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Abstract

Graph neural networks (GNNs) have shown promise on com-
binatorial problems such as MAX-CLIQUE, yet it remains un-
clear what algorithmic principles they actually learn. This pa-
per introduces a concept-driven framework for evaluating and
interpreting GNNs on such tasks. We begin with a princi-
pled benchmark based on synthetic graphs with known dif-
ficulty levels—easy, medium, and hard—derived from the-
oretical thresholds for planted cliques. Using this setup, we
show that GNNs reliably learn a simple yet powerful concept:
degree-based ranking. This insight motivates a new decoder,
Least-Probable Removal (LPR), which significantly outper-
forms the common top-k strategy, especially on harder and
real-world instances. Our analysis pipeline connects latent
representations to classical heuristics, improving both inter-
pretability and performance. Finally, we demonstrate cross-
domain generalization to sparse PCA, showing that the same
GNN architecture and decoding strategy succeed in recover-
ing sparse principal components—revealing a shared under-
lying principle across domains.

1 Introduction

Al systems now achieve remarkable performance on com-
plex computational tasks, including combinatorial optimiza-
tion problems such as the MAX-CLIQUE problem which
is identifying the largest fully connected subgraph in a
graph G. Yet their decision-making processes often remain
opaque, motivating a surge of interest in explainable Al.

While popular XAI techniques such as SHAP (Lundberg
and Lee 2017), LIME (Ribeiro, Singh, and Guestrin 2016),
or Grad-CAM (Selvaraju et al. 2017) focus on feature attri-
bution, they often fall short in domains like combinatorial
optimization, where explanations must capture algorithmic
principles rather than simply assigning importance to indi-
vidual features. For example, in the case of MAX-CLIQUE,
a meaningful explanation would reveal how properties like
vertex degree or connectivity influence the model’s predic-
tions of clique membership.

The MAX-CLIQUE problem, a canonical NP-hard prob-
lem (Karp 1972), exemplifies this challenge. While NP-
hardness implies that some instances are computationally
intractable, it does not mean that all instances are equally
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hard. In fact, many instances can be easy, and without con-
trolling for instance difficulty, it is unclear whether good per-
formance reflects real algorithmic power or simply the ease
of the test data.

Despite the empirical success of graph neural networks
(GNNs) on graph-structured data (Karalias and Loukas
2020; Min et al. 2022), current evaluations lack this criti-
cal control as they typically test on real-world or unstruc-
tured datasets without any principled characterization of in-
put hardness. Moreover, standard GNN decoding strategies,
such as selecting the top-k vertices by confidence, implicitly
assume that output scores align with true clique member-
ship. This assumption often fails on harder instances, where
misleading “impostor” vertices (e.g., those with spuriously
strong local signals) can degrade performance.

The gap. To summarize, the following gaps remain in the
study of GNNs for the MAX-CLIQUE problem:

* The absence of principled benchmarks that control for in-
stance difficulty, making it unclear how meaningful cur-
rent performance evaluations are.

A lack of understanding of the algorithmic principles that
GNNs learn when trained on MAX-CLIQUE instances.
This can hamper real progress—new architectures may
appear novel but end up learning the same principles.

The lack of decoding strategies that exploit these learned
representations to improve both performance and inter-
pretability.

Although we focus on MAX-CLIQUE as a case study, these
gaps are not unique to this problem. Similar challenges arise
throughout the application of GNNs to combinatorial opti-
mization tasks, and the key insights and methods we develop
here aim to have broader relevance.

Our contribution. This paper narrows these gaps by con-
tributing both a methodology and new algorithmic insights:

1. Principled evaluation. We introduce a benchmark based
on synthetic graphs with planted cliques, categorized into
easy, medium, and hard regimes according to known the-
oretical thresholds (Bollobds 1985; Hastad 1999). This
allows us to systematically probe GNN performance in
difficulty-aware settings, complemented by tests on six
real-world datasets.
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Figure 1: Illustration of our method to excavate concepts and explain how they underpin the GNN’s decision-making process.
The GNN’s flow is given at the top row; the bottom row shows how the learned concepts are discovered in the embedding and
drive the clique membership probability output. PC1 refers to the projection of latent space onto the first principal component.

XAl-driven analysis. We analyze the latent spaces of
trained GNNs and find that they consistently learn a
degree-based ranking of vertices. This provides a concep-
tual bridge between learned representations and classical
heuristics. Figure 1 illustrates our XAl pipeline.

. Decoder innovation. Motivated by this insight, we re-
place the naive top-k decoder with a Least-Probable
Removal (LPR) strategy: iteratively removing low-
likelihood vertices until a clique remains. This leads to
substantial performance improvements, particularly on
medium-difficulty and real-world instances.

Cross-domain generalization. We show that the same
GNN and decoder architecture generalizes seamlessly to
single-spike SPARSE-PCA instances (Johnstone 2001),
where a clique is replaced with a strong correlation struc-
ture in the covariance matrix. This transfer succeeds be-
cause the GNN implicitly learns a universal principle,
row-sum ranking, that extends beyond graph structure.
We further verify the reverse: a GNN trained on SPARSE-
PCA instances can successfully solve MAX-CLIQUE.

. New algorithmic result. Covariance Thresholding (CT)
stands as the state-of-the-art for solving medium-SNR
single-spike sparse PCA instances, both theoretically and
empirically (Bickel and Levina 2008; Deshpande and
Montanari 2016) . For years, it remained an open ques-
tion whether a non-spectral, combinatorial algorithm
could match its performance. We answer this affirma-
tively and show that the MAX-CLIQUE GNN with LPR
achieves comparable results, offering the first combina-
torial alternative, no hyperparameters, whose operation
is interpretable through our concept learning framework.

The remainder of the paper is organized as follows. Sec-
tion 2 expands our methodology, where we formally define
the Max-Clique problem, and the top-k and LPR decoding.
Section 3 covers related work, Section 4 details the GNN
architectures, and Section 5 describes the datasets. Section
6 presents our experiments and Section 7 concludes with a
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discussion.

2 Methodology

Our methodology has two main components: a principled
benchmarking framework for MAX-CLIQUE, and a concept
learning pipeline for interpreting GNNs. Here we expand on
the benchmarking framework, as it may be new to readers
less acquainted with theoretical aspects of planted clique in
random graphs. The concept learning pipeline, illustrated in
Figure 1, is described and elaborated in Sections 6 and 7.

Throughout this paper, we sometimes use the terms
“"Maximum Clique” and “finding a clique of size k” inter-
changeably. These two problems are equivalent, given an al-
gorithm for one, the other can be solved by iterating over
possible values of £ from 1 to n, the number of vertices in
the graph. In this work, we focus on the version where the
target clique size k is given as input, but for brevity we oc-
casionally refer to the problem simply as "Max-Clique.”

The Maximum-clique problem is easily expressed in
mathematical form. Given an n x n adjacency matrix A of
a graph G, and a vector z € {0, 1}" with exactly k ones, it
is readily verified that the bi-linear form 27 Az equals twice
the number of edges in the subgraph indexed by x. Thus, to
find if the graph has a clique of size k one can solve

wi(G 9]

max zT Az,
z€{0,1}"
lzllo=F

where ||x]|o is the number of non-zero elements in z, and
check if wy,(G) = 2(}). To find the largest clique, one sim-
ply iterates this for k = 1,...n.

Replacing the adjacency matrix A in Eq. (1) with a co-
variance matrix X, and changing the constraint 2 € {0,1}"
to ||z]|> = 1, gives the SPARSE-PCA problem.

What makes solving the quadratic optimization in Eq. (1)
computationally hard is the non-convex constraints on x
(both the binary constraint and the sparsity).



2.1 Two Decoding Heuristics: Top-k and LPR

A key challenge in solving MAX-CLIQUE is converting ver-
tex scores into valid solutions. Two general rounding heuris-
tics, Top-k and Least-Probable Removal (LPR), are com-
monly used. Both start from a vertex scoring (e.g., degree
or GNN output) and define how to round it into a discrete
solution, e.g., clique membership.

Top-k heuristics proceed by ranking vertices according to
their scores, and then selecting vertices in order of decreas-
ing score. A simple variant selects the top-k vertices as a
candidate clique without verification; a more refined vari-
ant incrementally adds vertices if they form a clique with all
previously selected ones, stopping when k clique vertices
are found or the list is exhausted. In the MAX-CLIQUE lit-
erature, both variants have been analyzed (e.g., (Feige and
Ron 2010)), and the Top-k approach is known as diagonal
thresholding in SPARSE-PCA (Johnstone and Lu 2009).

In contrast, LPR heuristics iteratively remove the vertex
with the lowest score, recompute scores after each removal,
and repeat until a clique remains. This strategy has also
been studied theoretically for MAX-CLIQUE (Feige and Ron
2010; Dekel, Gurel-Gurevich, and Peres 2014) and embod-
ies a fundamentally different search principle—rather than
building up a solution from high-scoring vertices, it prunes
low-scoring vertices until feasibility is achieved.

In terms of computational complexity, Top-k heuristics
run in O(n?) time while LPR heuristics require O(n?) since
scores must be recomputed after each removal, and up to n
removals may be needed. While this added computational
cost might seem significant, we will show that it pays off:
LPR consistently outperforms Top-k on harder instances,
where naive ranking heuristics fail to account for subtle
structural cues that mislead Top-k decoders. In practice, the
runtime averaged 25 seconds, peaking at 90 seconds for the
largest graph (47 K nodes), staying within practical limits.

2.2 Max-Clique in Random Graphs

The Erdgs-Rényi model G(n,p) generates graphs by con-
necting each pair of n vertices independently with proba-
bility p. For G(n, 1/2), the largest clique has size roughly
2logy n with high probability, and finding it is believed to
be computationally hard (Feige and Grinberg 2020).

The planted clique problem adds a clique of size k into
G(n, 1/2). The difficulty of recovering this clique depends
on k— a larger k£ makes recovery easier because clique ver-
tices receive a noticeable degree “boost”. Specifically:

* The Easy regime: When k Q(y/nlogn), sim-
ple heuristics like Top-k degree ranking recover the
clique (Kucera 1995).

The Medium regime: When k& = Q(y/n), recovery re-
quires more sophisticated methods such as spectral algo-
rithms (AKS (Alon, Krivelevich, and Sudakov 1998)) or
LPR based on degree (Feige and Grinberg 2020).

The Hard regime: When k = O(/n), the planted clique
hardness conjecture asserts that recovery is computation-
ally infeasible (Manurangsi et al. 2021; Hajek 2015; Ma
and Wu 2015; Berthet and Rigollet 2013a; Hazan and
Krauthgamer 2011).
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2.3 Defining Easy, Medium, and Hard Instances

While these asymptotic results define the general landscape,
they provide no direct guidance for fixed, finite graphs (e.g.,
n = 500). To label our benchmarks, we used the algorithmic
insights to empirically calibrate the regime thresholds for k.

Concretely, for a fixed n (we used n = 500, 1000), we
identified the minimal k£ where the Top-k heuristic recovered
the planted clique 90% of the time, and we mark it as k1. We
then further reduced & until LPR’s success rate drops below
90% and mark it as ko. Lastly, we set k3 = 2log, n, the size
of the largest clique in a random graph. The Easy regime is
[kl, n], Medium is [kg + 1, kl — 1] and Hard [k’g, kg]

2.4 Single Spike SPARSE-PCA

In addition to graphs, we evaluate GNN generalization on
synthetic single-spike SPARSE-PCA instances, which were
introduced in (Johnstone 2001) and have been widely used
in the literature to study high-dimensional data.

In this setting, there are two key dimensions: p, the num-
ber of features, and n, the number of samples. The most in-
teresting regime is high-dimensional (Johnstone 2001; John-
stone and Lu 2009), where p = (n). For simplicity and
without loss of generality, we set p = n throughout to avoid
carrying unnecessary notation.

The single-spike instances are generated as follows. First,
we construct a population covariance matrix of the form

S=1+pw’, (2)

where v is a sparse “spike” vector of support size k, and
B > 0 controls the signal strength. In our canonical con-
struction, v has exactly k nonzero entries, each equal to

+1/ VE, ensuring unit norm.

Next, using this covariance, we sample n independent p-
dimensional multivariate normal observations to form a data
matrix X € R™*P, and construct the empirical covariance
matrix S = X " X/n. The task is then to recover the support
of v, i.e., identify the k variables most correlated with the
spike component, the solution to Eq. (1).

MAX-CLIQUE and SPARSE-PCA are structurally simi-
lar—recovering the support of v in sparse PCA parallels
identifying a planted clique in a graph. However, the mono-
tonicity of complexity is reversed, larger k makes sparse
PCA instances harder, since the spike signal is spread over
more entries (while v remains unit-norm), causing Gaussian
noise to dominate and mask the signal. Also, a similar tax-
onomy of difficulty regimes—easy, medium, and hard—has
also been established for SPARSE-PCA (Berthet and Rigol-
let 2013b; Krauthgamer, Nadler, and Vilenchik 2015; John-
stone and Lu 2009), allowing us to repeat the framework
posed in Sections 2.2 and 2.3.

3 Related Work

Our work lies at the intersection of two areas: neural net-
works for combinatorial optimization and explainable Al
(XAlI), a largely unexplored space with few exceptions such
as (Shoham et al. 2026).

Combinatorial Optimization. Many graph problems, in-
cluding Max-Clique, are NP-hard and typically solved with



exact algorithms (Rossi, Gleich, and Gebremedhin 2015)
or heuristics like Top-k and LPR. Recently, GNNs have
emerged as data-driven heuristics for problems such as TSP,
Max-Cut, Max-Independent Set, and Max-Clique (Garmen-
dia et al. 2024; Karalias and Loukas 2020; Min et al. 2022;
Yau et al. 2023). Some approaches leverage specialized loss
functions inspired by convex relaxations (Yau et al. 2023),
while others combine imitation learning with classic heuris-
tics (Liu, Lodi, and Tanneau 2021). In contrast, the GNNs
we study are trained with a “natural” loss directly derived
from the clique objective, enabling us to examine which al-
gorithmic concepts they learn spontaneously.

Explainable AI.  XAI methods like LIME,
SHAP (Ribeiro, Singh, and Guestrin 2016; Lundberg
and Lee 2017), GradCAM (Selvaraju et al. 2017), and
RISE (Petsiuk, Das, and Saenko 2018) focus on feature
importance or saliency, but these approaches are less
suited to combinatorial tasks where algorithmic princi-
ples matter. Other work probes learned representations
for human-understandable concepts (Kim et al. 2018;
McGrath et al. 2022; Qiu et al. 2024), though these often
require auxiliary classifiers that may themselves introduce
confounds. More relevant to our approach is (Shoham
et al. 2026), which interprets intermediate embeddings by
aligning them with known heuristics. We adopt and extend
this concept-driven perspective, focusing on aligning latent
spaces with interpretable algorithmic principles.

4 GNN Models for Max-Clique

We evaluate two recent GNN architectures for solving
MAX-CLIQUE: ENN (Karalias and Loukas 2020) and
SNN (Min et al. 2022). Both follow the standard pipeline of
GNN-based combinatorial solvers. They process a graph us-
ing message passing, and decode the resulting vertex scores
into a clique using a fixed strategy. While the results were
comparable across the two models, we focus on SNN for
brevity, as it is more recent (2022 vs. 2020), includes addi-
tional architectural components (notably, scattering layers),
and slightly outperformed ENN in the tests we ran. Param-
eter count and size analysis of each model appears in the
Supplementary.

Scattering-based GNN (SNN). SNN uses a graph diffu-
sion module to extract multiscale structural features. Specifi-
cally, the diffusion operator P := 1 (I,,+ AD~') mixes self-
information with normalized neighbor information. From
this, the model constructs scattering wavelets for each scale
rast, = P? ' — P2 which isolate frequency bands that
capture local-to-global graph structure. An attention mecha-
nism selects the most informative bands, and the aggregated
signal is passed through an MLP to produce vertex scores,
normalized to [0, 1].

The model and is trained in an unsupervised manner with
loss

L(p) = —p" Ap+ Bp" Ap,

where A and A are the adjacency matrices of the graph and
its complement respectively, p is the vector of clique mem-
bership probabilities. The first term is derived directly from
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Dataset | # Graphs n k Dist
Easy-1k 1000 1000 |[62, 1000] | Random
Medium-1k 1000 1000 [36,61] |Random
Hard-1k 1000 1000 [20, 35] |Random
Easy-0.5k 1000 500 [71,500] | Random
Medium-0.5k | 1000 500 [26,70] |Random
Hard-0.5k 1000 500 [15,25] |Random
Youtube 16386 |7.8+42.2| [2,12] Real
IMDB 1000 | 19.8+10| [4, 30] Real
Orkut 5000 |215+320| [3,50] Real
COLLAB 5000 | 74.5+£62 | [4,239] Real
Twitter 973 131+64 | [2,70] Real
Facebook 10 416329 | [7, 69] Real

Table 1: Description of datasets used in our exploration. The
average size of the graph is n + std. k is the range of clique
sizes. Dist stands for distribution

Eq. (1), promoting dense subgraphs (cliques), while the sec-
ond penalizes mass assigned to non-edges.

To isolate learned representations, we omitted hand-
crafted features (e.g., eccentricity, degree) used in the origi-
nal paper as part of the input, alongise the graph G. We also
evaluated ENN and found that all major trends replicate; for
space reasons, we report results for SNN only.

5 Datasets

Our dataset collection includes both synthetic and real-world
graphs, selected to span different levels of algorithmic dif-
ficulty (Table 1). The synthetic datasets comprise three cat-
egories—Easy, Medium, Hard—generated as described in
Section 2.2 using the planted clique model G(n,1/2, k).

Each category consists of 1000 instances generated by
first picking a k uniformly at random from the relevant
range, then choosing k vertices uniformly at random, and
connecting all edges between them (the clique). Then, in-
clude each remaining possible edge with probability 1/2.

We varied the number of vertices n from 100 to 2000
and observed similar qualitative performance of the GNNs
across sizes; for brevity, we report results for n = 500, 1000.

To complement the synthetic data, we include six real-
world graph datasets: Twitter (McAuley and Leskovec
2012a), COLLAB (Morris et al. 2020), IMDB (Morris
et al. 2020; Yanardag and Vishwanathan 2015), Face-
book (McAuley and Leskovec 2012b; Leskovec and Krevl
2014), YouTube, and Orkut (Yang and Leskovec 2012;
Leskovec and Krevl 2014). These datasets introduce addi-
tional structural challenges, such as disconnected compo-
nents and skewed degree distributions, providing a broader
test of the GNN5s’ generalization capabilities.

Sparse PCA data. In addition, we generated single-spike
SPARSE-PCA instances according to the model described
in Eq. (2), where a rank-one perturbation Svv ' is added
to a standard Gaussian covariance matrix, with v a sparse
unit vector whose non-zero entries are +1/+/k (sign chosen
uniformly at random). In line with prior work on SPARSE-



PCA (Amini and Wainwright 2008; Deshpande and Mon-
tanari 2016; Johnstone 2001; Berthet and Rigollet 2013b),
we set the number of features equal to the number of sam-
ples, p n, and fix § = 1, placing us in the high-
dimensional, weak-signal regime. As in the MAX-CLIQUE
case, the SPARSE-PCA instances in that parameter regime
were categorized into easy, medium, and hard regimes (in
the aforecited papers). Empirically, for n = p = 1000, we
found the k interval that spans the easy to hard regime to
be 1 to 50. We tested the GNN across this entire range. For
brevity, we omit a full table summarizing these instances.

To the best of our knowledge, there are no real-world
SPARSE-PCA benchmarks with labeled ground-truth sup-
port, and so our evaluation is limited to synthetic data.

6 Experimental Setting

Our experimental setting follow the structure of our main
contributions: a principled evaluation of GNN performance
on synthetic and real-world graphs; an XAI analysis reveal-
ing that the models learn a degree-based ranking; perfor-
mance improvements by replacing Top-k with LPR; and
cross-domain generalization to sparse PCA, reflecting a uni-
versal row-sum ranking principle.

Experiments were conducted on an Nvidia RTX 3080
GPU with 64GB RAM and an AMD Ryzen 9 5650X
CPU, using PyTorch. The code can be found here https:
//github.com/Havanal.ab/clique_aaai_2026. We trained two
GNN models, the Scattering-based model (SNN) described
in Section 4, and the Erdds Goes Neural model (ENN) (Kar-
alias and Loukas 2020). Each was trained for 100 epochs
with batch size 32. At test time, we applied the two decod-
ing strategies, Top-k and LPR.

Evaluation metrics. Performance is measured by the ap-
proximation ratio which is the size of the clique found
divided by the true maximum clique size. For synthetic
datasets, ground truth is known by construction; for real-
world datasets, we computed the optimum using an exact
solver (Rossi, Gleich, and Gebremedhin 2015).

For the XAI part, where we analyze what the GNNs learn,
we used two methods: (i) Visualization, projecting vertex
embeddings onto two dimensions via PCA; PCI typically
explains over 95% of variance, suggesting a dominant low-
dimensional structure. (ii) Quantification, computing Spear-
man rank correlations between degree ranking and both PC1
projections and softmax outputs, to measure alignment be-
tween learned representations, predictions, and degree. We
track these correlations layer-by-layer to understand how
concept learning evolves during message passing.

For SPARSE-PCA, we compare the GNN to the state-
of-the-art Covariance Thresholding method (Deshpande and
Montanari 2016; Bickel and Levina 2008). Given a thresh-
old t, it zeros out all off-diagonal covariance entries with
absolute value below ¢, then computes the top eigenvector
and selects the top k entries by absolute value.

7 Results

‘We now turn to discuss the results that were obtained accord-
ing to the experimental setting just described. For space rea-
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sons, we report results for the scattering-based GNN (SNN)
here; results for the Erdés Goes Neural network (ENN) are
similar and included in the Supplementary material. Also all
the raw results, which the tables below summarize, appear
in the Supplementary material.

7.1 Performance Results

We evaluated the GNN performance on both synthetic
planted-clique datasets and real-world graphs.

Insight 1. Our first key observation is that performance is
remarkably insensitive to the choice of training data. The
type of training graphs (random vs. structured), their diffi-
culty (easy, medium, hard), and the size of planted cliques
all have minimal influence on test outcomes. This sug-
gests that the concepts the GNNs learn are highly trans-
ferable and largely independent of clique-specific features.
Detailed results for all train-test combinations are reported
in Supplementary Table 5. Given this robustness, Table 2
reports performance for models trained on the Medium-1k
and Medium-0.5k planted-clique dataset, which achieved
the best, but only marginally better, results overall.

Insight 2. A key result from Table 2 is the validation
of our principled dataset design. The separation into Easy,
Medium, and Hard regimes was defined independently of
the GNNs, based solely on classical theoretical insights.
The results show that GNN performance tracks this catego-
rization precisely. Top-k decoding works well on Easy in-
stances but collapses on Medium and Hard; LPR succeeds
on both Easy and Medium but fails on Hard, as expected.
This demonstrates that our framework provides a differenti-
ated and meaningful way to evaluate any future GNN archi-
tecture, enabling targeted improvements.

Insight 3. Turning to real-world datasets, we observe a
dramatic improvement when switching from Top-k to LPR
decoding across all datasets except YouTube, confirming our
second key contribution: aligning decoding strategies with
the concepts learned by the model improves performance
substantially even outside synthetic benchmarks. The com-
plete comparison against classical algorithm baselines is
provided in the Supplementary.

7.2 Concept Evaluation

We now evaluate how the GNNs have learned the underlying
concept guiding their predictions.

Visual analysis. We begin by visualizing the learned em-
beddings using PCA. Figure 2 shows 2D projections of SNN
embeddings across layers, with vertices color-coded by de-
gree. A clear alignment between degree and the horizontal
axis (PC1, explaining over 95% of the variance) emerges af-
ter just one layer, though in some cases deeper layers refine
this structure further. We retain all four layers for consis-
tency with the original SNN architecture (Min et al. 2022).
The vertical axis (PC2), accounting for less than 5% of the
variance, introduces dataset-specific noise but does not ob-
scure the dominant degree signal. Similar visualizations for
ENN and for real-world graphs (e.g., Twitter) appear in the
Supplementary material.



Test Top-k LPR
Easy-1k, Easy-0.5k 0.99 £0.01{0.99 £0.01
Medium-1k, Medium-0.5k | 0.55 4+ 0.19 {0.99 + 0.06
Hard-1k, Hard-0.5k 0.55£0.23|0.55 £ 0.23
| AverageSynthetic [ 070 [ 084 |
Youtube 0.99 £0.04]0.99 £ 0.05
IMDB 09+0.2 1+0.15
Orkut 0.78+0.2 | 09+0.17
COLLAB 0.77+£0.28] 1+0.26
Twitter 0.76 £0.21{0.91 £0.23
Facebook 0.71 £ 0.25|0.99 £ 0.02
| AverageReal-world [ 081 [ 096 |

Table 2: Approximation ratio (mean =+ std) of top-k and LPR
decoders for the SNN trained on Medium-1k. Synthetic re-
sults for n = 1k, 0.5k are grouped as they were the same.

We observe the same structure in SPARSE-PCA instances
(Figure 2 bottom part), where replacing degree with the row-
sum of the design matrix yields a similar alignment with the
principal embedding axis.

Quantitative analysis. We next quantify how degree
ranking is encoded in the embeddings and outputs.

Insight 1. For synthetic datasets, we observe, in Table 3,
a perfect Spearman correlation between degree and PCl1
across all layers and datasets. However this perfect align-
ment does not translate into perfect performance—in the
Medium regime, degree ranking does not naively predict
clique membership, and in the Hard regime, the planted
clique may not even exhibit a detectable degree signal un-
der the Planted Clique Hardness Conjecture.

Insight 2.1 For real-world datasets, we find strong but im-
perfect correlations between degree and PC1 (bottom part
of Table 3), with variation across datasets. Notably, the two
datasets with the weakest correlations—Twitter and Face-
book—are precisely those where Top-k decoding performs
worst, highlighting its sensitivity to degree alignment and
its inferiority to LPR. However, correlation alone does not
explain differences in LPR performance across datasets; we
explore this in Insight 3.

Insight 2.2 In some cases, we observe a slight drop in
degree-PC1 correlation from Layer 1 to Layer 4. While this
degradation is often minor and at times even within the stan-
dard deviation, it highlights a potential inefficiency: had the
GNN been designed with concept learning in mind, it may
have been possible to omit deeper layers—reducing compu-
tation and potentially improving performance.

Insight 3. Table 4 shows the fraction of clique vertices in
the lowest PC1 quartile (Q1). Such vertices are problem-
atic for both decoders: Top-k overlooks them, and LPR risks
falsely removing them.

In real-world graphs, Orkut, COLLAB, and Facebook
have the most clique vertices in Q1, mirroring Top-k’s worst
performance and its sensitivity to naive degree signals. Twit-
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Dataset | L1 vs Deg | L4 vs Deg | L4 vs Probs
Easy 1.0+£00 | 1.0£0.0 | 1.0£0.0
Medium | 1.0£0.0 | 1.0£0.0 | 1.0+£0.0
Hard 1.0+00 | 1.0£0.0 | 1.0£0.0
YouTube [0.91 £ 0.08{0.92 £ 0.09|0.98 &+ 0.05
IMDB |0.93 £0.09]0.92 £0.12{0.98 £ 0.07
Orkut [0.94+0.06]0.92 +£0.08]0.99 +0.01
COLLAB |0.94 £ 0.06|0.92 £ 0.080.98 &+ 0.04
Twitter [0.91 £ 0.08|0.88 +0.09|0.99 + 0.01
Facebook | 0.88 £ 0.05 | 0.86 £ 0.06 1+0

Table 3: Spearman correlation between vertex degree and
PC1 projection of SNN layers (2,3 omitted due to simi-
larity). Also shown: correlation between final softmax out-
puts (Prob) and PC1 projection of L4 embedding.

ter also struggles, despite fewer Q1 vertices, likely due to
clique members scattered in Q2-Q3.

LPR does well even with Q1 clique vertices as removing
one vertex at a time minimizes false eliminations. Table 4
shows only the first step; as LPR proceeds, non-clique ver-
tices tend to fall in rank while clique vertices regain rank.
For lack of space, we omit this dynamic analysis.

For synthetic graphs, trend aligns with theory: no clique
vertices in Q1 for Easy, a few for Medium, more for Hard.

Insight4. Finally, we confirm that the latent-space learned
degree structure propagates through to the model outputs:
PC1 scores are highly correlated with predicted clique mem-
bership probabilities, as seen in the last column of Table 3,
establishing a coherent explainability link from embeddings
to decisions.

7.3 Sparse-PCA Results

Figure 3 presents the approximation ratio achieved by
SNN trained on MAX-CLIQUE and tested on single-spike
SPARSE-PCA (left) and MAX-CLIQUE (right) instances.

Insight 1. The trends are symmetric once we account for
reversed hardness: in SPARSE-PCA, larger & makes in-
stances harder, while in MAX-CLIQUE, it makes them eas-
ier. In both domains, the top-k decoder performs well in the

Dataset | Clique in Q1 | Non-clique in Q1
Easy 0£0 0.33 +0.02
Medium | 0.03 £ 0.03 0.33 +0.02
Hard | 0.07£0.03 0.33 +0.02
Twitter | 0.1 £0.09 0.26 £ 0.04
Youtube | 0.07 +0.15 0.1+0.14
IMDB | 0.09+0.11 0.15+0.12
Orkut | 0.24+0.11 0.24 +£0.05
COLLAB| 0.18 £0.11 0.19+0.09
Facebook | 0.26 + 0.09 0.24 +0.01

Table 4: Proportion of clique (and non-clique) vertices in
the lowest quartile (1) of PC1 scores at layer 4, measuring
how often true clique members fall among the lowest-ranked
nodes and similarly non-clique.
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Figure 3: Performance of SNN when trained on MAX-CLIQUE Medium-1k and tested on Single-Spike SPARSE-PCA (left)
and random MAX-CLIQUE (right) instances as k varies. Larger k values make MAX-CLIQUE easier but SPARSE-PCA harder.
The Covariance Thresholding algorithm (CT) was parameterized (independently for each instance) with a threshold ¢ via grid
search over 0.1-8 in steps of 0.1, reporting the best result. SNN+LPR is as good as the state-of-the-art CT.

easy regime but quickly deteriorates as difficulty increases.
In contrast, LPR maintains strong performance through-
out and achieves state-of-the-art accuracy in the medium-
difficulty regime, on par with the spectral baseline Covari-
ance Thresholding (Deshpande and Montanari 2016).

Insight 2. We observed the same performance patterns
when SNN was trained on SPARSE-PCA instances rather
than MAX-CLIQUE, underscoring that a universal concept,
row-sum ranking, was learned and successfully transferred
across relevant domains. Again, details omitted for brevity.

8 Discussion

We present a framework showing that GNNs trained on
MAX-CLIQUE consistently learn vertex degree ranking,
across datasets, architectures, and even domains, SPARSE-
PCA. Remarkably, this concept alone is sufficient to drive
competitive performance on both synthetic and real-world
benchmarks. These findings support Cappart et al. (2023),
which says that GNNs often resemble polynomial-time
heuristics rather than solvers for NP-hard problems.
Notably, both ENN and the more recent SNN converge to
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the same internal concept—degree ranking—despite SNN’s
added scattering layers. This convergence suggests that, had
concept learning been analyzed earlier, research effort might
have shifted from refining ENN to pursuing fundamentally
new architectural directions beyond degree-based heuristics.
Looking ahead, our framework motivates the principle of al-
gorithmic alignment: designing learning objectives and ar-
chitectures that remain grounded in the reasoning patterns of
the algorithms they aim to emulate. For example, one could
steer concept learning toward richer notions such as core
number or local connectivity motifs instead of defaulting
to degree. Likewise, integrating domain-specific decoders
like LPR directly into training could reinforce solver-aligned
reasoning and improve efficiency—potentially reducing run-
time from O(n?) to O(n?). Future work may further employ
imitation learning (Liu, Lodi, and Tanneau 2021) to guide
networks toward explicit emulation of algorithmic decision
logic.
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