian noise the exact calculation of Tix is a
challenging task (Hsu, Kontorovich, and Szepesvari 2015;
Wolfer 2020), it is not always possible to use it when choos-
ing the step y, therefore, one has to slightly sacrifice the
convergence rate in the stochastic term.

We now proceed to compare the convergence rate in Theo-
rem 2.9 with the results reported in previous works on Marko-
vian noise. The comparison is made in terms of oracle calls.
The results obtained in terms of iteration complexity were
subsequently rewritten in terms of oracle complexity and are
summarized in Table 1.

Comparison. It is worth noting that most of the works deal-
ing with Markovian stochasticity consider non-accelerated
methods (without momentum). However, in both practice
and theory, the momentum technique provides significant
improvements. In particular, the acceleration technique im-
proves the deterministic (first) convergence term (Nesterov
1983). We now provide a brief commentary on the conver-
gence rates presented in Table 1. In the papers (Duchi et al.
2012; Zhao 2023; Sun, Sun, and Yin 2018; Doan 2022; Dorf-
man and Levy 2022; Even 2023), the authors do not consider
acceleration; therefore, the bounds are not optimal in terms
of e-dependency. Moreover, these results are not optimal in
Tmix-dependency, as evidenced by the lower bound we pro-
vide below (see Proposition 2.11). The results in (Doan et al.
2020a) have quadratic dependence on mixing time, while
our work provides linear one. In the work (Beznosikov et al.
2024), deterministic and stochastic parts are the same as in
Corollary 2.10, but the first term is multiplied by 7i,x. This

occurs because the authors used a batch of size O(ix), in-



stead of O(1), which is much worse in terms of oracle calls
compared to our work. Equally important, all of the afore-
mentioned works, apart from (Duchi et al. 2012), consider
only the Euclidean setup, as mentioned in Section 1.

Note that the better results for the deterministic term are as
important as those for the stochastic term. Numerous existing
studies demonstrate that the deterministic term influences the
main convergence to a neighborhood of the optimum, while
the stochastic term gives the proximity to the optimum within
this neighborhood (Dieuleveut, Durmus, and Bach 2018). We
present an ablation study showing that the influence of the
deterministic term is significant even for small values of 7y«
(see Section J).

Lower bound. Combining two lower bounds from (Nes-
terov 2013) and from (Duchi et al. 2012), we provide the
following result.

Proposition 2.11 (Lower bound for problem (1)). There
exists an instance of the optimization problem (1) satisfying
Assumptions 2.1, 2.2, 2.3, 2.4 with arbitrary L > 0,02 >
0, Timix € N, such that for any stochastic first-order gradient
method it takes at least

2 . 2 2
T:Q<mx{‘/w; D})
£ £

oracle calls in order to achieve E [f(xT) -] <e

The full proof of Proposition 2.11 is provided in Appendix
G. As follows from Proposition 2.11 and Corollary 2.10,
Algorithm 2 is optimal in the class of first-order methods
with Markovian noise.

Markovian Mirror-Prox

In this section, we are interested in the optimization problem
of the following form

Find z* € X such that (F(z*),z —2*) >0 Ve € X. (4)

Here, F' : X — ) is an operator, and &’ is a compact convex
set in Euclidean space ). We again assume that access to the
objective operator F'(z) is available only through the noisy
oracle F(x, Z). For convex minimization, F' is the gradient
of the objective function, while for the convex-concave saddle
point problem F' is composed of a gradient and a negative
gradient of the objective with respect to the primal and dual
variables.

We first provide several assumptions required for the anal-
ysis. Assumptions 2.12 and 2.13 are similar to Assumptions
2.1 and 2.2 for the V f(z) in the minimization problem.

Assumption 2.12. The operator F'is L-Lipschitz continuous
on X, i.e., forall z,y € X the following inequality holds:
[1F(z) = F(y)ll« < Lllz - yl|.

Assumption 2.13. The operator F' is monotone on X, i.e.,
for all z,y € X the following inequality holds: (F(z) —
F(y),z —y) = 0.

Now, we proceed to examine the assumption on noise
boundedness. In Section E, we introduced Algorithm 2,
which uses only one sample of the Markov chain at each
iteration. Without employing the batching technique, we ob-
tain convergence results under the assumption that the noise

25513

Algorithm 3: MMP with batching

1: Parameters: stepsize v > 0, number of iterations 7,
batchsize B, batchsize limit M.
2: Initialization: choose z° € X', Ny = 0
3: fort =0,1,2,...,7 do
4 gt/2=p! Zf; F(x', ZN,+i)
gt1/2 = p, (,ygt-l—l/Q)
Nt+1/2 =N+ B
Sample J; ~ Geom (1/2)
27 (95, —g5,-1), if27t <M
. t__ t Jt J—1)» >~
8: g =g+ {O7 otherwise with

AN

] 21 B
g; =27/B7! Z F(‘rt+1/2’ZNt+1/2+i)
i=1
9: 2t = P (vgh)
10: Nt+1 = Nt+1/2 + 27:B
11: end for

is bounded in expectation with respect to a stationary distri-
bution only. Nevertheless, when proving its convergence rate,
we require more stringent analogs of Assumptions 2.12 and
2.13 that for all Z € Z the operators F'(x, Z) are L-Lipschitz
and monotone (see Assumptions E.1, E.2, Theorem E.4 and
Corollary E.5). In the case of Lipschitzness and monotonicity
of the noise-free (objective) operator only, we bind over to
the uniformly bounded noise, similar to Section 2.

Assumption 2.14. For all z € R%, we have E[F(z,Z)] =
F(z). Moreover, for all Z € Z and x € R? the following
inequality holds: ||F(x, Z) — F(z)||? < o2.

Now, drawing on (Nesterov 2003, 2005) and (Juditsky,
Nemirovskii, and Tauvel 2011), if F' is monotone, the quality
of a candidate solution z € X can be assessed via the error
(or merit) function

Erryi(z) := ma/_)é(F(u), T —uy. ®)

ue
Let us now introduce an algorithm that solves the problem
(4) and utilizes the batching technique for Markovian noise.

Theorem 2.15 (Convergence of MMP). Let Assumptions 2.3,
2.12, 2.13, 2.14 be satisfied with || - || = || - |l,, 1 < p < 2.
Let the problem (4) be solved by Algorithm 3. Assume that
the step size -y is chosen such that v < 1/(2L). Then, for all

T > 0 it holds that
A ~ D2 mi. T
E[Errvi(Z7)] = O ( 4 i <M + log(M)> 0'2> .

~T ' B

Corollary 2.16 (Parameters tuning for Theorem 2.15). Un-
der the conditions of Theorem 2.15, choosing y, M and B as

},MTandBl, in

1. D
2L 7 pi1/25.1/2

mix

v = min

order to achieve the e-approximate solution in terms of
E[Erryi (7)) < ¢, it takes

. 2 D22
T_O(maX{LD ;%ng})
€ €

iterations (oracle calls) of Algorithm 3.




The complete proofs of Theorem 2.15 and Corollary 2.16
are provided in Appendix F.

Discussion. In Corollary 2.16, we obtain the result in
terms of oracle complexity, since the usage g requires
O(Blog(M)) oracle calls at each iteration. The results of
Theorem 2.15 and Corollary 2.16 align with the results of (Ju-
ditsky, Nemirovskii, and Tauvel 2011) in the i.i.d. (Tpix = 1)
case.

Let us now compare the convergence rate for Theorem
2.15 with the previous works on Markovian noise in the
variational inequality problem (4). We again compare with
existing methods based on the oracle complexity criterion.

Comparison. To the best of our knowledge, there exist
only two works on the topic of VI with Markovian stochastic-
ity. In the first paper (Wang et al. 2022), the authors consider
only saddle point problems and provide a result of the form

T =0 ((G* + 72,G*)/?), where G is the uniform bound
of the stochastic operator. This estimate is much worse than
the one observed in Corollary 2.16. The deterministic term
has a £ =2 dependence, while the stochastic term not only con-
tains G rather than ¢, but is also multiplied by 72;,. The
second work (Beznosﬂ(ov et al. 2024) provides a guarantee
of the form T' = O (7iix max { LD? /e ; D?5? /e?}). This
result is almost the same as in Corollary 2.16, but both terms
are multiplied by 7ix, because the authors again used the
batch of size O(7ix). And as previously mentioned, both
papers consider only the Euclidean setup.

Lower bound. Combining lower bounds from (Ouyang
and Xu 2021) and (Duchi et al. 2012), we provide the follow-
ing result.

Proposition 2.17 (Lower bound for (4)). There exists an in-
stance of the optimization problem (4) satisfying Assumptions
2.3, 2.12, 2.13, 2.14 with arbitrary L > 0,02 > 0, T € N,
such that for any stochastic first-order gradient method it

takes at least
LD2 mixD2 2
T=Q (max { ; 7—20})
15 €

oracle calls in order to achieve E [EHVI(xT)] <e.

The full proof of Proposition 2.17 is provided in Appendix
G. As follows from Proposition 2.17 and Corollary 2.16,
Algorithm 3 is optimal in the class of convex VI problems
(4) with Markovian noise.

3 Experiments

To investigate our approaches in practice, we consider the
reinforcement learning task (3) from Section 2.

Description of the environments. We use navix (Pig-
natelli et al. 2024) with navigation setups in grid-like en-
vironments. We consider 4 tasks with 6 x 6 grids: 1)
Empty: navigation from down left to upper right cor-
ner, 2) LavaGap: navigation without falling into lava, 3)
Dynamic-Obstacles: navigation between dynamically
moving obstacles, 4) GoToDoor: navigation from down left
to a door (not fixed goal location). In particular, we con-
duct experiments, utilising a set of challenging maps from
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Figure 1: Convergence results on different RL environments
with different types of projection (left), with/without MLMC
batching (right).

grid-based navigation suite (Pignatelli et al. 2024) to investi-
gate, how the method behaves in case of non-linear mixing
time dependence caused by necessity of the environment ex-
ploration. It is also worth noting that, in contrast to similar
environments, navix uses the Markovian reward function
(the agent is rewarded only upon completing the goal). This
is the exact setting that was investigated in the theoretical
part of the paper. Due to space restrictions, we describe more
details in Appendix H.

Experiment results. In our first experiment, we investigate
the effect of taking into account the geometry of the problem.
We use three types of projections: Euclidean and softmax as
the baselines, and the Bregman projection illustrating our ap-
proach. See Figure 1(left). The method with Bregman projec-
tion consistently outperforms both the softmax and Euclidean
projections across all tested environments. In particular, we
observe that the Bregman projection achieves a higher mean



episodic return and demonstrates faster convergence, espe-
cially in more challenging tasks such as Empty.

In the second set of experiments, we evaluate the impact
of the MLMC batching technique compared to the classical
no-batching approach. As shown in Figure 1(right), MLMC
batching consistently accelerates convergence. The improve-
ment is major in environments with higher stochasticity, such
as LavaGap, where the MLMC-batched methods achieve
stable performance with fewer environment samples.

Reinforcement algorithm setup. The results are reported
on average over 5 random seeds, with a 95 % confidence
interval. Given that Algorithm 2 has the randomized batch
size bound M and the randomized roll-out length parame-
ter B, we set the computational budget not to a number of
training iterations, but rather to the total number of observed
environment samples during the training process. We set this
number to 7" = 10° as the number of oracle calls needed to
reach the stationary distribution of the MDP.

Additional experiments. We provide several supporting
experiments. In Appendix I we present an ablation study on
the effect of batching parameters B and M in the RL setup.
In Appendix J we investigate the impact of the mixing time
parameter in Markovian noise models. In Appendix K we
cover VI problems (4) with various projections.

Conclusion. This paper examines stochastic optimization
problems with Markovian noise in non-Euclidean settings.
We propose Mirror Descent and Mirror-Prox algorithms that
achieve optimal convergence rates and provide matching
lower bounds for minimization and variational inequality
problems. Experiments on reinforcement learning tasks con-
firm the theoretical findings and demonstrate the efficiency of
the proposed methods in environments with correlated noise.
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