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Abstract

We precisely characterize the expressivity of computable Re-
current Graph Neural Networks (recurrent GNNs). We prove
that recurrent GNNs with finite-precision parameters, sum
aggregation, and ReLU activation, can compute any graph al-
gorithm that respects the natural message-passing invariance
induced by the Color Refinement (or Weisfeiler-Leman) al-
gorithm. While it is well known that the expressive power of
GNNs is limited by this invariance [Morris et al., AAAI 2019;
Xu et al., ICLR 2019], we establish that recurrent GNNs can
actually match this limit. This is in contrast to non-recurrent
GNNs, which have the power of Weisfeiler-Leman only in a
very weak, ”non-uniform”, sense where each graph size re-
quires a different GNN to compute with. Our construction in-
troduces only a polynomial overhead in both time and space.
Furthermore, we show that by incorporating random initial-
ization, for connected graphs recurrent GNNs can express all
graph algorithms. In particular, any polynomial-time graph
algorithm can be emulated on connected graphs in polyno-
mial time by a recurrent GNN with random initialization.

1 Introduction
Graph Neural Networks Message-Passing Graph Neural
Networks (GNNs) (Kipf and Welling 2017; Gilmer et al.
2017) is a class of graph-processing architectures commonly
used in tasks of learning on graphs. As such, characterizing
their expressivity is of great importance.

A GNN is a finite sequence of operations, called layers,
applied in parallel and in sync to each node. Its inputs are
graphs whose nodes are assigned an initial feature-vector
of certain dimension. In the broadest theoretical setting the
vector is over the real numbers, however, most expressiv-
ity studies consider more restrictive domains: Some consider
integers, some consider a compact segment [a, b] ⊂ R, and
most consider a finite domain. A layer starts with construct-
ing a message from each neighbor, often being simply the
neighbor’s current value, although more sophisticated algo-
rithms can also be used. Importantly, messages bear no iden-
tification of the sending node. An aggregation algorithm,
typically dimension-wise sum; avg; or max, is then applied
to the multiset of messages, producing a fixed-dimension
value. Finally, a combination algorithm in the form of a
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Multilayer Perceptron (MLP) is applied to the aggregation
value and the node’s current value, producing the node’s new
value. For node-level tasks, a node’s value after the applica-
tion of the last layer is considered the output of the GNN for
that node. For graph embeddings, the nodes’ final values are
aggregated, and an MLP is applied to the aggregation value,
producing the GNN’s output for the graph.

The node-centric, node-indifferent, nature of the algo-
rithm means every GNN can technically be applied to graphs
of all sizes and GNNs are isomorphism-invariant. The MLP
part of the layers gives GNNs their learnability qualities.

It is common for GNNs to use the same aggregation type
in all layers. Those that use sum are denoted Sum-GNNs.

The expressivity boundaries of GNNs can be attributed to
the combination of three factors:

1. The message-passing scheme. A main consequence of
this is a distinguishing power that cannot exceed that
of the Color Refinement algorithm - or 1-dimensional
Weisfeiler-Leman (1-WL) as it is sometimes referred to
(Xu et al. 2019; Morris et al. 2019; Aamand et al. 2022).

2. The fixed number of layers-executions. An obvious ef-
fect of that is a fixed information-radius for each node’s
computation. Another effect is impossibility to enhance
the expressivity of the layers’ algorithms (see next) by
means of repetition.

3. The combination and aggregation functions that make
GNNs’ layers. For reasons of learnability and runtime
performance, these are of specific classes as mentioned
above. While MLPs are universal approximators of con-
tinuous functions on compact domains (Hornik, Stinch-
combe, and White 1989), their expressivity is very lim-
ited for non-compact domains e.g. no MLP can approxi-
mate ∀x ∈ N x 7→ x2. As for the aggregation functions,
all mentioned choices potentially lose information about
the multiset of neighbors’ messages.

Expressivity Notions In more than a few studies e.g.
(Chen et al. 2019; Xu et al. 2019), an architecture is said
to express a function f if and only if it non-uniformly ex-
presses f : For every graph size n there exists a model Mn

of that architecture, that approximates f on all graphs of
that size. Non-uniform expressivity is not only a weak guar-
antee in theory, but it also has limited relevance to prac-
tice: First, non-uniform expressivity, with Mn having a non-
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polynomial size complexity, implies models that are too
large already for small graphs. Second, even when the size-
complexity is polynomial e.g. (Grohe 2023), non-uniform
GNN models may succeed at inference time only when the
input-graph size does not exceed the sizes of graphs in train-
ing time, otherwise they fail miserably - as implied by the
theory and observed in experiments (Rosenbluth, Toenshoff,
and Grohe 2023; Rosenbluth et al. 2024).

The strongest and more meaningful notion of expressiv-
ity, both to theory and practice, and the one that we use in
this paper, is uniform expressivity. Here, an architecture is
said to express a function f if and only if it uniformly ex-
presses f : There exists a model M of that architecture, that
approximates f on graphs of all sizes. In informal terms, a
uniform model computes an algorithm - accepting any input
size, while a non-uniform one computes a sort of lookup ta-
ble for the finitely many graphs of a specific size. From a
practical standpoint, uniform expressivity means it may be
possible to train a GNN model on graphs of smaller sizes
and this model will approximate the target function also on
graphs of larger sizes. We are not aware of any meaningful
tight bounds shown for the uniform expressivity of GNNs.
Obviously, GNNs cannot uniformly express functions that
depend on an unbounded information-radius, but their lim-
itations go beyond that: Previous works have shown that
common GNN architectures cannot uniformly express basic
regression and classification functions even when they are
expressible by another GNN architecture and the required
information-radius is only 2 (Rosenbluth, Toenshoff, and
Grohe 2023; Grohe and Rosenbluth 2024).

Recurrent Graph Neural Networks Recurrent GNNs
(Scarselli et al. 2008; Gallicchio and Micheli 2010) are sim-
ilar to GNNs in that a recurrent GNN consists of a finite se-
quence of layers and those comprise the same algorithms of
(non-recurrent) GNN layers. However, in a recurrent GNN
the sequence can be reiterated a number of times that de-
pends on the input. Recurrent GNNs have been used suc-
cessfully in practice (Li et al. 2016; Selsam et al. 2016; Bres-
son and Laurent 2018; Tönshoff et al. 2023) and are con-
sidered promising architectures for solving various learning
tasks. In terms of their uniform expressivity, recurrent GNNs
are still limited by factor (1) as they still consist of local al-
gorithms; by definition factor (2) does not apply to them; and
the question is to what extent recurrence can mitigate factor
(3). Recurrent MLPs with ReLU activation are proved to be
Turing-complete (Siegelmann and Sontag 1992), implying
that a layer’s expressivity may be increased by reiterating
it. However, it has not been clear thus far if reiteration can
recover the information lost in aggregation.

A recurrent message-passing aggregate-combine archi-
tecture, where the nodes are aware of the graph size,
was shown to be as expressive as message-passing can be
(Pfluger, Cucala, and Kostylev 2024). However, the layers’
functions there are not restricted to be computable, let alone
an MLP and a common aggregation function, making the re-
sult only an upper bound for computable recurrent GNNs.
For recurrent sum-aggregation GNNs, it has been proven
that a single layer GNN can distinguish any two graphs

distinguishable by Color Refinement (Bravo, Kozachinskiy,
and Rojas 2024). However, the proof is existential, the acti-
vation function of the GNN must not be ReLU, and most
importantly, the GNN has a parameter whose value must
be a real number - of infinite precision - making it incom-
putable. A tight logical bound for a computable recurrent
GNN architecture, named by the authors an ’R-Simple AC-
GNN[F]’, is proven in (Ahvonen et al. 2024). The architec-
ture is defined to operate only with fixed-length float values,
making it limited in one aspect, and to aggregate multisets
of such values always in order (e.g. ascending), making it
sophisticated in another. All in all, expressivity-wise it is a
strictly weaker architecture, and essentially different, than
the recurrent GNNs we study. Moreover, it is characterized
in different terms than the ones we use to tightly characterize
our architectures.

Message-Passing Limit By their definition, the uni-
form expressivity of computable recurrent GNNs is upper-
bounded by the expressivity of a general message-passing
algorithm with id-less nodes that are aware of the graph-size:
A single recurring algorithm operating in parallel at each
node, whose input at each recurrence is the node’s value and
a multiset of messages from the node’s neighbors, and its
output is a new value and a message to send. Importantly,
the same message is broadcasted to all neighbors, and mes-
sages are received with no identification of the sending node.
Recurrent GNNs are then a specific case, where the recur-
ring algorithm is an MLP composed on an aggregation of
the messages, rather than a general algorithm operating on
the multiset of messages.

A well-studied representation of a node defines another
important upper-bound: The class of all algorithms A(G, v),
for a graph and node, that are invariant to the Color Re-
finement (CR) (or 1-Weisfeiler-leman) representation of the
node. The Color Refinement procedure goes back to (Mor-
gan 1965; Weisfeiler and Leman 1968), see also (Grohe
2021) and Section 3.

New Results We prove meaningful tight bounds for the
uniform expressivity of computable recurrent GNNs - with
finite precision weights and ReLU activation. All the reduc-
tions are achieved with polynomial time and space overhead.
We assume a finite input-feature domain, and that the orig-
inal feature is augmented with the graph-size value. There,
we show that a recurrent single-layer sum-aggregation GNN
can compute the following (see Figure 1 for an illustration):
1. Node-level functions:

a. Any algorithm that is invariant to the Color Refine-
ment (CR) value of the node. (Thm 4.2)

b. Any message-passing algorithm. (Implied by (a))
c. When adding global aggregation, any algorithm that is

invariant to the Weisfeiler-Leman (WL) value of the
node. (Thm. 5.3)

d. For connected graphs, with random node initialization,
any algorithm that is isomorphism-invariant (Cor. 5.2).

2. For connected graphs, any computable graph embedding
that is invariant to the CR value of the graph. (Thm. 5.1)
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Non-Recurrent GNNs

Recurrent GNNs ≡ CR-Invariant Node Functions ≡ Message-Passing Algorithms

Recurrent GNNs + Random Node Initialization ≡* Isomorphism-Invariant Node Functions

Recurrent GNNs + Virtual Nodes ≡ WL-Invariant Node Functions

*holds only for connected graphs, probabilistic

Figure 1: Uniform expressivity hierarchy. ’CR’ and ’WL’ are acronyms for Color Refinement and Weisfeiler-Leman. The results
in this paper are the equivalencies. ’Node Functions’ means computable functions f(G, v) operating on a graph and node.

Roadmap In Section 3 we describe the color of a node
and its relation to the message-passing scheme, and use it
to define our upper-bound function classes. In Section 4 we
define our recurrent GNN architecture and describe the re-
duction from the upper-bound classes through intermediate
models and down to our architecture. In Section 5 we ex-
tend our results to graph embeddings and to recurrent GNN
architectures that go beyond pure message-passing.

2 Preliminaries
By N;Q;R we denote the natural;rational; and real numbers
respectively. We define Q[0,1] := {q : q ∈ Q, 0 ≤ q ≤ 1}.
Let v ∈ Rd be a d-dimension vector, we denote by v(i)
the value at position i, and by v[a, b] := (va, . . . , vb) the
sub-vector from position a to b. Let v ∈ Rd and a ∈ R,
we define v + a := v(1) + a, . . . , v(d) + a. Let v1, v2 ∈
Rd be d-dimension vectors, we define v1 + v2 := v1(1) +
v2(1), . . . , v1(d) + v2(d). For vectors u ∈ Rm, v ∈ Rn we
define u, v := u(1), . . . , u(m), v(1), . . . , v(n).
For a set S, we denote the set of all finite multisets with
elements from S by

((
S
∗

))
. We denote the set of all finite

tuples with elements from S by S∗. For a vector v ∈ Rd

we define dim(v) := d, and for a matrix W ∈ Rd1×d2 we
define dim(W ) := (d1, d2).

We define B := {0, 1}∗ the set of all finite binary strings,
and Bk := {0, 1}k the set of all binary strings of length k.
For x ∈ Bk we define |x| := k.

A (vertex) featured graph G = ⟨V (G), E(G), S, Z(G)⟩
is a 4-tuple being a graph with a feature map
Z(G) : V (G) → S, mapping each vertex to a value in
some set S. Let v ∈ V (G), we denote Z(G)(v) also by
Z(G, v). We define the order, or size, of G, |G| := |V (G)|.
A rooted graph is a pair (G, v) where G is a graph and
v ∈ V (G) is a vertex. We denote the set of graphs featured
over S by GS and the set of all featured graphs by G∗. Note
that in this paper we focus on the graph domain GB i.e.
single-dimension featured graphs where the feature is a
bit-string. However, our results apply to multi-dimensional
featured graphs as well: A node’s tuple can be encoded into
one dimension during pre-processing, or, alternatively, the
construction in our proofs can be extended such that the

initial stage of the computation includes encoding the tuple
into one dimension.

We denote the set of all feature maps that map to some set
T by ZT , and we denote the set of all feature maps by Z∗.
Let G ⊆ G∗, a mapping f : G → Z∗ to new feature maps is
called a feature transformation.

A message-passing algorithm 1 is a pair C = (A, f),
A ∈ B, f : B2 → B2 comprising an initial state and
a computable function. It defines a feature transformation
C : GB → ZB as follows: Define

∀G ∈ GB ∀v ∈ V (G) C(0)(G, v) := θ
(
A, |G|, Z(G, v)

)
, ∅

for some encoding θ of the initial state; the graph size; and
the initial feature, and ∅ denoting the empty string. Then,
define ∀i > 0 C(i+1)(G, v) :=

f
(
C(i)(G, v)(1), µ({{C(i)(G,w)(2) : w ∈ NG(v)}})

)
for some multiset encoding µ. Define the first iteration when
a ’finished’ indicator turns 1:

Iv :=

{
min(i : C(i)(G, v)(1)(1) = 1) min exists
∞ otherwise

Finally, C(G, v) := C(Iv)(G, v)(2), if Iv is defined.
Throughout the paper we refer to Multilayer Perceptrons

(MLPs), meaning specifically ReLU-activated MLPs, for-
mally defined in (Rosenbluth and Grohe 2025, Appendix).
A d dimension recurrent MLP F is an MLP of I/O dimen-
sions d; d. It defines an iterative function f (t), t ∈ N such
that f (0)

F (x) := x, ∀t > 0 f
(t)
F (x) := fF

(
f
(t−1)
F (x)

)
.

3 Message-Passing Information
In this section, we give a precise technical description of
the limits of message-passing algorithms using the Color
Refinement procedure. It aims to describe the maximal
“message-passing information” each node can obtain. It will
be convenient to refer to this message-passing information

1Our definition is equivalent to any distributed algorithm where
the initial input includes the graph size, and the input from a node’s
neighbors is a multiset - with no ids or order
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as the “color” of a node. Note, however, that the message-
passing colors are complex objects, nested tuples of multi-
sets, which will later be compactly represented by a directed
acyclic graph (dag).

Definition 3.1. Let G ∈ GBk
. For every t ≥ 0 and v ∈

V (G), we define the message-passing color of v after t
rounds inductively as follows: The initial color of v is just
its feature in G, that is, mpc

(0)
G (v) := Z(G, v). The color of

v after (t+1) rounds is the color of v after t rounds together
with the multiset of colours of v’s neighbours, that is,

mpc
(t+1)
G (v) :=

(
mpc

(t)
G (v), {{mpc

(t)
G (w) | w ∈ NG(v)}}

)
.

Moreover, we define the final color of v to be

mpcG(v) := mpc
2|G|
G (v).

For all t, n, k ∈ N, we let

MPC
(t)
n,k :=

{
mpc

(t)
G (v)

∣∣ G ∈ GBk
, |G| = n, v ∈ V (G)

}
,

MPC(t) :=
⋃

n,k∈N MPC
(t)
n,k, MPC :=

⋃
t∈N MPC(t).

While most applications of Color Refinement are mainly
interested in the partition of the vertices into color classes,
for us, the actual colors carrying the message-passing infor-
mation are important. If written as strings in a straightfor-
ward manner, the colors will become exponentially large (up
to size Ω(nt)). We may also view the colors by trees, which
are still exponentially large. We introduce a polynomial-size
dag representation for each color c ∈ MPC

(2n)
n,k , denoted

D(c). For the full description of the dag construction, please
refer to (Rosenbluth and Grohe 2025, Appendix).

A feature transformation F : GB → ZB is message-
passing-invariant (for short: mp-invariant) if for all graphs
G,H ∈ GB of the same order |G| = |H| and nodes
v ∈ V (G), w ∈ V (H), if mpc

(t)
G (v) = mpc

(t)
H (w) for

all t ≥ 1 then F (G, v) = F (H,w). By induction on the
number of message-passing rounds, every feature transfor-
mation computed by a message-passing algorithm is mp-
invariant. The converse is implied by the fact that, clearly,
D(mpcG(v)) can be constructed by a message-passing al-
gorithm, together with the following lemma which asserts
that, remarkably, D(mpcG(v)) suffices to compute any mp-
invariant feature transformation.

Lemma 3.2. Let F : GB → ZB be a computable feature
transformation. Then F is mp-invariant if and only if there
is an algorithm that computes F (G, v) from mpcG(v). More
precisely, there is an algorithm that, given D(mpcG(v)),
computes F (G, v), for all G ∈ GB and v ∈ V (G). Fur-
thermore, if F is computable in time T (n) then the algo-
rithm can be constructed to run in time T (n) + poly(n),
and conversely, if the algorithm runs in time T (n) then F is
computable in time T (n) + poly(n).

The crucial step towards proving this lemma is to re-
construct a graph from the message-passing color: Given
D(mpcG(v)), we can compute, in polynomial time, a graph
G′ and a node v′ such that mpcG′(v′) = mpcG(v). This
nontrivial result is a variant of a theorem due to (Otto 1997).
Once we have this reconstruction, Lemma 3.2 follows easily.

4 Main Result
We would like to characterize the expressivity of R-GNNs,
which operate on rational numbers, in terms of computable
functions i.e. algorithms that operate on bit-strings. We use
two encodings of the latter representation by the former: Ra-
tional Quaternary and Rational Binary, the reasons for which
reside in the proof of Lemma 4.8. Let

RQ := {Σk
i=1ai4

−i : ∀j ∈ [k] aj ∈ {1, 3}, k ∈ N}

RB := {Σk
i=1ai2

−i : ∀j ∈ [k] aj ∈ {0, 1}, k ∈ N}
, then define the encoding operations

rq : B → RQ, rq(b1, . . . , bk) := Σk
i=1(2bi + 1)4−i

rb : B → RB, rb(b1, . . . , bk) := Σk
i=1bi2

−i

For vectors of binary strings we may use the rq, rb
notations to denote the element-wise encoding, that is,
∀(B1, . . . , Bl) ∈ Bl

rq(B1, . . . , Bl) := (rq(B1), . . . , rq(Bl)),

rb(B1, . . . , Bl) := (rb(B1), . . . , rb(Bl))

We are now ready to define the recurrent GNN architec-
ture that is the subject of our main result. Part of the defini-
tion is the initial input provided to it. We choose to include
the maximum feature length (across all nodes) k in that in-
put, as this allows us later to construct a single GNN for all
G ∈ GB, as stated in Theorem 4.2. Alternatively, we could
waive having k in the input, make it instead a parameter of
the architecture, and restrict the statement in Theorem 4.2 to
all G ∈ GBk

.

Definition 4.1. A Recurrent Sum-GNN (R-GNN)
N = (A,F ) of dimension d is a pair comprising a
constant initial-state vector A ∈ Qd−3 and an MLP F of
I/O dimensions 2d; d. Dimension d is a ’computation fin-
ished’ indicator, and dimension d−1 holds the computation
result. It defines a feature transformation N : GB → ZB as
follows: Let G ∈ GB, let k := max(|b| : b ∈ img(Z(G)))
the maximum length over the binary-string features of the
vertices in G, and let v ∈ V (G). Define the initial value of
N to be the rational vector comprising the graph size; max
feature length; initial feature; and initial state, that is,

N (0)(G, v) := |G|, k, rb(Z(G, v)), A

Define the value of N after t > 0 iterations to be

N (t)(G, v) := F (N (t−1)(G, v),Σw∈NG(v)N
(t−1)(G,w))

Define the first iteration when ’finished’ turns 1

Iv :=

{
min(i : N (i)(G, v)(d) = 1) min exists
∞ otherwise

Then,

N(G, v) :=

{
rb−1

(
N (Iv)(G, v)(d− 1)

)
Iv ∈ N

undefined otherwise

the binary string represented in rational-binary encoding at
position (d− 1), when the ’finished’ indicator turns 1.
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We define a time measure TN (G, v) := Iv , and

TN (G) := max(Iv : v ∈ V (G))

We say that an R-GNN N uses time T (n), for a function
T : N → N, if for all graphs G of order at most n it holds
that TN (G) ≤ T (n). We define LN (G, v) to be the largest
bit-length over all parameters’ and neurons’ values of F , at
any point of the computation for v, and we define

LN (G) := Σv∈V (G)LN (G, v)

We say that an R-GNN N uses space S(n), for a function
S : N → N, if for all graphs G of order at most n it holds
that LN (G) ≤ S(n).

Note that reaching a fixed point is not required for our
results, hence it is not part of R-GNNs termination defi-
nition. However, the R-GNN we construct in the proof of
Lemma 4.8 does have that property i.e. Iv ∈ N ⇒ ∀t ≥
Iv N (t)(G, v)[d−1, d] = N (Iv)(G, v)[d−1, d], which may
be useful in practice and for relation to logic.

In (Rosenbluth and Grohe 2025, Theorem B.2) it is
proven that having the graph size in the input is a must for
maximum expressivity. For recurrent GNNs with a mecha-
nism known as global readout (see Section 5), the require-
ment is removed since such GNNs can compute the size.

Our main theorem refers to mp-invariant functions. How-
ever, since every message-passing algorithm is mp-invariant
and since R-GNNs are specific message-passing algorithms,
we have that R-GNNs are expressivity-wise equivalent also
to message-passing algorithms.

Theorem 4.2. Let F : GB → ZB be a computable feature
transformation. Then F is mp-invariant if and only if there
is an R-GNN N such that

∀G ∈ GB ∀v ∈ V (G)N(G, v) = F (G)(v)

Furthermore, if F is computable in time T (n) and space
S(n) then N uses time O(T (n)) + poly(n) and space
O(S(n)) + poly(n).

Intermediate Reductions
Our proof of Theorem 4.2 reduces an mp-invariant function
to an R-GNN through a sequence of three intermediate com-
putation models, see Figure 2 for a detailed illustration. The
models operate on bit-strings, hence we define bit-encodings
for data entities that appear in the models’ definitions.

We define δ : MPC → B to be an encoding of space com-
plexity O(n3 log n+ kn) for all c ∈ MPC

(t)
n,k, t ≤ 2n, such

that all required operations can be done in polynomial time.
Following the construction description of D(mpcG(v)) in
(Rosenbluth and Grohe 2025, Appendix), it is evident that
there exists such an encoding.

We define µ :
((

B
∗

))
→ B to be a multiset encoding

such that the elements can be encoded and decoded in linear
time by a Random Access Machine (RAM). We define θ :
B∗ → B to be a tuple encoding such that the elements can
be encoded and decoded in linear time by a RAM. Clearly,
such encodings exist.

For l, c, k ∈ N we define θ
(l)
k,c : (Bk)

l → B to be a tu-
ple encoding of l bit-strings of length at most k, of space
complexity O(l(log(c) + k), such that the elements can
be encoded and decoded in linear time by a RAM, and,
most importantly, the separation between the elements is
preserved under summation of c such encodings: For all
(x1, . . . , xc), xi ∈ (Bk)

l it holds that

Σc
i=1(θ

(l)
k,c(xi)) = θ

(l)
k,c

(
Σc

i=1

(
xi(1)

)
, . . . ,Σc

i=1

(
xi(l)

))
A straightforward encoding that reserves log(c2k) bits for
each one of the l parts satisfies the requirements.

Definition 4.3. An MPC Graph Algorithm (MPC-GA) C =
(M) is simply a Turing machine. It defines a feature trans-
formation C : GB → ZB as follows:
Let G ∈ GB, v ∈ V (G), then C(G, v) := M(δ(mpcG(v))).

Let F be an mp-invariant function. By Lemma 3.2, there
exists an MPC-GA that computes F with polynomial time
and space overhead. Hence, the first stage in the reduction
sequence in Figure 2 is already proven. The next step is to
translate MPC-GA - whose input is already the color of a
vertex - to a distributed algorithm that has to gather that in-
formation before applying the core algorithm to it.

Definition 4.4. Let C = (A, f), A ∈ B, f : B2 → B2 be a
pair, comprising an initial state and a computable function.
It defines a feature transformation C : GB → ZB as follows:
Let G ∈ GB and v ∈ V (G), then define

C(0)(G, v) := θ
(
A, |G|, δ(Z(G, v))

)
, δ
(
Z(G, v)

)
a 2-dimension vector, the first binary string being the tuple
encoding of the initial state; graph size; and encoding of the
initial feature, and the second being only an encoding of the
initial feature. Define ∀t ≥ 0 C(t+1)(G, v) :=

f
(
C(t)(G, v)(1), µ({{C(t)(G,w)(2) : w ∈ NG(v)}})

)
the value after t+ 1 iterations. Finally, define

C(G, v) := C(2|G|+1)(G, v)(2)

That is, the final output is the second output of f after the
2|G| + 1 iteration. We say that C = (A, f) is a Message-
Passing Limited Graph Algorithm (MP-LGA) if

∀G ∈ GBk
∀ v ∈ V (G) ∀t ∈ [2|G|+ 1]

|µ({{C(t−1)(G,w)(2) : w ∈ NG(v)}})| ≤ O(3k|G|4)
, that is, the bit-length of the multiset of neighbors’ messages
does not exceed 3k|G|4.

Lemma 4.5. Let C = (M) be an MPC-GA, then there exist
A ∈ B, f : B2 → B2 such that C ′ = (A, f) is an MP-
LGA and ∀G ∈ GB ∀v ∈ V (G) C(G, v) = C ′(G, v). Fur-
thermore, C ′ incurs polynomial time and space overhead.

Next, we reduce the MP-LGA model to a model where the
input from neighbors is the sum of the multiset of neighbors
messages rather than the multiset itself. This addresses the
first main obstacle of the overall reduction: To recover the
information lost by the sum-aggregation and reconstruct the
multiset of messages.
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Distributed Non-distributed

R-GNN  MLP(… , sum(… ))

Message Passing    𝑞(… , {{… }})

MP-LGA ℎ(… , {{… }})

S-MP-GA 𝑝(… , sum(… ))

mp-invariant    𝑓(𝐺, 𝑣) 

MPC-GA 𝑔(mpc𝐺(𝑣))

Figure 2: An overview of the reduction sequence from message-passing algorithms and mp-invariant functions to R-GNNs.
Every message-passing algorithm is mp-invariant - by induction on the number of iterations. Then, starting from the mp-
invariant class and moving clockwise, the reductions correspond to Lemma 3.2; Lemma 4.5; Lemma 4.7; and Lemma 4.8.

Definition 4.6. Let C = (A, f), A ∈ B, f : B4 → B4 be
a pair, comprising an initial state and a computable func-
tion. It defines a feature transformation C : GBk

→ ZB as
follows: Let G ∈ GBk

, v ∈ V (G), then define

C(0)(G, v) := θ
(
|G|, Z(G, v), A

)
, θ

(2)
k,|G|

(
1, Z(G, v)

)
, 0, 0

a vector of 4 binary strings, the first being an encoding of the
graph size; initial feature; and initial state, the second being
an encoding of 1 and the initial feature, and the 3rd and 4th

representing the final result and a ’finished’ indicator. Define
∀t ≥ 0 C(t+1)(G, v) :=

f
(
C(t)(G, v)(1), Σw∈N(v)C

(t)(G,w)(2), C(t)(G, v)[3, 4]
)

the value after t+ 1 iterations. Define

Iv :=

{
min(i : C(i)(G, v)(4) = 1) min exists
∞ otherwise

C(G, v) :=

{
C(Iv)(G, v)(3) Iv ∈ N
undefined otherwise

That is, the result is the binary string at position 3, when
the ’finished’ indicator turns 1. We say that C = (A, f)
is a Sum MP Graph Algorithm (S-MP-GA) if ∀G ∈
GBk

∀ v ∈ V (G) ∀t ∈ [2|G| + 1] it holds that
|Σw∈N(v)C

(t−1)(G,w)(2)| ≤ O(3k|G|4) i.e. the bit-length
of the sum of neighbors’ messages is bounded by 3k|G|4.

Besides having a sum aggregation, an S-MP-GA differs
from an MP-LGA in two technical properties:
1. A message sent by a vertex consist of two parts, ’count’

and ’value’, rather than one. This is in order to count the
number of sending vertices, which is useful later.

2. Two dimensions are used solely to define the final value,
to make S-MP-GAs similar in that regard to R-GNNs.

The next lemma is a key step in our sequence of reductions.

Lemma 4.7. Let C = (A, f) be an MP-LGA then there
exist A′, f ′ such that C ′ = (A′, f ′) is an S-MP-GA and
∀G ∈ GB ∀v ∈ V (G) C ′(G, v) = C(G, v). Furthermore,
C ′ incurs polynomial time and space overhead.

Reduction to R-GNN
Finally, we reduce S-MP-GAs to R-GNNs. The essential dif-
ference between the models is the recurring algorithm: In an
S-MP-GA it can be any computable function i.e. a Turing
machine, while in an R-GNN it is restricted to be an MLP.

Lemma 4.8. Let C = (B, h) be an S-MP-GA, then there
exists an R-GNN N = (A,F ) such that ∀G ∈ GB ∀v ∈
V (G) C(G, v) = N(G, v). Furthermore, N incurs polyno-
mial time and space overhead.

Note that an R-GNN is, in a way, an extension of a recur-
rent MLP to the sum-aggregation message-passing setting.
In (Siegelmann and Sontag 1992) it is shown that recurrent
MLPs are Turing-complete. Let M be a Turing-machine that
computes h, we would like to use the result in (Siegelmann
and Sontag 1992) and emulate M using the recurrent MLP
in an R-GNN. Yet, this requires overcoming two significant
gaps:
1. An encoding gap. In (Siegelmann and Sontag 1992) the

emulation of a Turing machine is done by emulating a
two-stack machine where a stack’s content is always rep-
resented as a value in RQ. Since RQ is not closed un-
der summation, a naive attempt to use the sum of the
neighbors’ stacks directly - as input to the Turing ma-
chine emulation - is doomed to fail: The sum may be an
invalid input and consequently the output will be wrong.
To overcome this, we translate outgoing messages from
RQ to RB - which is closed under summation, and we
translate the incoming sum-of-messages back to RQ. The
translations are implemented by two dedicated recurrent
sub-MLPs of F .

2. A synchronization gap. In an S-MP-GA computation,
nodes are synchronized by definition: The ith recur-
rence’s input is the the sum of results of the i − 1 appli-
cation of h to each of the neighbors. However, in an em-
ulating R-GNN that is based on (Siegelmann and Sontag
1992), every recurrence corresponds merely to a Turing
machine step. As different nodes may require a different
number of steps to complete the computation of a single
application of h, when a node finishes its ith emulation
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of h, in the tth recurrence, its external input in recurrence
t + 1 is not necessarily the sum of its neighbors’ ith re-
sult, and it is unknown in what recurrence it will be. To
overcome this, we augment the recurrent MLP described
thus far with a recurrent sub-MLP of F that implements
a synchronization algorithm across all nodes. That sub-
MLP runs for a the same number of recurrences for all
nodes , hence, in itself it is synchronized.

Overall, the recurrent MLP F consists of 8 recurrent sub-
networks, each fulfilling a different task. See (Rosenbluth
and Grohe 2025, Figure 5) for an outline of F ’s structure. At
each iteration only one sub-network, other than the synchro-
nizer, executes its task while the others execute a computa-
tion that does not affect their main outputs. See (Rosenbluth
and Grohe 2025, Appendix) for further details.

5 Further Results
Our main theorem, Theorem 4.2, has a number of interesting
variants and implications. First, it has a version for graph
embeddings F : GB → B. A graph-embedding R-GNN
N = (R,M) comprises an R-GNN R and an MLP M . It
applies R, averages the nodes’ values, and applies M . For-
mally, denote by Iv the last iteration of R on a node v, then

∀G ∈ GB N(G) := rb−1
(
M

(
1
|G|Σv∈V (G)R

(Iv)(G, v)
))

We say that two graphs are mp-indistinguishable, or indistin-
guishable by Color Refinement, if the same message-passing
colors appear with the same multiplicities, that is, ∀t ≥ 0

{{mpc
(t)
G (v) | v ∈ V (G)}} = {{mpc

(t)
H (v) | v ∈ V (H)}}

Note that this implies |G| = |H|. A function F : GB → B is
mp-invariant if for all mp-indistinguishable graphs G,H we
have F (G) = F (H). Clearly, all graph embeddings com-
putable by R-GNNs are mp-invariant. The following states
the converse, which holds only for connected graphs, a lim-
itation proved in (Rosenbluth and Grohe 2025, Thm. C.1).

Theorem 5.1. Let CGB ⊂ GB be the subset of connected
graphs in GB, and let F : CGB → B be computable. Then,
F is mp-invariant if and only if there exists an R-GNN N
such that ∀G ∈ CGB N(G) = F (G). Furthermore, if F is
computable in time T (n) and space S(n), then N uses time
O(T (n)) + poly(n) and space O(S(n)) + poly(n).

So far, R-GNNs can only compute mp-invariant func-
tions. For connected graphs, we can break the invariance
by introducing random node initialization (RNI) (Abboud
et al. 2021), that is, augmenting the initial feature of each
node with a random number r ∼ U(0, 1). GNNs with RNI
describe a randomized algorithm, yet this randomized al-
gorithm, or the random variable it computes, still satisfies
the usual equivariance condition (see (Abboud et al. 2021)).
We say that an R-GNN N with RNI computes a function
F : GB → ZB on a graph G ∈ GB and node v ∈ V (G) if
and only if: Pr(N(G, v) = F (G, v)) ≥ p for some 1

2 < p,
and N(G, v) ̸= F (G, v) ⇔ N(G, v) = null-value. By re-
peatedly running N we can boost Pr(N(G, v) = F (G, v))
arbitrarily close to 1. See (Rosenbluth and Grohe 2025, Ap-
pendix) for further details.

Corollary 5.2. Let CGB ⊂ GB be the subset of connected
graphs in GB, and let F : CGB → ZB be computable in time
T (n) and space S(n). Then, there exists an R-GNN N with
RNI, such that F is computable by N . Furthermore, N uses
time O(T (n)) + poly(n), space O(S(n)) + poly(n), and
O(n log n) random bits.

Another variant of our main result concerns a common
extension of GNNs which is the addition of global sum-
aggregation (a.k.a. global sum; virtual nodes), i.e. a sum-
aggregation of the features of all nodes, as a third input to
the combine MLP (Gilmer et al. 2017; Barceló et al. 2020).
Adapting Definition 4.1, let N = (A,F ) be a GNN with
global sum, then F has I/O dimensions 3d; d, and
N (i+1)(G, v) := F

(
N (i)(G, v), sumw∈NG(v)N

(i)(G,w),

sumw∈V (G)N
(i)(G,w)

)
Note that here we do not need the size of the graph as an
input, since it can easily be computed using global sum.
Instead of mp-invariance, R-GNNs with global sum sat-
isfy a different invariance that we call WL-invariance. It is
based on a variant of the Color Refinement algorithm, the 1-
dimensional Weisfeiler-Leman algorithm, that captures the
additional global information obtained through global sum.
See (Rosenbluth and Grohe 2025, Appendix).

Theorem 5.3. Let F : GB → ZB be a computable feature
transformation. Then F is WL-invariant if and only if there
is an R-GNN with global aggregation that computes F . Fur-
thermore, if F is computable in time T (n) and space S(n),
then the R-GNN uses time O(T (n)) + poly(n) and space
O(S(n)) + poly(n).

This theorem also has a version for graph embeddings.
Here it is not restricted to connected graphs, since global
aggregation provides access to all connected components.

Corollary 5.4. Let F : GB → B be computable. Then F is
WL-invariant if and only if it is computable by an R-GNN.

Furthermore, if F is computable in time T (n) and space
S(n), then the R-GNN uses time O(T (n)) + poly(n) and
space O(S(n)) + poly(n).

6 Concluding Remarks
We prove that recurrent graph neural networks can emu-
late any message-passing algorithm, with only a polynomial
time and space overhead. Thus recurrent graph neural net-
works are universal for message-passing algorithms, or com-
putable mp-invariant functions. Note that our theorem is not
an approximation theorem; by focusing on computable func-
tions, we can actually construct GNNs computing the func-
tions exactly. By adding randomization, we can even over-
come the limitation to mp-invariant functions.

Our time-complexity analysis for the reduction states
”polynomial overhead”, and it is not difficult to extract an
upper bound of O(n10k2) from our proofs. It will be useful
to know whether our reduction can be improved so to have a
lower complexity, and to have a lower bound for any reduc-
tion from computable mp-invariant functions to R-GNNs.
Ideally, a tight bound would be constructively proven. These
remain open.
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