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Abstract

Projection methods aim to reduce the dimensionality of the
optimization instance, thereby improving the scalability of
high-dimensional problems. Recently, Sakaue and Oki (2024)
proposed a data-driven approach for linear programs (LPs),
where the projection matrix is learned from observed prob-
lem instances drawn from an application-specific distribution
of problems. We analyze the generalization guarantee for the
data-driven projection matrix learning for convex quadratic
programs (QPs). Unlike in LPs, the optimal solutions of con-
vex QPs are not confined to the vertices of the feasible poly-
hedron, and this complicates the analysis of the optimal value
function. To overcome this challenge, we demonstrate that
the solutions of convex QPs can be localized within a fea-
sible region corresponding to a special active set, utilizing
Caratheodory’s theorem. Building on such observation, we
propose the unrolled active set method, which models the
computation of the optimal value as a Goldberg-Jerrum algo-
rithm with bounded complexities, thereby establishing learn-
ing guarantees. We then extend our analysis further to other
settings, including learning to match the optimal solution and
an input-aware setting, where we learn to map QP problem
instances to projection matrices.

Extended version — https://arxiv.org/pdf/2509.04524

1 Introduction

Linear programs (LPs) and the more general quadratic pro-
grams (QPs) are simple forms of convex optimization prob-
lems, yet they play crucial roles in many industrial (Gass
2003; Dostal 2009) and scientific domains (Amos 2022).
Practical LP and QP instances are often computationally in-
tensive to solve due to their enormous problem size, which
can encompass millions of variables and constraints. As a re-
sult, accelerating solving approaches for large-scale LPs and
QPs are important directions in the operations research liter-
ature. Two of the most prominent approaches include accel-
erated solvers and dimensionality reduction methods. Accel-
erated solvers focus on improving the speed of widely used
solvers on large-scale problems via parallelization, random-
ization, or wisely leveraging cheap first-order (i.e., gradient)
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information, among other approaches. Some of the recent
advances include parallelized simplex methods (Huangfu
and Hall 2018), randomized interior-point methods (Chowd-
hury et al. 2022), and primal-dual hybrid gradient methods
(Applegate et al. 2021).

Another complementary, solver-agnostic approach for
large-scale LPs and QPs is the dimensionality reduction
technique, which generalizes the idea of reducing the size
of problem instances while preserving the properties of the
objective values and variables. A promising approach is
through random projections (d’Ambrosio et al. 2020; Vu
et al. 2019; Vu, Poirion, and Liberti 2018), where a ran-
dom projection matrix is used to map the variables and fea-
sible regions of the original problem instances into a low-
dimensional space, forming projected problem instances
that can be solved much faster. The solutions of projected
problem instances can then be mapped back to the original
space, in the hope that their quality is sufficiently compara-
ble to that of the optimal solution of the original problem
instances. Importantly, this solver-agnostic approach can be
combined with accelerated solvers to further improve the
solving of large-scale LPs and QPs.

However, random projection matrices overlook the geo-
metric properties of the problem instances, and this over-
sight potentially leads to inferior solution quality of the
projected problem instances compared to that of the orig-
inal problem instances. Recently, Sakaue and Oki (2024)
proposed a data-driven approach for learning the projec-
tion matrix, specifically targeting LPs. Assume that there
are not one, but multiple LPs 7w p = (¢, A,b) € IIip C
R™ x R™*™ x R™ that have to be solved in the form

OPT(mLp) = mliRn {c"x| Az < b}.
xTeR™

The parameters 7 p are drawn from some application-
specific and potentially unknown problem distribution Dy p
over Il p. Sakaue and Oki (2024) proposed to learn the
projection matrix P € P C R™F where k < n is
the dimensionality of the projection space, by minimiz-
ing the expected optimal objective of the projected LPs
E o~y [fLp (P, Lp)], where

(p(P,7p) = min{c' Py | APy < b}
yERF

is the optimal objective value of the projected LP. Be-
cause D is unknown, minimizing Er ,p[lLp(P,7Lp)]



is intractable, and instead we learn P through em-
pirical risk minimization (ERM) using LP problem
instances drawn from Dpp. It is easy to see that
l1p(P,mp) upper-bounds OPT(wp), and therefore the
smaller Er ,~p,,[¢Lp(P,Lp)] is, the closer the quality of
solutions of projected problem instances to that of original
problem instances. Along with promising empirical results,
Sakaue and Oki (2024) provided generalization guarantees
for learning P via ERM by analyzing the learning-theoretic
complexity (i.e., pseudo-dimension (Pollard 1984)) of the
corresponding loss function class Lip = {{p : I p —
[-H,0] | P € P}, where {p(mrp) = {1 p(P,mp), and
H is some real-valued upper-bound for the function class.

Inspired by this success, a natural direction is to extend
this framework to convex QPs. Similarly, given QP problem
instances ™ = (Q, ¢, A,b) € Il C R™™™ x R" x R™*™ x
R™ coming from an application-specific, unknown problem
distribution D over I, the idea is to learn a projection matrix
P ¢ P c R™** with k < n that achieves small population
loss Erp[¢(P, )] via ERM, where

1

£

(P, ) = min

min y ' PTQPy+c"Py| APy < b}.

Again, to ensure the generalization guarantee for P learned
via ERM, we need to analyze the function class £ = {{p :
ITI - [-H,0] | P € P}, where {p(m) = {(P, ).

At first glance, the extension to QPs may seem straight-
forward because the previous ideas seem readily applicable
to the form of QPs, and the gradient update can also be de-
rived using the envelope theorem. However, the optimal so-
lutions of QPs exhibit fundamentally different geometrical
structures, and it turns out that extending the existing theo-
retical framework to QPs requires developing new tools tai-
lored to these specific problems.

Contributions. We formalize the data-driven projection
method for convex QPs and analyze the generalization guar-
antees of learning the projection matrix. Our contributions
can be summarized as follows:

1. We establish generalization guarantees for the data-
driven learning projection matrix for QPs in Theo-
rem 5.7. Our new result is more general and strictly
tighter than the previous bound proposed by Sakaue and
Oki (2024), which applies only to LPs. For completeness,
we also instantiate a lower bound for the convex QPs case

in Proposition 5.8.

. We propose and analyze a novel learning scenario, where
the goal is to match the optimal solution in Section 6.1.
This setting is particularly useful in practical applications
where the focus is on the solution to be implemented. The
guarantee result is presented in Theorem 6.1.

. We consider input-aware settings, where we learn a neu-
ral network that maps a convex QP to a tailored projec-
tion matrix, as described in Section 6.2. The guarantee
result is presented in Theorem 6.2.

Technical challenges and overviews. For any LP with
parameters wp = (¢, A, b) and any projection matrix P,
the solution of the projected LP is one of the vertices of the
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feasible polyhedron. Leveraging such observation, Sakaue
and Oki (2024) describes the computation of the projected
LP’s optimal value ¢, p( P, 7 p) by enumerating all potential
vertices, and identifies the vertex y* that yields the lowest
objective ¢ Py*. The computation of /; p( P, 7 p) can then
be described by a bounded number of distinct conditional
statements involving polynomials in the entries of P; see
Section 3.2 for details.

This favorable property, however, does not extend to
QPs, as the solution of QPs can be anywhere within the
feasible polyhedron, not just at its vertices. This makes
directly locating the solution and calculating the optimal
objective ¢(P, ) very challenging. To overcome this is-
sue, we propose a four-step analytical approach. First, we
will construct a perturbed objective ¢p . (7) that is well-
behaved and can approximate ¢( P, ) with arbitrarily pre-
cision (Lemma 5.1, Proposition 5.2). Second, we leverage
the structure of this perturbed problem to develop the un-
rolled active set method, an algorithm that exactly computes
its optimal value (Lemma 5.4). Third, we demonstrate that
our method can be framed as a GJ algorithm with bounded
complexities (Lemma 5.5), which enables us to bound the
pseudo-dimension of the perturbed function class. Finally,
by relating the perturbed objective to the original, we extend
this bound to the original QP loss function, thereby proving
our main generalization guarantee (Theorem 5.7).

2 Related Works

Projection methods for LPs and QPs. Projection meth-
ods aim to accelerate the solution of LPs and QPs by re-
ducing the size of the problem instances. Previous works
have investigated random projection to reduce the number of
constraints (Vu et al. 2019; Poirion, Lourenco, and Takeda
2023) and variables (Akchen and Misic 2025). Recently,
Sakaue and Oki (2024) and Iwata and Sakaue (2025) consid-
ered a data-driven approach, learning the projection matrix
for a specific distribution of problems instead of a random
projection, specifically targeting LPs. Our paper extends this
framework to convex QPs.

Learning to optimize. Learning to optimize leverages
machine learning to develop optimization methods, i.e., by
predicting an initial solution for the exact algorithm, approx-
imating the exact solution directly, or adapting specific com-
ponents of optimization algorithms (Chen et al. 2022; Amos
et al. 2023; Bengio, Lodi, and Prouvost 2021). Learning to
project for LPs (Sakaue and Oki 2024; Iwata and Sakaue
2025) and convex QPs (this work) belongs to this broad cat-
egory, where the learned projection matrices are used to ac-
celerate off-the-shelf solvers and produce approximate solu-
tions that are guaranteed to be feasible, unlike prior methods
that approximate optimal solutions directly using neural net-
works.

Data-driven algorithm design. Data-driven algorithm
design (Balcan 2020; Gupta and Roughgarden 2020) is an
emerging algorithm design paradigm that proposes adapting
algorithms by configuring their hyperparameters or internal
components to the specific set of problem instances they



must solve, rather than considering the worst-case problem
instances. Assuming that there is an application-specific,
potentially unknown problem distribution from which the
problem instances are drawn, data-driven algorithm design
aims to maximize its empirical performance using the ob-
served problem instances, with the hope that the adapted
algorithm will perform well on future problem instances
drawn from the same problem distribution. Data-driven al-
gorithm design is an active research direction in both em-
pirical validation and theoretical analysis across various do-
mains, including sketching and low-rank approximation (In-
dyk, Vakilian, and Yuan 2019; Bartlett, Indyk, and Wagner
2022; Li et al. 2023), (mixed) integer linear programming
(Balcan et al. 2018; Li et al. 2023), tuning regularization
hyperparameters (Balcan et al. 2022; Balcan, Nguyen, and
Sharma 2023), and other general frameworks for theoretical
analysis in data-driven settings Bartlett, Indyk, and Wagner
(2022); Balcan, Nguyen, and Sharma (2025a,b). Data-driven
projection methods for LPs (Sakaue and Oki 2024) and QPs
are specific instances of data-driven algorithm design.

3 Backgrounds on Learning Theory
3.1 Pseudo-dimension

We recall the notion of pseudo-dimension, the primary
learning-theoretic complexity measure of this work.

Definition 1 (Pseudo-dimension, Pollard 1984). Consider
a real-valued function class L, of which each function
¢ takes input 7 in II and output ¢(w) € [—H,O0).
Given a set of inputs S (m1,...,wn) C
we say that S is shattered by L if there exists a set
of real-valued threshold ri,...,7rny € R such that
{(sign(t(ms) —r1).....,sign{{(mx) — rx)) | (€ L}
2%, The pseudo-dimension of L, denoted as Pdim(L), is the
maximum size N of a input set that L can shatter.

It is widely known from the learning theory literature
that if a real-valued function class has bounded pseudo-
dimension, then it is PAC-learnable with ERM.

Theorem 3.1 (Pollard 1984). Consider a real-valued func-
tion class F, of which each function L takes input m in 11 and
output L(v) € [—H,0]. Assume that Pdim(L) is finite. Then
given ¢ > 0 and § € (0,1), for any N > M (4, €), where

M(d,¢) =0 (?—;(Pdim(ﬁ) + log(l/é))), with probability

at least 1 — § over the draw of S = (71, ..
where D is a distribution over 11, we have

Ernplls(m)] < é?f; Erpl[l(m)] + €.

]

'77TN) ~ DN:

Here, {5 € argminge, ~ Zfil {(m;) is the ERM mini-
mizer.

3.2 Goldberg-Jerrum Framework

Goldberg-Jerrum (GJ) framework is originally proposed by
Goldberg and Jerrum (1993), and is later refined by Bartlett,
Indyk, and Wagner (2022). It is a convenient framework to
establish a pseudo-dimension upper-bound for parameter-
ized function classes, of which the computation can be de-
scribed by a GJ algorithm using conditional statements, in-
termediate values, and outputs involving rational functions
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of their parameters. The formal definition of the GJ algo-
rithm can be described as follows.

Definition 2 (GJ algorithm, (Bartlett, Indyk, and Wagner
2022)). A GJ algorithm T operates on real-valued inputs,
and can perform two types of operations:

* Arithmetic operators of the form v = v ® v/, where

®e{+,—,x,=}, and
* Conditional statements of the form “if v > 0...

”»

else

In both cases, v and v’ are either inputs or values previously
computed by the algorithm.

The immediate values v, v, v” computed by the GJ algo-
rithm are rational functions (fractions of two polynomials)
of its parameters. The complexities of the GJ algorithm are
measured by the highest degree of rational functions it com-
putes and the number of distinct rational functions that ap-
pear in the conditional statements. The formal definition of
its complexities is as follows.

Definition 3 (Complexities of GJ algorithm, (Bartlett, In-
dyk, and Wagner 2022)). The degree of a GJ algorithm is
the maximum degree of any rational function that it com-
putes of the inputs. The predicate complexity of a GJ algo-
rithm is the number of distinct rational functions that appear
in its conditional statements. Here, the degree of rational

Sunction f(x) = %, where g and h are two polynomials

in x, is deg(f) = max{deg(g), deg(h)}.

The following theorem asserts that if any function class
for which the function’s computation can be described by a
GJ algorithm with bounded degree and predicate complexi-
ties, then the pseudo-dimension of that function class is also
bounded.

Theorem 3.2 (Bartlett, Indyk, and Wagner (2022, theo-
rem 3.3)). Suppose that each function {p € L is specified by
n real parameters P € R™. Suppose that for every w € 11
andr € R, there is a GJ algorithm I ;. that, given {p € L,
returns “true” if {p(7) > r and “false” otherwise. Assume
that 'y . has degree A and predicate complexity A. Then,
Pdim(£) = O(nlog(AA)).

Note that the GJ algorithm I'; ;. described above corre-
sponds to each fixed input 7 and threshold value r. The in-
put of the GJ algorithm I';; ,. is the hyperparameters P (the
projection matrix in our case) parameterizing ¢p, and the
intermediate values and conditional statements involve in
rational functions of P. Moreover, the GJ framework only
serves as a tool for analyzing learning-theoretic complex-
ity (e.g., pseudo-dimension) of the parameterized function
class £, and does not describe how the function ¢p () is
computed in practice. In our framework, the computation
of ¢p(m) utilizes our proposed unrolled active set method
in Algorithm 1, which we show to be a GJ algorithm with
bounded complexities in Lemma 5.5. In practice, it might be
computed using the active set method (Nocedal and Wright
2006) or interior-point method (Dikin 1967) for computa-
tional efficiency; however, these methods cannot be cast as
GJ algorithms.



4 Problem Settings

This section formalizes the problem of learning the projec-
tion matrix for QPs in the data-driven setting.

4.1 Original QPs and Projected QPs

Consider the original QPs (OQPs) m = (Q, ¢, A,b) € II C
R™ 7™ x R™ x R™*™ x R™ with inequality constraints:

OPT(m) = min

xR

{;mTQw +c'z| Az < b} , (OQP)

where @ is a positive semi-definite (PSD) matrix, while n
and m are the number of variables and constraints, respec-
tively. Here, we assume that the variable size n and the num-
ber of constraints m are large, and solving the OQP is a com-
putationally expensive task. The core idea of the projection
method evolves around a full column-rank projection matrix
P c¢ P C R™ ¥ where k < n is the projection dimen-
sion. Setting * = Py, we obtain the projected QPs (PQPs)
corresponding to the OQPs 7 and the projection matrix P
y ' PTQPy+c"Py| APy <by,.

{1
(PQP)
Similar to prior works (Sakaue and Oki 2023; Vu et al.

LP,m) = min | o
2019), we make the following assumptions for the OQPs.

yeRF

Assumption 1 (Regularity conditions). The OQPs:

(1) take inequality-constrained form as (OQP),

(2) have 0,, € R" as a feasible point,

(3) have the feasible region is bounded by R in the sense that
lz]|2 < R for any feasible x, and

(4) have bounded optimal objective value from [—H, 0], for
some constant positive H.

Remark 1. As discussed in previous work (Sakaue and Oki
2024; Vu et al. 2019), Assumption 1 is not restrictive. First,
any QPs that also have equality assumptions can also be con-
verted into the inequality form (Assumption 1.1 by consider-
ing the null space of the equality constraints (see Appendix
C, (Sakaue and Oki 2024) for details). For Assumption 1.2,
one can instead assume that there exists a feasible point x,
and linearly translate the feasible region so that o coincides
with 0,,, without changing the form of QPs. Assumption 1.3
is standard from the optimization literature (Vu et al. 2019).
Lastly, Assumption 1.4 is simply a consequence of Assump-
tion 1.1 and 1.2.

Under Assumption 1, the PQPs also have a favorable
structure, which can be formalized as follows.

Proposition 4.1. Under Assumption 1, then for any OQP
7 and projection matrix P, (i) the corresponding PQP has
0y as a feasible point, and (ii) {(P, ) is lower bounded by
OPT(w), and therefore takes a value between [—H., 0.

Proof. Since 0,, is a feasible point of OQP w, y = 0
satisfies APy < b, meaning that O is a feasible point
of PQP. Moreover, let y* be an optimal solution of PQP,
then ' = Py* is a feasible point of OQP, thus OPT(7) <
P, ). O
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4.2 Data-driven Learning of the Projection
Matrix

In the data-driven setting, we assume that there is an
application-specific and potentially unknown problem dis-
tribution D over the set of QPs II. The optimal projection
matrix P minimizes the population PQPs’ optimal objective
value
PL € argminE, p[l(P, ).
PcP

From Proposition 4.1, we know that the smaller
Erp[¢(P,m)], the closer the optimal objective value
of PQP ¢(P,m) to OPT(w), and the better P. However,
since D is unknown, we instead learn P using the observed
PQPs S = {my,...,wn} drawn i.i.d. from D via ERM

1 N
i=1

Object of study. We aim to answer the standard general-
ization guarantee question: given a tolerance € > 0 and a
failure probability § € (0, 1), what is the sample complex-
ity M (e, 0) such that with probability at least 1 — § over the
draw of problem instances S = {my,..., 7y}, where N >
M(e,8), wehave B p[l(Pg, )] < Exop[l(Ph, )] +e.
Consider the function class £ = {¢{p : II — [-H,0] | P €
P}, where £p(m) = ¢(P,w). Theorem 3.1 suggests that
the generalization guarantee is achievable by bounding the
pseudo-dimension of L.

Ps e arg min
PeP

5 Generalization Guarantee for Data-driven
Input-Agnostic Projection Method for QPs

This section provides the generalization guarantee for data-
driven learning of the projection matrix P for QPs.

5.1 Regularizing via Perturbing OQPs and the
Perturbed Function Class

There are two main obstacles to analyzing the generaliza-
tion guarantee for data-driven learning the projection matrix
in QPs. First, the optimal solution of QPs can lie arbitrarily
anywhere in the feasible polyhedron. Second, when the ma-
trix @ is singular, there can be infinitely many optimal solu-
tions. To address this issue, we first introduce the perturbed
function class £, constructed by adding Tikhonov’s regu-
larization to the objective function of OQPs. This perturba-
tion is equivalent to perturbing the matrix @ of the original
input. After the perturbation: (i) the objective function of the
perturbed OQPs and any perturbed PQPs becomes strictly
convex, which favorably helps us localize the unique opti-
mal solution and constructing the unrolled active set method;
and (2) the perturbed function class £, can approximate £
with arbitrary precision, and therefore analyzing the £ can
recover the guarantee for L.

Lemma 5.1. Given a OQP w (Q,c, A,b), then there
exists v > 0 that is independent on P, such that for the
perturbed OQP 7., = (Q.,, ¢, A,b), where Q. = Q +~I,,

and for any projection matrix P € P, we have

YR?

OSK(P,TW)—E(P,#) <

)



where R comes from Assumption 1.3.

Proof. Let y*(P) is an optimal solution of the PQP, that is,
UP,7) = iy*(P)" PTQPy*(P) + ¢" Py*(P), and let

) fe(y) = %yTPTQPy + ¢ Py be the objective func-
tion of the PQP, and

(i) fpo(y) =5y " P (Q+7I,)Py+c' Py = fp(y)+
Z||Py||3 be the objective function of the perturbed PQP.

Then fp(y*(P)) = {(P,w) by definition, and note that
y*(P) is a feasible point of the perturbed PQP 7., mean-
ing that fp ~(y*(P)) > ¢(P, ). Besides, PQP and per-
turbed PQP have the same feasible region, with the objec-
tive of PQP fp(y) is smaller than that of perturbed PQP
fp,(y), meaning that {(P, 7.) > {(P, ). Combining the
facts above, we have

0 < (P, m) — (P, ) < fpa(y*(P)) - fp(y"(P))
= IPy*(P)

where the final inequality comes from the fact that Py*(P)
is a feasible point of OQP, and the feasible region is bounded
by R by Assumption 1.3. O

Proposition 5.2. Any perturbed PQP of a perturbed OQP
7., under a projection matrix P has a unique optimal solu-
tion.

Proof. First, notice that the matrix P " Q. P is positive def-

inite. To see that, for any y € R¥ and y # 0, we have
Py # 0, since P is a full-column rank matrix. Therefore
y' P'Q Py = (Py)'Q,(Py) >0aQ, = Q+I,
is a positive definite matrix. This implies that the objec-
tive value of the perturbed PQP 7, is also strictly con-
vex. Moreover, the perturbed PQP is feasible (admitting
0, as a feasible point by Proposition 4.1) and bounded as
—H < OPT(w) < {(P,w) < {(P,m,). Therefore, the
perturbed PQP has a unique optimal solution. O

We now formally define the perturbed function class L.

Definition 4 (Perturbed function class). Given v > 0, the
perturbed function class L., is defined as

L,={lp,:Tl—[-H,0]| PecP}

where Lp () = {(P,m,), 7y = (Q + vI,,c, A,b),
and ((P,.,) is the optimal objective value of the perturbed
PQP corresponding to the perturbed OQP ., and projec-
tion matrix P.

Next, we analyze the pseudo-dimension of £, and later
use the bound on the pseudo-dimension of £ to bound the
pseudo-dimension of £. Toward this goal, we need to intro-
duce several auxiliary results: In Section 5.2, we simplify
the representation of the optimal solution using a localiza-
tion technique, and in Section 5.3, we devise a GJ algorithm
to compute the optimal value of the perturbed PQP. These
two results are the foundation for the bounding the psedo-
dimension in Section 5.4.
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5.2 Localizing the Solution of Perturbed PQPs

Consider the perturbed PQP corresponding to a projection
matrix P and the perturbed OQP 7, = (Q,,c, A,b), and
for convenience, let = PTQ,YP, ¢c=P'c,and A = AP.
We first prove that the solution of the perturbed PQP can be
described using a simpler equality-constrained QP, of which
the constraint matrix Ag, extracted from the constraint ma-
trix A of the perturbed PQP, has linearly independent rows.
This serves as a localizing scheme for the optimal solution
of a perturbed PQP, and is the foundation for the unrolled
active set method (Algorithm 1) that we describe later.

Lemma 5.3. Let y* be the (unique) optimal solution of per-
turbed PQP with the corresponding active set A(y™*)
{i € {1,...,m} | A;y* = b;}. Then there exists a sub-
set B C A(y*) such that:

1. The matrix Ag has linearly independent row. Here Ap
is the matrix formed by the row it" row of A fori € B.

y* is the unique solution for the equality-constrained QP

min, g {%yTQy +e'y | Apy = b3}~

2.

Proof sketch. The detailed proof can be found in the ap-
pendix. Using KKT conditions, we claim that —(Qy*+¢) =
Ziex}(y*) Al AL Note tha't DicA(y-) Ni - Ai s a conic
combination, and using Conic’s Carathéodory theorem, we
claim that there exists a subset B C A(y*) such that there

exists p; > 0 for ¢ € B such that —(Qy* + ¢)
~ N ~T ~
ZjeB“j A & Qy+ ¢+ Agug = 0, and Ap
has linearly independent rows. Finally, we will show that
y* is the unique solution of the equality-constrained QP

min, e {%yTQy +¢'y| Agy = bB} by showing that
O

(y*, pp) is a KKT point of that problem.

Remark 2. In Lemma 5.3, since Ap has linearly indepen-
dent row and @ is positive definite, one can easily show that
S =T
Q Ag
Az 0
equality-constrained QP is invertible. Therefore, there ex-

the KKT matrix K = corresponding to the

ists Ag such that [;\/*} =K' {;c} . This point is helpful
B B

in designing the unrolled active set method for computing
{(P, ) in the next section.

5.3 The Unrolled Active Set Method

‘We now introduce the unrolled active set method, a GJ al-
gorithm with bounded complexities that exactly computes
the optimal objective value of the perturbed PQP ¢(P, 7))
corresponding to the perturbed OQP 7., and the projection
matrix P.

Intuition. The details of the unrolled active set method are
demonstrated in Algorithm 1. Here, the algorithm is defined
for each perturbed OQP =, and takes the projection ma-
trix P as the input. The general idea is to check all the
potential active subsets A of rows of A = AP up to
min{m, k} elements. If we find A such that KKT matrix



~ ~T

K=|Q A
A

culate the potential optimal solution vy, and Lagrangian
Acand- We then check if (Y unq, Acand) is @ KKT point of the
perturbed PQP corresponding to the perturbed OQP 7, and
the projection matrix P. If yes, then y_,,4 is the optimal so-
lution for the perturbed PQP, and we output the optimal ob-
jective value; else we move on to the next potential active
subset A.

Correctness and GJ complexities. In this section, we
demonstrate that the unrolled active set method yields the
optimal solution for the perturbed PQP. Then, we will show
that the algorithm is also a GJ algorithm, and we will bound
its predicate complexity and degree.

is invertible, then we can use it to cal-

Lemma 5.4. Given a perturbed OQP 7., the algorithm I
described by Algorithm 1 will output {(P, 7).

Proof sketch. The detailed proof can be found in the ap-
pendix. To prove the existence, showing that the algorithm
guarantees to find an optimal solution y*, we have to use
Lemma 5.3, saying that there exists a subset B C A(y*)
such that y* is the solution of the equality constrained
QP corresponding to Ag with linearly independent rows.
Then, we notice that the algorithm will check all subsets
of {1,...,m} of at most min(m, k) elements, hence it will
eventually check A = B. When A = B, we verify that the
candidate Yy ,,q and Acang Will pass all the primal and dual
feasibility checks, and y,,,4 is the optimal solution. For the
correctness part, we will show that any y,,,q output by the
algorithm is the optimal solution, by showing that (Y .4, A)s
where A 4 = Acang and Az = 0, is indeed a KKT point. [

Lemma 5.5. Given a perturbed OQP m., the algo-
rithm Uy described by Algorithm 1 is a GJ algo-
rithm with degree O(m + k) and predicate complexity
O (mmin (2™, (¢2)F)).

k
Proof sketch. First, note that Q = PTQ,YP is a matrix of
which each entry is a polynomial in (the entries of) P of
degree at most 2. Similarly, each entry of A = AP and
¢=P'cisa polynomial in P of degree at most 1. We show
that we have to check at most min(2™, (em/k)*) potential
active sets. For each potential active set A, we show that
the number of distinct predicates is O(m) and the maximum
degree of each predicate is O(m+ k). Combining those facts
gives the result. 0

5.4 Pseudo-dimension Upper-bound Recovery for
the Original Function Class

Using Lemma 5.5, we now give a concrete upper-bound for
the pseudo-dimension of the perturbed function class £.,.

Lemma 5.6 (Pseudo-dimension of L,). We
Pdim(L,) = O (nkmin(m, klogm)) for any v > 0.

have

Using the bound on the pseudo-dimension of perturbed
function class Pdim(L.,) and the connection between £, and
L via Lemma 5.1, we can bound the the pseudo-dimension
of the original function class £ as follows.
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Algorithm 1: The unrolled active set method I'y
sponding to the perturbed OQP 7., = (Q.,, ¢, A, b)

Input: Projection matrix P € R™"*¥
Output: Optimal value of
PQP.

1: SetQ=P'Q,P,A=AP,andé=P'ec.

corre-

the perturbed

2: for potential active set A C {1,...,m}, |A| <
min{m, k} do
~ ~T
3:  Construct KKT matrix K = [9 AA]
Ay O
4:  if det(K) # 0 then
5: Compute ?){2:';3 =K! b_j )
6: /* Checking feasibility of potential solution y .4 */
7: yFeasible = True
8: for j ¢ Ado
9 if A, yeuq > b; then
10: yFeasible = False
11: break
12: end if
13: end for
14: if yFeasible then
15: /* Checking validation of Lagrangian Acya */
lambdaV alid = True
16: for j € Ado
17: if Acand,j < 0 then
18: lambdaV alid = False
19: break
20: end if
21: end for
22: if lambdaV alid then
23: return %ycTandecand + éT ycand
24: end if
25: end if
26:  end if
27: end for
Theorem 5.7 (Psecudo-dimension of L). We have

Pdim(£) = O (nk min(m, klog m)).

Proof. First, we claim that 0 < fatdim., g2 /o £ < Pdim(L,)
for any v > 0, where fatdim,, (£) is the fat-shattering dimen-
sion of £ at scale «. To see that, assume S = {m1,..., N}

is "’Qﬁ fat-shattered by £, meaning that there exists real-
valued thresholds 71,...,ry € R such that for any I C
{1,..., N}, there exists £p € L such that

2

R
fe(my) >r+ %fori €I, and

R? )
fp(m;) <r; — FYT forj & I.
From Lemma 5.1, we have 0 < {p (7)) — {p(m) < 71;“2
for any 7 and any P € P. This implies that fp - (7;) > r;
if and only if ¢ € I. Therefore, S is also pseudo-shattered
by L., which implies 0 < fatdim g2 /5(£) < Pdim(L,).




From Lemma 5.6, Pdim(£,) = O(nkmin(m,klogm))
for any v > 0, therefore 0 < fatdim,p2/5(L) <
C - nkmin(m,klogm) for any v > 0 and some
fixed constant C. Taking the limit v — 0% and us-

ing properties of fat-shattering dimension, we have 0 <
Pdim(£) < C - nkmin(m,klogm), or Pdim(L) =
O(nk min(m, klogm)). O

Note that Theorem 5.7 is also applicable for data-
driven learning projection matrix for LPs, as LP is a sub-
problem of QP. Compared to the upper bound Pdim(Lp) =
O(nk?logmk) by Sakaue and Oki (2024, Theorem 4.4),
our bound in Theorem 5.7 is strictly tighter and applicable
to both QPs and LPs.

5.5 Lower Bound of Pseudo-dimension

For completeness, we also present the lower-bound for
Pdim(L£), of which the construction is inspired by the con-
struction of learning projection matrix for LPs (Sakaue and
Oki 2024).

Proposition 5.8. We have Pdim(L) = Q(nk).

6 Extension to Other Settings
6.1 Learning to Match the Optimal Solution

In many cases, the decision-maker is interested in concrete
solutions to implement. In these situations, the optimal value
is less important than the optimal solution. We now con-
sider the setting where we want to learn the projection ma-
trix P such that the optimal solution of the PQP is close to
that of the OQP. Such an approximative solution can also be
used to warm-start an exact solver and accelerate the solving
process. In this section, we propose an alternative objective
value for learning P. First, we assume the strict convexity
of the problem instance, so that the optimal solution of the
OQP is well-defined (unique).

Assumption 2. For any m = (Q, ¢, A.b) € II, the matrix
Q is positive definite.

Under such assumption, we seek the projection
matrix P such that the recovered solution is close
to the optimal solution of the PQP in expectation,

ie, Pp € argminpcpErop[lmach(P,7)], where
lnaen (P, ) = ||zt — Py*(P,m)||2 is the matching
loss, ¢ = argmingep. {32 Qz+c'x|Ax <b}

is the optimal solution of the OQP, and y*(P,)
arg min, cge {%yTPTQPy +c"Py| APy < b}
is the optimal solution of the PQP. Again, since D is
unknown, we are instead given N problem instances
S = {m1,...,mn} drawn iid. from D, and learn P via
ERM, ie., Pg € argminpgp % 21111 Lonaten (P, ;). Let
Ematoh = {fmatch,P 11 — [—H,O]} | P < P}, where
Liateh, P(T0) = Lmaien (P, 7). The following result provides
the upper-bound for the pseudo-dimension of L,ch-

Theorem 6.1. Assuming that all the QPs satisfies Assump-
tion 2 so that X% is defined uniquely. Then Pdim(Lmach) =
O(nk min(m, klogm)).
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Proof sketch. Given m, the general idea is using a variant
of the unrolled active set method (Algorithm 1) to calculate
the optimal solution y* (P, 7). Then £yyen (P, 7) can also
be calculated with a GJ algorithm with a bounded predicate
complexity and degree, based on the GJ algorithm calculat-
ing y* (P, ). Finally, Theorem 3.2 gives us the final guar-
antee. O

6.2 Input-aware Learning of Projection Matrix

In this section, we consider the setting of input-aware data-
driven learning of the projection matrix for QPs, recently
proposed by Iwata and Sakaue (2025) in the context of LP.
Here, instead of learning a single projection matrix P, we
learn a mapping fg : I — P, e.g., a neural network, that
takes a problem instance m drawn from D and outputs the
corresponding projection matrix P, = fg (7). With some
computational trade-off for generating the projection matrix,
this method has shown promising results, generating a bet-
ter input-aware projection matrix that achieves better perfor-
mance than an input-agnostic projection matrix while using
the same projection dimension k.

Network architecture. Inspired by Iwata and Sakaue
(2025), we assume that fg is a neural network parameter-
izedby 8 € © C RW . where W is the number of param-
eters of the neural network that takes the input 7rg, of size
n? + n 4+ nm + m that is formed by flattening Q, c, A, b
in 7v. Let L be the number of hidden layers, and let fg
be the network of L + 2 layers, with the number of neu-
rons of input layer is Wy = m? + n + mn + m, that of
the output layer is Wy o = nk, and that of i*" layer is
W; for i € {1,...,L}. Each hidden layer uses ReLU as

the non-linear activation function, and let U = Ef\; Wi
be the number of hidden neurons. Consider the function
class £iy = {lg : II — [-H,0] | 6 € O}, where
Lo(m) = L(fo(mqa), ™). Then we have the following re-
sult, which bounds the pseudo-dimension of L.

Theorem 6.2. Assume that the output fo(7) has full col-
umn rank, then Pdim(Li, ,) = O(W (Llog(U + mk) +
min(m, klogm))).

7 Conclusion and Future Works

We introduced the task of data-driven learning of a projec-
tion matrix for convex QPs. By a novel analysis approach,
we establish the first upper bound on the pseudo-dimension
of the learning projection matrix in QPs. Compared to the
previous bound of (Sakaue and Oki 2024), our new result
is more general because it applies to both QPs and LPs and
is strictly tighter. We further extend our analysis to learning
to match the optimal solution and the input-aware setting.
Our analysis opens many interesting directions for exten-
sion, including the conic programming and (mixed) integer
programming.
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