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Abstract

We investigate a binary classification problem in an edge in-
telligence system where false negatives are more costly than
false positives. The system features a compact, locally de-
ployed model, supplemented by a larger, remote model that
is accessible via the network, albeit at an offloading cost. For
each sample, our system first uses the locally deployed model
for inference. Based on the output of the local model, the sam-
ple may be offloaded to the remote model. This work aims to
understand the fundamental trade-off between classification
accuracy and the offloading costs within such a hierarchical
inference (HI) system. To optimise this system, we propose
an online learning framework that continuously adapts a pair
of thresholds on the local model’s confidence scores. These
thresholds determine the prediction of the local model and
whether a sample is classified locally or offloaded to the re-
mote model. We present a closed-form solution for the set-
ting where the local model is calibrated. For the more gen-
eral case of uncalibrated models, we introduce H2T2, an on-
line two-threshold hierarchical inference policy, and prove it
achieves sublinear regret. H2T2 is model-agnostic, requires
no training, and learns during the inference phase using lim-
ited feedback. Simulations on real-world datasets show that
H2T2 consistently outperforms naive and single-threshold HI
policies, sometimes even surpassing single-threshold offline
optima. The policy also demonstrates robustness to distribu-
tion shifts and adapts effectively to mismatched classifiers.

Code and datasets —
https://github.com/vnmo/H2T2-AAAI-2026

Extended version — https://arxiv.org/abs/2509.15674

1 Introduction
Edge intelligence systems often operate in critical and
resource-constrained environments, where inference tasks
must carefully balance cost and accuracy. Examples in-
clude event detection, typically framed as a binary classi-
fication problem with applications such as medical diagnos-
tics, surveillance, and smart cameras detecting theft, where
high reliability must be achieved at a low cost. For instance,
consider a medical scenario where a lightweight local infer-
ence model performs radiology screening of patient scans
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Figure 1: Architecture of the proposed HI-Hedge with Two
Thresholds (H2T2) offload decision-making policy.

but may struggle with ambiguous or complex cases. Of-
floading such samples to a more accurate remote model–
or a human specialist– can considerably improve reliability,
but at the cost of significant networking and access costs.
The consequences of false positives (FP) and false nega-
tives (FN) are typically asymmetric in such settings. For
example, missing an incoming threat or a cancer case may
be far costlier than a false alarm. Moreover, retraining or
updating the local model to adapt to distribution shifts or
cost changes may be impractical due to network limita-
tions or model complexity. As a result, training-independent,
inference-time decisions become essential. In some systems,
pre-training may not be possible at all, requiring models to
learn on the fly (Sturzinger and Satyanarayanan 2024).

We consider an edge intelligence system with an edge de-
vice and a remote server. The device is equipped with a pre-
trained local deep learning (LDL) model tasked with cost-
sensitive binary classification. For each sample, it can either
make a local decision using the LDL output or offload it–at
a cost–to a larger, more accurate remote DL (RDL) model.
We aim to design an inference-time offloading policy with
asymmetric FP and FN costs that selectively offload am-
biguous samples based on the LDL output. We use Hier-
archical Inference (HI) (Moothedath, Champati, and Gross
2024; Beytur et al. 2024; Al-Atat et al. 2024), a post-hoc
meta learning framework where each sample is first sent to
the LDL, and the decision to offload to the RDL is made
based on the LDL’s output; see Figure 1. Prior HI works
learned a threshold and offloads a sample if the LDL’s con-
fidence (e.g., maximum softmax value) of its decision falls
below it.
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Figure 2: FPR vs. FNR and average cost of 1T (single-
threshold) and 2T (two-threshold) policies on (a) BreakHis,
and (b) synthetic configurations from TABLE 2. Normalised
costs of false positive, false negative, and offload are 0.7, 1,
and 0.3, respectively. Optima of IT and 2T polcies are de-
noted using 1T∗ and 2T∗, respectively.

Related Works
HI has received considerable attention (Nikoloska and Zla-
tanov 2021; Letsiou et al. 2024; Al-Atat et al. 2023; Moothe-
dath, Champati, and Gross 2024; Beytur et al. 2024; Al-
Atat et al. 2024; Behera et al. 2025; Datta, Moharir, and
Champati 2025), particularly within the edge computing
community. Nikoloska and Zlatanov; Al-Atat et al.; Be-
hera et al. assumed a fixed offloading cost per sample and
used a predetermined threshold–computed from the training
data–on the maximum softmax value of the LDL to make
the offloading decision. To handle the varying offloading
costs and distribution drifts between training and inference
phases, Moothedath, Champati, and Gross; Beytur et al.; Al-
Atat et al.; Letsiou et al. investigated learning the optimum
threshold online. Moothedath, Champati, and Gross formu-
lated HI as a variant of the classical Prediction with Expert
Advice (PEA) (Cesa-Bianchi and Lugosi 2006) and pro-
vided dataset-dependent regret bounds. Al-Atat et al. pro-
vided improved regret bounds for the problem, considering
a more general setting with random and potentially corre-
lated offloading costs. Beytur et al. extended HI to multiple
devices and studied maximising accuracy subject to an av-
erage offloading cost constraint. In contrast to existing work
on HI, we consider asymmetric costs for FPs and FNs.

Our work is also related to the Learning to Reject (L2R)
and Learning to Defer (L2D) works by (Cortes, DeSalvo,
and Mohri 2016; Saerens, Latinne, and Decaestecker 2002;
Ramaswamy, Tewari, and Agarwal 2018; Ni et al. 2019;
Narasimhan et al. 2022), which focus on training models
with an option to reject, or defer to an expert model–at
some cost. In contrast, our meta-learning framework is pro-
posed for the inference phase, where the pre-trained LDL
remains unaltered, and it does not require offline RDL infer-
ences. This enables the use of off-the-shelf models on both
the edge device and the server. In contrast to cost-sensitive
classification (Elkan 2001), our problem requires ambiguity-
awareness not only for cost-sensitive classification but also
to make the offloading decision. Finally, our framework han-

Related work category AA AC IT DMA
Rejection(L2R), Deferral(L2D) ✓ × × ×
Cost-Sensitive Classification × ✓ × ×
HI–Single Threshold ✓ × ✓ ✓
H2T2 (proposed) ✓ ✓ ✓ ✓

Table 1: Comparison of the proposed policy with re-
lated work categories across key properties: ambiguity-
aware (AA), asymmetric costs (AC), inference-time learn-
ing (ITL), and dataset & model agnostic (DMA).

dles Out-of-Distribution (OOD) samples at inference time,
allows independent costs for local processing, offloading,
false positives, and false negatives, and allows the offload-
ing cost to be random and unknown a priori. We summarise
the difference with related works in Table 1.

While prior HI works utilise the LDL output to make
naive argmax-based LDL inference when not offloading, we
use it to make our own cost-sensitive decisions–serving as
both an offloading and a local inference policy. More im-
portantly, all HI works use a single threshold for offloading
decisions. We argue that, for cost-sensitive classification, us-
ing a single threshold yields sub-optimal solutions. To illus-
trate this, in Fig. 2 we use two dataset-classifier combina-
tions and show the false-positive rates (FPRs), false negative
rates (FNRs), and the average costs achievable by single-
threshold and two-threshold policies. While single-threshold
policies can reduce FPR and FNR, even the best single-
threshold policy cannot achieve the lowest possible overall
cost. Instead, we propose a two-threshold HI decision rule
and present a sublinear regret algorithm to solve the prob-
lem at hand.

Our Contributions
Our key contributions are outlined as follows:

• For calibrated LDL models, we derive a two-threshold
rule for the softmax value that minimises the Bayesian
expected cost. When FP and FN costs are equal and the
offloading cost is constant, this rule reduces to Chow’s
rule for classification with rejection (Chow 2003).

• Motivated by this, we propose a two-threshold-based HI
policy called H2T2 to solve the problem and show that
it has O(T

2
3 ) regret. Unlike the standard PEA, ground

truth labels are unavailable during inference, and H2T2
achieves this sublinear regret by estimating local misclas-
sifications via offloading a fraction of input samples. Ex-
periments on real-world and synthetic datasets demon-
strate that H2T2 incurs lower costs compared to the base-
line policies, and in some cases, lower than the offline
single-threshold optima. Furthermore, we demonstrate
that H2T2 cost gains are significant for OOD data. While
some cost regions favour naive policies, these regions are
unknown a priori.

In the following sections, we present the problem setup,
theoretical results for calibrated models, the proposed al-
gorithm with regret analysis, and experimental evaluation.
Proofs are provided in the appendix.
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2 Problem Setting
We consider a system consisting of an edge device and an
edge server. The device must infer relevant information from
each sample that arrives periodically, which is then used
to make control decisions. This work focuses on the case
where this inference task is a cost-sensitive binary classi-
fication or event detection. The system is equipped with
two deep learning (DL) models trained for this task: a local
DL (LDL) model deployed on the device and a remote DL
(RDL) model deployed on the server. Given the memory and
computing constraints of the device, the LDL is lightweight
and, therefore, has lower accuracy than the RDL. We focus
on the HI framework, where each sample is first processed
by the LDL. Based on its output, the system either makes a
local inference or offloads the sample to the RDL for better
inference.

Inference Task Assume samples xt arrive i.i.d. in time
slots indexed by t. The goal of the classifier is to map each
sample to one of two possible classes, 0 and 1. To this end,
the model outputs a softmax tuple (f0(xt), f1(xt)) ∈ R2

with 0≤ f0(xt),f1(xt)≤ 1, and f0(xt)+f1(xt) = 1. In the
remainder of this work, we define the class 1 as the class or
event of interest and ft := f1(xt) as the corresponding LDL
output. We assume that the model outputs are expressed us-
ing b bits and therefore are quantised into 2b values. This is
true for any practical system and has also been assumed in
related literature.

Loss Function We denote the LDL and RDL models by
the binary classifiers hl(.) and hr(.). For each sample xt, we
either use hl(xt) or offload the sample and use hr(xt) as our
inference. In the absence of knowledge of the ground truth
class for each sample, we treat the inference of the RDL as
a proxy for this ground truth. This is justified by the fact
that in any non-trivial scenario, the LDL aims to achieve the
performance of the RDL, and no more. Further, this treat-
ment adds simplicity and readability, and extensions to hav-
ing an imperfect RDL can be done by following the same
approach that is used for the single threshold HI in Moothe-
dath, Champati, and Gross. Under this consideration, we
have two types of classification errors that can occur when
the inference is made locally:
– False-positive (FP), when, hl(xt) = 1 and hr(xt) = 0,
– False-negative (FN), when, hl(xt) = 0 and hr(xt) = 1.

We use δ1, δ−1 and βt to denote the normalised false posi-
tive, false negative, and offload cost at time t. Here, βt<β is
generated by an oblivious adversary, and is available at least
after round t. Normalisation is achieved by subtracting the
common LDL processing cost and scaling by the maximum
cost, thereby mapping all values to the range [0, 1]. When a
local inference is made, the system incurs a loss of ϕt:

ϕt =


δ1 if FP
δ−1 if FN
0 otherwise.

(1)

We assume that βt is presented to the policy at the start
of round t. The system is trivial when βt ≥max{δ1, δ−1},
enabling an assumption of βt≤β=1.

Let π denote the policy (or algorithm) making offloading
decisions and lt(π) denote the incurred true loss of this pol-
icy at round t. It follows that

lt(π) =

{
ϕt if hl(xt) is used
βt otherwise.

(2)

The corresponding cumulative loss LT (π)=
∑T

t=1 lt(π). In
the remainder of this work, we omit the argument π when it
is clear from the context.

Threshold-based Policies and Performance Metric
Recall that for each sample, LDL outputs a score ft corre-
sponding to class 1. It follows that if ft is large (close to 1)
or small (close to 0), it is very likely that the ground truth is
1 or 0. On the other hand, intermediate values of ft imply
ambiguity. Motivated by this, we focus on threshold-based
HI policies where the offloading decision in each slot t is
governed by a tuple θ⃗ := (θl, θu), where 0 ≤ θl ≤ θu ≤ 1.
A sample is offloaded if θl≤ ft<θu, predicted as class 1 if
ft ≥ θu, and class 0 otherwise. Our goal in this work is to
learn these thresholds online.

We say that a policy is a fixed-threshold (fixed-θ⃗) policy
if θ⃗ does not change over the time-horizon of interest. Let
the losses associated with this threshold-based policy that
uses θ⃗ as the threshold tuple be denoted by l̂t(θ⃗) and the
corresponding cumulative loss be L̂T (θ⃗). That is, l̂t(θ⃗) =

lt(θ⃗) if the employed policy is a theshold-based policy. It
follows that

l̂t(θ⃗) =

{
βt if θl ≤ ft < θu,

ϕt otherwise.
(3)

Define θ⃗∗=(θ∗l , θ
∗
u) as the fixed thresholds with the lowest

expected cumulative loss in the class of fixed-θ⃗ policies.

θ⃗∗ = argmin
θ⃗

E[L̂T (θ⃗)] = argmin
θ⃗

E

[
T∑

t=1

l̂t(θ⃗)]

]
. (4)

We use the fixed threshold policy with threshold θ⃗∗ as the
reference policy to compare the performance of candidate
policies. Our performance metric for a candidate policy is
regret, denoted by RT , where

RT = E[LT ]− E[L̂T (θ⃗
∗)]. (5)

The expectation in (4) and (5) are taken over the randomness
in the arrivals xt and in the candidate policy.

3 Optimal Policy Under a Calibrated Model
In this section, we focus on the setting where the LDL is
calibrated, i.e., for each sample, the LDL output (softmax
value) for each class equals the a posteriori probability of
that sample belonging to that class. Let X and Y denote the
input space and the label space, respectively. Assume that
(xt, hr(xt)) is drawn i.i.d from X × Y .
Definition 1 (Calibrated Model). The DL model that gen-
erates the softmax values (1 − ft, ft) for the sample xt is
calibrated, if P(hr(xt) = 1|xt) = ft, ∀t.
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We now characterise the optimal HI offloading policy for
cost-sensitive classification for calibrated LDL.
Theorem 1. Let xt denote the sample input to a calibrated
LDL. Then, the optimal predictor h∗l (xt) is given by

h∗
l (xt) =

{
1, if ft ≥ δ1

δ1+δ−1
,

0, otherwise.
(6)

Further, with a known βt, the optimum offloading decision
for this setup is to offload the sample when

θ∗l
(t) := βt

δ−1
≤ ft < 1− βt

δ1
:= θ∗u

(t)
, (7)

with an associated expected loss of

E[l̂t] = min{βt, δ1(1− ft), δ−1ft}. (8)

Remark 1. Theorem 1 implies the following: (i) Offload-
ing does not occur if βt ≥ δ1δ−1

δ1+δ−1
, half the harmonic mean

of δ1 and δ−1; (ii) when δ1 = δ−1, the decision is equiv-
alent to Chow’s rule for classification with rejection, with
no offloading if βt ≥ 0.5, and offloading if and only if
min{f1(xt), f0(xt)} > βt. If not offloaded, the prediction
is the class with the higher softmax value.

The key question is its extension to non-calibrated mod-
els, where the thresholds must be learned.

4 The H2T2 Policy
This section relaxes the assumption of a calibrated LDL,
proposing instead an online policy that learns the values of
the two thresholds. Any policy within our framework must
make two decisions: first, whether to offload a given sample;
and second, if the sample is not offloaded, the policy has to
predict a class based on the LDL’s output.

Algorithm We present the proposed HI-Hedge with Two
Thresholds (H2T2) policy in Algorithm 1. We note that
H2T2 maps to the Prediction with Expert Advice (PEA)
problem, where the experts are the threshold tuples θ⃗, and
the expert chosen in round t and θ⃗(t) := (θ

(t)
l , θ

(t)
u ). We de-

note the set of experts as Θ. Given θl ≤ θu, it follows that
|Θ| = 2b−1(2b + 1) experts. Fig. 3 illustrates three regions
of the experts with respect to an observed ft. We maintain
weights for all experts. The probability of choosing an ex-
pert in a round is proportional to its weight in that round.
This process will be discussed shortly.

Under H2T2, given the output of the LDL and the expert
(i.e., threshold tuple) chosen in round t, denoted with super-
script (t), the local prediction hl(xt) is defined as follows:

hl(xt) =


0, if ft < θ

(t)
l ≤ θ

(t)
u ,

Ambiguous, if θ(t)l ≤ ft < θ
(t)
u ,

1, if θ(t)l ≤ θ
(t)
u ≤ ft.

(9)

For simplicity, we drop the superscript ·(t) here onward,
when the time index is already implied. H2T2 offloads all
samples for which hl(xt) is ambiguous. Otherwise, it still
offloads with a probability ϵ based on a Bernoulli random
variable ζt∼Ber(ϵ). The motivation of this exploration step

Algorithm 1: H2T2: The two threshold HI policy.

1: ϵ, η, Θ. ▷ Input
2: w1(θ⃗) = 1 ∀ θ⃗ ∈ Θ, and W1 = |Θ|. ▷ Initialization
3: for t ≥ 1 do
4: Observe ft. ▷ LDL inference
5: pt =

∑
θl<ft

∑
θu<ft

wt(θ⃗). ▷ Region 3

6: qt =
∑

θl≤ft

∑
θu>ft

wt(θ⃗). ▷ Region 2
7: ψt ∼ Uniform(0, 1).
8: ζt ∼ Bernoulli(ϵ).
9: if ψt ≤ qt or ζt = 1 then ▷ Region 2, or exploration

10: Offload xt, receive hr(xt), and observe ϕt.
11: else ▷ Local inference
12: if ψt ≤ qt + pt then
13: hl(xt) = 1. ▷ Region 3
14: else
15: hl(xt) = 0. ▷ Region 1
16: end if
17: end if
18: for all θ⃗ ∈ Θ do
19: Compute l̃t(θ⃗) using (11).
20: wt+1(θ⃗) = e−ηl̃t(θ⃗)wt(θ⃗). ▷ Weight updation
21: end for
22: Wt+1 =

∑
θ⃗∈Θ wt+1(θ⃗).

23: end for

will be explained shortly. If H2T2 does not offload, hl(xt)
is the predicted class.

We now discuss the process of computing the weights un-
der H2T2. Recall that, in our setting, we use the inference
of the RDL as a proxy for the ground truth. One of the key
challenges in our setting is that this inference is only ob-
served when we offload a sample; therefore, unlike the clas-
sical PEA setting, we learn the loss incurred by the experts
only when we offload a sample.

To address this challenge, H2T2 employs two steps: First
is the exploration step discussed earlier, where unambiguous
samples are randomly offloaded with a probability ϵ. Next,
H2T2 maintains an estimated loss l̃t(θ⃗) for each expert that
is used for weight updation. Let 𝟙xt(θ⃗) be an indicator ran-
dom variable that is one if hl(xt) would have been ambigu-
ous if the expert chosen in time t was θ⃗, i.e., θl≤ft<θu.

First we write the true loss from (2), under H2T2:

lt(θ⃗)=

{
ϕt if 𝟙xt(θ⃗)=0, ζt = 0,

βt otherwise.
(10)

Next, we define the estimated loss:

l̃t(θ⃗)=


βt if 𝟙xt(θ⃗)=1,
ϕt
ϵ

if 𝟙xt(θ⃗)=0, ζt = 1

0 otherwise.
(11)

Also, let L̃T =
∑T

t=1 l̃t(θ⃗) be the corresponding cumulative
estimated loss. Each expert’s weight in a round is an expo-
nential function of the cumulative estimated loss of that ex-
pert up to that round, with a learning rate η. Note that this es-
timated loss l̃t is used as part of the H2T2 policy for weight
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Figure 3: Illustration showing the invalid and three valid re-
gions of experts from (9) with respect to an observed ft.

updation and is different from the true loss lt incurred by
the algorithm. In our setting, all experts that yield the same
hl(xt) create contiguous and convex regions, as illustrated
in Fig. 3. This simplifies the decision-making process: it suf-
fices to compute the total probability of all experts in each
of the three regions to decide whether to offload and to de-
termine the inference of the LDL.

Regret analysis We now provide regret guarantees for
H2T2. We first state the following two lemmas. Lemma 1
states that l̃t(θ⃗) is an unbiased estimator of the losses in-
curred by a threshold-based policy l̂t(θ⃗) in (3), used for re-
gret computation.

Lemma 1. For all values of ft and for all θ⃗ ∈ Θ:

Eζ [l̃t(θ⃗)] = l̂t(θ⃗).

Next, in Lemma 2, we bound the difference in the ex-
pected values of the cumulative true loss (see (10)) and the
cumulative loss of the baseline policy, where the expecta-
tion is over the randomness of the policy, that is over both
the randomness of the expert selection and the exploration
with ζ.

Lemma 2. Under H2T2 and a time horizon T , for all θ⃗ ∈
Θ:

E [LT ]− E
[
L̂T (θ⃗)

]
≤ ϵβT ≤ ϵT.

We use these lemmas to upper bound the regret of H2T2.
Theorem 2. The regret RT of H2T2 satisfies

RT ≤
(
ϵβ + η

2ϵ

)
T + ln(|Θ|)

η
. (12)

The regret-minimizing values of η and ϵ can be obtained by
setting the partial derivatives of RT to zero.

Corollary 1. RT is minimized by ϵ∗ =
(
ln(|Θ|)/2β2T

)1/3
and η∗ =

√
2ϵ∗ ln |Θ|/T . H2T2 with η∗ and ϵ∗ has

O
(
T 2/3

)
regret.

We thus note that H2T2 has sublinear regret.

5 Experimental Results
We evaluate the performance of H2T2 via experiments on a
MacBook Pro (Apple M1, 16GB, macOS 12.0.1) using the
following dataset-model pairs, which we refer to simply by
the dataset name.

(a) The Breast Cancer Histopathological Image Classifica-
tion (BreakHis) (Spanhol et al. 2015) contains 7909 im-
ages of benign (class 1) and malignant cells. The LDL
model is a lightweight MobileNet-based classifier with
additional dense and dropout layers.

(b) Chest (Mohamed 2025) contains 844 chest CT scan im-
ages re-categorised into healthy and cancerous (class 1)
classes for our use. The LDL is based on MobileNet,
with a size of 13.3 MB including trainable parameters.

(c) Phishing (Tiwari 2025; Tan 2018) includes data col-
lected from 5000 phishing and as many legitimate web-
sites, with additional samples for testing. A logistic re-
gression model (56 bytes) is used as LDL.

(d) For the Synthetic dataset, we generate softmax-like val-
ues using Gaussian mixtures truncated to (0, 1).

(e) BreaCh is created by classifying all 7909 BreakHis
samples using the model trained on Chest CT scan. It
mimics an OOD data scenario with a domain shift for
the model trained on Chest CT scan. As a result, un-
beknownst to the user, the accuracy drops below 50%,
resulting in the misdiagnosis of 38% cancerous tumors.

These are summarised in Table 2. These datasets and models
are chosen to span diverse domains that have asymmetric
misclassification costs and also show an OOD application.
For benchmarking, we implement the following policies:

1. No Offload, where the LDL inference is accepted as is;
2. Full Offload, where all samples are offloaded;
3. HI-single threshold, the state-of-the-art continuum ex-

pert HI policy (Moothedath, Champati, and Gross 2024);
4. θ†, offline optimal single-threshold policy;

5. θ⃗∗, offline optimal two-threshold policy;
6. H2T2, our proposed policy.

We set δ1 = 0.7 and δ−1 = 1 and use a fixed offloading
cost β for comparison study. Similar trends are observed for
varying δ1 and δ−1. The quantised threshold resolution is set
to 0.0625, resulting in |Θ|< 256. An increase in resolution
did not result in a considerable reduction in average cost for
the datasets studied. Since the bound optimising parameters
from 1 do not necessarily minimise regret, we use η∗ from
Corollary 1 and set learning rate η = 1 without further pa-
rameter tuning. For fair comparison, T =104 samples from
each dataset via uniform sampling. Standard deviation for
HI-single threshold and H2T2 are included in all figures, but
are negligible (25 algorithm runs).

Dataset Size LDL Accuracy FP FN
BreakHis 3365 MobileNet-based 72% 10% 18%
Chest 278 MobileNet-based 64% 16% 20%
Phishing 1106 Logistic regression 75% 12% 13%
Synthetic 105 Naive 66% 15% 19%
BreaCh 7909 Chest classifier 45% 17% 38%

Table 2: Different dataset-model pairs used in Fig. 4. Note
that BreaCh is intentionally made erroneous.
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Figure 4: Average cost of H2T2 policy vs. fixed offloading cost β for different datasets. Figures (a)-(d) are for in-distribution
data, and (e) is for OOD data.

Performance Comparison

In Fig. 4, we present the average cost incurred by different
policies by varying the fixed offloading cost β ∈ (0, 0.6).
We observe that H2T2 outperforms the state-of-the-art HI
single-threshold policy and provides a percentage reduction
of up to 55% (for Fig. 4(d) at β=0.6) for the dataset, model,
parameters, and range of β used in this illustration. However,
for Phishing in Fig. 4(c), the improvement is marginal. This
is attributed to the policies yielding near-trivial results, as in-
dicated by the overlap of their respective offline optima and
the No-offload policy. Interestingly, in two datasets, H2T2
outperforms θ†, the offline optimal single-threshold policy.

For some β values, the static policies outperform online
learning policies (e.g., No offload policy with β > 0.3 in
Phishing). However, these regions are dataset-and model-
dependent and unknown a priori.

Note the significant cost reduction achieved by H2T2 for
BreaCh in Fig. 4(e) for the OOD data. Being model-agnostic
and robust to distribution shifts, H2T2 limits the additional
cost of data or model mismatches to about 0.08 when com-
paring Fig. 4(e) with 4(b), or to about 0.01 when comparing
Fig. 4(e) with 4(a).

Observe the FNs and FPs of the LDL without the pro-
posed H2T2 in Table 2. In our evaluation, we observed that
H2T2 learns and adapts to reduce the costlier FNs even when
the offload is relatively costly (β=0.6). Specifically, for the
BreakHis dataset, FNs were reduced to 9.5%, while False
Positives (FPs) increased to 14%. In the OOD setting of
BreaCh, H2T2 was particularly effective, reducing FNs to
below 1%, with FPs rising to 28%.

6 Discussion: Multiclass Classification
We have thus far focused on cost-sensitive binary classifica-
tion. We now briefly examine extending our setting to mul-
ticlass classification with asymmetric pairwise misclassifi-
cation costs. The overarching objective remains the same:
to partition the softmax value space into distinct regions for
each class and an additional region for offload.

LetK be the number of classes andC ∈ [0, 1]K×K be the
normalized cost matrix where Cij is the cost of misclassify-
ing class i as class j, and Cii = 0, ∀i. Let f be the K × 1
softmax vector and Ck denote the kth column of C, repre-
senting the cost vector when class k is the prediction. The

loss function lt follows (2), with a modified ϕt defined as:

ϕt = Cij , if class i is predicted as j. (13)

Theorem 3. The optimal predictor h∗l (xt) of a calibrated
LDL designed for a K-class classification task is given by:

h∗l (xt) = argmin
k
fTCk. (14)

Further, the optimum offloading decision for this setup is to
offload the sample when mink f

TCk > βt with an associ-
ated expected cost of E[lt] = min{βt,mink f

TCk}.
For calibrated models, this yields K + 1 decision regions

bounded by (K−2)-dimensional simplexes in closed-form.
For instance, in the binary case (K = 2) of previous sec-
tions, we saw three regions bounded by 2 points; for K=3,
there are four regions bounded by line segments as illus-
trated in Fig. 5. Note that we could represent these regions
in K-dimensions on the K−1-dimensional standard (proba-
bility) simplex fT 1⃗ = 1, or remove an independent variable
and represent it directly in K−1 dimensions.

In the case of uncalibrated models, the boundaries of these
regions are not known a priori. Similar to the binary setting,
we consider a class of experts for each of these boundaries,
and design a similar PEA policy to learn them. Designing a
compact and scalable methodology that utilises the special
structure of costs to determine the costs of all experts in a
computationally efficient manner is an open problem.

7 Conclusion
We study cost-sensitive binary classification using a local
model that works in conjunction with a more accurate but
costly remote model. We use the HI framework, where each
sample is first sent to the local model, and the decision to
offload to the remote model is made based on the output of
the local model. For calibrated local models, we derived a
Bayes optimal two-threshold rule. For general, uncalibrated
models, we developed H2T2, an online learning policy that
finds the optimal thresholds with partial feedback and has
sublinear regret. Unlike previous HI learning algorithms that
use a single threshold for uniform misclassification costs,
H2T2 employs two thresholds to handle asymmetric costs,
thereby creating an ambiguity region for the offloading de-
cision. It also makes its own cost-sensitive local inferences.
H2T2 is a novel approach because it operates during the in-
ference phase without requiring LDL retraining to improve
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Figure 5: Illustration showing the four regions for a three-
class classification by a calibrated LDL, plotted in a plane
defined by the (first) two independent softmax components.
Linear boundaries bound the regions, and the inferences are
marked within. δ1 = 0.7, δ−1 = 1, β = 0.4. A suitable cost
matrix C is selected from a random sample for clarity.

the classification accuracy. It is also agnostic to the models
being used. Simulations across various datasets and mod-
els show that H2T2 consistently outperforms naive, single-
threshold, and even offline single-threshold policies. While
certain dataset-model combinations might favour naive poli-
cies, these conditions are unknown beforehand and are vul-
nerable to OOD data. H2T2 is a robust and flexible solution
for OOD data, making it ideal for real-world applications.

A Proofs
Proof of Theorem 1 on page 4: Define an optimal pre-
dictor as the one that minimises the expected LDL cost. Let
Y denote random variable hr(X). Recall ϕt from (1) and
ft :=f1(xt).

E[ϕt] = EX

[
δ1𝟙hl(X)=1P(Y = 0 | X)

+ δ−1𝟙hl(X)=0P(Y = 1 | X)
]
,

= EX

[
δ1𝟙hl(X)=1(1− f(X)) + δ−1𝟙hl(X)=0f(X)

]
,

where 𝟙. is the indicator function. It follows that the optimal
predictor of the calibrated LDL, denoted by h∗l (X), activates
the indicator function that minimises E[ϕt]. That is,

h∗
l (X) =

{
1, if ⇒ f(X) ≥ δ1

δ1+δ−1
,

0, otherwise,

as given in (6). Thus, with this optimum predictor, we get:

E[ϕt] = min{δ1(1− ft), δ−1ft}.

Now, let It denote the indicator random variable denoting
the decision to offload sample xt. Then we have the cost lt:

lt = βtIt + ϕt(1− It)

with an the optimum decision is to offload if βt < E[ϕt].
That is, for calibrated LDL with an optimal predictor, the
optimum decision is to offload when

βt < min{δ1(1− ft), δ−1ft},

⇒ θ∗l
(t)

= βt
δ−1

< ft < 1− βt
δ1

= θ∗u
(t)

,

with an associated expected cost given by (8).

Proof of Lemma 1 on page 5: Taking expectation of l̂
over realizations of ζ gives

Eζ [l̃t(θ⃗)] = 𝟙ft /∈[θl,θu] · P(ζ = 1)ϕt
ϵ
+ 𝟙θl<ft<θu · βt,

= 𝟙ft /∈[θl,θu] · ϕt + 𝟙θl<ft<θu · βt = l̂t(θ⃗).

That is, the estimated loss is an unbiased estimator of the
losses incurred by a threshold-based policy.

Proof of Lemma 2 on page 5: Consider a the algorithm
choosing an expert in round t, with losses lt(θ⃗) and l̂t(θ⃗).
We have,

E [LT ] =

T∑
t=1

∑
θ⃗∈Θ

wt(θ⃗)
Wt

Eζt

[
lt(θ⃗)

]
. (15)

Now, from (3) and (10),

l̂t(θ⃗) = 𝟙ft /∈[θl,θu]ϕt +
(
1− 𝟙ft /∈[θl,θu]

)
βt,

lt(θ⃗) = 𝟙ft /∈[θl,θu]𝟙ζt=0ϕt +
(
1− 𝟙ft /∈[θl,θu]𝟙ζt=0

)
βt.

Taking expectation and combining, we get,

Eζ

[
lt(θ⃗)

]
− Eζ

[
l̂t(θ⃗)

]
= ϵ𝟙ft /∈[θl,θu](βt − ϕt) ≤ ϵβt.

In the last step, we used Lemma 1. Since this holds for any
θ⃗ and t, we have for any policy and time horizon T

E [LT ]− E
[
L̂T (θ⃗)

]
≤ ϵβtT ≤ ϵβT ≤ ϵT.

Proof of Theorem 2 on page 5: Recall L̃T (θ⃗): the cumu-
lative estimated loss with a fixed θ⃗. Consider ln WT+1

W1
:

ln
WT+1

W1
= ln

∑
θ⃗∈Θ

e−η
∑T

t=1 l̃t(θ⃗) − ln(|Θ|),

≥ −min
θ⃗∈Θ

ηL̃T (θ⃗)− ln(|Θ|). (16)

Using Lemma 1 and Jensen’s inequality on expectations:

Eζ

[
ln

WT+1

W1

]
≥ −min

θ⃗∈Θ
ηEζ

[
L̃T (θ⃗)

]
− ln(|Θ|)

= −min
θ⃗∈Θ

ηL̂T (θ⃗)− ln(|Θ|). (17)

Next, we upper bound log WT+1

W1
as follows:

ln
Wt+1

Wt
= ln

∑
θ⃗∈Θ

wt(θ⃗)
Wt

e−ηl̃t(θ⃗)

≤ ln
∑
θ⃗∈Θ

wt(θ⃗)
Wt

(
1− ηl̃t(θ⃗) +

(
ηl̃t(θ⃗)

)2

/2

)
(18)

= ln

1 +
∑
θ⃗∈Θ

wt(θ⃗)
Wt

(
−ηl̃t(θ⃗) +

(
ηl̃t(θ⃗)

)2

/2

) .

Simplifying, we get,

ln
Wt+1

Wt
≤

∑
θ⃗∈Θ

wt(θ⃗)
Wt

(
−ηl̃t(θ⃗) +

(
ηl̃t(θ⃗)

)2

/2

)
(19)

≤
∑
θ⃗∈Θ

wt(θ⃗)
Wt

(
−ηl̃t(θ⃗) + η2 l̃t(θ⃗)/2ϵ

)
. (20)

24455



Above, we have used e−x ≤ 1−x+ x2

2 , ln(1+x) ≤ x, and
l̃t(θ⃗) ≤ 1

ϵ in (18), (19), and (20), respectively. Now we sum
(20) telescopically over the entire horizon T as follows:

ln
WT+1

W1
= ln

T∏
t=1

Wt+1

Wt
=

T∑
t=1

ln
Wt+1

Wt
, (21)

≤
T∑

t=1

∑
θ⃗∈Θ

wt(θ⃗)
Wt

(
−ηl̃t(θ⃗) +

η2 l̃t(θ⃗)
2ϵ

)
. (22)

⇒ E
[
ln

WT+1

W1

]
≤ −η

T∑
t=1

∑
θ⃗∈Θ

wt(θ̄)
Wt

Eζ [l̃t(θ⃗)]

+ η2
T∑

t=1

∑
θ⃗∈Θ

wt(θ⃗)
Wt

Eζ [l̃t(θ⃗)]

2ϵ

≤ −ηE[L̂T (θ⃗)] +
η2

2ϵ
T (23)

≤ −ηE[LT (θ⃗)] + ηϵβT + η2

2ϵ
T. (24)

In (23), we use Eζ [l̃t(θ⃗)]= l̂t(θ⃗)≤ 1 and the expectation is
taken over expert selection and ζ. In (24), we use Lemma 2.
The result follows by comparing bounds from (17) and (24):

ηE[LT (θ⃗)]−min
θ⃗∈Θ

ηL̂T (θ⃗) ≤ ηϵβT + η2T
2ϵ

+ log(|Θ|).

Recall (5). Taking expectation over arrivals X , we get:

RT ≤
(
ϵβ + η

2ϵ

)
T + log(|Θ|)

η
.

Corollary 1 follows by setting partial derivatives to zero.
While not optimal, choosing a simpler ϵ =

√
η/2 and

η=
(
2 ln2(|Θ|)/T 2

)1/3
also yields regret in the same order:

O(T 2/3).
Remark: While our aim was to bound the expected regret

over i.i.d. arrivals, a stronger minimax result for any input
sequence can be obtained by omitting the expectation over
X in the final step.

Proof of Theorem 3 on page 6: Let X and Y denote ran-
dom variables of xt and hr(xt), respectively.

E[ϕt] = EX

K∑
j=1

𝟙hl(X)=j

K∑
i=1

P(Y = i | X)Cij ,

= EX

K∑
j=1

𝟙hl(X)=jf
TCj .

It follows that h∗l (X) activates the j that minimizes fTCj :

h∗
l (X) = argmin

j
fTCj ,

with E[ϕt]=minj f
TCj . Now, let It denote the decision to

offload xt. We have, lt=βtIt+ϕt(1− It). Thus, it is optimal
to offload if βt<E[ϕt]. That is, for calibrated LDL with opti-
mal predictor, it is optimal offload when βt<mink{fTCk},
with E[lt]=min{βt,mink f

TCk}.
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