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Abstract

Shapley values are widely recognized as a principled method
for attributing importance to input features in machine learn-
ing. However, the exact computation of Shapley values scales
exponentially with the number of features, severely limit-
ing the practical application of this powerful approach. The
challenge is further compounded when the predictive model
is probabilistic—as in Gaussian processes (GPs)—where the
outputs are random variables rather than point estimates,
necessitating additional computational effort in modeling
higher-order moments. In this work, we demonstrate that for
an important class of GPs known as FANOVA GP, which ex-
plicitly models all main effects and interactions, exact Shap-
ley attributions for both local and global explanations can be
computed in guadratic time. For local, instance-wise expla-
nations, we define a stochastic cooperative game over func-
tion components and compute the exact stochastic Shapley
value in quadratic time only, capturing both the expected con-
tribution and uncertainty. For global explanations, we intro-
duce a deterministic, variance-based value function and com-
pute exact Shapley values that quantify each feature’s contri-
bution to the model’s overall sensitivity. Our methods lever-
age a closed-form (stochastic) Mobius representation of the
FANOVA decomposition and introduce recursive algorithms,
inspired by Newton’s identities, to efficiently compute the
mean and variance of Shapley values. Our work enhances
the utility of explainable Al, as demonstrated by empirical
studies, by providing more scalable, axiomatically sound, and
uncertainty-aware explanations for predictions generated by
structured probabilistic models.

1 Introduction

As machine learning (ML) systems are increasingly de-
ployed in high-stakes applications, the demand for inter-
pretability has grown substantially. Practitioners and reg-
ulators alike now seek models whose predictions can be
understood and trusted—not only globally, across the en-
tire data distribution, but also locally, for specific predic-
tions. To address this need, the literature offers two dis-
tinct approaches: (i) designing inherently interpretable mod-
els, such as linear models or generalized additive models
(GAMs), or (ii) applying post-hoc interpretation methods
like SHAP (Lundberg and Lee 2017) or LIME (Ribeiro,
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Singh, and Guestrin 2016) to interpret complex, black-box
models. However, interpretability is context-dependent. A
model that appears interpretable to ML practitioners—such
as GAM—may remain opaque to domain experts or end-
users, such as medical professionals. In such cases, even in-
herently interpretable models may require an additional ex-
planatory layer to translate their insights into signals acces-
sible to non-technical stakeholders.

Functional ANOVA Gaussian Processes (FANOVA
GPs) (Durrande et al. 2011) are a class of probabilistic mod-
els that combine the flexibility of GPs with the interpretabil-
ity of functional ANOVA decompositions. They represent
the prediction function as a sum of functions defined over
subsets of input features, where each term models either
a main effect or a higher-order interaction. By enforcing
functional ANOVA constraints (Hooker 2004), these com-
ponents become orthogonal (see Section 2), allowing the
contribution from each subset to be uniquely and mean-
ingfully identified. Unlike conventional kernels, which typ-
ically entangle all features through a single joint interac-
tion term, FANOVA GPs encode a structured hierarchy of
interactions—from individual features to the full feature
set—making the decomposition both interpretable and ex-
pressive. This structure enables precise attribution of predic-
tive behavior to specific feature sets, while preserving GP’s
nonparametric nature and the ability to quantify uncertainty.
As aresult, FANOVA GPs offer a compelling foundation for
interpretable probabilistic modeling.

Nonetheless, as FANOVA GPs impose an interpretable
additive structure by construction, the number of potential
interactions grows exponentially with the number of input
features. Consequently, identifying the overall contribution
of each feature—especially in the presence of higher-order
interactions—can become cognitively intractable for human
users, much like interpreting a random forest by examin-
ing each tree’s decision logic. Moreover, existing interpre-
tation methods for FANOVA GP either lack axiomatic sup-
port or are computationally inefficient. For example, global
sensitivity analysis techniques based on first-order Sobol in-
dices (Sobol 2001; Lu, Boukouvalas, and Hensman 2022)
ignore interaction effects, fail to satisfy key axioms such
as efficiency (Owen 2014), and often underestimate feature
importance. On the other hand, although the GPSHAP al-
gorithm of Chau, Muandet, and Sejdinovic (2023) could, in



principle, be applied to FANOVA GPs, it does not exploit
their additive structure—a structure that, as we show, en-
ables significant computational savings. Moreover, the stan-
dard expectation-based value functions they employ require
additional estimation, introducing potential sources of error.
In contrast, our approach adopts a more natural value func-
tion tailored to FANOVA models (Fumagalli et al. 2025),
allowing us to compute exact Shapley values without esti-
mation, thereby avoiding approximation errors entirely. Our
approach also yields stochastic explanations that account for
the predictive uncertainty inherent in GPs.

In short, this paper proposes algorithms that leverage the
structure of FANOVA GPs to deliver both local and global
explanations via the Shapley value (Shapley 1953), com-
puted exactly and in quadratic time. Our key technical in-
sight is that the orthogonal additive decomposition allows us
to derive a closed-form (stochastic) Mdbius representation
of the prediction function, enabling efficient computation of
Shapley values and their associated uncertainty propagated
from the GPs. We develop recursive algorithms, inspired
by Newton’s identities, that avoid exponential enumeration
over feature subsets and compute the Shapley values for lo-
cal and global explanation efficiently. The contributions of
this paper can be summarized as follows:

1. Explaining the uncertain. We propose the FGPX-
Shapley-L (FANOVA GP-based eXact Shapley value
for Local explanation) algorithm to provide local expla-
nations in the form of stochastic Shapley values (Ma
et al. 2008) for FANOVA GPs that can be computed in
quadratic time through a recursive algorithm using New-

ton’s identities.

Explaining the uncertainty. We propose the FGPX-
Shapley-G (G for global) algorithm to attribute the vari-
ance of the prediction as global feature attribution, fol-
lowing the spirit in classical global sensitive analysis lit-
erature. A recursive, quadratic-time algorithm is also de-
vised to ensure computational efficiency.

Taken together, our results show that interpretability, ax-
iomatic attribution, and computational efficiency need not be
at odds—provided that the model admits the right structure.
FANOVA GPs, and the methods we develop to explain them,
offer a new blueprint for scalable and rigorous explainable
machine learning. Our implementation is publicly available
at https://github.com/Majeed7/FGPX-Shapley.

2 Preliminaries

Notation. We denote the set of d features by D, and its
power set 27. The training set {z;, y;}" , consists of z; €
R? and y € R (regression) or y € {1,...,¢} (¢-class clas-
sification). Let X € R™*4 denote the full input dataset, and
Xs its restriction to feature subset S € 2P; the correspond-
ing sample space is Xs. The probability density of feature ¢
is denoted p(X;). We use calligraphic letters for sets, capi-
tal letters for random variables, and bold-faced lower- and
upper-cased letters for vectors and matrices, respectively.
Element-wise product is denoted by ©®, expectation over
data and model f’s predictive distribution is denoted by E x
and E ¢, and variances by Vx and V.
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FANOVA Gaussian process

We focus our exposition on regression tasks for clarity.
Nonetheless, the proposed Shapley algorithms remain appli-
cable to classification problems, provided that the posterior
distribution of the FANOVA GP is available.

We assume observations y arise from a latent function
f(z) corrupted by Gaussian noise, and we place a Gaus-
sian process prior on f. Following Duvenaud, Nickisch, and
Rasmussen (2011), we enforce an additive structure on f:

fl@) = Y fslzs), )

SCD

where each fs(xs) depends only on the feature subset S of
input z. This additive formulation, referred to as the func-
tional decomposition of f, enables the model to capture
main effects and interactions of arbitrary order in a struc-
tured way. This structure is induced via an additive kernel:

> [Hk(x:w] 2)

1<y < <ig<d LI=1

which assigns scale parameter 02 to all g-way interac-
tions. The actual GP is then built with the full additive
kernel by summing over interaction orders k°(z,z’)
S0_oka(z,'), with k% = 0. A GP with such a ker-
nel is referred to as additive Gaussian process (AGP). Al-
though evaluating £ involves (d) terms per order g, Duve-
naud, Nickisch, and Rasmussen (2011) showed that a recur-
sion based on Newton’s identities yields a polynomial-time
algorithm, making the approach practical.

In short, by placing a GP prior GP(0, k%) over the latent
function f, with observation model y = f + € where inde-
pendent noise € ~ N(0,02), the predictive posterior over
Yo at anew input z is again a GP, i.e. y | X,y ~ GP (5, /<a)7
with the mean and covariance functions being expressed as:

(@) =k, X) e,a =Xy, L = k*(X,X) + 071,
k(z,z') = k%(z,z') — k%2, X) 271k (2, X).

2

ke (z,x') = oy

3)

One challenge with AGPs is identifiability, as many basis
functions can sum to f(z). Durrande et al. (2011) addressed
this using the functional ANOVA decomposition (Hooker
2004) that imposes two key constraints: (i) each component
satisfies the zero mean condition, Ex . [fs(zs)] = 0 for ev-
ery non-empty subset S; and (ii) components are “mutually
orthogonal” in the sense that Ex[fs(zs) fs/ (zs/)] = 0 for
any S # &'. Durrande et al. (2011) put forward a class of
kernels that satisfy the above conditions. In particular, for
any base kernel k;, the constrained kernel k; is defined as:
o [ ki(zi,8)p(s)ds [ ki(x},s)p(s)ds

J [ ki(s,t)p(s)p(t)dsdt ’
“4)
with p some density defined over the data space. The higher-
order kernels k%44 are then constructed by multiplying cor-
responding k; as in equation (2), and the additive constrained
kernel is defined as k%(z,z') = 2320 k% (z,z’). Durrande
et al. (2011) showed that functions drawn from a GP with

ki(xiv -T;) = ki(l’i, l‘:)




this kernel satisfy the ANOVA decomposition conditions. As
a follow-up, Lu, Boukouvalas, and Hensman (2022) demon-
strated for several popular kernels, such as the squared ex-
ponential and categorical kernels, with a Gaussian density
over features, k; admits an analytical expression; whereas
for other densities or kernels, the integration in equation
(4) could be estimated by the empirical probability measure
based on the training samples. For the rest of the paper, we
refer to the additive GP satisfying the FANOVA conditions
as FANOVA GP.

(Stochastic) Shapley values

The Shapley value (SV) (Shapley 1953) is a solution concept
from cooperative game theory that provides an axiomatic
framework for fairly distributing the total value generated by
a group back to its individual members. Its appeal lies in sat-
isfying a unique set of desirable properties: efficiency, sym-
metry, dummy, and linearity. Formally, given a tuple (D, v),
where D is the set of d players and v : 2P — R is a real-
valued set function, the SV for player ¢« € D is defined as
a specific weighted average of their marginal contributions
across all possible coalitions. The function v(S) can be in-
terpreted as the “worth” or value generated by the subset S.

However, in many settings—such as probabilistic model-
ing or decision-making under uncertainty—the value func-
tion may not be deterministically specified, but rather known
only up to a distribution. In such cases, it is natural to ask
whether an analogue of the Shapley value exists. Indeed, it
does. Ma et al. (2008) and Chau, Muandet, and Sejdinovic
(2023) formalized the notion of stochastic value functions
v : 2P — L(R), which assign to each coalition S a real-
valued probability distribution, making v(S) a real-valued
random variable, thereby capturing the uncertainty in the
value or importance attributed to that subset. This extension
gives rise to the stochastic Shapley value (SSV), which gen-
eralizes the classical formulation to settings where impor-
tance must be assessed in a probabilistic rather than deter-
ministic manner. Formally, given player set D and stochastic
value function v, the SSV of player i is given by

o) = Y eas(MSULD) - uS)),

SCD\{i}

)

where ¢|5| = M This formula looks analogous

to the classical Shapley value, which is not surprising as the
classical value function is a special case of the stochastic
counterpart (e.g. use a Dirac function), but note that ¢;(v)
is now a random variable. A key advantage of the stochas-
tic formulation is that it naturally allows one to compute
higher-order uncertainty statistics—most notably, the vari-
ance V(¢;(v)), which quantifies uncertainty in the resulting
attributions themselves.

A novel stochastic Mobius representation. We extend
the theory of stochastic cooperative games by introducing
the stochastic Mobius representation, a concept that has not
yet been explored in the existing literature. We first state our
results formally:

Definition 1 (Stochastic Mobius representation) Given a
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stochastic value function v, the stochastic Mobius represen-
tation i : 2P — L(R) is defined as:

w(T) =Y (=) TIy(s).

SCT

The quantity u(7) can be interpreted as the stochastic
Mobius coefficient of coalition 7, representing its unique
contribution to the stochastic value function. This represen-
tation yields the following result:

Proposition 2 Given stochastic cooperative game v and its
stochastic Mobius representation y, we have

* The stochastic Shapley value for playeri € D is ¢;(v)
> TCD, T30 I T1=' (T, and
* the variance of ¢;(v) naturally follows as V(¢;(v))
v T 24

While the utility of this representation may not be immedi-
ately evident, we demonstrate in the next section that adopt-
ing the stochastic Mobius perspective leads to significant
computational advantages. In particular, it enables efficient
evaluation of both the mean and variance of the SSV.

3 Explaining the Locally Uncertain with
Stochastic Shapley Values

Shapley value for local explanation. Owing to its desir-
able axiomatic properties, the Shapley value has garnered
significant attention as a principled method for feature attri-
bution in machine learning (Lundberg and Lee 2017). In the
context of local explanations, a common approach treats in-
put features as players in a cooperative game and defines a
value function tailored to a given predictive model g and in-
putz. A widely used formulation is v(S) = E[g(X) | Xs =
zs] — E[g(X)], which quantifies the importance of a feature
subset S C D by measuring the change in the model’s ex-
pected output when features in D \ § are marginalized out.
Intuitively, this reflects the added predictive value of observ-
ing Xs = xs compared to having no feature information.

The GP-SHAP algorithm. To extend this to GPs, where
predictions are probabilistic, Chau, Muandet, and Sejdinovic
(2023) generalized the value function to a stochastic setting
and proposed GP-SHAP. They showed that the conditional
expectation of a GP remains stochastic and used the the-
ory of conditional mean processes (Chau et al. 2021; Chau,
Bouabid, and Sejdinovic 2021) to characterize the result-
ing stochastic value function analytically. While their ap-
proach applies to FANOVA GPs, it does not exploit the
model’s additive structure and relies on standard approxima-
tion techniques such as those used in Kernel SHAP (Lund-
berg and Lee 2017). Moreover, the conditional expectation-
based value function incurs estimation error. In contrast,
our approach advocates a different value function tailored
to models with functional decomposition. This structure en-
ables exact, estimation-free computation of both the value
function and the stochastic Shapley values. Crucially, it also
reduces the computational complexity of computing exact
SSVs from exponential to quadratic time.



Stochastic Shapley values for FANOVA GP. When a
predictive model f admits a functional decomposition, Fu-
magalli et al. (2025) and Mohammadi, Chau, and Muandet
(2025) proposed an alternative value function for measuring
subset contributions that aligns more closely with the sensi-
tivity analysis literature. Specifically, for a decomposable f,
an input z, the (stochastic) value function v is defined as:

S)= > frizr).

TCS

That is, the value of a subset S C D is computed by sum-
ming all component functions whose indices are contained
within &, thereby capturing the total contribution of features
in S to the overall prediction. This natural choice of value
function not only preserves the tractability of GP models but
also enables the development of a quadratic-time algorithm
for computing Shapley values.

Proposition 3 Given a posterior FANOVA GP p(f | X,y)
defined in equation (3), an input x, the value function v,
defined above, we have that:

* vy is a GP over 2P with mean and covariance functions:

£V¢ (S‘Xa y) = Z UFT\];T(mTvxT)Tav

TCS
koo (S, 8'Xy) = > otpkr(er, )
TCSNS!

- Z Z 0‘27—‘0‘27—/”;7’((177’,XT)TE_I%T/(ZT/,XT/).

TCST'CS!
* the Mobius representation [y, is also a GP over 2P with
mean and covariance functions:
2 7 T
e (S1Xy) = oj5ks(xs, Xs) a,
5 =
Foug (S, S'|X,y) = dss0js ks (Ts, Ts)
2 2 7 Ty—17,
- U\S\U\qu‘s(xs,xs) b k’S’(‘ES’aXS’)v
where §ss = 1 when S = &', and 0 otherwise.
As Proposition 3 demonstrates, the Mdbius representation
Lz 1s neater to work with compared to v,. In fact, the ana-
Iytical expressions and recursive algorithms for computing
the mean and variance of the SSV for FANOVA GP are also
more straightforward to derive from g, than v,. We present

the analytical expression of the resulting SSV under v, in
the following proposition.

Proposition 4 Let w, = ©°3/s for some scaler s. The
stochastic Shapley values ¢(vy) follows a multivariate
Gaussian distribution with mean &g € R? and covariance

matrix Ky € R4, where
§¢ = Z w‘5|/~€5($3,X3)Ta,
SCD,S5i
and [Kg|; ; = Cov(¢i(vz), ¢j(vz)) can be expressed as

> > 55T§%lz¢$($s,$s)

SCD,S3¢: TCD,T3>j
D ( > w|T\7~€T(XT,mT))~

- ( Z w\5|ks(-"3s,Xs))

SCD TCD
S>i T35
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The following lemma shows how the efficiency axiom of
stochastic SV relates to the posterior mean function.

Lemma 5 For a fixed input x, let {¢;(vg)}4_, be the
stochastic Shapley values of the FANOVA GP and denote
their posterior means by £y (x) = E[p;(x) | X,y|. Let
() = E[f(z) | X,y] be the GP posterior mean and

s = E[fs | X,y] = ool the posterior mean of the

constant component. Then, ijl £, (@) = E(x) — &0

The FGPX-Shapley-L algorithm

In the following, we introduce one of our main contri-
butions: the FGPX-Shapley-L (FANOVA GP-based eXact
Shapley value for Local explanation) algorithm, which re-
lies on the following recursive formulation.
Quadratic-time recursive computation. A key challenge
in computing the SSV is its exponential complexity: both
the mean and variance involve summations over exponen-
tially many subsets of features, making exact computation
intractable for large d. The following theorem introduces
a recursive formulation that enables computing the exact
Shapley value in quadratic time, significantly reducing the
computational burden. The recursion is based on Newton’s
identities—originally used to efficiently construct additive
kernels—and here adapted for computing SSVs. Since the
technical details of these identities (involving elementary
symmetric polynomials and power sums) can be intricate,
we defer their full definition and derivation to Appendix B.
For the main text, we encourage readers to treat these con-
structions abstractly: they provide a principled way to sum-
marize interaction terms compactly and recursively, allow-
ing us to scale up exact computations without explicitly enu-
merating all feature subsets. We begin by presenting the re-
cursion for computing the mean of the Shapley value.

Theorem 6 Let z; := k;(x;,X;) and define the set Z_; =
{z; : j € D\ {i}}. Let the elementary symmetric polyno-
mials (ESPs) over Z_; be defined recursively as: e.(Z_;) =
125 (1) e, S(Zﬂ’)QPS(Z i), €0(Z2-;) =1, where

ps(Z2-i) = D _,cz , #° is the element-wise power sum. De-
fine the intermediate vector:
d—1
Zi =2z;® Z wq+16q(27i). (6)
q=0

1. The mean of the SSV for feature i is £y, = K;'—a.
2. The variance of the SSV for feature i is given by:

d—1
(sz |X y ( Z q+1 2 €q )) _ez—'l—Eileia
q=0
(7)
where Zj = ki(zj,x5), Z_i = {% j € D\ {i}}, and
eq(Z_;) is the ESPs of order q for set Z_;.

The intuition to arrive at the recursion in equation (6) is to
use the additive structure of the kernel function in FANOVA
GP to factorize ks(xs,Xs), bring k;(x;,X;) out of the
summation, and write the remaining part of the summation



as the weighted ESPs. This recursion is used to simplify
the exact computation of the mean and variance of SSVs,
and reduces the computational complexity from exponen-
tial to quadratic in the number of features. This represents
a substantial improvement in scalability. Using the recur-
sion in equation (6), the mean of SSVs can be computed di-
rectly. The variance requires an additional recursion, which
we derive in equation (7). The time complexity of comput-
ing SSVs for a test instance using our method is O(nd?).
Specifically, for each feature ¢, we remove its corresponding
kernel vector to compute ESPs over the remaining d—1 fea-
tures, which incurs a cost of O(nd?). For the variances of
SSVs, the total cost remains O(ndQ), since the recursion in
the first term is of O(d?) complexity, and the second term is
computed from £;’s with O(nd?) complexity, leading to an
overall O(nd?) complexity.

To compute the full covariance structure of SSVs, a
closely related recursive formulation with a similar com-
plexity can be employed. The complete algorithm, along
with a numerically stable implementation of the ESPs, is
provided in Appendix C. In the next section, we introduce
a recursive algorithm for computing variance-based Shapley
values, aimed at providing global explanations.

4 Explaining the Global Uncertainty with
Shapley Values

Besides local explanation, it is also important to quantify
global feature importance to provide a holistic view of the
overall predictive performance. A common approach to pro-
vide this is through global sensitivity analysis, where we
compute the ratio of the variance corresponding to a fea-
ture set and the total variance. Durrande et al. (2011);
Lu, Boukouvalas, and Hensman (2022) introduced the first-
order Sobol index for FANOVA GP and provided an ana-
Iytical solution under some conditions. However, as (Owen
2014) already argued, the first-order Sobol index only cap-
tures individual contributions and neglects interactions be-
tween features, limiting its ability to fully represent the im-
portance of features in complex models. Ironically, in our
case, since FANOVA GPs explicitly model feature interac-
tions, relying on first-order Sobol indices that ignore these
interactions is inappropriate. A possibility is to compute
higher-order Sobol index for each feature set, but that be-
comes immediately impractical due to the exponential num-
ber of components.

Realizing these shortcomings, Owen (2014) advocated
the use of Shapley values instead. Before we introduce the
corresponding value function, we recall that FANOVA GP
enjoys the following variance decomposition:

Vx(f(@) =Y Vx(fs(@s)). ®)
SCD

Analogous to the local explanation setting, we define a

variance-based value function v : 22 — R over feature sub-

sets as: vg(S) = Y rcs Vx(fr(z7)), which quantifies

the total contribution of the feature subset S to the output

variance. This value function admits a Mobius representa-

tion mg : 2P — R, given by ma(S) = Vx (fs(zs)),
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where each Mobius coefficient represents the variance at-
tributable to interaction subset S. Given this setup, we now
present a closed-form expression for the global Shapley
value ¢;(v¢ ) under the posterior of the FANOVA GP model,
which allows for efficient, recursive computation.

Theorem 7 Let o be the posterior mean as in Equation 3.
Then, the global Shapley value of feature i based on the
variance-based sensitivity analysis, shown by ¢;(vg), is

04
o) = Y 2 =aT (Y Lo ©)
SCD SCD
KEY) KEY

where Ls = Oies [ ki, Xo)ki(2i, X:) T dp(as).

For all : € D, L; can also be estimated with an empiri-
cal measure and proven to have an analytical solution with
a Gaussian density of features (Lu, Boukouvalas, and Hens-
man 2022). Note that the Shapley value in equation (9) is
still exponentially expensive to compute. We now present an
efficient quadratic-time computation based on this equation.

Theorem 8 Let Z_; {L; j € D\ {i}},
ps(Z-4) Yorez ,L° denote the element-wise
power-sum matrices, and define the ESPs recursively
via Newton’s identities: eo(Z_;) l.e.(Z2-)
%Z;Zl(—l)s_ler_s(z_i) ©® ps(Z_;). Then, the matrix
M; = ) s, o's/|S| Ls admits the closed-form recursion
M, = L, © Zj;é oriifr+1e.(Z_;). Consequently, the
global Shapley value for feature i can be computed as
pi(ve) = a Mia.

Similar to Lemma 5, we show how the efficiency axiom
of SV relates to the variance of the FANOVA GP.

Lemma 9 Let f(x) be a function drawn from the FANOVA
GP with observational noise y f(@) + € where ¢ ~
N(0,02). Then the total output variance decomposes as:

Vx(y) — o2 =30, di(ve).

S Illustrations and Experiments

We empirically demonstrate our methods through (1) an il-
lustration of stochastic explanations, (2) run-time compar-
isons, and (3) feature selection problems. We address the
O(n?) complexity of training GPs through inducing point
formulation. We employ the standard squared exponential
kernel as our base kernel. Further details on experimental se-
tups, data generation, model tuning, explainers, and feature
selectors, along with additional experiments, are provided in
Appendix D. The experiments were executed on a 24-core
machine with 16GB of RAM and an RTX4000 GPU.

Ilustration on how stochastic SV can provide
richer explanations.

At this point, a sensible reader could ask: “What does un-
certainty in explanation bring to the table?”. We address this
by providing a demo-use case of our method through the
energy efficiency dataset from the UCI repository.
The dataset consists of 768 samples and 8 input features de-
scribing the architectural and environmental characteristics



of buildings. The goal is to predict either the heating or cool-
ing load of a building. We fit a FANOVA GP to the dataset
and compute the SSVs for a single, randomly selected test
point. Figure 1 shows the resulting SSVs, capturing both the
estimated importance and the uncertainty of each feature.

SSVs offer a probabilistic view of feature importance, en-
abling richer analyses than deterministic approaches. Prior
work has used their joint Gaussian structure to uncover de-
pendencies between features or interpret acquisition func-
tions in Bayesian optimization (Chau, Muandet, and Sejdi-
novic 2023; Adachi et al. 2024). Building on this, we pro-
pose a new application of SSVs that allows us to quantify
uncertainty when comparing feature importance. The idea is
straightforward: given two SSVs, ¢; and ¢;, a practitioner
may wish to assess how likely it is that feature ¢ is more
important than feature j. This corresponds to estimating the
probability P(|¢;| > |¢;|). Although this quantity is analyt-
ically intractable, the joint distribution of [¢;, ¢;] is Gaus-
sian, making it straightforward to estimate via sampling.
Figure 2 visualizes the uncertainty-aware comparison of fea-
ture importance as a directed graph for an arbitrary instace.
We estimate the pairwise probabilities P(|¢;| > |¢;]|) for all
feature pairs using 1,000 samples from the joint distribution
of SSVs. Each node represents a feature, and each directed
edge reflects the likelihood that one feature is more impor-
tant than another. The edge color and line style encode the
strength of these probabilities, offering a probabilistic view
of relative feature importance under uncertainty.

Time Comparison

We generated synthetic datasets with 8 to 100 features, each
with 500 samples. For each dataset, we trained a FANOVA
GP and randomly selected 30 test instances. We then com-
puted SSVs using our method, FGPX-Shapley-L, and com-
pared its average execution time to a naive implementation
that computes only the mean of the Shapley values using the
same Mobius-based value function. Figure 3 shows execu-
tion times across feature dimensions. Up to 12 features, both
methods perform similarly (ours: 0.33s vs. naive: 1.35s). Be-
yond that, the naive method becomes impractical—taking
over 2600 seconds at 22 features—while ours stays efficient
(0.62s). At 25 features, the naive method failed to complete
within 5 hours, but our method scaled to 100 features in just
a few seconds. These results clearly demonstrate the scala-
bility and computational advantage of FGPX-Shapley-L for
efficient SSV computation.

Comparing local explanation methods through
influential feature recovery

While feature attribution is inherently an unsupervised
learning problem with no nontrivial objective ground truth,
it is common to assess its quality via an influential fea-
ture recovery experiment. The following presents the eval-
uation of FGPX-Shapley-L for local explanations by com-
paring it in recovering the influential features with sev-
eral state-of-the-art attribution methods, including Sampling
SHAP (S-SHAP) (gtrumbelj and Kononenko 2014), Unbi-
ased SHAP (U-SHAP) (Covert and Lee 2021), Bivariate
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Figure 1: Local SSVs from the energy efficiency dataset.
While mean importance is similar for X1, X2, the large ex-
planation variance in X1 suggests we should calibrate our
trust in the model’s explanation.
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Figure 2: Directed graph of pairwise importance compar-
isons. An edge from feature 4 to j indicates P(|¢;| > |¢;]),
with edge color and style encoding its strength.

SHAP (Bi-SHAP) (Masoomi et al. 2021), LIME (Ribeiro,
Singh, and Guestrin 2016), and MAPLE (Plumb, Molitor,
and Talwalkar 2018). We also implement a version of Kernel
SHAP and GP-SHAP, where the value function in Proposi-
tion 3 is used.

Synthesized Experiments. We assess the performance of
FGPX-Shapley-L for feature selection using three synthe-
sized datasets, each containing 20 features and 1,000 sam-
ples. These datasets are specifically designed with prede-

FGPX-Shapley-L

Naive Calculation

1.5
1.0
0.5

2000

Time (seconds)

15 30 45 60

Feature Count

75 20

Figure 3: Comparison of execution times between FGPX-
Shapley-L and the niive Shapley computation for different
numbers of features, with a maximum time limit of five
hours imposed for generating the explanations.
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Figure 4: The comparison of explainable methods on four synthesized data sets.
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Figure 5: The comparison of different explanations in terms of execution time.

fined influential features and varying levels of interaction
complexity. Details about the dataset generation process are
provided in the appendix.

For each dataset, we randomly select 500 instances and
generate explanations using FGPX-Shapley-L and baseline
methods. The evaluation measures how accurately each
method ranks the most influential features for individual in-
stances. For each explanation, we rank the features by their
assigned importance and compute the average rank of the
ground-truth influential features across all instances. Fig-
ure 4 presents the average rank of the most influential fea-
tures across 500 selected instances for three synthesized
datasets. A lower average rank indicates better identifica-
tion of influential features. The methodology for comput-
ing the average rank is explained in the appendix. The red
dotted horizontal line in the figure represents the ideal aver-
age rank, corresponding to perfect identification of influen-
tial features. The figure demonstrates that FGPX-Shapley-L
consistently delivers robust and accurate local explanations
across all datasets. It outperforms other methods by reliably
identifying the most influential features averaged over in-
stances, highlighting its effectiveness in providing reliable
local explanations.

Time Comparison. We assess the execution time of various
explainable methods on real datasets. For this evaluation,
50 samples are randomly selected from six real datasets,
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and different methods are applied to generate local expla-
nations from a trained FANOVA GP. Figure 5 presents a
boxplot showing the average time (in seconds) required to
explain an instance from these datasets. Due to the signifi-
cantly longer execution times of MAPLE and S-SHAP, only
the most competitive algorithms are included in the plot for a
clearer comparison. A complete plot, including all methods,
is provided in the appendix. FGPX-Shapley-L demonstrates
outstanding performance in terms of execution time, signifi-
cantly outperforming other methods, thanks to the proposed
recursive algorithm. More experiments on real datasets are
provided in the appendix.

6 Discussion

We presented exact algorithms for computing stochastic
Shapley values in FANOVA Gaussian processes, enabling
both local and global explanations that are axiomatic,
uncertainty-aware, and computationally efficient. Our re-
sults demonstrate that when the model structure is appropri-
ately designed—such as the orthogonal additive structure of
FANOVA GPs—interpretability does not come at the cost
of predictive performance. This work highlights that scal-
able, transparent, and probabilistically grounded explana-
tions are achievable within expressive probabilistic models
in quadratic time only.
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