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Abstract
Message passing is the core operation in graph neural net-
works, where each node updates its embeddings by aggregat-
ing information from its neighbors. However, in deep architec-
tures, this process often leads to diminished expressiveness.
A popular solution is to use residual connections, where the
input from the current (or initial) layer is added to aggregated
neighbor information to preserve embeddings across layers.
Following a recent line of research, we investigate an adap-
tive residual scheme in which different nodes have varying
residual strengths. We prove that this approach prevents over-
smoothing; particularly, we show that the Dirichlet energy
of the embeddings remains bounded away from zero. This is
the first theoretical guarantee not only for the adaptive set-
ting, but also for static residual connections (where residual
strengths are shared across nodes) with activation functions.
Furthermore, extensive experiments show that this adaptive
approach outperforms standard and state-of-the-art message
passing mechanisms, especially on heterophilic graphs. To
improve the time complexity of our approach, we introduce a
variant in which residual strengths are not learned but instead
set heuristically, a choice that performs as well as the learnable
version.

Introduction
Neural message passing (Gilmer et al. 2017) serves as the
foundation of modern graph representation learning, pro-
viding a core mechanism for aggregating neighborhood in-
formation in graph-structured data. This principle underlies
Graph Convolutional Networks (GCNs) (Kipf and Welling
2017) and their variants, such as GraphSAGE (Hamilton et
al. 2017) and Graph Attention Networks (GAT) (Veličković
et al. 2018), which learn node embeddings through iterative
feature aggregation and transformation.

The versatility of graph neural networks (GNNs) has led
to their successful deployment across numerous domains,
for example, accurate traffic prediction in transportation sys-
tems (Van Langendonck, Castell-Uroz, and Barlet-Ros 2024),
pandemic analysis in public health (Panagopoulos, Nikolent-
zos, and Vazirgiannis 2021), economic forecasting (Ye et al.
2021), and social network analysis (Hevapathige, Wang, and
Zehmakan 2025; Hevapathige, Wijesinghe, and Zehmakan
2025; Dehkordi and Zehmakan 2025).
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While powerful, these architectures face inherent chal-
lenges, such as oversmoothing, a phenomenon in which net-
work propagation results in indistinguishable node embed-
dings (Oono and Suzuki 2020). This phenomenon may even
occur in shallow networks (Wu et al. 2022). A common strat-
egy to mitigate oversmoothing in GNNs is the use of residual
connections (Gasteiger, Bojchevski, and Günnemann 2019;
Huang and Carley 2019; Chen et al. 2020b), a technique that
adds the input from the previous layers to the aggregated
neighbor information (e.g., through summation or concate-
nation) to preserve information across layers. This approach
has been shown to improve training and performance in deep
learning architectures such as ResNets (He et al. 2016).

Residual connections may combine the current embed-
dings with the initial node embeddings, forming initial resid-
ual connections (IRC). More generally, they may combine
the current embeddings with the outputs from previous layers,
which we refer to as residual connections (RC). In this work,
we focus on IRC. Earlier works on IRC typically treat the
residual strengths as a fixed hyperparameter shared across all
nodes, referred to as static IRC for simplicity (see, e.g., (Chen
et al. 2020b; Scholkemper et al. 2025)). To further unlock the
power of IRC, some research has considered a more dynamic
and adaptive approach, cf. (Zhang et al. 2023). Following
this line of work, in this paper, we study the adaptive IRC, in
which each node is permitted to have a personalized residual
strength. Our primary goal is to theoretically and experimen-
tally investigate the ability of adaptive IRC to preserve feature
information across layers and achieve superior accuracy in
downstream tasks.

To assess whether a message passing mechanism retains
the ability to distinguish node embeddings as the network
depth increases, a popular choice is the rank of the node
embedding matrix (Daneshmand et al. 2020). A higher rank
indicates that the message passing mechanism preserves dis-
tinct information across nodes, enabling richer representa-
tions. However, we note that rank alone is insufficient to
diagnose oversmoothing, even in oversmoothing regimes, be-
cause numerical rank may remain full due to infinitesimal
differences (though the effective rank collapses). For a more
reliable diagnosis, effective rank or energy decay of the em-
bedding matrix must be used to complement standard rank
analysis. Hence, we also use the Dirichlet energy (see mean
average distance (Chen et al. 2020a), spectral rank (Zhang
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et al. 2025), and normalized node similarities (Chen et al.
2025) for alternative equivalent measures), which quantifies
the smoothness of node embeddings. If it decays to zero with
depth, the embeddings become indistinguishable, indicating
a loss of expressiveness. Conversely, bounded energy implies
that the mechanism maintains discriminative power. Unlike
rank, energy is a continuous quantifier (Horn and Johnson
2012), making it robust for tracking the degree of smoothing.

Now that our message passing mechanism and our mea-
sures of oversmoothing are established, we can summarize
our main contributions as follows:

• Theoretical Guarantee: We provide a theoretical analysis
demonstrating that the adaptive IRC framework avoids
oversmoothing, even in deep architectures. Specifically,
we show that the Dirichlet energy of the node embeddings
in the adaptive IRC remains bounded away from zero,
ensuring that the embeddings retain their discriminative
power. As a special case, we prove that static IRC with
activation functions mitigates oversmoothing, extending
the result of the prior work (Scholkemper et al. 2025),
which considered only the linear case without activation
functions. We also prove that, through the aggregation
process, in the adaptive IRC mechanism, the rank of the
embedding matrix is fully preserved.

• Enhanced GNN Performance: Through extensive ex-
periments on benchmark datasets, we demonstrate that
our framework consistently outperforms state-of-the-art
GNNs. Our results highlight the framework’s ability to
learn robust and discriminative node embeddings while
maintaining scalability, as the node-specific residual
strength can be efficiently learned during training.

• Adaptive IRC with Non-learnable Residual Strengths:
To reduce the time complexity of our approach, we pro-
pose a variant of adaptive IRC where residual strengths
are not learned, but instead assigned heuristically based on
node centrality. In particular, we use PageRank scores to
rank the nodes, assigning a higher fixed residual strength
to a small fraction of top-ranked nodes and a lower fixed
value to the rest. This simple PageRank-based strategy
performs as well as the fully learnable variant while sig-
nificantly reducing computational overhead.

Preliminaries
Let G = (V,E,A) be an undirected weighted graph with
a node set V of cardinality |V | = n, an edge set E, and a
weight matrix A ∈ Rn×n where [A]ij = aij represents the
weight of the edge between nodes i and j. If no edge exists
between nodes i and j, aij = 0. The node set is equal to
V = {1, 2, · · · , n}, and the one-hop neighborhood of node
i is denoted as Ni = {j ∈ V | (i, j) ∈ E}. Each node is
associated with a feature vector of size 1× d, and the feature
matrix for all nodes is denoted by X ∈ Rn×d, where d is the
dimension of the feature.

The degree matrix, D ∈ Rn×n, is a diagonal matrix where
[D]ii := di =

∑
j∈V aij represents the weighted degree of

node i, i.e., the sum of weights of edges from node i to its
neighbors. Considering the Laplacian matrix L = D −A,

the normalized Laplacian matrix L is defined as

L = D−1/2LD−1/2 = D−1/2(D−A)D−1/2 = I−A,

where A := D−1/2AD−1/2 is the normalized adjacency
matrix. Normalizing the adjacency matrix ensures that its
largest eigenvalue is 1, leading to the following spectral prop-
erties. Let γ1 ≤ · · · ≤ γn be the eigenvalues of L, then
0 = γ1 ≤ · · · ≤ γn ≤ 2. Let α1 ≥ · · · ≥ αn be the eigenval-
ues of A, then 1 = α1 ≥ · · · ≥ αn ≥ −1; see (Chung 1997)
for more details.

Let M ∈ Rn×m be a matrix with n,m ∈ N+ and
rank(M) = r. Then, the singular value decomposition of M
is given by M = UΣV⊤, where the columns of U ∈ Rn×n

and V ∈ Rm×m are orthogonal (i.e., U⊤U = I ∈ Rn×n,
V⊤V = I ∈ Rm×m) and Σ ∈ Rn×m is zero everywhere
except for entries on the main diagonal where the (j, j) entry
is σj for j = 1, · · · ,min{m,n} and

σ1 ≥ σ2 ≥ · · · ≥ σr > σr+1 = · · · = σmin{m,n} = 0.

Denoting the columns of U and V as u1, · · · , un and
v1, · · · , vm, we can write M =

∑r
j=1 σjujv⊤

j . The decom-
position satisfies Mvi = σiui and M⊤ui = σivi for i =
1, . . . , r. The Frobenius norm of M is ∥M∥2F =

∑r
i=1 σ

2
i ,

and the spectral norm is ∥M∥22 = σ1 (see (Horn and Johnson
2012; Davydov and Safarpoor 2021) for more details).

The column space of a matrix M ∈ Rn×m, denoted by
R(M), represents all possible linear combinations of its
columns and is formally defined as R(M) = {Mx : x ∈
Rm} ⊆ Rn. Similarly, the row space R(M⊤) captures all
linear combinations of the rows of M and can be expressed
as R(M⊤) = {M⊤y : y ∈ Rn} ⊆ Rm. There is a connec-
tion between these spaces and singular vectors. Specifically,
if M has rank r, its column and row spaces are spanned by
the singular vectors as

R(M) = span{u1, . . . ,ur}, R(M⊤) = span{v1, . . . ,vr},

where {ui} and {vi} are the left and right singular vectors,
respectively. This result is known as the fundamental theo-
rem of linear algebra, the singular value decomposition ver-
sion (Trefethen and Bau 2022). Furthermore, the null space
of matrix M is denoted by N (M) = {x ∈ Rm : Mx = 0}.

Adaptive Initial Residual Connection
We consider the following message passing, called adaptive
IRC:

H(ℓ+1) = σ

(
ΛAH(ℓ)W (ℓ) + (I −Λ)H(0)Θ(ℓ)

)
(1)

where H(ℓ) ∈ Rn×dl represents the node embedding matrix
at layer ℓ, with n being the number of nodes and dl being the
dimensionality of the node embeddings at this layer. Specif-
ically, H(0) corresponds to the initial node feature matrix,
which is the input to the network. Also, σ(·)1 denotes a non-
linear activation function, such as ReLU or sigmoid, applied

1We use σ to denote the activation function and σi to denote
singular values indexed by i.
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element-wise to its input. Λ = diag(λ1, λ2, · · · , λn) is the
residual strength diagonal matrix where entries λi ∈ (0, 1)
determine the weight assigned to the neighborhood aggrega-
tion for each node vs its own initial embedding. Through
the paper, we assume λmin and λmax are, respectively,
the minimum and maximum values of λi, i = 1, · · · , n.
W (ℓ),Θ(ℓ) ∈ Rdl×dℓ+1 are learnable weight matrices at
layer l, which transform the aggregated neighborhood em-
beddings and the initial node features, respectively and I is
the identity matrix.

It is worth noting that setting Λ = I will recover the vanilla
GCN (Kipf and Welling 2017), where no residual term is
present. Moreover, when Λ = βI for some β ∈ (0, 1), mean-
ing all nodes share the same residual connection strength, the
static IRC model (Gasteiger, Bojchevski, and Günnemann
2019; Scholkemper et al. 2025) is recovered. It’s worth em-
phasizing that the intuition behind design (1) is that, instead
of relying solely on aggregating information from neighbor-
ing nodes, each node adaptively retains a learnable portion
of its initial embedding, an idea inspired by the Friedkin-
Johnsen opinion dynamics model (Friedkin and Johnsen
1990; Shirzadi, Cruciani, and Zehmakan 2025; Shirzadi and
Zehmakan 2025).

To ensure generalization to unseen nodes, we define Λ
based on the initial node features rather than learning a
separate value for each node. Specifically, we set Λ =
diag

(
σ
(
H(0)Watt

))
, where Watt ∈ Rd0×1. This applies a

fully connected layer followed by a sigmoid function to each
node’s initial features, producing residual strengths in the
range 0 to 1. As the weights are shared and input-dependent,
this formulation enables flexible and generalizable Λ values
for unseen nodes.

Related Works
Message Passing in GNNs. The earliest GNN architec-
tures drew inspiration from spectral graph theory (Defferrard,
Bresson, and Vandergheynst 2016), utilizing graph Fourier
transforms to extract structural patterns in the spectral do-
main. This feature extraction can be performed either dis-
cretely, as seen in GCN (Kipf and Welling 2017), Graph-
SAGE (Hamilton et al. 2017), and GAT (Veličković et al.
2018), or continuously through diffusion PDEs, such as in
graph neural diffusion (Chamberlain et al. 2021; Thorpe et al.
2022) and Allen-Cahn message passing (Wang et al. 2022).
Continuous message passing is inspired by the framework of
neural differential equations (Chen et al. 2018), which has
led to many follow-up works in the GNN field (Avelar et al.
2019; Poli et al. 2019; Wu et al. 2023a; Rusch et al. 2022;
Gallicchio and Micheli 2020).

Oversmoothing. A major challenge for GNNs is their lim-
ited depth. As layers increase, models like GCN (Oono and
Suzuki 2020) and GAT (Wang et al. 2019; Wu et al. 2023b;
Dong, Cordonnier, and Loukas 2021) often suffer perfor-
mance degradation due to repeated neighborhood averaging,
which makes node embeddings increasingly similar and even-
tually indistinguishable. The phenomenon, first noted by (Li,
Han, and Wu 2018), arises from repeated Laplacian smooth-
ing that drives embeddings in a connected graph toward uni-

form values. Later studies (Oono and Suzuki 2020; Cai and
Wang 2020) further showed that the embedding energy de-
cays to zero with depth.

Residual Connection. Motivated by the great success of
residual neural networks in conventional deep learning (He
et al. 2016), there has been a growing interest in incorporating
RC in GNNs. An early example is provided by (Li et al. 2019),
where the authors demonstrated that RC leads to significant
improvements in experiments. (Liu et al. 2021) provided a
message passing with an adaptive embedding aggregation and
RC. (Yang et al. 2022; Chen et al. 2023) proposed difference
RC, a method that helps GNNs focus only on the remaining
useful information (the difference between input and output)
at each layer. This prevents the loss of important details when
stacking multiple layers.

Initial Residual Connection. GCNII (Chen et al. 2020b)
demonstrated the effectiveness of IRC combined with iden-
tity mapping, enabling deeper architectures while preserving
model performance. The study by (Scholkemper et al. 2025)
demonstrated that IRC, in GNNs without activation func-
tions, can mitigate oversmoothing when measured by mean
average distance. The adaptive IRC with learnable residual
strength through different layers has been studied by (Zhang
et al. 2023), which is closely related to our work. However,
unlike (Zhang et al. 2023), our adaptive message passing
has significantly lower complexity. Firstly, in our framework,
the personalized residual strengths are shared across layers,
reducing the number of learnable parameters. Furthermore,
we propose a PageRank-based heuristic variant of the frame-
work, which further reduces complexity. More importantly,
we provide a theoretical guarantee that adaptive IRC miti-
gates oversmoothing, in terms of Dirichlet energy, which was
observed only experimentally by (Zhang et al. 2023) (for a
more complex variant). As a byproduct of these results, we
extend the theoretical results of (Scholkemper et al. 2025) on
static IRC.

Similar methods that aggregate not just initial node fea-
tures but also a combination of other layer embeddings show
satisfactory performance, as seen in Jumping Knowledge
Networks (JKNets) (Xu et al. 2018), Deep Adaptive Graph
Neural Networks (DAGNNs) (Liu, Gao, and Ji 2020), R–
SoftGraphAI (Li et al. 2024), and GODNF (Hevapathige,
Wijesinghe, and Zehmakan 2025).

Theoretical Foundations
In this section, we present two key theoretical results on
the expressive power of the message passing framework in
Equation (1). First, Theorem 1 shows that, without activation
functions or linear transformations, the embedding matrix
preserves its initial rank, preventing dimensional collapse.
Moreover, Theorem 2 proves that the energy function of mes-
sage passing (1), even with nonlinearities and layer-specific
weights, remains bounded away from zero as the network
depth increases.

Rank Preservation in Simplified Adaptive IRC
We begin our theoretical analysis by considering a simplified
setup, where we remove the intermediate activation functions
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and linear transformations to isolate the core averaging behav-
ior of message passing. This relaxation leads to the following
propagation rule

H(ℓ+1) = ΛAH(ℓ) + (I−Λ)H(0), (2)

This simplification is consistent with prior work (Wu et al.
2019), which argues that most of the benefit in GCNs comes
from local averaging rather than from nonlinear activation
functions.
Theorem 1. Considering the simplified version of the mes-
sage passing (1) given by (2), where we have no activation
function, no linear transformation, the system stabilizes and it
maintains full rank embeddings for all ℓ ∈ N. More precisely,
the limiting behavior is governed by

lim
ℓ→∞

H(ℓ) = (I−ΛA)−1(I−Λ)H(0),

and the embedding space never collapses, as

rank
(
H(ℓ)

)
= rank

(
H(0)

)
.

Proof Sketch. Unfolding the update rule (2), gives

H(ℓ+1) = (ΛA)ℓ+1H(0) +

(
ℓ∑

i=0

(
ΛA

)i)
(I−Λ)H(0) (3)

We claim that the finite sum of matrix powers in the last
expression admits an exact closed-form expression. First, as
A is symmetric, we have ∥A∥2 = 1. For any matrix M, the
spectral radius ρ(M) satisfies ρ(M) ≤ ∥M∥2. Therefore,
we have

ρ(ΛA) ≤ ∥ΛA∥2 ≤ ∥Λ∥2∥A∥2 = ∥Λ∥2 × 1 < 1.

This spectral radius condition guarantees the convergence of
the Neumann series

∑∞
i=0(ΛA)i = (I−ΛA)−1 (Horn and

Johnson 2012). Hence,
∑ℓ

i=0(ΛA)i =
(
I−(ΛA)ℓ+1

)
(I−

ΛA)−1.
Substituting this result into Equation (3) yields

H(ℓ+1) = (ΛA)ℓ+1H(0)

+
(
I− (ΛA)ℓ+1

)
(I−ΛA)−1(I−Λ)H(0).

Hence, limℓ→∞ H(ℓ) = (I −ΛA)−1(I −Λ)H(0). For the
rank preservation property, note that as λi < 1, for i =
1, · · · , n, so I−Λ is full-rank, and ρ(ΛA) < 1 ensures (I−
ΛA)−1 is full-rank. Putting all these together, the final results
are obtained as for any matrices A ∈ Rn×n (invertible) and
B ∈ Rn×n, we have rank(AB) = rank(B). The detailed
proof is provided in the full version of the paper (Shirzadi,
Safarpoor Dehkordi, and Zehmakan 2025).

Dirichlet Energy
Our analysis in this section proceeds as follows: first, we
establish Lemma 1, Lemma 2, and Corollary 1, which then
enable the proof of our main result in Theorem 2.
Definition 1 (Dirichlet Energy). The Dirichlet energy of a
scalar vector f ∈ Rn×1 on the graph G = (V,E,A) is given
by

E(f) = f⊤Lf =
1

2

∑
(i,j)∈E

aij

(
fi√
1 + di

− fj√
1 + dj

)2

.

For a feature matrix X ∈ Rn×d with rows xi ∈ R1×d, the
Dirichlet energy extends naturally as

E(X) = tr(X⊤LX) =
1

2

∑
(i,j)∈E

aij

∥∥∥∥∥ xi√
1 + di

− xj√
1 + dj

∥∥∥∥∥
2

2

.

This formulation quantifies the smoothness of the features
over the graph; higher energy values indicate greater differ-
ences in features between adjacent nodes (Rusch, Bronstein,
and Mishra 2023).

Lemma 1. Let W ∈ Rdℓ×dℓ+1 be a weight matrix of rank r.
For any vector f ∈ R1×dl in the column space of W, we have

∥fW∥2 ≥ ∥f∥2σr(W),

where σr(W) is the smallest non-zero singular value of W.

Proof Sketch. The proof applies the singular value decom-
position W = UΣV⊤ to express fW as yΣV⊤, where
y = fU. Since f lies in W’s column space, ∥fW∥2 simpli-
fies to ∥yΣ∥2, which is bounded below by the smallest non-
zero singular value σr(W) multiplied by ∥y∥2. Orthogonal-
ity ensures ∥y∥2 = ∥f∥2, yielding ∥fW∥2 ≥ σr(W)∥f∥2.
The detailed proof is provided in the full version of the pa-
per (Shirzadi, Safarpoor Dehkordi, and Zehmakan 2025).

Lemma 2. Let Λ be a diagonal residual strength matrix, and
let A be a normalized adjacency matrix of rank r. Then, for
any vector f ∈ Rn×1 in the row space of A, we have∥∥ΛAf

∥∥
2
≥ λmin σr(A) ∥f∥2,

where λmin denotes the smallest diagonal entry of Λ, and
σr(A) is the smallest non-zero singular value of A.

Proof. The proof follows similar steps to the proof of
Lemma 1 and is provided in the full version of the pa-
per (Shirzadi, Safarpoor Dehkordi, and Zehmakan 2025)

Combining Lemmata 1 and 2 gives the following corollary.

Corollary 1. Let Λ be the (diagonal) residual strength matrix
with minimal entry λmin > 0, A ∈ Rn×n the normalized ad-
jacency matrix, and W ∈ Rdℓ×dℓ+1 a weight matrix. For any
X ∈ Rn×dℓ whose rows lie in col(W) and whose columns
lie in row(A), the Dirichlet energy satisfies

E(ΛAXW) ≥ λ2
minσ

2
r(A)σ2

r(W)E(X),

where σr(·) denotes the smallest non-zero singular value.

Proof. The proof is obtained by following the definition of
the Dirichlet energy function and applying Lemmas 1 and 2.
The detailed proof is provided in the full version of the pa-
per (Shirzadi, Safarpoor Dehkordi, and Zehmakan 2025).

Now, putting all of these together in conjunction with the
following properties, we will prove Theorem 2.

Property 1. The activation function σ : R → R is such
that for any vector f ∈ Rn×1, the Dirichlet energy satisfies
E
(
σ(f)

)
≥ α2E

(
f
)

for some positive constant α > 0.
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This property ensures the Dirichlet energy is not reduced
by more than a constant factor, preserving signal variation
after activation. For example, the leaky ReLU function with
negative slope 0 < α < 1 is defined as

Leaky ReLU(x) =

{
x if x ≥ 0,

αx if x < 0,

satisfies Property 1, as shown in the following lemma.

Lemma 3. Let σ be leaky ReLU with negative slope 0 <
α < 1, then,

E
(
σ(f)

)
≥ α2E

(
f
)
.

for any vector f ∈ Rn×1.

Proof Sketch. The proof establishes the inequality
E(σ(f)) ≥ α2E(f) by analyzing the energy func-
tion’s edge-wise contributions across four cases of input
signs. The detailed proof is provided in the full version of
the paper (Shirzadi, Safarpoor Dehkordi, and Zehmakan
2025).

Property 2. For any ℓ, the we assume tr
(
X⊤LY

)
≥ 0 where

X = ΛAH(l)W(ℓ) and Y = (I −Λ)H(0)Θ(ℓ).

This property ensures that the difference vectors xi − xj

and yi − yj are, on average, positively aligned across graph
edges (i, j). In other words, the embeddings X and Y vary
in similar directions among neighboring nodes. A negative
trace, by contrast, would suggest that the initial and propa-
gated embeddings vary in opposite directions across edges,
potentially contradicting the homophily assumption, which
states that connected nodes should have similar embeddings.

Theorem 2. Assume the energy function of the initial embed-
ding is strictly positive, i.e., E(H(0)) > 0, and the smallest
non-zero singular values of the weight matrices are uniformly
lower bounded, i.e., for some strictly positive ϵ,

inf
ℓ

{
σ2
r(W

(ℓ))
}
= σr(W), inf

ℓ

{
σ2
r(Θ

(ℓ))
}
= σr(Θ) > ϵ.

where σr(·) denotes the smallest non-zero singular value.
Further, suppose λmin ≥ δ and λmax ≤ 1 − δ′ for some
strictly positive δ and δ′ and the activation function σ(·)
satisfies Property 1 with parameter α > 0. Then, under the
assumption of the Corollary 1 and Property 2, the energy of
the final embedding of the message passing (1) admits the
following lower bound

E(H(ℓ+1)) ≥ ζσr(Θ)

1− ησr
E(H(0)) > 0,

where η := α2λ2
minσ

2
r(A) and ζ := α2(1− λmax)

2.

Proof Sketch. Beginning with the message passing (1) and
using the Property 1 and Property (2), we derive

E(H(ℓ+1)) ≥ α2E
(
ΛAH(ℓ)W (ℓ)

)
+ α2E

(
(I −Λ)H(0)Θ(ℓ)

)
.

Exploiting the spectral properties of the matrices involved in
Corollary 1, this further simplifies to

E(H(ℓ+1)) ≥ ησ2
r(W

(ℓ))E(H(ℓ)) + ζσ2
r(Θ

(ℓ))E(H(0)).

Iterating this inequality backward through the layers and
using the fact that σ2

r(W
(i)) ≥ σr(W) and σ2

r(Θ
(i)) ≥

σr(Θ), we have

E(H(ℓ+1)) ≥
(
(ησr(W))ℓ+1

)
E(H(0))

+

(
ζσr(Θ)

ℓ∑
k=0

(ησr(W))k

)
E(H(0)). (4)

For ησr(W) < 1 (since otherwise the lower bound diverges
as ℓ → ∞, making the result trivial), the geometric series
converges, and the first term vanishes as ℓ → ∞, giving

E(H(ℓ+1)) ≥ ζσr(Θ)

1− ησr
E(H(0)).

Note that ζ is strictly positive because 1 − λmax ≥ δ′ > 0.
Also, σr(Θ) is strictly positive by assumption. Addition-
ally, since λmin ≥ δ, we have 0 < ησr < 1, which im-
plies 1

1−ησr
> 0, and E(H(0)) is positive by assumption.

The detailed proof is provided in the full version of the pa-
per (Shirzadi, Safarpoor Dehkordi, and Zehmakan 2025).

Before providing our experimental results, we analyze the
complexity of adaptive IRC below.

Time Complexity
The time complexity of one layer in the adaptive IRC message
passing framework is derived from three key computational
components: (1) the sparse neighborhood aggregation AH(ℓ)

requiring O(|E|dℓ) operations; (2) the subsequent dense em-
bedding transformation H(ℓ)W (ℓ) with O(ndℓdℓ+1) com-
plexity; and (3) the residual projection H(0)Θ(ℓ) costing
O(nd0dℓ+1). The diagonal scaling operations contribute
O(ndℓ) term, which is asymptotically negligible. Combin-
ing these dominant terms yields an overall layer complexity
of O(|E|dℓ + ndℓdℓ+1 + nd0dℓ+1). When all embedding
dimensions are unified (dℓ = dℓ+1 = d0 = d), this expres-
sion simplifies to the more compact form O(|E|d + nd2),
demonstrating that the adaptive IRC maintains computational
efficiency of the vanilla GCN while providing the benefits of
residual connections.

Experiments
Our experiments, whose source code is available at
https://github.com/aSafarpoor/AdaptiveIRC,
aim to (i) evaluate whether adaptive IRC mitigates
over-smoothing, and (ii) assess its performance on node
classification compared to established GNNs.

Oversmoothing Mitigation
We first demonstrate that in adaptive IRC, the nodes’ em-
beddings do not collapse, and the energy level of the nodes’
embeddings remains non-zero. We use an undirected syn-
thetic graph generated from a stochastic block model, similar
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to the setup in (Wang et al. 2022; Wu et al. 2022). The graph
consists of 200 nodes divided into two equal classes, with
two-dimensional features sampled from a normal distribution.
Both classes share the same standard deviation 2 but have dif-
ferent means (µ1 = −0.5, µ2 = 0.5). To model homophily,
nodes within the same class are connected with a higher
probability (p = 0.2), while nodes from different classes are
connected with a lower probability (q = 0.05). As an early
observation, Figure 1 shows that GCN embeddings collapse
after a few layers due to rank collapsing, while adaptive IRC
preserves class separation even after 16 layers. A similar col-
lapse behavior is observed for GAT and GraphSAGE with
mean and max pooling, as reported in the full version of the
paper (Shirzadi, Safarpoor Dehkordi, and Zehmakan 2025).

Figure 1: Embedding evolution in GCN vs adaptive IRC.
GCN leads to embedding collapse, while adaptive IRC pre-
serves distinct clusters.

In Figure 2, we plot the Dirichlet energy for the output of
GCN, GAT, GraphSAGE, and adaptive IRC on a logarithmic
scale with varying numbers of layers. The figure shows that
the energy functions of all GCN, GAT, and GraphSAGE
diminish as the number of hidden layers increases. In contrast,
the energy level of the adaptive IRC remains notably positive,
confirming that it effectively mitigates oversmoothing.

Figure 2: Dirichlet energy (log scale) for output of GCN,
GAT, GraphSAGE (mean and max), and learnable adaptive
IRC with varying numbers of layers.

Node Classification
We measure the performance of adaptive IRC on a range of
common node classification benchmarks, using a collection

of standard and state-of-the-art GNN models for comparison.

Other Methods. We compare the adaptive IRC against
some classical, but popular, GNN architectures like
GCN (Kipf and Welling 2017), GAT (Veličković et al. 2018),
SGC (Wu et al. 2019), GraphSAGE (Hamilton et al. 2017),
Mixhop (Abu-El-Haija et al. 2019), JKNet (Xu et al. 2018),
and GNCII (Chen et al. 2020b). In addition, we compare our
approach to some state-of-the-art GNN architectures, such
as GraphGPS (Rampášek et al. 2022) and DIRGNNs (Rossi
et al. 2024).

Our Methods. We investigate two variants of the adaptive
IRC model. First, the learnable adaptive IRC, where the
diagonal residual strength matrix is optimized during training.
While effective, it requires optimizing residual strengths for
each node to achieve optimal results. A natural question
is then: can we avoid learning these parameters and instead
assign them heuristically to reduce time complexity while still
benefiting from adaptivity? We observed (on small synthetic
graphs) a positive correlation between a node’s centrality,
such as PageRank, and its residual strength; that is, the higher
the centrality, the higher the residual strength. Based on this,
we propose the PageRank-based adaptive IRC, where we
compute PageRank scores for all nodes and assign λmax

to the top k% (with k ∈ {5, 7, 10}), and λmin to the rest.
This approach avoids learning residual strengths, reducing
computational cost while continuing to perform comparably,
and sometimes even better on average, than the learnable
variant, as discussed below.

Datasets. To evaluate model performance across diverse
scenarios, for node classification task, we conduct experi-
ments on homophilic graphs such as Cora (McCallum et al.
2000), Citeseer (Sen et al. 2008), and Pubmed (Namata et al.
2012), and on heterophilic graphs such as Texas, Wisconsin,
and Cornell from WebK, as well as Chameleon, Squirrel, and
Actor (Rozemberczki, Allen, and Sarkar 2021; Tang et al.
2009). These datasets exhibit different degrees of homophily,
quantified by the homophily ratio H shown in Table 1. A
higher ratio indicates greater homophily. For all datasets, we
used 10 random weight initializations. We followed the de-
fault train/validation/test splits for datasets provided by the
torch-geometric library.

Hyperparameters. For optimization, we employ the Adam
optimizer with learning rates lr ∈ {10−2, 10−3}, weight de-
cay set to 10−4, hidden dimensions selected from {64, 128},
the number of hidden layers from {2, 4}, a dropout rate of 0.4,
and residual strength assignments λmax ∈ {0.6, 0.7, 0.8} and
λmin ∈ {0.1, 0.2, 0.3} for the PageRank-based version. For
each model, the optimal hyperparameter configuration is de-
termined via fine-tuning.

Performance. Table 1 summarizes the results of our ex-
periments. Based on this table, except for the Actor dataset,
the adaptive IRC consistently outperforms other methods.
Between the two versions of our method, PageRank-based
performs as well as, and sometimes even better than, the
learnable version. This is a surprising result, as one might
expect the learnable version to achieve higher accuracy. No-
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Method
Cora

(H: 0.83)
CiteSeer
(H: 0.71)

Pubmed
(H: 0.79)

Texas
(H: 0.11)

Wisconsin
(H: 0.21)

Cornell
(H: 0.30)

Chameleon
(H: 0.23)

Squirrel
(H: 0.22)

Actor
(H: 0.24)

GCN (Kipf and Welling 2017) 79.2±0.4 64.9±0.8 76.7±0.8 55.9±6.4 47.1±8.5 40.3±7.1 33.4±2.2 27.2±0.7 27.3±1.1

GraphSage-max (Hamilton et al. 2017) 75.6±1.0 62.3±1.1 75.8±0.8 72.7±6.6 74.3±5.8 69.7±3.1 50.6±2.2 36.8±1.3 32.9±1.4

GraphSage-mean (Hamilton et al. 2017) 79.8±0.5 66.9±1.0 75.8±0.6 74.6±6.0 76.7±5.3 69.5±3.8 50.2±1.7 36.7±2.3 34.1±1.0

GAT (Veličković et al. 2018) 75.6±0.4 66.2±1.1 75.8±1.7 57.3±5.9 50.4±7.8 44.6±5.7 39.6±1.8 30.7±1.6 28.1±1.2

JKNet (Xu et al. 2018) 79.5±0.4 66.7±0.7 76.7±0.4 55.1±7.1 51.6±4.6 46.8±5.4 35.5±1.6 28.0±1.0 28.4±0.9

Mixhop (Abu-El-Haija et al. 2019) 75.0±1.0 64.9±0.7 74.2±0.6 71.1±5.6 80.4±7.4 65.4±6.1 48.4±1.7 34.5±2.3 36.2±1.0

SGC (Wu et al. 2019) 79.6±0.9 65.8±0.8 77.3±0.2 57.0±3.5 48.8±6.6 41.4±6.0 35.2±2.6 27.7±1.0 27.3±1.0

GCNII (Chen et al. 2020b) 79.9±0.5 67.7±0.5 76.5±1.3 59.5±5.3 60.4±7.4 47.0±7.0 36.2±2.7 28.8±1.0 35.2±1.0

GraphGPS (Rampášek et al. 2022) 61.6±4.0 43.6±4.7 64.6±9.0 58.1±8.8 66.9±6.3 52.7±13 41.4±2.7 31.3±1.8 29.5±2.4

DirGNN (Rossi et al. 2024) 77.5±1.2 66.0±1.7 75.0±2.1 84.6±6.1 82.2±2.3 71.6±3.9 60.6±2.2 45.3±1.5 36.6±0.8

Adaptive IRC (Learnable)-Ours 80.1±1.0 69.3±0.6 76.6±0.6 73.0±5.8 82.4±4.7 67.8±4.8 64.1±1.1 47.7±2.2 34.2±1.3

Adaptive IRC (PageRank-based)-Ours 80.7±0.4 70.2±0.4 77.4±0.6 77.0±6.8 79.0±3.3 72.4±5.7 65.0±2.0 49.0±2.2 33.8±1.1

Table 1. Test accuracy and standard deviation over 10 experiments on each dataset, using different train/validation/test splits. Red
is the best, Blue, the second best. The variable H stands for the homophily rate.

Figure 3: Performance across depths. Adaptive IRC (learnable and PageRank-based) remains accurate with increasing layers and
outperforms other methods, except Actor, in shallow settings.

tably, there is a significant improvement in accuracy on het-
erophilic datasets compared to static residual connection mod-
els such as GCNII. To be specific, the PageRank-based IRC
improves node classification accuracy (of the GCNII) by
17.5%, 18.6%, 25.4%, 28.8%, 20.2%, and −1.4% on the
Texas, Wisconsin, Cornell, Chameleon, Squirrel, and Actor
datasets, respectively, which shows the power of the adap-
tive IRC. This improvement stems from the adaptability of
our method. Unlike GCNII, adaptive IRC adjusts the node-
neighbor balance, preserving key node embeddings while
leveraging neighbors when beneficial.

Depth. To demonstrate the versatility of the adaptive IRC,
we plot the accuracy of all models across all datasets as the
number of hidden layers increases. As shown in Figure 3,
while other methods degrade beyond four layers, both the
learnable and PageRank-based variants of the adaptive IRC
maintain stable and high performance even with deeper ar-
chitectures. On the PubMed dataset, accuracy drops from
layer 5 to 6 across all models, likely due to the use of batch
training in deeper networks. On the Actor dataset, while some
baselines perform better with shallow architectures (up to 5

layers), our methods outperform them in deeper settings. The
best hyperparameters were used for each model up to five
layers. For models with more than five layers, we adopted
the hyperparameters from the five-layer models.

Conclusion and Future Work
We study an adaptive residual scheme in which different
nodes can have varying residual strengths. Our analysis
demonstrates that this prevents oversmoothing (the Dirich-
let energy remains non-zero) and maintains the embedding
matrix’s rank across layers. To improve the time complexity
of our approach, we introduce a variant in which residual
strengths are not learned but are set heuristically, a choice
that performs as well as the learnable version. An interest-
ing future direction is the adaptive selection of residual
strengths without learning, as in our PageRank-based ap-
proach, which outperforms the learnable variant and other
residual-based GNNs. A practical strategy is to assign shared
residual strengths to groups of structurally similar nodes,
leading to more effective and interpretable designs.
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