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Abstract

We propose new quantum algorithms for estimating spectral
sums of positive semi-definite (PSD) matrices. The spectral
sum of an PSD matrix A, for a function f , is defined as
Tr[f(A)] =

∑
j f(λj), where λj are the eigenvalues of A.

Typical examples of spectral sums are the von Neumann en-
tropy, the trace of A−1, the log-determinant, and the Schatten
p-norm, where the latter does not require the matrix to be
PSD. The current best classical randomized algorithms esti-
mating these quantities have a runtime that is at least linearly
in the number of nonzero entries of the matrix and quadratic
in the estimation error. Assuming access to a block-encoding
of a matrix, our algorithms are sub-linear in the matrix size,
and depend at most quadratically on other parameters, like the
condition number and the approximation error, and thus can
compete with most of the randomized and distributed clas-
sical algorithms proposed in the literature, and polynomially
improve the runtime of other quantum algorithms proposed
for the same problems. We show how the algorithms and tech-
niques used in this work can be applied to three problems in
spectral graph theory: approximating the number of triangles,
the effective resistance, and the number of spanning trees in
a graph.

1 Introduction
Spectral sums are matrix quantities that are central to many
problems in computational sciences. They can be found in
machine learning, computational chemistry, biology, statis-
tics, finance, and many other disciplines (Rue and Held
2005; Rasmussen and Nickisch 2010; Cichocki, Cruces,
and Amari 2015; Gutman 2001; Hardt, Ligett, and Mc-
Sherry 2012; Nie, Huang, and Ding 2012; Bengtsson and
Życzkowski 2017; Alter, Brown, and Botstein 2000; Golub
and Von Matt 1997; Dashti and Stuart 2011), Given the
wealth of applications for spectral sums, there is a signifi-
cant interest in developing efficient algorithms to estimate
these quantities (Han et al. 2017; Kontopoulou et al. 2018;
Ubaru, Chen, and Saad 2017; Musco et al. 2017; Boutsidis
et al. 2017; Wu et al. 2016; Han, Malioutov, and Shin 2015).
A spectral sum is defined as follows.
Definition 1 (Spectral sum). Let A ∈ Rn×n be a symmet-
ric matrix with A = UDU † its eigenvalue decomposition,
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where D = diag(λ1, . . . , λn) is the diagonal matrix of the
eigenvalues. Let f : R → R be a function. The spectral sum
of A for the function f is defined as Sf (A) := Tr[f(A)] =∑n

j=1 f(λj).

We can have an analogous definition using the singular
values. As an example, consider the logarithm of the de-
terminant, which is perhaps the most famous example of
a spectral sum. The conventional definition of the determi-
nant through the Laplace expansion lead to an algorithm of
O(n!) operations, lacking computational efficiency (Strang
2023). Fortunately, many practical applications often require
the logarithm of the determinant, and algorithms tailored for
the former have proven to be more advantageous in such
scenarios, even compared to algorithms based on fast ma-
trix multiplication, whose runtime is O(n2.373) (Aho and
Hopcroft 1974).

There are two key ingredients in most classical algo-
rithms for spectral sums: a way to compute the approxi-
mation of a matrix function and a stochastic trace estima-
tion technique. It is possible to compute a matrix function
bypassing the costly diagonalization of the matrix, by us-
ing techniques from approximation theory and linear alge-
bra. This idea is better explained by an example. Imagine
you want to compute Tr[log(A)], for some PSD matrix A.
Set B = I − A, and observe that for a fixed m1 ∈ N,
Tr[log(I − B)] ≈ Tr

[
−
∑m1

k=1
Bk

k

]
= −

∑m1

k=1
Tr[Bk]

k .
This trick bypasses the need for diagonalizing A, apply-
ing the function to the eigenvalues, and computing the sum,
by reducing the problem to (repeated) matrix multiplica-
tions and stochastic trace estimation algorithms, for which
we have efficient randomized algorithm. Most of these algo-
rithms work in the matrix-vector product model, formalized
in (Rashtchian, Woodruff, and Zhu 2020; Sun et al. 2021).
In this model we are given access to an oracle, which re-
turns a vector Ax, for a PSD matrix A and a vector x. These
subroutines are a kind of Monte Carlo algorithm, and the
estimate of the trace can be seen as random variables whose
expected value is the trace ofA. For example, consider a ran-
dom vector z whose entries are Rademacher random vari-
ables (i.e. Pr[+1] = 1/2 = Pr[−1] ). It is known (Avron
and Toledo 2011, Lemma 1) that E[zTAz] = Tr[A]. This is
called the Hutchinson estimator. Several variants of this es-
timator exist, like the unit vector estimator, the normalized
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Rayleigh-quotient, and others (Avron and Toledo 2011). In
the Hutchinson estimator it is possible to compute confi-
dence regions for the estimators, (using either ideas from
Monte Carlo techniques, or the Hoeffding inequality (Bai
and Golub 1996; Avron and Toledo 2011)). Other recent
developments in trace estimation techniques include algo-
rithms based on Krylov subspaces. These methods can be
used to approximate the trace of a matrix function for a low-
rank approximation of the input matrix (Chen and Hallman
2023). The algorithm XTrace (Epperly, Tropp, and Webber
2024) achieves an efficient estimator by carefully selecting
the samples used to estimate the trace, following an “ex-
changeability principle”. An implication of this idea, which
is leveraged in their work, is that an estimator should be a
symmetric function of the samples. A recent work (Meyer
et al. 2021) shows how to estimate the trace of a PSD matrix
with relative error in only O(1/ϵ) access to an oracle that
gives matrix-vector products (see also (Persson, Cortino-
vis, and Kressner 2022)). Merging ideas from Hutch++ and
techniques such as the Nyström approximation (Li, Kwok,
and Lü 2010; Nakatsukasa 2020), it is possible (Saibaba,
Alexanderian, and Ipsen 2017; Persson and Kressner 2023)
to approximate matrix functions under low-rank assump-
tions. For lower bounds in this model, the interested reader
is referred to (Jiang et al. 2021; Roosta-Khorasani and As-
cher 2015), while a recent review of classical algorithms
for spectral sums usingf Krylov subspaces can be found in
Ref. (Chen, Trogdon, and Ubaru 2022).

1.1 Main results
We present quantum algorithms to estimate the log-
determinant, the von Neumann entropy of a graph, the trace
of inverse, and the Schatten p-norm. As applications in spec-
tral graph theory, we show how to estimate the number of tri-
angles in a graph, estimate the effective resistance between
nodes of an electric network, and count the spanning trees in
a graph: all problems relevant for the practitioner in machine
learning and artificial intelligence.

Our algorithms work in the block-encoding model. An
(α, ε)-block-encoding of a matrix A is a unitary that has a
matrix A′/α in its top-left corner satisfying a condition on
the distance induced by the spectral norm: ∥A − αA′∥ ≤ ε
(see definition 6). As in classical algorithms, we leverage
the idea that the trace of a square matrix is equal to the
sum of its eigenvalues. Thus, we perform trace estimation
of a suitably created matrix which we manipulate with quan-
tum singular value transformation techniques ((Chakraborty,
Gilyén, and Jeffery 2019; Gilyén et al. 2019; Low and
Chuang 2019; Chakraborty, Morolia, and Peduri 2022; Tang
and Tian 2024; Motlagh and Wiebe 2023)). Quantum al-
gorithms for computing the (normalized) trace are well-
studied (e.g. in the one clean qubit model of quantum com-
putation — see (Shor and Jordan 2008; Cade and Monta-
naro 2018) for instance), and we generalize them the block-
encoding setting, which we do by formalizing previous al-
gorithms (Chowdhury, Somma, and Subaşı 2021; Subra-
manian and Hsieh 2021). In particular we use subroutines
to estimate the trace with absolute and relative error, and
subroutines to estimate the trace of ATA with relative er-

ror (Van Apeldoorn et al. 2020). We add to the list of useful
quantum subroutines to manipulate block-encodings a way
to compute the product of k preamplified block-encodings
(see full version of the manuscript).

We denote with κ the condition number of the matrix A,
and with α a quantity upper bounded by the Frobenius norm
of the matrix (both are precisely defined in Section 1.3). The
notation Õ(·) hides polylogarithmic factors from the asymp-
totic complexity (reported in the main manuscript and the
appendix). For all the algorithms in Section 2, we show ex-
act bounds on the maximum tolerable error of the block-
encoding that we receive as input for our algorithms. Specifi-
cally, for an (α, ε)-block-encoding and a chosen ϵ, we deter-
mine the maximum ε allowable to ensure that our algorithm
produces an estimate of the desired quantity with an error
bounded by ϵ. While it is not necessary to use a quantum
arithmetic model (full version of the manuscript), doing so
simplifies the analysis of certain steps in the algorithm re-
turning relative error estimates. Importantly, we recall that it
is possible to build block-encodings with a quantum memory
device or using the so called query access to a matrix, which
works well with sparse matrices. While the cost of our algo-
rithm is expressed in terms of use of block-encodings, size
and depth of the circuit can be obtained my multiplying the
cost of the queries to the block-encodings with the size and
depth of the circuit implementing the block-encoding.

Quantum algorithm for log-determinants. The impor-
tance of algorithms for the (logarithm of the) determinant
of an PSD matrix A cannot be stressed enough. The log-
determinant is defined as logdet(A) :=

∑n
j=1 log λj . If

the matrix is positive semi-definite, the definition works by
considering only non-zero eigenvalues. The log-determinant
is used in machine learning and other computational sci-
ences (Rue and Held 2005; Rasmussen and Nickisch 2010;
Cichocki, Cruces, and Amari 2015; Kerenidis, Luongo, and
Prakash 2020; Reynolds 2009). There are many classical al-
gorithms for this problem (Barry and Pace 1999; Pace and
LeSage 2004; Boutsidis et al. 2017; Avron and Toledo 2011;
Saibaba, Alexanderian, and Ipsen 2017; Aune, Simpson, and
Eidsvik 2014; Han, Malioutov, and Shin 2015; Zhang and
Leithead 2007).

Theorem 2. Let UA be an α-block-encoding of an PSD
matrix A ∈ Rn×n. There is a quantum algorithm that re-
turns an estimate logdet(A) which is with ϵ-relative error of
logdet(A) using Õ

(
ακ
ϵ

)
queries to UA.

While we discuss comparison with other works in the next
section, we briefly mention that we give a quadratic speedup
in the condition number with respect to the previous quan-
tum algorithms for the log-determinant (Zhao et al. 2019,
2021). Interestingly, our algorithm also achieves faster per-
formance than a recent approach (Giovannetti, Lloyd, and
Maccone 2025), which attracted considerable attention in
the quantum algorithms community. Their work has a run-
time of Õ

(
κs2

ϵ3

)
, where s is the row sparsity of the (Her-

mitian) matrix. As mentioned, our algorithm works in the
more general block-encoding model, subsuming the access
model used in (Giovannetti, Lloyd, and Maccone 2025).
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In our framework, the block-encoding normalization fac-
tor α reduces to s using query access to the matrix, which
is common on matrices derived from physical problems
(the sparse-matrix assumptions). Therefore, specializing our
result yields a runtime of Õ

(
s κ
ϵ

)
, delivering a quadratic

improvement in the condition-number and cubic improve-
ment in the approximation error. Recent work shows that
the non-normalized estimation of the log-determinant with
inverse polynomial accuracy is BQP-hard, and becomes
PP-complete with inverse exponential accuracy (Edenhofer,
Hasegawa, and Gall 2025).

Quantum algorithms for Schatten norm. Let A ∈
Rm×n be a matrix with singular values {σi}min(m,n)

i=1 . The
Schatten p-norm of A, for p ∈ N+ is defined as ∥A∥p :=(∑min(m,n)

i=1 σp
i

)1/p

. There are many applications for the
algorithms computing the Schatten p-norms, for example in
completion problems, theoretical chemistry, image process-
ing, and many others (Netrapalli et al. 2014; Gutman 2001;
Lu and Negahban 2015; Nie, Huang, and Ding 2012; Ma-
jumdar and Ward 2011; Xie et al. 2016). We propose two dif-
ferent results for estimating the Schatten p-norm of a matrix.
We also report in the full manuscript the results of numeri-
cal experiments showing the asymptotic scaling of certain
parameters on real-world datasets. These numerical experi-
ments show that in some instances, and certain regimes of
parameters, of real-world datasets, the parameter that gov-
erns the runtime of the quantum algorithm scales more fa-
vorably than the worst-case analysis.

Theorem 3. Let UA be an α-block-encoding of a matrix
A ∈ Rm×n with n ≤ m. There is a quantum algorithm that
returns an estimate ∥A∥p which is with ϵ-relative error of

∥A∥p using UA for Õ
(

p
√
n(

√
2∥A∥)

p/2

ϵ∥A∥p/2
p

(
α

∥A∥

))
times if p

is even, or Õ
(√

nα1.5(
√
2)

p/2
(∥A∥)p/2−1

ϵ∥A∥p/2
p

(p+ κ)

)
times if p

is odd.

Our results improve polynomially over previous quan-
tum algorithms (Montanaro 2015). For large values of p, we
have another algorithm that uses an efficient polynomial ap-
proximation of monomials in [−1, 1] that allows to have a
quadratic improvement in p. For this, we need to assume a
square matrix and a bound on the spectral norm of A. The
exponential dependence in p follows from the subroutines
we use for block-encoding amplification, and thus can po-
tentially be removed by improving said subroutines.

Quantum algorithm for von Neumann entropy of
graphs. We study an algorithm to estimate the von Neumann
entropy of a density matrix. Contrary to many other quan-
tum algorithms for this problem, we do not require access
to a purification that allows the creation of a block-encoding
of the density matrix. This is especially relevant for prob-
lem where the density matrix is obtained from graphs, like
the Laplacian of a graph. For a graph G = (V,E) a graph
Laplacian L is a PSD matrix defined as L = ∆(G)−A(G).
We can associate to G a density matrix ρG = L/Tr[L].
Then, the von Neumann entropy of the graphG is defined as

H(G) := H(ρG) = −Tr[ρG log ρG]. In the following s(G)
is the number of edges in the graphG, i.e. |E|. The von Neu-
mann entropy is used in financial data analysis, genomics,
complex network analysis, and pattern recognition (Caraiani
2014; Banerjee and Pal 2014; Alter, Brown, and Botstein
2000; Minello, Rossi, and Torsello 2018; Han et al. 2012;
Passerini and Severini 2008). There is a vast literature of
quantum algorithms for von Neumann entropies of density
matrices ρ, but they work in a model where one has access
to a purification of the density matrix, which results in a 1-
block encoding of ρ (Subramanian and Hsieh 2021; Li and
Wu 2018; Gilyén and Li 2020; Wang et al. 2022; Gur, Hsieh,
and Subramanian 2021).

Theorem 4. Let UA be an α-block-encoding of an PSD
matrix A ∈ Rn×n. There is a quantum algorithm that re-
turns an estimate H(A) which is an estimate of H(A) with

ϵ-absolute error using Õ
(

nακ
ϵs(G)

)
queries to UA.

Quantum algorithms for trace of the inverse. For a
square matrix A, the trace of the inverse is I(A) :=
Tr[A−1] =

∑n
i=1 λ

−1
i . The trace of the inverse finds appli-

cation lattice quantum chromodynamics, generalized cross
validation, and uncertainty quantification (Dashti and Stuart
2011; Golub and Von Matt 1997; Stathopoulos, Laeuchli,
and Orginos 2013). To our knowledge, there are only pre-
vious works for the trace of the inverse for classical algo-
rithms (Han et al. 2017; Ubaru, Chen, and Saad 2017; Wu
et al. 2016), while there are no previous quantum algorithms.

Theorem 5. Let UA be an α-block-encoding of an PSD
matrix A ∈ Rn×n. There is a quantum algorithm that re-
turns an estimate I(A) which is an estimate of I(A) with

ϵ-relative error using O
(

α2κ2

ϵ

)
queries to UA.

1.2 Applications in spectral graph theory
Our algorithms have extensive applications, and we illustrate
their versatility by discussing multiple applications across
three distinct topics in spectral graph theory, whose proof
and discussion can be found in appendix 2. First, the tech-
niques used for computing the Schatten p-norms can be used
for counting the number of triangles in a graph. We propose
two algorithms. Denoting ∆(G) the number of triangles in
G, the runtime of the first algorithm is O( αn

ϵ∆(G) ), and the

runtime of the second algorithm is O( α
√
nκ

ϵ
√

∆(G)
). Algorithms

for counting triangles find many applications in network
analysis (Suri and Vassilvitskii 2011; Easley, Kleinberg et al.
2012). Second, we show how to give a relative error esti-
mate of the number of spanning trees in a graph G, assum-
ing block-encoding access to the graph Laplacian. Our quan-
tum algorithm makes Õ(nακ/ϵ) calls to the block-encoding
of the Laplacian matrix of A. There are many applications
in machine learning (Meila and Jordan 2000), genomics,
and network theory (Wang, Zhang, and Zhuang 2014; Kirby
et al. 2016). Third, we show how to compute the effective
resistance between two nodes in a graph using the block-
encoding of (a modified) graph Laplacian L for Õ(nακ/ϵ)
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times. Applications include graph clustering, graph sparsifi-
cation and analysis, graph neural networks, and many oth-
ers (Alev et al. 2017; Fortunato 2010; Ahmad et al. 2021;
Katz 1953; Spielman and Srivastava 2008).

1.3 Preliminaries and notation
We assume a basic understanding of quantum computing,
and we recommend (Nielsen and Chuang 2010) for a com-
prehensive introduction to the subject. For a matrix M we
denote its transpose-conjugate as M†. For a matrix A =

(aij)n×n ∈ Rn×n we write A = UΣV † =
∑n

i=1 σiuiv
†
i as

its singular value decomposition, where σi are the singular
values and ui, vi its left and right singular vectors respec-
tively. We use λi to denote the eigenvalues of a matrix. We
assume that the singular values (and eigenvalues) are sorted
such that σ1 is the biggest and σn is the smallest. A Hermi-
tian square matrix A ∈ Cn×n is said to be positive semi-
definite (PSD) i.e. A ≥ 0 if x†Ax ≥ 0 for all x ∈ Cn. With
∥A∥0 we denote the number of non-zero elements of the ma-
trix A, with ∥A∥ = σ1 the biggest singular value of A, and

with ∥A∥F =
√∑n

i,j=1 |aij |2 its Frobenius norm. With sr
(sc) we denote the row(column)-sparsity, that is, the maxi-
mum number of non-zero entries of the rows (columns). The
sparsity s of a matrixA is defined as the number of non-zero
entries (i.e. s := ∥A∥0). If the matrix is the adjacency ma-
trix of a graph G, we write s(G). For a matrix L ∈ Rn×n

and A ⊂ [n] we denote with L(A) the matrix obtained from
L by removing the columns and rows indexed by A. With
κ(A) we denote the condition number of A, that is, the ra-
tio between the biggest and the smallest non-zero singular
values. When it is clear from the context, we will simply
denote κ(A) as κ. In this work we use the quantum singu-
lar value transformation, a technique comprehensively stud-
ied in (Chakraborty, Gilyén, and Jeffery 2019; Gilyén et al.
2019; Low and Chuang 2019; Chakraborty, Morolia, and Pe-
duri 2022; Tang and Tian 2024; Motlagh and Wiebe 2023).
In the full manuscript we report polynomial approximations
of useful functions. The theorem that we are using for sin-
gular value transformation below requires classical compu-
tation for obtaining a description of a quantum circuit, which
depends on the degree of the polynomial and the precision
used to compute certain angles. As this procedure is very
fast on a classical desktop computer, resulting in negligible
error, we will consider it only in the proof of theorem 2. The
interested reader is referred to (Chao et al. 2020; Dong et al.
2021) for more information.

2 Quantum Algorithms for Spectral Sums
In the quantum setting, we compute a spectral sum of a ma-
trix A using a methodology analogous to the classical case,
but with different components. We work in a quantum or-
acle model, where our quantum computer has access to a
unitary that encodes the input of the problem. In our case,
this unitary is a block-encoding of the matrix A.

Definition 6 (Block-encoding (Gilyén et al. 2019; Low and
Chuang 2019)). Let A ∈ R2m×2m , α, ϵ ∈ R+ and q ∈ N.

The (m+ q)-qubit unitary UA is an (α, q, ϵ)-encoding of A,
if ∥A− α(⟨0|⊗q ⊗ I)UA(|0⟩⊗q ⊗ I)∥ ≤ ϵ.

In this setting, we measure the asymptotic complexity
of our algorithms in calls to the unitaries of the block-
encoding. Creating block-encodings is quite straightforward
in the QRAM model (i.e. when we have access to a quantum
random access memory via a QMD: a quantum memory de-
vice (Allcock et al. 2023)) or in the sparse access model. We
discuss both cases in the full manuscript, where we show
how to work with non-square matrices. In those setting, it
is possible to build an (α, a, 0)-encoding of a matrix, for
small a, and where α can be a matrix function (folklore in
literature). To build a block-encoding in both models, we
have to perform a classical preprocessing that requires lin-
ear time (with some polylogarithmic overhead) in the size
of the matrices. This time is needed to build a circuit for
sparse access, or a data structure that will be stored in the
quantum memory. Build a block-encoding for A ∈ R2m×2m

requires O(m) queries to a quantum memory device. The
depth of those circuits is usually of O(m) (Jaques and Rat-
tew 2023; Chakraborty, Gilyén, and Jeffery 2019). Using a
quantum computer with a QMD, the runtime of the compu-
tation is proportional to the depth of the circuits, which for
the algorithms presented in this work, is proportional to the
number of calls to the QMD. Hence, we use the query com-
plexity of the block-encoded matrix (i.e. number of usages
of UA) as a proxy for the runtime of the computation. A pre-
cise definition of a quantum computer with access to quan-
tum memory can be found in (Allcock et al. 2023). We as-
sume quantum access to sub-normalized matrices, i.e. where
∥A∥ < 1, say 1/e. This assumption can be easily satisfied
by dividing the matrix by a multiple of its biggest singular
value, before creating quantum access to the matrix. For in-
stance, one can use (Kerenidis and Prakash 2020, Algorithm
4.3, Proposition 4.8) to estimate ∥A∥ with relative error, or
κ(A) with additive error in time O(∥A∥F log(1/ϵ)

∥A∥ϵ ). We as-
sume that this procedure is done immediately after having
built quantum access so the cost of this operation can be sub-
sumed into the cost of creating quantum access to A. In the
quantum algorithm we compute a polynomial approxima-
tion of the function of choice, and perform quantum singular
value transformation on the block-encoding, (for example,
using (Gilyén et al. 2019, Theorem 56)). In particular, we
will build a block-encoding of P (A), where P (x) is a poly-
nomial approximation a function of choice f by using sin-
gular value transformation techniques (Chakraborty, Gilyén,
and Jeffery 2019; Gilyén et al. 2019; Low and Chuang
2019; Chakraborty, Morolia, and Peduri 2022; Tang and
Tian 2024; Motlagh and Wiebe 2023). In the full manuscript
we report some polynomial approximation for the functions
we need, along with other algorithms for manipulating the
spectrum of a matrix. Lastly, we use a quantum algorithm to
estimate the trace of a block-encoded matrix.

Lemma 7 (Quantum trace estimation). Let ϵ ∈ (0, 1). Let
U be an (α, q, δ) block-encoding of A ∈ Cn×n. There is
a quantum algorithm that returns Tr[A] with probability at

least 2/3 such that
∣∣∣Tr[A]− Tr[A]

∣∣∣ ≤ nϵ using O
(
α
ϵ

)
calls
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of U and U †, if δ ≤ ϵ/2.

The proof of this statement can be found in the full
manuscript, along with an algorithm for estimating a trace
with relative error and small failure probability, which we
formalize in the language of block-encodings from (Chowd-
hury, Somma, and Subaşı 2021; Subramanian and Hsieh
2021). There are other quantum algorithms related to the
problem of trace estimation. For example, in (Quek, Kaur,
and Wilde 2024) they estimate the trace of the product of
m different density matrices (i.e. Tr[ρ1, . . . ρm]), in a com-
putational model where all the ρi matrices are available at
the beginning of the computation. The quantum circuit has
constant depth, but at the expense of running the circuit for
O( 1

ϵ2 ) times. A recent algorithm for multivariate trace es-
timation (Yosef et al. 2024) propose high-level set of sub-
routines to write new quantum algorithms for linear alge-
bra (quantum Matrix State Linear Algebra). In (Subrama-
nian and Hsieh 2021), they revisited and simplified the pre-
vious algorithm by demonstrating how to keep the failure
probability of every iteration constant, (but as a function of
a lower bound of the trace). The approach of maintaining
a constant failure probability for every iteration works well
with the quantum arithmetic model, as there exists an in-
herent “smallest trace” that can be estimated on a quantum
computer when the numbers are represented in an explicit
arithmetic model. We discuss this in the appendix.

2.1 Log-determinant
Definition 8 (Log-determinant of an PSD matrix A). Let
A ∈ Rn×n be a PSD matrix, and b ∈ N. Let λ1, . . . , λn
be the eigenvalues of A. Then the log-determinant of A is
defined by logdet(A) := log2 det(A) =

∑n
j=1 log λj .

An algorithm for estimating the log-determinant can be
used to estimate the determinant (and vice versa). Observe
that, while the determinant of a PSD matrix is always pos-
itive (because the eigenvalues are all positive), the log-
determinant of a non-PSD matrix can be either positive or
negative. Under the assumption that the singular values of
the matrix lie in the interval (0, 1], the log-determinant is al-
ways a negative quantity. In case they are not, we can al-
ways consider a rescaled matrix A′ = A/β where β ≥
∥A∥. Then, we can recover the log-determinant of A as
logdet(A) = n log(β)+logdet(A′). The log-determinant is
used in many different research areas. The log-determinant
is used for the calculation of the marginal log-likelihood
of non-parametric kernel-based methods(Dong et al. 2017).
For example, computing a log-determinant is necessary
when training Gaussian processes and Gaussian graphi-
cal models (Rue and Held 2005; Rasmussen and Nickisch
2010), and in tasks such as model selection, and model in-
ference. The log-determinant also appears in other machine
learning problems, as the computation of Bregman diver-
gences (Cichocki, Cruces, and Amari 2015), and quantum
and classical algorithms for fitting Gaussian mixtures with
Expectation-Maximization algorithms (Kerenidis, Luongo,
and Prakash 2020; Reynolds 2009). There are many popu-
lar algorithms for the estimation of the log-determinant. For
many years, most of the software used algorithms based on

the Cholesky decomposition of a matrix. One of the first
stochastic algorithms proposed the idea of using a Taylor
expansion of the logarithm, along with a stochastic trace
estimator subroutine (Barry and Pace 1999). Few years
later, a new algorithm used the Chebyshev approximation
of the logarithm function and an exact trace calculation al-
gorithm (Pace and LeSage 2004). More recently (Boutsidis
et al. 2017), improved the estimation of the log-determinant
using again a Taylor expansion of the logarithm function,
but using some improved results (Avron and Toledo 2011)
for stochastic trace estimation. Under low-rank assump-
tions, it is possible to study algorithms based on subspace-
iteration and access the matrix only through matrix-vector
products (Saibaba, Alexanderian, and Ipsen 2017). Using it-
erative methods over Krylov subspaces and dynamic choice
of the probing vectors it is possible to improve experimen-
tally the performances of the estimator (Aune, Simpson, and
Eidsvik 2014). To our knowledge, the best asymptotic com-
plexity for classical algorithms (Han, Malioutov, and Shin
2015) is of O(

√
κ∥A∥0

ϵ2 log( κ
ϵδ )), where ϵ is the approxima-

tion error and δ is the failure probability. This work com-
bines stochastic trace estimators and Chebyshev approxima-
tion techniques. Later on, early results featured some error
compensation schemes for improving the accuracy (Zhang
and Leithead 2007) and thus reducing the constant factors
in the runtime. A quantum algorithm for estimating the de-
terminant exists (Zhao et al. 2021), whose complexity can
be measured in the number of samples to a quantum al-
gorithm, and has a quadratic dependence on the precision
of the results. There is a quantum algorithm for estimating
the log-determinant (Zhao et al. 2019), with a complexity
of Õ(κ

2∥A∥0

ϵ ). As mentioned before, the work of (Gio-
vannetti, Lloyd, and Maccone 2025) achieves a runtime of
Õ
(

κs2

ϵ3

)
, where s is the row sparsity of the (Hermitian) ma-

trix. Interestingly, a surge of interest in this topic Recent
work shows that the non-normalized estimation of the log-
determinant with inverse polynomial accuracy is BQP-hard,
and becomes PP-complete with inverse exponential accu-
racy (Edenhofer, Hasegawa, and Gall 2025).

Theorem 9 (Log-determinant). Let ϵ ∈ (0, 1/6), δ ∈ (0, 1),
and let UA be an (α, q, ϵ1)-encoding of a PSD matrix A ∈
Rn×n with ∥A∥ < 1/e and ϵ1 ≤ ϵ2

α[64κ log(ακ) log(
log(ακ)

ϵ )]2
.

There is an algorithm that returns an estimate logdet(A)

such that |logdet(A) − log(det(A))| ≤ ϵ| ln(det(A))|
with probability at least 1 − δ, using UA and U†

A for

O
(

ακ
ϵ log( log(κα)ϵ ) log(1/δ)

)
times.

In the case where ∥A∥ > 1 we can scale the matrix as de-
scribed before. With the algorithm we can approximate the
log-determinant up to precision nϵ (by skipping the obser-
vation that n ≤ | logdet(A)|). In this case, it is not easy to
transform it into a relative error because of the mixed-sign
of the logarithm of the singular values.
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2.2 Schatten norm
Definition 10 (Schatten p-norm (Kittaneh 1985)). Let A ∈
Rm×n be a matrix with singular values {σi}min(m,n)

i=1 . Let
p ∈ N+, then the Schatten p-norm ∥A∥p is defined as:

∥A∥p :=
(∑min(m,n)

i=1 σp
i

)1/p

.

This norm can be defined also for non-square matrices.
When p = 1, it is also known as the nuclear or trace
norm, and for p = 2 the Schatten 2-norm is the Frobe-
nius norm. Schatten p-norms are often used in matrix com-
pletion algorithms (Netrapalli et al. 2014), in theoretical
chemistry (Gutman 2001), rank aggregation and collabora-
tive ranking (Lu and Negahban 2015), convex relaxations for
rank-constrained optimization (Nie, Huang, and Ding 2012),
and in image processing (Majumdar and Ward 2011; Xie
et al. 2016). There are quantum algorithms for estimating
the Schatten p-norms. A recent paper (Cade and Montanaro
2018) focuses on the one clean qubit model, and they assume
that both p and 1/ϵ are of order O(poly log n). Another
quantum algorithm for estimating Schatten p-norms (Zhao
et al. 2021) is similar in spirit to the quantum algorithm for
the log-determinant of (Zhao et al. 2019), i.e., they sample
from the uniform distribution of singular values and per-
form the rest of the computation classically. Because of the
sampling technique employed there, the algorithm has a de-
pendence on the precision of O(ϵ−3), and further depends
quadratically on the Lipshitz constant Kp of the function
xp in the domain [0, σmax]. Furthermore, their algorithms
assume that the spectrum of the matrix follows a uniform
distribution, i.e. that the singular values are all Θ(1), which
is not the case for low-rank matrices that are obtained from
real-world datasets (Udell and Townsend 2019). The present
work offers a polynomial speedup with respect to those re-
sults. To our knowledge, the fastest classical algorithm for
estimating the Schatten-p norm (Han et al. 2017) has com-
plexity Õ(∥A∥0pκ/ϵ2). Note that a fast quantum algorithm
for estimating the Schatten 2-norm is a trace estimation of
product of matrices, that can be found in standard litera-
ture. In theorem 11 we consider the case for non-square,
non-normalized matrices. In the full manuscript we pro-
pose another quantum algorithm with a further quadratic
speedup in p, where further assume that ∥A∥ ≤ 1. In the full
manuscript we numerically verify the scaling of the factor
ρ = (

√
2∥A∥)p/2

∥A∥p/2
p

, appearing in the runtimes. To prove the fol-

lowing, we extensively use results on composition on block-
encodings. The full manuscript has a new theorem for ob-
taining the product of k different amplified block-encodings.

Theorem 11 (Schatten p-norms). Let ϵ, δ ≥ 0, p ∈ N+. As-
sume UA is an (α, a, ε)-encoding of a matrix A ∈ Rm×n

with n ≤ m. There is a quantum algorithm that com-
putes an ϵ-relative approximation of the Schatten p-norm

of A using UA and U†
A for Õ

(
p
√
n(

√
2∥A∥)

p/2

ϵ∥A∥p/2
p

(
α

∥A∥

))
times if p is even and ε ≤ ϵ∥A∥p/2

p

4p(
√
2)p/2−1

√
n∥A∥p/2−1

, or

Õ

(√
nα1.5(

√
2)

p/2
(∥A∥)p/2−1

ϵ∥A∥p/2
p

(
p
2 + κ

))
times if p is odd and

ε ≤ ϵ∥A∥
p−1
2

p

8
√
nmin(2α0.5,(

√
2∥A∥)(p−1)/2)

. The Õ notation hides fac-

tor polylogarithmic in p, 2
p/2∥A∥p

∥A∥p/2
p

,
√
n, α, and 1/ϵ.

This algorithm is linear in p, as the classical one. In the fol-
lowing, thanks a polynomial approximation of monomials,
we can obtain a further quadratic advantage for computing
a Schatten p-norms. We formulate the algorithm for work-
ing with square matrices with ∥A∥ ≤ 1, which allows us-
ing a theorem computing a block-encoding of positive pow-
ers of Hermitian matrices. This will also save a further fac-
tor of α0.5 in the final runtime. We believe the algorithm
can be generalized to non-square matrices (for example us-
ing (Gilyén et al. 2019)). For simplicity, we assume a 0-error
block-encoding as input. In the a new algorithm, we will
use Õ(

√
p) calls to UA, where the asymptotic notation hides

constant and polylogarithmic factors coming from a poly-
nomial approximation of monomials, and the computation
of the description of the circuits given by quantum singu-
lar value transformations. For small and even values of p it
might be convenient to use the previous algorithm, which is
using exactly p/2 calls to UA. The statement and proof are
reported in the full manuscript.

2.3 von Neumann entropy of graphs
The spectral sum for the function f(x) = −x log x (where
we take 0 log 0 = 0 by convention) can be linked to the
von Neumann entropy of a quantum state: the quantum gen-
eralization of the classical Shannon entropy. It is possible
to study the notion of quantum entropy of a network and
other combinatorial structures, see for example (Braunstein,
Ghosh, and Severini 2006). Recall that a density matrix is
defined as a PSD matrix with unit trace.

Definition 12 (von Neumann entropy of a density matrix).
For a density matrix ρ with eigenvalue decomposition ρ =∑n

i=1 λi |ψi⟩ ⟨ψi| ∈ Rn×n, the von Neumann entropy of ρ
is defined as: H(ρ) := −Tr[ρ log ρ] = −

∑n
i=1 λi log λi.

We can associate the notion of entropy of a simple, undi-
rected, and connected graphG = (V,E) with n vertices. Let
A(G) be the adjacency matrix of the graph (i.e. A(G)ij = 1
if (i, j) ∈ E), and ∆(G) be the so-called degree matrix of
G: a diagonal matrix where ∆(G)ii = d(i), where d(i) is
the number of neighbors of the node i. The combinatorial
Laplacian matrix ofG is defined as L(G) := ∆(G)−A(G).
It is possible to see that the matrix is PSD (see the Gersh-
gorin disk theorem (Horn and Johnson 2012), or observe that
L =MTM where M is the incidence matrix of G) and that
the rank of the matrix is n−k, where k is the number of con-
nected components of the graph (Bapat 1996). To obtain a
density matrix from a graph, we define ρG := L

Tr[L] =
L

s(G)

where we noted that s(G) = Tr[L]. The entropy H(G) of a
graph G is then defined as the entropy of H(ρG).

Definition 13 (von Neumann entropy of a graph). Let
G = (V,E) be a graph with Laplacian L = ∆(G) −
A(G) =

∑n−1
i=0 νiuiu

T
i and associated density matrix

ρG = L/Tr[L] =
∑n−1

i=0 λiuiu
T
i . The von Neumann en-
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tropy of the graph G is defined as H(G) := H(ρG) =
−Tr[ρG log ρG] = −

∑n
i=1 λi log λi.

Observe that the entropy of G can be rewritten as H(G) =
−s(G)−1

∑
i νi log νi + log(s(G)). The von Neumann en-

tropy of a quantum state quantifies the amount of entan-
glement contained in a bipartite quantum system (Preskill
1998; Bengtsson and Życzkowski 2017). In applications, the
von Neumann entropy is also important in feature selection
(Banerjee and Pal 2014), financial data analysis (Caraiani
2014), and genomic data (Alter, Brown, and Botstein 2000).
In graph theory, the von Neumann entropy is a spectral mea-
sure that has applications in complex network analysis and
pattern recognition (Minello, Rossi, and Torsello 2018; Han
et al. 2012; Passerini and Severini 2008). Three random-
ized classical algorithms were given in (Kontopoulou et al.
2018), where the best classical algorithm is (Kontopoulou
et al. 2018, theorem 2) which shows an asymptotic com-
plexity of Õ(∥A∥0κ/ϵ2) operations. There is a vast liter-
ature on quantum algorithms for estimating von Neumann
entropies, and the more general Rényi entropies (Subrama-
nian and Hsieh 2021; Li and Wu 2018; Gilyén and Li 2020).
In (Gilyén and Li 2020), they show how to estimate with ad-
ditive error using Õ( n

e1.5 ) queries to the oracle giving the pu-
rification. In (Wang et al. 2022) the algorithms assume quan-
tum access to a purification of a density matrix that encodes
a sub-normalized operator. In this setting, they can obtain al-
gorithms that do not depend on the condition number of the
operator or the size of the system, but only on the rank of
the operator, achieving an asymptotic of Õ(r2/ϵ2). Always
in the purified query model, it is also possible to estimate
the entropy with a relative error using Õ

(
n

1
2+

1+η
2γs

)
queries,

where η is a lower bound on the entropy, and γ is the rela-
tive precision (Gur, Hsieh, and Subramanian 2021). Previous
works in quantum algorithms for von Neumann entropies as-
sume to have access to a unitary matrix that produces a state
that is the purification of a density matrix, as is described
in the full manuscript. From a purification is possible to ob-
tain a 1-block encoding of ρ. We can relax this requirement,
by assuming a generic α-block-encoding of a (normalized)
combinatorial Laplacian L := L/∥L∥. When working using
with graphs in the sparse access model we have quantum ac-
cess to a matrix whose spectral norm is usually greater than
1. We can always estimate it, and re-create quantum access
to the scaled matrix during the preprocessing.
Theorem 14 (von Neumann entropy). LetG be a graph with
graph Laplacian L, for a s(G) known. Let ϵ ∈ (0, 1/2), δ ∈
(0, 1), and let UL be a an (α, q, ε)-encoding of L = L/∥L∥
and ε ≤ s(G)2ϵ2α

(196
√
2n∥L∥κα log(2κα) log(n log(2κα/ϵ)))2

. There is
an algorithm that returns an ϵ-absolute approximation of
H(G) with probability ≥ 1 − δ, calling UL and U †

L for

O
(

n∥L∥ακ
ϵs(G) log2

(
n∥L∥ log(2κα)

ϵ

)
log

(
1
δ

))
times.

2.4 Matrix inverse
Definition 15 (Trace of inverse). For a matrix A ∈ Rn×n

with non-zero eigenvalues {λi}ni=1, the trace of the inverse
of A is defined as: I(A) := Tr[A−1] =

∑n
i=1 λ

−1
i .

Note that for any nonzero α, we have I(αA) = I(A)/α.
Thus, if we can approximate the trace of a matrix inverse
of a scaled matrix up to relative error ϵ, we can also obtain
an ϵ-relative approximation of the original quantity I(A).
In most applications, the matrix is usually PSD, but we are
not using this assumption in our algorithm. Computing this
quantity has wide applications, especially in the study of
lattice quantum chromodynamics (Stathopoulos, Laeuchli,
and Orginos 2013), generalized cross validation (Golub and
Von Matt 1997), and uncertainty quantification (Dashti and
Stuart 2011). To our knowledge, the best known classical
algorithm (Han et al. 2017) to solve this problem has com-
plexity Õ(∥A∥0

√
κ/ϵ2), and is using Chebychev approxi-

mation and stochastic trace estimation algorithms. Another
classical algorithm (Ubaru, Chen, and Saad 2017), which
uses stochastic Lanczos quadrature, has a similar runtime.
Recent work (Wu et al. 2016) leverages preconditioners and
ideas to approximate the diagonal of the inverse of the ma-
trix using the diagonal of some approximate inverse that can
be computed inexpensively. Furthermore, it uses dynami-
cal techniques to control the error of the estimation. How-
ever, it lacks a theoretical analysis of the runtime. To our
knowledge, there are no previous quantum algorithms for
this problem.
Theorem 16 (Trace of the inverse). Let ϵ ∈ (0, 1/2), δ ∈
(0, 1), and let UA be a an (α, q, ϵ1)-encoding of a
PSD matrix A ∈ Rn×n with ∥A∥ ≤ 1 and ϵ1 ≤
1
α3

(
3ϵ

128κ2 log(ακ
ϵ )

)2

. There is an algorithm that returns an

ϵ-relative approximation of I(A) with probability at ≥ 1−δ,

using UA and U†
A for O

(
α2κ2 log(µκ/ϵ)

ϵ log(1/δ)
)

times.

3 Conclusions and Future Works
Some polynomial approximations that are used in classical
algorithms (like Gaussian quadrature, the Lanczos method,
and the Cauchy integral (Dong et al. 2017; Dorn and Enßlin
2015; Hale, Higham, and Trefethen 2008)) lead to small
polynomial dependence on condition number. These poly-
nomial can potentially be used in the quantum setting. In-
terestingly, some recent classical algorithms that use new
stochastic trace estimators (Meyer et al. 2021) have a lin-
ear dependence on error, similar to the quantum case. This
leaves the question open whether quantum algorithms can
beat classical algorithms and be sub-linear in the approxima-
tion error. Many classical algorithms also report the variance
associated their estimate, which in the quantum setting can
potentially be improved using (Cornelissen and Hamoudi
2023). A possible generalization of the quantum algorithm
for von Neumann entropy is a quantum algorithm for es-
timating the relative entropy between two quantum states,
which can be used to estimate the number of spanning trees
of a graph (Giovannetti and Severini 2013). We leave for
future work the study of algorithms for estimating the dis-
tance between PSD matrices (using e.g. (Bhatia, Jain, and
Lim 2019)), computing the log-determinant of non-square
matrices, studying more applications of algorithms for spec-
tral sums, and other algorithms for counting the number of
triangles (for example using (Gall and Ng 2022)).
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