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Abstract

We study non-linear bandit optimization where the learner
maximizes a black-box function with zeroth order function
oracle, which has been successfully applied in many criti-
cal applications such as drug discovery and materials design.
Existing works have showed that with the aid of quantum
computing, it is possible to break the classical Ω(

√
T ) regret

lower bound and achieve the new O(poly log T ) upper bound.
However, they usually assume that the objective function sits
within the reproducing kernel Hilbert space and their algo-
rithms suffer from the curse of dimensionality. In this paper,
we propose the new Q-NLB-UCB algorithm which enjoys
an input dimension-free O(poly log T ) upper bound, making
it applicable for high-dimensional tasks. At the heart of our
algorithm design are quantum Monte Carlo mean estimator,
parametric function approximation technique, and a new quan-
tum non-linear regression oracle, which can be of independent
interests in more quantum machine learning problems. Our
algorithm is also validated for its efficiency compared with
other quantum algorithms on both high-dimensional synthetic
and real-world tasks.

Code — https://github.com/ZakSiam/Quantum-Non-Linear-
Bandit-Optimization

Extended version — https://arxiv.org/abs/2503.03023

Introduction
Non-linear bandit optimization, a.k.a., Gaussian process ban-
dits, kernelized bandits, or Bayesian optimization, is a se-
quential decision making-based machine learning task that
aims at solving a black-box optimization problem. Due to its
black-box nature, it has been successfully applied in many
important real-world applications where objective functions
are difficult to define explicitly, e.g., hyperparameter tuning
(Wu et al. 2020), neural architecture search (Kandasamy et al.
2018), drug discovery (Korovina et al. 2020), and materials
science (Frazier and Wang 2016).

In drug screening, the objective is to identify a drug candi-
date from a large pool of compounds that exhibits the highest
binding affinity to a specific biological target. Here each
candidate is usually described by a feature vector x and its
binding affinity is a function of x, denoted as f0(x). Due
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to the highly complex chemical and biological reactions,
the function f0 is usually considered “black-box”, which
implies that it may be non-linear, non-convex, and even non-
differentiable w.r.t. x. How to optimize f0 then? The learner
is allowed to sequentially query the function f0. At each
round t, the learner chooses to take a data point xt and ob-
serves its performance yt, which is the outcome of a wet lab
test. Obviously, a good algorithm can help the learner select
promising data points as the experiment progresses and find
the best candidate within fewest tests.

In addition to its successful real-world applications, non-
linear bandit optimization also enjoys solid theoretical guar-
antees. In literature, researchers usually define simple regret
and cumulative regret to capture the convergence behavior
of a certain algorithm, and many regret upper bounds have
been established under different assumptions and with dif-
ferent kernels. All these positive theoretical results further
contribute to more applications of non-linear bandit optimiza-
tion. However, unfortunately an Ω(

√
T ) cumulative regret

lower bound (Scarlett, Bogunovic, and Cevher 2017) can-
not be further improved. What does that mean? It implies
that given total T rounds, no algorithm can incur cumulative
regret less than Ω(

√
T ) asymptotically.

But can we do better? On the negative side, in classical
(non-quantum) setting, the answer is “no”. On the positive
side, we have entered the quantum era where the power of
quantum computing offers new hope for tackling this chal-
lenging optimization problem. (Wan et al. 2023) first stud-
ied the multi-armed bandits and linear bandits and proved
that new O(poly log T ) regret bound can be achieved with
the aid of quantum computing. Later Q-GP-UCB (Dai et al.
2023) and QMCKernelUCB (Hikima et al. 2024) studied
the quantum Bayesian optimization, generalizing (Wan et al.
2023) to non-convex and non-linear settings, still achieving
the O(poly log T ) regret bound. However, (Dai et al. 2023;
Hikima et al. 2024) both heavily rely on the reproducing ker-
nel Hilbert space assumption, which suffers from the curse of
dimensionality. The problem is that, in practice, many input
data sit in high-dimensional spaces. Again in drug discov-
ery, for example, the dimension of protein sequences usually
ranges from thousands (Clarke et al. 2008) to even millions
(Rahnenführer et al. 2023). Then either O(d

3
2
x (log T )

3
2 ) (lin-

ear kernel) or O(T
3dx

2v+dx ) (Matérn kernel with v being a
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kernel parameter) regret bound (Dai et al. 2023) become
vacuous when input dimension dx goes to millions, which
further prevents their high-dimensional real-world applica-
tions. Therefore, can we design a new and efficient quantum
non-linear bandit optimization algorithm that works well in
high-dimensions?

In this paper, we answer this question affirmatively by
proposing the Quantum Non-Linear Bandit with Upper Con-
fidence Bound (Q-NLB-UCB) algorithm. The key design of
Q-NLB-UCB relies on three techniques. First, Q-NLB-UCB
runs in stages where in each stage the quantum oracle asso-
ciated with the same action will be queried multiple times
to achieve the quadratically improved sample complexity,
guaranteed by quantum Monte Carlo mean estimator lemma
(Montanaro 2015). Second, inspired by the success of para-
metric function approximation (Liu and Wang 2023), we use
a parametric function class to approximate and optimize the
black-box objective function. All information queried is han-
dled in the parameter space, so we are able to prove the first
input dimension-free regret bound for quantum non-linear
bandit optimization. Finally, initialization of Q-NLB-UCB
relies on a good estimated parameter ŵ0 of the quantum
non-linear regression problem. Its convergence to the optimal
parameter w∗ enjoys a quadratic speed-up rate compared
with classical non-linear regression, thanks to the quantum
fast-forward technique (Apers and Sarlette 2019).
Contributions. Our contributions are summarized as:

(1) We solve quantum non-linear bandit optimization with
quantum computing and parametric function approximation,
and propose the new Q-NLB-UCB algorithm. The design of
algorithmic framework is generic and the choice of paramet-
ric function can be a linear function, quadratic function, or
even multi-layer deep neural network, depending on tasks.

(2) Different from existing works, Q-NLB-UCB does not
suffer from the curse of dimensionality. We prove the first
O(d2w log

3
2 (T ) log(dw log T )) regret bound with dw being

parameter complexity, which is also faster than the classical
lower bound Ω(

√
T ) but independent to input dimension dx.

(3) Experiments on high-dimensional synthetic functions
and real-world tasks show that Q-NLB-UCB outperforms
compared algorithms in regrets and runtime.
Technical Novelties. The design of Q-NLB-UCB is a highly
non-trivial task, involving tackling multiple technical chal-
lenges. Key technical novelties are highlighted as follows.

(1) The classical O(1/
√
T0) regression bound (Nowak

2009) with T0 being number of samples converges too slow
to work for Q-NLB-UCB. We introduce the quantum fast-
forward technique (Apers and Sarlette 2019) to refine the
analysis with Craig-Bernstein inequality (Craig 1933) to
work with the quantum non-linear regression oracle, and
achieve a quadratic improvement in query complexity. This
enhancement is highly non-trivial. As far as we know, no
existing classical or quantum methods can provide a com-
parable speed-up for the non-linear regression problem. In-
formally speaking, we prove that there exist such quantum
regression solvers attaining this quadratic advantage, shed-
ding light for a specific algorithm design in the future, which
can be of independent interests in more quantum machine

learning problems. While classical approaches (Diaconis and
Miclo 2013) offer some improvement, they are limited to
constant-factor gains, rather than quadratic ones.

(2) In confidence analysis, when constructing the covari-
ance matrix, we take the gradient w.r.t. the fixed initial pa-
rameter ŵ0, rather than ŵt, which still makes rank-1 updates
in each stage but avoids the tedious inductive argument in
(Liu and Wang 2023). After the first-order approximation us-
ing gradients, multiple parameters sitting in the same convex
confidence region are used as bridges to apply convexity prop-
erties, ensuring the high-order terms are still well bounded.

Related Work
Classical Optimization. Bayesian optimization (Frazier
2018) is one of the most popular methods to solve global opti-
mization. Based on the Gaussian process (Williams and Ras-
mussen 2006) or reproducing kernel Hilbert space (Chowd-
hury and Gopalan 2017) assumption, Bayesian optimization
runs in multiple rounds where in each round the learner takes
an action suggested by an acquisition function. Common
choices of acquisition function include expected improve-
ment (Jones, Schonlau, and Welch 1998), knowledge gradient
(Scott, Frazier, and Powell 2011), upper confidence bound
(Srinivas et al. 2010), and Thompson sampling (Russo et al.
2018). Without the classical Gaussian process assumption,
(Snoek et al. 2015; Springenberg et al. 2016) used neural
networks as the backbone surrogate models.

Besides Bayesian optimization, recent bandit works stud-
ied global optimization with neural network approximation
(Zhou, Li, and Gu 2020; Zhang et al. 2021; Dai et al. 2022)
or generic parametric function approximation (Liu and Wang
2023). In addition to bandit optimization, (Wang, Balakrish-
nan, and Singh 2019) studied the global optimization of an
unknown non-convex smooth function. When gradient infor-
mation is available, (Allen-Zhu 2018; Fang et al. 2018) also
proposed algorithms to solve global optimization problem.
However, our work is different from all of them since we
focus on the quantum bandit optimization.
Quantum Optimization. In recent years, there has been in-
creasing interest in exploring quantum speed-up for optimiza-
tion problems. This research direction began with quantum
algorithms for linear and semi-definite programs (Brandão
and Svore 2017; Apeldoorn and Gilyén 2018; Casares and
Martin-Delgado 2020; Kerenidis and Prakash 2020), later
extending to more general convex optimization (van Apel-
doorn et al. 2020; Chakrabarti et al. 2020; He et al. 2022,
2024). Recent advancements include quantum algorithms for
slightly convex problems (Li and Zhang 2022; Chen et al.
2025; Zhang et al. 2024), escaping saddle points in non-
convex landscapes (Zhang, Leng, and Li 2021; Childs et al.
2022), and identifying global minima in specific non-convex
cases (Liu, Su, and Li 2023; Leng et al. 2023). Alongside
these algorithmic developments, quantum lower bounds have
been established for both convex (Garg et al. 2021b,a) and
non-convex optimization (Gong, Zhang, and Li 2025; Zhang
and Li 2023).

In a parallel line of research, stochastic quantum meth-
ods were proposed (Sidford and Zhang 2023), demonstrating
the advantages of quantum stochastic first-order oracles for
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smooth objectives in low-dimensional settings. Most recently,
there were efforts (Liu et al. 2024) on investigating quantum
speed-up for minimizing non-smooth, non-convex objectives,
which represent the most general and fundamental function
class. At the same time, (Zhang et al. 2024) focused on study-
ing quantum algorithms and lower bounds for finite-sum
optimization, addressing both convex and non-convex cases.

Preliminaries
Problem Statement
In this paper, we consider the non-linear bandit optimiza-
tion problem: x∗ = argmaxx∈X f0(x), where f0 : X → Y
is the unknown black-box objective function, which can be
non-linear, non-convex, and not necessarily differentiable
in x. X ⊆ Rdx is the function domain and Y ⊆ R is
the function range. To solve this problem, the learner has
zeroth-order access to f0 and the whole process runs in
rounds. At each round t = 1, ..., T , after querying action
xt the oracle will return a noisy function observation yt. In
classical (non-quantum) setting, after taking xt, the func-
tion returns yt = f0(xt) + ηt, where ηt is the zero-mean,
independent, σ-sub-Gaussian noise. However, in (bounded
value) quantum bandit setting, after taking the same action
xt multiple times, the function oracle returns yt that satis-
fies |yt − f0(xt)| ≤ ϵt, where ϵt is an error term. Either
in classical or quantum setting, throughout T rounds, we
can always utilize the cumulative regret to evaluate the op-
timization process, RT =

∑T
t=1 f0(x

∗) − f0(xt), where
rt = f0(x

∗) − f0(xt) is the instantaneous regret at round
t. An algorithm A is said to be a no-regret algorithm if
limt→∞RT (A)/T → 0.

Since we are using a parametric function class to approxi-
mate the objective function, we useW ⊆ Rdw to denote the
parameter class and its corresponding parametric function
class is F = {fw : X → Y|w ∈ W}. Here we abuse the
notation since fw(x) = fx(w) and fx(w) is used when w is
the variable of interest and x is the parameter, and vice versa.
Also, we use∇fx(w) and∇2fx(w) denote the gradient vec-
tor and Hessian matrix of function w.r.t. w. For a vector x, its
ℓp norm is defined as ∥x∥p = (

∑d
i=1 |xi|p)1/p. For a matrix

A, its operator norm is denoted as ∥A∥op. For a vector x
and a matrix A, let ∥x∥2A = x⊤Ax. Let ℓ(·, ·) : R2 → R
denote a loss function, then the expected risk of a parameter
w is defined as L(w) = E(x,y)∼D[ℓ(fw(x), y)] with respect
to distribution D and the empirical risk of w is defined as
L̂(w) = 1

n

∑n
i=1 ℓ(fw(xi), yi) with respect to n data points.

For readers’ convenience, we use standard big O notation to
hide universal constants and use Õ notation to further hide
logarithmic factors.

Quantum Computation
Quantum Basics. A quantum state can be seen as a vec-
tor x = (x1, x2, . . . , xm)⊤ in Hilbert space Cm such that∑

i |xi|2 = 1. We follow the Dirac bra/ket notation on
quantum states, i.e., we denote the quantum state for x
by |x⟩ and denote x† by ⟨x| , where † means the Her-
mitian conjugation. Given a state |x⟩ =

∑m
i=1 xi|i⟩, we

call xi the amplitude of the state |i⟩. Given two quan-
tum states |x⟩ ∈ Cm and |y⟩ ∈ Cm, we denote their in-
ner product by ⟨x|y⟩ :=

∑
i x

†
iyi. Given |x⟩ ∈ Cn and

|y⟩ ∈ Cm, their tensor product is defined as |x⟩ ⊗ |y⟩ :=
(x1y1, · · · , x1ym, · · · , xny1, · · · , xnym)⊤. A quantum al-
gorithm works by applying a sequence of unitary operators
to an input quantum state. In many cases, the quantum algo-
rithms may have access to input data via unitary operators
called quantum oracles. This operator can be accessed multi-
ple times by a quantum algorithm. Hence, the quantum query
complexity of a quantum algorithm is defined as the number
of a quantum oracle being used. See (Nielsen and Chuang
2010) for detailed introductions to quantum computing.
Quantum Noisy Function Oracle. Our quantum non-linear
bandit optimization setting follows that of the quantum multi-
armed bandits in (Wan et al. 2023). In the quantum realm,
each input x is associated with a quantum sampling oracle.
This oracle follows quantum sampling oracle (see appendix)
and encodes the distribution of the corresponding noisy func-
tion value. More formally, let Yx be the random variable of
the noisy function value with input x, and let Ωx be the finite
sample space of this distribution. Then the sampling oracle
for the noisy function value with input x is defined as:

Ox : |0⟩ →
∑
y∈Ωx

√
Pr[Yx = y] |y⟩ ⊗ |ψy⟩, (1)

where |ψy⟩ is an arbitrary quantum state for each y. More
detailed discussions on the justification of quantum oracles’
feasibility and the relationships between them and their clas-
sical counterparts can be found in appendix.
Quantum Mean Estimation. For estimating the mean of
an unknown distribution, we will use the following quantum
Monte Carlo mean estimator as in (Wan et al. 2023; Wu et al.
2023; Dai et al. 2023):
Lemma 1 (Quantum Monte Carlo mean estimator (Monta-
naro 2015)). Given the access to a quantum sampling oracle
OY (and its inverse O†

Y ) that encodes the distribution of a
random variable Y , as defined in Eq. (1).

(1) Bounded value: If the value of Y is taken from the
interval [0, 1], then there exists a constant C1 > 1 a quantum
algorithm QME1(OY , ϵ, δ) which returns an estimate ŷ such
that with probability at least 1− δ, |ŷ −E[Y ]| ≤ ϵ, using at
most C1

ϵ log(1/δ) queries to OY and its inverse.
(2) Bounded variance: If Var[Y ] ≤ σ2, then for ϵ < 4σ,

there is a constant C2 > 1 and a quantum algorithm
QME2(OY , ϵ, δ) which returns an estimate ŷ such that with
probability at least 1 − δ, |ŷ − E[Y ]| ≤ ϵ, using at most
C2σ
ϵ log3/2(8σ/ϵ) log(log(8σ/ϵ)) log(1/δ) queries to OY

and its inverse.
As briefly discussed in (Wan et al. 2023), when aiming for

a mean estimation error of ϵ, the QME algorithm achieves
a quadratic reduction in query complexity compared to the
classical one, which is crucial for the quantum speed-up in
(Wan et al. 2023; Wu et al. 2023; Dai et al. 2023).

Assumptions
Assumption 2 (Realizable parametric function class). There
exists an optimal w∗ ∈ W such that f0 = fw∗ . Also, w.l.o.g.,
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W ⊆ [0, 1]dw .
This assumption is commonly used in bandits (Foster and

Rakhlin 2020; Simchi-Levi and Xu 2022) and reinforcement
learning (Zhan et al. 2022; Zanette 2023). In Bayesian op-
timization (Srinivas et al. 2010; Chowdhury and Gopalan
2017), the RKHS assumption essentially assumes that the ob-
jective function is realizable within a certain RKHS function
class. The realizable assumption allows one not to handle
the function in misspecified settings (Bogunovic and Krause
2021; Liu, Yin, and Wang 2023), which is beyond the scope
of this paper. The second assumption is on the structure of
parametric function fw.
Assumption 3 (Bounded, differentiable, and smooth func-
tion). There exist constants Cf , Cg, Ch > 0 such that ∀x ∈
X , ∀w ∈ W , it holds that |fx(w)| ≤ Cf , ∥∇fx(w)∥2 ≤
Cg, ∥∇2fx(w)∥op ≤ Ch.

This is a common assumption used in many non-convex
optimization works (Kohler and Lucchi 2017; Li et al. 2023).
Note it only puts mild structure conditions on the smoothness
of parametric function fw w.r.t. its parameter w, rather than
input x, and the objective function f0 can still be a black-box
function of x. The last assumption is on the expected loss
function over uniform distribution U .
Assumption 4 (Geometric conditions of loss function (Liu
and Wang 2023)). L(w) = Ex∼U (fx(w) − fx(w∗))2 sat-
isfies (τ, γ)-growth condition or µ-local strong convexity at
w∗, i.e., ∀w ∈ W ,

min
{µ
2
∥w −w∗∥22,

τ

2
∥w −w∗∥γ2

}
≤ L(w)− L(w∗),

for constants µ, τ > 0, µ < dw and 0 < γ < 2. Also, L(w)
satisfies a c-local self-concordance assumption at w∗.

This assumption is needed for technical reasons in analyz-
ing quantum regression oracle. Note the loss function L(w)
can be a highly non-convex function since it only assumes lo-
cal strong convexity in the neighboring region of w∗, strictly
weaker than the global strong convexity, and growth condi-
tion when w is away from w∗. Careful readers are referred to
Figure 1 in (Liu and Wang 2023) for a non-convex function
example satisfying this assumption.

Q-NLB-UCB Algorithm
In this section, we show full details of the Q-NLB-UCB
algorithm (Algorithm 1). First, in Step 1, we take a subroutine
Algorithm 2 to query the quantum regression oracle QNLRO
for T0 times, which aims at solving the following non-linear
regression problem to get an estimated parameter ŵ0 ←
argminw∈W

∑T0

j=1(f0(xj)−yj)2. Our goal is to make sure
that ŵ0 satisfies

∥ŵ0 −w∗∥2 ≤
C0

T0
, (2)

where C0 denotes a constant. Careful readers may have no-
ticed that in the classical (non-quantum) regime, the best up-
per bound is only ∥ŵ0 −w∗∥2 ≤ O(1/

√
T0), which can be

obtained using the small variance property of squared losses
near optimal solution and applying the Craig-Bernstein (CB)

Algorithm 1 Q-NLB-UCB
Input: Objective function f0, initial covariance matrix
Σ0 = λI, quantum non-linear regression oracle QNLRO,
regularization weight λ, confidence sequence βs, constant
C1.

1: ŵ0 ← QNLRO(f0, T0, δ/4)
2: for each stage s = 1, 2, · · · do
3: Update Σs by Eq. (3).
4: Update ŵs by Eq. (4).
5: Update Balls by Eq. (5).
6: Select xs = argmaxx∈X maxw∈Balls fx(w).
7: Update ϵs = ∥∇fxs(ŵ0)∥Σ−1

s
.

8: for the next C1

ϵs
log m

δ rounds do
9: Take actions xs and run QME1(Oxs

, ϵs, δ/m).
10: Obtain ys as an estimation of f0(xs).
11: end for
12: end for
Output: x̂ ∼ U({x1, · · · ,xT }).

Algorithm 2 Quantum Non-Linear Regression Oracle
(QNLRO)
Input: Objective function f0, time T0, failure pa-
rameter δ ∈ [0, 1/2], quantum regression oracle
Oracle.

1: |ŵ0⟩ ← Oracle(f0, T0, δ/4)
2: for i = 1, · · · , dw do
3: set projector Pi = |i⟩⟨i|
4: obtain ãi ← NDAE(|ŵ0⟩, Pi,

1
dw·T 2

0
, δ
4dw

)

5: end for
Output: ŵ0 = (ã1, · · · , ãdw

).

inequality (Craig 1933). How can we achieve the quadratic
improvement in quantum case? In short, we work with the
quantum fast-forward technique (Apers and Sarlette 2019)
and refine the analysis with the CB inequality. This gives the
desirable convergence rate, but the parameter vector ŵ0 is
returned in the form of a quantum state. To use it in classical
state later, necessary techniques for retrieving the classical
information of all the entries in ŵ0 will be employed. Specif-
ically, we use non-destructive amplitude estimation (NDAE)
(Rall and Fuller 2023). More details on techniques and analy-
ses are given in the next section and full proofs are shown in
appendix.

From Step 2 to Step 12, the algorithm runs in m stages
where multiple rounds are conducted in each stage. Why
doesn’t it run in simply T rounds like classical bandit opti-
mization? This design is due to the quantum Monte Carlo
mean estimation (Lemma 1) where the same action needs to
be taken multiple times. And we set ϵs = ∥∇fxs

(ŵ0)∥Σ−1
s

and m = dw log
(

C2
gT

2

dwλ + 1
)

(Lemma 13) to ensure the to-
tal number of rounds is T . In addition to using QME1 in
Algorithm 1, our algorithm also works with QME2 which is
the bounded variance case in Lemma 1. The analysis will be
similar to that of QME1.
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Specifically in each stage s = 1, ...,m, in Step 3, we
construct the covariance matrix Σs by

Σs = Σs−1 +
1

ϵ2s−1

∇fxs−1
(ŵ0)∇fxs−1

(ŵ0)
⊤, (3)

where the 1/ϵ2s−1 is the weight assigned to query in each
stage. Note here∇fxs−1

(ŵ0) is the gradient of the paramet-
ric function f taken w.r.t. ŵ0, which can be easily obtained,
and the objective function f0 can still be a black-box function
without any derivative information. Different from (Liu and
Wang 2023), ∇fxs−1(ŵ0) is not taken w.r.t. the fixed ŵs−1

to save the tedious inductive argument in it while still doing
the rank-1 updates since the action xs−1 changes over stages.
And the rank-1 updates are needed because the algorithm
can save all historical information and add only one new
matrix at each stage, according to Eq. (3). Then we define
the following regression problem to estimate ŵs:

ŵs = argmin
w

λ

2
∥w − ŵ0∥22

+
1

2

s−1∑
i=0

1

ϵ2i

(
(w − ŵ0)

⊤∇fxi
(ŵ0) + fxi

(ŵ0)− yi
)2
.

(4)

Note in the first term ∥w − ŵ0∥22, the regression center is
set to be ŵ0 so that we can take advantage of Eq. (2) to
reach a much faster convergence rate than constant as in
QLinUCB (Wan et al. 2023). The design of the second term is
using the first order Taylor expansion of parametric function
fxi

to approximate the noisy observation yi. Solution to
optimization problem in Eq. (4), ŵs, further serves as the
center of the parameter uncertainty region Balls, defined as

Balls = {w ∈ Rd : ∥w − ŵs∥2Σs
≤ βs}. (5)

The key design of Balls is to contain the optimal parameter
w∗ in each stage s w.h.p., so that Q-NLB-UCB can keep
track of w∗ at all times. The radius parameter βs plays an
important role in this design and later in Lemma 14 our
confidence analysis shows that it suffices to choose βs as

βs = 3dws+
3λC2

0

T 2
0

+
3C2

hC
2
0sT

2

4T 4
0

. (6)

In Step 6, the choice of xs is generated by solving a cross
optimization problem defined in both X and Balls. While the
exact solution of this step is hard to find, in practice one can
use gradient ascent as a surrogate solution, and it works well
in our experiments. The final output x̂ is uniformly sampled
from all historical actions x1, ...,xT since f∗ − Ef(x̂) ≤
RT /T , i.e., one can easily obtain the theoretical guarantee of
x̂ using cumulative regret bound with uniform sampling. But
in practice, one can also select xT as the output.

Theoretical Analysis
In this section, we provide theoretical analysis for Q-NLB-
UCB. First, we analyze the quantum regression oracle that
outputs ŵ0 to start the algorithm, then we provide the regret
analysis to prove its input dimension-free O(poly log T ) re-
gret bound, supported by the confidence analysis. Full proofs
and time complexity analysis are deferred to appendix.

Quantum Non-Linear Regression Oracle
Here we show the existence of a quantum non-linear re-
gression oracle which outputs the estimated parameter ŵ0

that satisfies Eq. (2). This algorithm involves two primary
procedures: (1) obtaining a quantum state that encodes ŵ0;
(2) retrieving the classical information of all entries in ŵ0.
Roughly speaking, this result can be achieved by “quantiz-
ing” the proof of Theorem 5.2 in (Liu and Wang 2023) with
quantum fast-forward technique (Apers and Sarlette 2019),
shown below.
Lemma 5 (Adapted from Theorem 5.2 in (Liu and Wang
2023)). Suppose Assumptions 2, 3, and 4 hold. There is an ab-
solute value C such that after T0 iterations in step 1 of Algo-

rithm 1 where T0 satisfies T0 ≥ Cdwιmax
{

µγ/(2−γ)

τ2/(2−γ) ,
2C2

g

µc2

}
,

with probability 1− δ/2, the quantum regression oracle re-

turns an estimate ŵ0 that satisfies ∥ŵ0 −w∗∥2 ≤
√

Cdwι
T0

,
where ι is the logarithmic term depending on T0, Ch, 1/δ.

Note that this lemma still gives O(1/
√
T0) asymptotical

rate after T0 iterations, the same as in classical setting. To
attain the desired faster O(1/T0) rate, we apply the quan-
tum fast-forward technique introduced in (Apers and Sarlette
2019). An informal description below follows that in (Am-
bainis et al. 2020).
Lemma 6 (Informal statement of quantum fast-forward (Am-
bainis et al. 2020)). Let ϵ ∈ (0, 1), s ∈ [0, 1] and t ∈ N.
Given a reversible Markov chain determined by a matrix D,
there is a quantum algorithm with O(

√
t log(1/ϵ)) quantum

walk steps that takes input |0⟩|ψ⟩ ∈ span{|0⟩|x⟩ : x ∈ X},
and outputs a state that is ϵ-close to a state of the form
|0⟩⊗a|0⟩Dt|ψ⟩ + |Γ⟩ where a = O(log(t log(1/ϵ))), |0⟩ is
some fixed reference state, and |Γ⟩ is some garbage state that
has no support on states containing |0⟩⊗a|0⟩ in the first two
registers.

Consequently, we can summarize the goal of Step 1 in
Algorithm 1 with the following theorem. Full proofs are
deferred to appendix.
Theorem 7. Suppose Assumptions 2, 3, and 4 hold. There
is an absolute value C such that after Õ(T0) itera-
tions in step 1 of Algorithm 2 where T0 satisfies T 2

0 ≥
Cdwιmax

{
µγ/(2−γ)

τ2/(2−γ) ,
2C2

g

µc2

}
with probability 1 − δ/2, the

quantum regression oracle returns a quantum state that en-
codes an estimate ŵ0 that satisfies ∥ŵ0 −w∗∥2 ≤

√
Cdwι
T0

,

where ι is the logarithmic term depending on T0, Ch, 1/δ.
So far we have proved the convergence of information pro-

vided by |ŵ0⟩. This means that after applying the quantum
regression oracle, we will be returned with a quantum state
|ŵ0⟩ which encodes the parameter vector ŵ0 that meets the
convergence guarantee. Next for the classical usage of param-
eter vector ŵ0, we need to retrieve them from the quantum
state |ŵ0⟩. A standard approach will be employing quantum
state tomography. But this will be an overkill because in gen-
eral quantum state tomography considers the cases where
the logN -qubit quantum state input to be in CN . Recall that
with loss of generality, our work focuses on |ŵ0⟩ ∈ [0, 1]dw .
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Hence, we can employ a more efficient tool, named quantum
amplitude estimation, which outputs an estimate of ⟨ψ|P |ψ⟩
upon input a quantum state |ψ⟩ and a projector P . However,
the execution of straight quantum amplitude estimation algo-
rithm will cause the input state |ψ⟩ to collapse, which means
O(poly(dw, ϵ, δ)) many copies of the input quantum states
are needed for gaining the classical information of all the
entries in |ψ⟩. In our problem, this preparation of multiple
copies of the state |ŵ0⟩ will require queries to the quantum
sampling oracles Ox, thus dramatically increasing the cu-
mulative regret, which is undesirable. That means that our
problem lies in scenarios where |ψ⟩ is extremely expensive to
prepare. To avoid this, we turn to non-destructive amplitude
estimation which can return an estimation of ⟨ψ|P |ψ⟩ and
also give the copy of |ψ⟩ back. There are multiple existing
works in this field. (Rall and Fuller 2023) listed multiple of
them and we pick one among them. An informal description
is stated below.

Theorem 8 ((Informal) Non-destructive amplitude estimation
in (Rall and Fuller 2023)). Given one copy of a quantum state
|ψ⟩, a projector P , and ϵ, δ ∈ [0, 1/2]. Let a = ⟨ψ|P |ψ⟩.
Then there is an algorithm NDAE(|ψ⟩, P, ϵ, δ) that with prob-
ability at least 1− δ, outputs an estimate ã and a copy of |ψ⟩
such that |ã− a| ≤ ϵ.

Let Oracle denote a quantum algorithm that solves the
non-linear regression problem and outputs a quantum state
encoding the solution that satisfies the convergence bound
provided by Theorem 7. Combining Theorem 7 and Theo-
rem 8, we obtain the following result for the quantum non-
linear regression oracle (QNLRO, Algorithm 2).

Theorem 9. Suppose Assumptions 2, 3, and 4 hold. Then
Algorithm 2 returns with probability 1 − δ/2, a classical
vector of an estimate ŵ0 that satisfies ∥ŵ0−w∗∥2 ≤

√
Cdwι
T0

,
where ι is the logarithmic term depending on T0, Ch, 1/δ and

T0 satisfies T 2
0 ≥ Cdwιmax

{
µγ/(2−γ)

τ2/(2−γ) ,
2C2

g

µc2

}
.

The above theorem implies that it is sufficient to use only
one copy of |ŵ0⟩ to extract the classical information of all of
it’s entries, given the fact that all the entries belong to [0, 1].
More concretely, Algorithm 2 first calls a quantum algorithm
Oracle to obtain a quantum state that has the solution param-
eter vector. Then it uses NDAE with projectors that project
onto each computational basis, i.e. ⟨ŵ0|i⟩⟨i|ŵ0⟩, to retrieve
each entry, respectively. Note that each time NDAE returns
not only an estimate of an entry but also a copy of the original
|ŵ0⟩. Additionally, since NDAE doesn’t query the sampling
oracle Ox, its execution incurs no extra cumulative regret.

Regret Analysis
Now we present the cumulative regret bound of our proposed
Q-NLB-UCB algorithm.

Theorem 10 (Cumulative regret bound of Q-NLB-UCB).
Suppose Assumptions 2, 3, and 4 hold. There is an
absolute value C such that after Õ(T0) iterations in
Step 1 of Algorithm 1 where T0 satisfies T 2

0 ≥
Cdwιmax

{
µγ/(2−γ)

τ2/(2−γ) ,
2C2

g

µc2

}
with ι denoting a logarithmic

term depending on T0, Ch, 1/δ. Then Algorithm 1 with pa-
rameters T0 =

√
T , λ = T satisfies that with probability at

least 1− δ, RT = O
(
d2w log

3
2 (T ) log(dw log(T ))

)
.

Remark 11. Note dw is the parameter complexity of fw,
which is not necessarily related to the input dimension dx
of f0, therefore, our regret bound is input dimension-free. In
practice, dw can be smaller or larger than dx since dw solely
depends on the users’ choice of parametric functions, which
can be linear or quadratic functions, or even deep neural
networks. When fw is chosen to be a linear function, our
algorithm reduces back to the linear bandits as in QLinUCB
(Wan et al. 2023). Compared with Q-GP-UCB (Dai et al.
2023) and QMCKernelUCB (Hikima et al. 2024), our algo-
rithm takes a different technical route to successfully avoid
the curse of dimensionality limitation. Moreover, our bound
is at the log

3
2 (T ) log log T rate, which is also faster than clas-

sical lower bound Ω(
√
T ), showing the power of quantum

computing.
Remark 12. The choices of T0 =

√
T , λ = T require careful

analyses among quantum regression oracle, regret analysis,
and confidence analysis. T0 cannot be chosen too large to
enforce a large T and it cannot be chosen too small to break
the property of ŵ0 in Eq. (2). The choice of λ is obtained by
balancing between different terms in regret analysis to ensure
a poly log T -style bound.
Proof Sketch. The proof starts from the instantaneous regret
in a single round in one stage. Since we are dealing with
non-linear bandit optimization where the objective function
is not necessarily linear, we use Taylor’s theorem to expand
the objective function into first order terms and high-order
terms. The first order terms are handled like linear bandits
(Wan et al. 2023), but the remaining high-order terms are
bounded creatively using the convex property of parameter
uncertainty region Balls multiple times. After we obtain the
upper bound for a single round in one stage, we multiply it
by number of rounds in one stage and obtain the bound for
one stage. Later, we prove the following lemma to show the
total number of stages in Q-NLB-UCB to make sure the total
number of rounds is T .

Lemma 13 (Number of stages). The Algorithm 1 runs at

most m = dw log
(

C2
gT

2

dwλ + 1
)

stages.

Note again in this lemma, dw is the dimension of parame-
ters, rather than dx. This is because we are using∇fxi

(ŵ0)
as the feature vector and its dimension is dw. After proving
Lemma 13, we take the summation of upper bounds and
reach the upper bound of cumulative regret.

Confidence Analysis
The previous regret builds upon the successful construction
of the confidence ball Balls for each stage s, which is sum-
marized in the following confidence analysis lemma.

Lemma 14 (Confidence bound of Q-NLB-UCB). Suppose
Assumptions 2, 3, and 4 hold and βs is chosen as Eq. (6).
Then with parameters T0 =

√
T , λ = T in each stage s

in Algorithm 1, the optimal parameter w∗ is trapped in
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Figure 1: Cumulative regrets (the lower the better) of all compared quantum bandit algorithms.

confidence ball Balls with probability at least 1 − δ, i.e.,
∥ŵs −w∗∥2Σs

≤ βs.
Remark 15. The design of Balls is similar to that in LinUCB
(Abbasi-Yadkori, Pál, and Szepesvári 2011) and QLinUCB
(Wan et al. 2023), but our choice of βs is different. βs cannot
be too small to lose the track of optimal parameter w∗ and it
cannot be too large as it appears in final regret bound. Overall
the confidence analysis ensures that βs = Õ(1) and slightly
grows as the stage index s.

Experiments
Experimental Setup. We compare the performance of our
Q-NLB-UCB algorithm with QLinUCB (Wan et al. 2023),
Q-GP-UCB (Dai et al. 2023) and QMCKernelUCB (Hikima
et al. 2024). According to (Hikima et al. 2024), the only
difference between Q-GP-UCB and QMCKernelUCB is a
trade-off parameter η balancing the precision of quantum
amplitude estimation and the noise in observations, and when
η = 1, they become the same. In our experiments, we set
η = 0.1 for QMCKernelUCB. To run Q-NLB-UCB, we set
our parametric function model fw to be a two linear layer
neural network with the sigmoid activation function. Our
implementation is based upon the sklearn, BoTorch (Balandat
et al. 2020), and Qiskit (Javadi-Abhari et al. 2024). To stay
consistent with theoretical analysis, cumulative regret is also
used to evaluate algorithms. In order to reduce the impact
of randomness in algorithms, we repeat each experiment 5
times and report the mean and adjusted standard errors of
cumulative regrets, i.e., mean± std/

√
5.

High-Dimensional Synthetic Functions. We test all four al-
gorithms on two functions, Rastrigin function and Styblinski-
Tang function, defined in 30-dimensional space [−5, 5]30.
Q-NLB-UCB performs well as evidenced in Figure 1(a)(b),
where it consistently achieves the lowest cumulative regret
across multiple runs, outperforming all other algorithms. It
is not a surprise as Q-GP-UCB and QMCKernelUCB suffer
from the curse of dimensionality and Q-GP-UCB was only
tested in 1-d and 2-d settings in (Dai et al. 2023). QLinUCB
performs the worst since it is designed to work on linear
functions only while both two test functions here are highly
non-linear.

In addition, we report the runtime of three quantum bandit
algorithms in seconds shown in Table 1. Among the three
algorithms, our Q-NLB-UCB algorithm achieves a signif-
icantly low runtime, which again shows the efficiency of
Q-NLB-UCB and validates our theoretical time complexity

Algorithms Rastrigin Styblinski-Tang

Q-GP-UCB 4629.6453 4139.2478
QMCKernelUCB 3744.1179 2565.0690
Q-NLB-UCB (ours) 861.2402 919.7602

Table 1: Runtime (in seconds) on two synthetic functions

analysis in appendix. We don’t list the runtime of QLinUCB
because it is a linear bandit algorithm running faster but not
comparable to algorithms designed for non-linear optimiza-
tion.
Real-World AutoML Tasks. We test all four quantum ban-
dit algorithms on three different hyperparameter tuning tasks
for Support Vector Machine (SVM), Multi-Layer Perceptron
(MLP), and Gradient Boosting (GB). We are tuning 4 hyper-
parameters in SVM, 8 in MLP, and 11 for GB. Each classifier
is trained by different hyperparameter configurations and the
goal is to maximize the validation accuracy on a hold-out
set. Due to page limit, we only show results of MLP in Fig-
ure 1(c)(d) on both breast cancer and diabetes datasets, and
readers are referred to appendix for similar results of SVM
and GB. Again our Q-NLB-UCB algorithm outperforms all
other algorithms by achieving significantly smaller regrets,
demonstrating its strong potential for practical applications.

Conclusion
With the aid of quantum computing, recent works (Dai et al.
2023; Hikima et al. 2024) showed that new O(poly log T )
regret bound can be achieved in quantum non-linear ban-
dit optimization, but their works heavily rely on the RKHS
assumption which suffers from the curse of dimensionality.
Real-world data usually sit in high-dimensional spaces, mak-
ing their regret bounds vacuous. In this paper, we develop
the new Q-NLB-UCB algorithm which efficiently solves
the problem in high-dimensional cases. The key design of
Q-NLB-UCB involves quantum Monte Carlo mean estima-
tion, parametric function approximation, and quantum fast-
forward techniques, which all contribute to the new input
dimension-free regret bound of Q-NLB-UCB. Moreover, the
choice of parametric functions can be generic, such as linear
or quadratic functions, or even deep neural networks. Techni-
cally, our analysis of the new quantum non-linear regression
oracle can be of independent interests in more quantum ma-
chine learning problems in the future.
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sciences de Toulouse: Mathématiques, 22(3): 573–621.
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