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Abstract

Decentralized online convex optimization (D-OCO), where
multiple agents within a network collaboratively learn op-
timal decisions in real-time, arises naturally in applications
such as federated learning, sensor networks, and multi-agent
control. In this paper, we study D-OCO under unknown,
time- and agent-varying feedback delays. While recent work
has addressed this problem (Nguyen, Kim Thang, and Trys-
tram 2024), existing algorithms assume prior knowledge of
the total delay over agents and still suffer from suboptimal
dependence on both the delay and network parameters. To
overcome these limitations, we propose a novel algorithm

that achieves an improved regret bound of (5(N Vo +

/T
N ﬁ)’ where di: denotes the average total delay
across agents, IV is the number of agents, and 1 — o2 is

the spectral gap of the network. We also prove a lower
bound showing that our upper bound is tight up to loga-
rithmic factors. Our approach builds upon recent advances
in D-OCO (Wan et al. 2024a), but crucially incorporates an
adaptive learning rate mechanism via a decentralized com-
munication protocol. This enables each agent to estimate de-
lays locally using a gossip-based strategy without the prior
knowledge of the total delay. We further extend our frame-
work to the strongly convex setting and derive a sharper regret
bound. Experimental results validate the effectiveness of our
approach, showing improvements over existing benchmark
algorithms.

Introduction

Decentralized online convex optimization (D-OCO) pro-
vides a powerful framework for distributed learning systems
where multiple agents collaboratively optimize a global ob-
jective while processing local data streams. Specifically, in
D-OCO, agents make sequential decisions based on local
information and coordinate through peer-to-peer communi-
cation networks without relying on a central coordinator.
This paradigm has become increasingly important in mod-
ern applications including federated learning (Kairouz et al.
2021), wireless sensor networks (Hosseini, Chapman, and
Mesbahi 2013; Akbari, Gharesifard, and Linder 2015), real-
time control systems (Lesage-Landry and Callaway 2020),
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and multi-agent robotic systems (Liu and Wu 2018), where
centralized processing is either infeasible due to communi-
cation constraints or undesirable due to privacy concerns.

While immediate feedback is ideal, in practical dis-
tributed systems, local delays are ubiquitous and stem from
factors such as fluctuating connectivity reliability, varying
processing and computation times across heterogeneous de-
vices, queuing latency in congested network links, or even
delays introduced by human-in-the-loop feedback.

These delays can significantly degrade learning perfor-
mance and raise fundamental challenges for algorithm de-
sign. While the impact of delays has been extensively stud-
ied in centralized online learning settings (Weinberger and
Ordentlich 2002; Joulani, Gyorgy, and Szepesvari 2013), the
interplay between decentralization and delayed feedback in-
troduces unique complexities that remain less understood.
Several works have considered delays in decentralized set-
tings, but most assume either bounded time-invariant (Cao
and Basar 2022) or known delays (Nguyen, Kim Thang, and
Trystram 2024), which fail to capture the uncertainty and
variability encountered in real-world systems. For example,
in sensor networks, each node may incur delays both when
acquiring measurements and when processing data (Rab-
bat and Nowak 2004; Olfati-Saber 2007). Recently, Nguyen,
Kim Thang, and Trystram (2024) made progress by propos-
ing a decentralized algorithm that handles arbitrary delays in
D-OCO. However, their approach suffers from two limita-
tions: (i) it requires prior knowledge of the total delay to set
the learning rate appropriately, which is usually unavailable
in practice, and (ii) even with this knowledge, their regret
bounds suffer from suboptimal dependencies on both the to-
tal delay and network-dependent parameters. This raises a
fundamental question:

Can we design decentralized online learning algorithms
that adapt to unknown, time- and agent-varying delays
while maintaining near-optimal regret guarantees?

In this paper, we answer this question affirmatively by de-
veloping novel decentralized online learning algorithms that
achieve improved regret bounds under unknown, agent- and
time-varying feedback delays. Specifically,

* For general convex losses, we derive an algorithm that
achieves a regret bound of O(N Vit + NVT )

(1—02)1/%
where dy denotes the average total delay across agents,



N is the number of agents, T is the time horizon, and
1 — o9 is the spectral gap of the communication net-
work.! Our algorithm is inspired by the recent advance in
D-OCO (Wan et al. 2024a) but with an important adap-
tive learning rate mechanism combined with a decentral-
ized communication protocol, where agents use gossip-
based strategies to locally estimate delays without cen-
tralized coordination or prior knowledge of the total de-
lay. Comparing to the results in Nguyen, Kim Thang,
and Trystram (2024) whose regret bound is no better

than O (%x/dm 4+ VNT

1—02
proves upon the regret bound dependency on N and
o9 but also eliminates the need for prior knowledge of
delays.> We further complement with a Q(N+\/dy +
NVT/(1—02)"*) lower bound, demonstrating that our
algorithm’s dependence on N, dyy, T', and 1 — o5 is tight
up to logarithmic factors.

) , our result not only im-

We then consider the case where the loss functions are all
strongly convex, and extend our framework to derive re-

N NInNInT
gret bounds of O (Eémax InT + Wi

is the strong convexity parameter and 0,y is the max-
imum number of missing observations averaged over
agents, showing that strong convexity enables improved
regret guarantee under D-OCO with delayed feedback.
We remark again that our algorithm does not require the
knowledge of the total delay.

) , Where «

Finally, we implement extensive experiments on vari-
ous network structures and loss functions, demonstrating
superior empirical performances of our proposed algo-
rithms comparing to existing baselines.

Related Works

Decentralized online convex optimization D-OCO is a
framework in which multiple agents cooperatively solve an
online optimization problem over a network, without rely-
ing on a central coordinator. Early foundational work in de-
centralized optimization focused on offline settings, leverag-
ing techniques from gossip algorithms — originally used to
achieve consensus to enable distributed optimization (Boyd
et al. 2011; Nedic and Ozdaglar 2009). The first formal
treatment of the online counterpart was given by (Hos-
seini, Chapman, and Mesbahi 2013), who analyzed a dual
averaging algorithm and established sublinear regret guar-
antees. Specifically, they showed that a regret bound of
O(N®/*\/T /(1 —04)"/?) is achievable, where oy is the sec-
ond highest singular value of the communication matrix W/,
whose definition is shown in later sections. Since then, vari-
ous algorithmic approaches have been developed, including
decentralized mirror descent (Shahrampour and Jadbabaie
2018), for which a similar regret rate is provable and accel-

'A formal definition of the communication network is intro-
duced in Section Preliminary. We use O(+) to hide logarithmic fac-
tors of N and T'.

We also remark that Nguyen, Kim Thang, and Trystram (2024)
requires S-smoothness for the loss functions for all agents, which
is not assumed in our work.
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erated gossiping for D-OCO (Wan et al. 2024a). The method
from (Wan et al. 2024a) notably improves the previous regret
bound by a factor of (1 —oo(W))~/4*N*/,/log(N). The
D-OCO framework has seen various extensions, including
work on settings with dynamic networks (Hosseini, Chap-
man, and Mesbahi 2016; Lei et al. 2020). For a comprehen-
sive overview of such developments, we refer the reader to
the recent monograph by Yuan et al. (2024).

Online learning with delayed feedbacks Our work is
closely related to the literature on online learning with
delayed feedback, initiated by Weinberger and Ordentlich
(2002). They considered the setting with uniform, known
per-round delays and proposed a general reduction to non-
delayed online learning. Subsequent studies extended these
results to handle non-uniform delays (Joulani, Gyorgy,
and Szepesvari 2013). Various aspects of delayed feed-
back have been explored, including adaptive regret guaran-
tees (Joulani, Gyorgy, and Szepesvari 2016), diverse delay
structures (Gatmiry and Schneider 2024; Bar-On and Man-
sour 2025; Ryabchenko, Attias, and Roy 2025), and limited-
feedback scenarios (Cesa-Bianchi et al. 2016; Cella and
Cesa-Bianchi 2020; Zimmert and Seldin 2020; Lancewicki,
Rosenberg, and Mansour 2022; Van der Hoeven et al. 2023).

D-OCO with delayed feedbacks In D-OCO with local
feedback delays, agents receive the gradient of their deci-
sion after a certain lag. For settings involving time-invariant
but agent-specific delays, Cao and Basar (2022) proposed an
online decentralized gradient descent algorithm, accommo-
dating such delays for both convex and strongly convex loss
functions. Meanwhile, Mao et al. (2025) studied online dis-
tributed convex optimization under delayed feedback within
unbalanced, time-varying communication graphs. Addition-
ally, Xiong et al. (2023a,b) considered D-OCO and its ban-
dit counterpart with event-triggered communications and de-
layed feedback. For the more challenging setting with time-
and agent-varying delays, Nguyen, Kim Thang, and Trys-
tram (2024) introduced a projection-free approach; however,
their method relies on prior knowledge of the cumulative de-
lay to appropriately set the learning rate. Beyond local feed-
back delays, communication delay is also considered in the
literature. For example, Tsianos and Rabbat (2012) analyzed
distributed optimization under fixed communication delays.

Preliminary

Throughout this paper, we denote the set {1,2,...,m} for
some positive integer m by [m] and let 1 be an all-one vector
in an appropriate dimension. For a vector v € R™, denote
its i-th entry by v(¢) and for a matrix M € R™*™, denote its
(i,7)-th entry by M (4, 7). In this section, we introduce the
preliminary of our problem.

Protocol In our model of decentralized online convex op-
timization, agents are organized in a communication net-
work defined by a connected and undirected graph G =
(V, E). The node set V' = [N] corresponds to the N agents,
and E denotes the set of edges indicating permissible com-
munication among agents. We use V' and [N] interchange-
ably throughout the paper. Each agent u € V is associated



with an arbitrary and unknown sequence of local loss func-
tions f1(u,-), fo(u,-), ... fr(u,-) decided by an adversary,
where f;(u,:) : X € R®™ — R for ¢ € [T] has a bounded
feasible domain and is L-Lipschitz with respect to ¢5 norm.

Assumption 1 (Bounded domain). The common deci-
sion space X C R" is convex and closed. Let D
sup, ,ex |7 — yl|2 be the diameter of X and 0 € X.

Assumption 2 (Lipschitzness). For every t € [T, we as-
sume that fi(u,-) is convex and L-Lipschitz with respect to
|||l forallu e V.

The learning protocol of D-OCO with time- and agent-
varying feedback delays is defined as follows. The inter-
action between the agents and the environment proceeds
in T rounds. At each round ¢, each agent u € V selects
an action z;(u) € X simultaneously and suffers a loss
fi(u, x4 (u)). For each agent u, instead of observing the gra-
dient V f;(u, z1(u)) immediately in the standard OCO set-
ting, agent u observes this gradient information at the end
of round ¢ + d¢(u). Without loss of generality, we assume
that ¢t + dy(u) < T, forallu € V, t € [T] since any feed-
back received at round 7" will never be used in the learning
process. In addition, here we consider the anonymous de-
layed feedback setting where the agent does not know the
time stamp of the received gradient. After receiving feed-
back, each agent shares the information it received with its
neighbors in G. Each agent’s goal is to minimize their re-
gret defined as follows, which is in terms of the global loss

function ) oy fi(v, ) :

T
Regr(u) £ max (D" (fulv,2:(w) = filv,2))).

t=1veV
(D

We also define Regy £ max,cy Regy(u).

It remains to introduce how agents communicate their in-
formation with each other in this network. Specifically, fol-
lowing previous works of D-OCO (Yan et al. 2012; Hos-
seini, Chapman, and Mesbahi 2013; Wan et al. 2024a), we
consider a gossip mechanism, or more specifically, an accel-
erated one defined as follows. This mechanism is defined by
a communication matrix W constructed based on G.

Definition 3. A matrix W € [0,1]N*N is a valid commu-
nication matrix with respect to G = (V, E) if W satisfies
that (i) W(u,v) = 0 ifu # v and (u,v) ¢ E; W is sym-
metric and doubly-stochastic meaning that (ii) W (u,v) >
0, Yu,v € V; (iii) W(u,v) = W(v,u), Yu,v € V (iv)
> wev Wu,v) = 1, Yu € V. Consequently, a valid com-
munication W is positive semi-definite with 0 < ao(W) < 1
where oo(W) is the second-largest eigenvalue of W.

A typical construction of this matrix is as follows:

W = 1IN —c-Lap(G), 2)

where Iy € RV*Y denotes the identity matrix and Lap(G)
denotes the Laplacian of the graph G' with Lap(G)(3, %)
deg(¢) foralli € V,Lap(G)(4,j) = —1ifi # j, (4, j) € E,
and Lap(G)(4,7) = 0if i # j, (4,4) ¢ E. cis a certain con-
stant such that 0 < ¢ < 1/01(Lap(Q)), with o1 (Lap(G))
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being the largest eigenvalue of the Laplacian Lap(G). In par-
ticular, building row W (u, -) defined in Equation (2) only
requires knowing agent u’s direct neighbors.

Based on this communication matrix W, whose u-th row
is given to each agent w at the beginning of the learning
process, the gossip communication process is defined as
follows. Suppose there are N vectors {x(u)},cv for each
agent where x(u) € R" represents the information agent u
wants to communicate. In the context of D-OCOQO, this in-
formation can correspond to various quantities such as pre-
dictions (Shahrampour and Jadbabaie 2018) or loss gradi-
ents (Hosseini, Chapman, and Mesbahi 2013). In order to
approximate the averaged vector Z = + >, oy «(u), Liu
and Morse (2011) considers the following accelerated gos-
sip process:

2F () = (140) Y W(u,v)2"(v) — 025 (u), 3)
vENu

for k > 0 where 2°(u) = 271(u) = z(u) for all u €
V, Ny = {v:(u,v) € E} U {u} the set of neighbors of
u according to G, and 6 > 0 is the mixing coefficient. Let
Xk € RV*" be a concatenation of {z*(u)},cy and X =
Z1T. Ye et al. (2023) shows that X converges to X in a
linear rate.

Proposition 4 (Proposition 1 in Ye et al. (2023)). The iter-

ations of (3) with 6 = (1 +4/1-— U%(W)) B ensure that
I* = X < VIaH X0 = X .

forany k € N, where b = (1 - (1-1/v2)/1 _UQ(W))

and || - || denotes the Frobenius norm of a matrix.

Other Notations Let 0 be an all-zero vector in an appro-
priate dimension. For each agent u € V, define set o;(u)
{r e N:7+d,(u) <t} C[t— 1] tobe the set of rounds
for agent u whose gradients are observed before round ¢, and
let m¢(u) = [t — 1] \ o¢(u) be the set of rounds for agent
u whose observation is yet to be received at the beginning
of round t. Define dpmax = maxye(r) & Youey |mue(u)| to
be the maximum number of per-round missing observations
averaged over all agents and diy = % >, eir] ey die(u)

to be the total delay averaged over all agents.

ueV

D-OCO with General Convex Loss Functions

In this section, we study the setting where the loss functions
for each agent at each round are convex. We first consider
the case where the total delay dy, is known and propose an

algorithm that achieves an @) (N Vo + %) re-
gret guarantee. We then extend this approach to the more re-

alistic case where dy, is unknown, using a specific adaptive
learning rate tuning. Finally, we provide a lower bound of

@ (N Vi + =2

is tight in its dependence on T', dyo, and 1 — oo (W).

) , showing that our upper bound



Algorithm 1: Accelerated Decentralized Follow the Regu-
larized Leader with Delayed Feedback (AD-FTRL-DF) for
Agent u.

Initialize: = (u) = 2, ' (u) = 2
fors=1,2,...,7/B do
Define 7; = {(s —1)B+1,...,sB}
for ¢t € 7, do.
Play zs(u) and set k < ¢t — (s — 1)B — 1.
Update 2¥+1(u) using accelerated gossiping:
A ) = (140) Y W(u, )28 (v)

veV
— 028" (w).

(u) = 0.

k

S

“

Send z¥*1(u) to every neighbor v € N,,.
end for
Compute x4 1 (u) for next block as follows:

1
Ns+1(w)
Aggregate gradients observed during the block:

D

T€0sB+1(wW\o(s—1)B41(U)

Ter1(u) = argmin(=7 (u), ) + el )

reX

g-(u),

ys(u)
with g, (u) £ V fr (257 (), s(7) is the block 7 lies in.
Compute z, ", (u) and 20, | (u) for next block:
—1

Zs+1 (u)

z2+1 (u)

=207 () + ys(u),

27 () +ys(u).

end for

Non-Adaptive Algorithm with Known Total Delay

When the total delay is known, our algorithm is built upon
the algorithm proposed in Wan et al. (2024a), whose idea
is to incorporate the accelerated gossiping process into a
blocking update mechanism to estimate the gradient of the
global loss function. Specifically, the algorithm operates in
blocks of size B. Without loss of generality, we assume that
T/B is an integer such that each block contains exact B
time steps. Following Wan et al. (2024a), within each block
s € [T/ B], every agent u uses a fixed decision z4(u) and
iteratively updates an auxiliary variable z**!(u) using the
accelerated gossip procedure defined in Equation (4). From
a high level, 251 (u) aims to approximate the gradient of
the global loss function collected from all previous epochs.
The parameters 6 and B are chosen based on the spectral

gap of the communication matrix W, specifically:

o 1 B V2In(NV14N)
1+ 1-2W) [ (V2= 1)/T— (W)

(6)

After completing all iterations within block s, each agent
updates her decision for the next block by solving a Follow-
the-Regularized-Leader problem Equation (5) with learning
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rate 7)s(u). Then, different from Wan et al. (2024a) which
aggregates the received gradient within this block, due to the
feedback delay, we compute y,(u) which only aggregates all
gradients g, (u) received during block s. This is formalized
through the difference set 0sp11(u) \ 0(s—1)p+1(u), which
captures newly received gradients within the block. Finally,
we compute the first two iterates of the subsequent block
using the prior iterates and the aggregated gradient yg(u).
In the absence of delay, our algorithm exactly recovers the
algorithm proposed in Wan et al. (2024a).

The pseudo code of our algorithm is formally shown in
Algorithm 1 and the following theorem shows that our algo-
rithm achieves O(N v/dio; + NVT /(1 — 0o(W))/*) when
ns(u) is fixed over all blocks and is dependent on dy.

Theorem S. Assume each agent w € V' runs an instance of
Algorithm 1 with a valid communication matrix W, param-
eters 0 and B defined in Equation (6), and a fixed learning
rate

D
77‘9(“) =nN= Wv

Then, under Assumption 1 and 2, the regret is bounded as

(1= (W)
Two remarks are as follows. First, note that Nguyen,
Kim Thang, and Trystram (2024) considered the exact same
case where dy is known and obtain a regret bound no

better than O (% Vg + NN ﬁ) Comparing to

1—0o2
their results, our result not only achieves a better depen-
dency on the spectral gap 1 — oo(W) and the number of
agents IV, but also shows that the effects of the delay and
those of the network topology can be decoupled. Specifi-
cally, the portion of the regret that does not depend on the
delay scales with N/(1 — UQ(W))I/ *V/T in Theorem 5 in-
stead of Nv/N /(1 — oo(W))V/T in their bound. For the de-
lay related term, our bound does not depend on the spec-
tral gap 1 — oo(WW) while theirs suffer from a subopti-
mal 1/(1 — 0o(W))? dependency. Specifically, our result
also improves the dependency on N upon the O(N/dyo +

fi ;2 E/;)) achieved by Cao and Basar (2022), where delays

are time-invariant and agent-specific, i.e, d;(u) = d(u) for
all ¢ € [T]. Moreover, our upper bound matches the lower
bound up to logarithmic factors, as will be shown later. In
addition, our bound also recovers the regret bound proven in
Wan et al. (2024a) when d(u) = 0 forallu € V.

Proof Sketch The full proof of Theorem 5 is deferred to
the Appendix and we introduce the proof sketch in this sec-
tion. With some calculation we decompose the regret for
agent u as follows:

Vse[T/B]. ()

Regy = O(DLN( door +

T/B

Regp(u) <> %0 > (9:(v), 25 — ¥)

s=1 t€Ts ve[N]

[




T/B

+BLY > O (sl

s=1 ve[N]

— Zsll2 + ||lzs(u) — Zs D),

&
where

Ts = argmin{( Z Z

z€X veV TEO(s— 1)B+1(v)

N
g-(v),z) + — 3}
n
denotes the FTRL decision assuming that agent u receives
all agents’ gradients that have been observed up to time ¢
and we use 7 to represent 7),(u) since n,(u) is fixed over
all agents and blocks. Intuitively, # accounts for the regret
incurred by the agent if she only suffers from the delayed
feedback, while & accounts for the regret incurred due to
the communication among the network.

To bound &, following a classic analysis in online learn-
ing with delayed feedback, we further split # into the re-
gret of the decision assuming no feedback delay and the dis-
tance between the decisions with and without feedback de-
lay. With some rather standard calculations, the first part can
be bounded by O(N D?/n + nBN L*T) while the second
term can be bounded by O(nN L?(dy + BT)).

To bound &, we analyze the effect of gossip-based aver-
aging. While agents can not locally receive the true global
gradient, using accelerated gossip, the disagreement be-
tween local and average quantities decays exponentially in
B as shown by Proposition 4. Specifically, we show that for
any agent v € [N], ZT/B [zs(v) — Zs|2 is bounded by
O(nTL), which is the main technical part of the proof and
require an involved analysis. Finally, picking 7 optimally
leads to our final bound.

Adaptive Algorithm with Unknown Total Delay

The main issue with the algorithm described above is that the
learning rate choice 7, (u) relies on the unknown total delay
dyor- To illustrate the difficulty of adaptively tuning the learn-
ing rate with respect to the total delay in D-OCO, consider
the single-agent setting, where it is indeed possible to ad-
just the learning rate dynamically by tracking the cumulative
number of the agent’s own missing observations (McMahan
and Streeter 2014; Gyorgy and Joulani 2021). In contrast, in
the decentralized setting, each agent cannot directly observe
the number of gradients missed by other agents, and thus
cannot directly compute the global cumulative delay. How-
ever, note that diy = = 2uelN] Zthl |my(u)|. Therefore,
if each agent additionally communicates their own number
of missing observations to others through a gossiping proto-
col, every agent can well estimate the total number of aver-
aged missing observations, leading to an estimation of dj.
Specifically, each agent still runs an instance of Algo-
rithm 1 to perform the decision update and track the av-
erage gradients under delay. In addition, each agent also
runs an instance of Algorithm 2 in parallel to compute the
learning rate by gossiping the number of their own miss-
ing observations with their neighbors. The algorithm is for-
mally shown in Algorithm 2. From a high level, Algo-
rithm 2 closely mirrors the accelerated gossip routine of Al-
gorithm 1, but instead focuses on gossiping the cumulative
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number of missing observations. Concretely, Algorithm 2
still goes in blocks and updates the auxiliary variable ¢* us-
ing the accelerated gossiping, which can be viewed as an
approximation of the cumulative missing observations aver-
aged till block s — 1. The learning rate 7541 () is then com-
puted by replacing the exact total delay di used in Equa-
tion (7) by this local estimate till block s — 1 as shown
in Equation (8). At the end of the epoch s, similar to Algo-
rithm 1, we update the first two iterates (_ +11 and (. +11 of the
subsequent block by adding the number of missing obser-
vations at the end of block s to (Z~1 and ¢B. This finishes
our algorithm for adaptive learning rate tuning. Each agent u
is then supposed to run Algorithm 1 alongside Algorithm 2
(with the same 6 and B described in Equation (6)) to use
ns(u) computed in Equation (8) to update x4 1 (u). The fol-
lowing theorem shows that with this adaptive learning rate
tuning, we achieve O(Nv/d + NVT/(1 — ao(W))'/4)
without knowing d.

Algorithm 2: Accelerated Gossip Routine for the Adaptive
Learning Rate for Agent u

Initialize: 7; (u) = ;—=2—0s. GHw) = (u) =
fors=1,2,...,T/Bdo
fort=(s—1)B+1,...,
k+t—(s—1)B—1.
Update Cf“ (u) using accelerated gossiping:

G (w) = (1+0) > W (u,v)¢E(v) -6

veV

Send ¢**1(u) to every neighbor v € N,,.
end for
Count missing observations at the end of the block

gs(u) =

sB do

k 1(u).

[mspra(u)l.
Update

D
L\/BT + B -(B(u) + 3sB?

Ns+1 (u) = (8)

Compute first iterates for next block:
Cor () = C77H(w) + gs(u),
G () = €7 () + gs(w).

end for

Theorem 6. Assuming each agent v € [N runs an instance
of Algorithm 2 with a valid communication matrix W and
parameters 0 and B defined in Equation (6) together with
an instance of Algorithm 1 parametrized by the same W,
0 and B and using ns(u) computed by Algorithm 2. Then,
under Assumption 1 and 2, the regret is bounded as
VT
T—a(W)7 ) )

The proof of Theorem 6 is provided in the Appendix. We

emphasize that our analysis is non-trivial, which includes

Reg; = O (DLN ( dior +



(1) a careful bounding on the gossip-based estimation error
of the adaptive learning rate compared to the optimal rate
defined with respect to dy, and (ii) a more involved analy-
sis of the FTRL updates, particularly due to possibly non-
decreasing learning rates 7)s(u).

Lower bound

Finally, we complement our obtained upper bounds with the
following Q(NVT/(1—a2(W))/*4N+/d,;) lower bound.

Theorem 7. Let d be the constant feedback delay suffered
by all agents v € [N] in the network. Then, there exists a
graph G = ([N],E), with N = 2(M + 1) where M is
an even integer, and a sequence of L-Lipschitz loss func-
tions {f1(1,-),..., fi(N, )}, .. .. {fr(1,-), ..., fr(N,)}

such that any algorithm has to suffer regret at least:
Regy = Q (DLN (ﬁ/(1 — (W) 4 \/dT)) ,
where W =1 — m - Lap(G).

Compared to this lower bound, our obtained upper bounds
are optimal in the dependence on T', 1 — oo(W), and dyy,
though there is still a gap of polynomial factors in the num-
ber of agents N. We provide a proof sketch here and the full
proof is deferred to Appendix. Our proof is adapted from
the construction in Wan et al. (2024a) which considered a
carefully designed problem instance where the global loss
is supported on one half of the graph, while the remaining
half consists of agents with identically zero local loss func-
tions. Focusing on an agent u in the latter group, we observe
that its optimization problem effectively reduces to an in-
stance of online linear optimization (OLO) with feedback
delay. The total delay experienced by agent w in this setting
consists of the constant delay d, combined with a graph-
dependent communication delay due to the network struc-
ture. The remaining proof builds on standard lower bound
analysis for centralized OLO with delayed feedback.

D-OCO with Strongly-Convex Loss Functions

In this section, we consider the case where all loss functions
satisfy a-strongly convexity defined as follows.

Assumption 8 (strong convexity). Foreveryt <T andv €
V, we assume that fi(v,-) is a-strongly convex: Vx,y € X

folv.y) = fi0,2) + (Vfi(v,2),y = 2) + 5 |y — o3

In order to show an improved regret bound when losses
are strongly convex in D-OCO with feedback delay, fol-
lowing the algorithm proposed in Wan et al. (2024a) for
strongly convex functions, we propose our algorithm AD-
FTRL-DF-SC outlined in Algorithm 3. Compared to AD-
FTRL-DF shown in Algorithm 1, there are two key dif-
ferences. First, the cumulative gradient y,(u) are replaced
by v (u), which includes an additional —aBxs(u) term
(Equation (9)); second, we do not need to apply a gossip-
based communication among agents to tune the learning rate
adaptively but only need 1,11 (u) = -2z forall u € [N].
The following theorem shows that Algorithm 3 achieves

O((Ndmax + NIn N/y/1 — 02(W))(InT/)) regret.
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Algorithm 3: Accelerated Decentralized Follow the Regular-
ized Leader with Delayed Feedback under Strong Convexity
(AD-FTRL-DF-SC) for Agent .

— -0
=2z

Initialize: = (u) = 2 *(u) (u) =0
fors=1,2,...,7/Bdo
Ns+1 = %
fort = (s—1)B+1,...,sBdo
Play zs(u) and set k « ¢t — (s — 1)B — 1.
Update 2¥+1(u) using accelerated gossiping:

2 w) = (1460) > W(u, )2k (v) = 025 (w).
veV
Send 251 (u) and z4(u) to every v € N,.

end for
Compute action 41 (u):

wsr1(u) = argmin(2] (), @) + —[l|3.

TEX s+1

Compute augmented aggregated gradients y1 (u):

yi (u) ) g-(u) — aBu,(u).

T€0sB+1(W)\o(s—1yB+1(U)

9)
Compute first iterates for next block:
Zo (u) (u) +y (u),

o (v) = 27 (w) + 7 ().

_ . B-1
=z

end for

Theorem 9. Assume each agent uw € V runs an instance
of AD-FTRL-DF-SC with a valid communication matrix W
and parameters 0 and B defined in (6). Then, under Assump-
tion 1, 2 and 8, the global regret is bounded as

N(aDL + L?) In(N)

O| ——— [ dmax + ——=—= | In(T) |,
( « < \/1 702(W) ( )
where dmax = maxg(r %ZMG[N] |m(u)|. Moreover,
when di(u) = d(u) for all t € [T), define d =

1

~ d(v) and the global regret is bounded as

veV
N(aDL+L?) [ - In(N)
@) ( - (d + (W)) In (T)> )

The full proof is deferred to Appendix. To our knowledge,
there are no previous results for D-OCO under strongly
convex losses with time- and agent-varying delays. Sev-
eral remarks are as follows. First, to interpret the delay-
dependent term .y, it is not hard to see that dpax <
+ >_ne[n] Maxee(r) di(u), which is the maximum delay
averaged over all agents. Following Qiu, Esposito, and
Zhang (2025), we can also show that dpax < Nyt
Second, reducing to the case where the delay is time-
invariant, we achieve an improved bound compared to

1—02
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Figure 1: Comparison with relevant baselines across three network topologies—complete (left), grid (middle), and cycle
(right)—under convex losses (top row) and strongly convex losses (bottom row).

Cao and Basar (2022), which obtained a regret bound of
OXd T+ %f InT) 'We also recover the bound proven
in Wan et al. (2024a) when d(u) = 0 for all u € [N].
Finally, in Appendix, we also provide a lower bound of
Q((d+1/(1 —o2(W))¥?) - NaIn(T/d)) when dy(u)
dforall t € [T] and v € [N], and all loss functions are
aD-Lipschitz and a-strongly convex, showing that our up-
per bound is tight with respect to T', dax (since dpmax = d
in this case), N and 1 — o2 (W) up to logarithmic factors.

Numerical Experiments

In this section, we evaluate the performance of our proposed
algorithms in the delayed D-OCO setting, using two repre-
sentative sets of loss functions that capture the convex and
strongly convex regimes, respectively.

Setting. To show the algorithms’ performances under the
general convex loss case, following the experiment setup
used in Yuan, Proutiere, and Shi (2020), we define the lo-
cal losses for all agents v € V' as

folv,2) = L ((wi(v), ) — 3, (v)), (10)

where each feature vector w;(v) has independent coordi-
nates drawn uniformly from [—1, 1]. Labels are generated
as follows: for 1 < v < N/2, y:(v) = &(v), and for the
remaining agents, we have y:(v) = (w¢(v), 1) + &:(v) with
e¢(v) being zero-mean, unit-variance Gaussian noise clipped
to [—1, 1]. For strongly convex losses, we augment each lo-
cal loss with an ¢5-regularizer:

2
fu(v,2) = 5((wi(v),2) —p(v))” + gll=l3. (AD
We evaluate the performance of our algorithms and baselines

on three network topologies with N = 36 nodes — the com-
plete graph, in which all agents are connected to one another;

1

2

1

2
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the grid, in which agents are organized in a two-dimensional
lattice and communicate with their immediate horizontal and
vertical neighbors; and the cycle, where each agent v is
connected to v — 1 and v + 1. We use Equation (2) with
¢ = 1/N to set the communication matrix W. Therefore,
1/(1 — o2(W))/* associated to each of the above topolo-
gies is respectively 1, 3.40 and 5.87. Each local delay d;(v)
is independently and uniformly drawn from {0,1,...,50}.
All experiments are conducted over 7' = 1000 rounds, and
each result is averaged over 20 independent trials. We set the
agents’ decision space to be X = {z € R0 ||z|]» < 2}.

Baselines. For the general convex loss setting, we com-
pare our algorithm AD-FTRL-DF (Algorithm 1) with adap-
tive learning rate tuning (Algorithm 2) against De2MFW
(Nguyen, Kim Thang, and Trystram 2024). In the strongly
convex loss setting, we compare our algorithm AD-FTRL-
DF-SC (Algorithm 3) against AD-FTRL-DF (Algorithm 1)
with adaptive learning rate tuning.

Results. Figure 1 shows the regret curve (with the shaded
area the standard deviation over 20 trials) of our algorithms
and the above baselines with losses defined in Equation (10)
and Equation (11) for all three topologies. From the plots,
we observe that for the losses defined in Equation (10), AD-
FTRL-DF with an adaptive learning rate substantially out-
performs De2MFW across all network topologies. In the
strongly convex loss case, AD-FTRL-DF-SC achieves con-
sistently lower regret than the baseline AD-FTRL-DF, which
matches our theoretical guarantees. Comparing among dif-
ferent network topologies, for both convexity regimes, the
regret is significantly higher with the grid and cycle graph
compared to the one with the complete graph. This is consis-
tent with the regret dependence on the reciprocal of a power
of the spectral gap since the associated spectral gap for com-
plete graph is smaller than that for grid and cycle graph.
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