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Abstract

The housing market, also known as one-sided matching
market, is a classic exchange economy model where each
agent on the demand side initially owns an indivisible good (a
house) and has a personal preference over all goods. The goal
is to find a core-stable allocation that exhausts all mutually
beneficial exchanges among subgroups of agents. While
this model has been extensively studied in economics and
computer science due to its broad applications, little attention
has been paid to settings where preferences are unknown
and must be learned through repeated interactions. In this
paper, we propose a statistical learning model within the
multi-player multi-armed bandit framework, where players
(agents) learn their preferences over arms (goods) from
stochastic rewards. We introduce the notion of core regret for
each player as the market objective. We study both central-
ized and decentralized approaches, proving O(log T/∆2)
upper bounds on regret, where T is the time horizon and
∆ is the minimum preference gap among players. For the
decentralized setting, we also establish a matching lower
bound, demonstrating that our algorithm is order-optimal.

Extended version — https://arxiv.org/abs/2511.12629

1 Introduction
The housing market, also known as one-sided matching mar-
ket, represents a foundational economic institution where
agents exchange property rights to achieve more desirable
arrangements. Classical research in this domain traces back
to the seminal work of Shapley and Scarf (1974), and the
model has been extensively studied in the literature (Roth
2023) due to its wide range of applications such as stu-
dent housing assignments (Sönmez and Ünver 2010), school
choice (Abdulkadiroğlu and Sönmez 2003) and kidney ex-
change (Roth, Sönmez, and Ünver 2004). In a housing mar-
ket, each agent starts with an indivisible good – typically
representing a house – and has their own personal prefer-
ences over all available goods in the market. Unlike tradi-
tional markets with buyers and sellers, here, agents trade
their initial endowments based on their preferences, seek-
ing to obtain a house they value more, and the houses must
be traded without monetary transactions. The key challenge
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is to find a stable and fair allocation where no agent can
improve their outcome by trading with someone else. The
Top Trading Cycle (TTC) algorithm introduced by Shapley
and Scarf (1974) is a celebrated mechanism that ensures effi-
cient, strategy-proof and Pareto optimal outcomes (Roth and
Postlewaite 1977). Subsequent research has expanded this
framework to accommodate different settings and provide
various solutions to the problem (Hylland and Zeckhauser
1979; Echenique, Miralles, and Zhang 2021; Garg, Tröbst,
and Vazirani 2024). Despite these advancements, the inte-
gration of adaptive learning mechanisms into housing mar-
ket models remains an underexplored area, particularly in
online environments where participants must navigate un-
certainty in preferences.

The assumptions of a known, full preference profile in
housing markets is often unrealistic. In practice, participants
– such as tenants on LeaseSwap NYC, patients in kidney
exchange, or traders in NFT markets – frequently lack well-
defined preferences over items they have not experienced.
Fortunately, these settings typically allow for repeated short-
term interactions that yield immediate feedback, for exam-
ple, through home visits, medical compatibility tests, or tem-
porary NFT licensing. This enables agents to learn their un-
certain preferences through iterative matchings, circumvent-
ing the limitations of classical models.

The multi-armed bandit (MAB) framework models how a
player learns in an unknown environment with limited feed-
back (Auer, Cesa-Bianchi, and Fischer 2002; Lattimore and
Szepesvári 2020). In the basic setup, a player faces K arms,
each with an initially unknown reward distribution. Upon
selecting an arm, the player observes a stochastic reward
and updates their belief about the arm’s preference. The
goal is to maximize cumulative expected rewards, or equiv-
alently, minimize cumulative expected regret – the differ-
ence between rewards from the optimal arm and the player’s
chosen arms over time. Classical strategies for balanc-
ing exploration (learning arm preferences) and exploitation
(leveraging known rewards), such as explore-then-commit
(ETC) (Garivier, Lattimore, and Kaufmann 2016), upper
confidence bound (UCB) (Auer, Cesa-Bianchi, and Fischer
2002) and Thompson sampling (TS) (Thompson 1933),
achieve sublinear regret, ensuring asymptotic optimality.

The online learning setting in housing market mirrors the
exploration-exploitation trade-off central to MAB problems,
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where agents sequentially select actions to maximize cumu-
lative rewards amid uncertainty. The dynamic and competi-
tive nature of housing markets further complicates this learn-
ing process, as agents’ decisions influence not only their own
outcomes but also the opportunities available to others.

To formalize these challenges, we initiate bandit learn-
ing in housing markets, abstract the market as a multiplayer
bandit problem. Here, players and arms correspond to agents
and houses, each player has heterogeneous and unknown
preferences over the arms, and each player is associated with
an arm, which denotes their initially endowed house. When
being matched to an arm, the player could learn the corre-
sponding preference through the stochastic reward, but ev-
ery arm could be matched to at most one player every time,
when more than one player try to pull the same arm, all of
them would get collision and receive no rewards. Taking the
outcome from the TTC algorithm as a natural and desirable
solution for the market, denoted as the core matching, our
objective is to minimize the regret defined as the cumula-
tive reward difference between the arm from the core match-
ing and the player’s selected arm. We develop matching and
learning algorithms that can provably attain the core of the
market in this setting. Our contributions are as follows:
• We introduce a novel model for housing markets in

which agents initially lack knowledge of their prefer-
ences over houses but can repeatedly interact with the
market to gradually learn these preferences. A key con-
tribution is the definition of a natural notion of regret,
grounded in the cooperative game-theoretic concept of
the core, which quantifies the exploration-exploitation
trade-off faced by individual players.

• When the horizon T of the bandit problem is known, we
propose an ETC-type algorithm in the decentralized mar-
ket setting, and prove an O(N log T/∆2

min) problem-
dependent upper bounds on the regret for every player,
where N is the number of players, and ∆min is the play-
ers’ minimum preference gap.

• When the horizon T is unknown, we provide a UCB-
type algorithm in the centralized market setting, which
is adaptive and anytime. We prove that centralized UCB
achieves O(N2 log T/∆2

min) problem-dependent upper
bounds on the regret for every player.

• For the decentralized setting, we prove a matching lower
bound of Ω(N log T/∆2

min). To establish this, we con-
struct an instance where a single player’s exploration in-
evitably causes collisions for others. Specifically, any al-
gorithm must spend Ω(log T/∆2

min) rounds for a player
to identify its optimal arm when the preference gap is
∆min. In our construction, each such exploration step
by one player forces a collision upon a specific, dis-
tinct player. Consequently, if N − 1 players each have
a minimum gap of ∆min, their collective exploration im-
poses Ω(N log T/∆2

min) total collisions – and thus regret
– upon the remaining player.

2 Related Work
Multi-player Bandit Learning The multi-player bandit
problem involves multiple decentralized players interacting

with a shared multi-armed bandit environment. When play-
ers pull the same arm simultaneously, a collision occurs, re-
sulting in a loss. In settings where arm means vary across
players, the benchmark is typically the maximum weight
matching, and the system regret – defined as the cumula-
tive reward loss summed over all players – measures per-
formances. Tibrewal et al. (2019) proposed an ETC type al-
gorithm where players exploit the best-estimated matching,
Mehrabian et al. (2020) combined forced collisions for im-
plicit communication with matching eliminations, Shi et al.
(2021) adapted the CUCB algorithm (Chen, Wang, and Yuan
2013) to this setting. For a comprehensive survey, see Bour-
sier and Perchet (2024).

While our model shares the reward and collision struc-
ture of heterogeneous multiplayer bandits, our benchmark
differs fundamentally: we use the core of the housing mar-
ket —- a game-theoretic solution distinct from maximum
weight matching – and define individual regret per player
rather than aggregate system regret. This ensures fairness
but introduces distinct algorithmic challenges.

Competing Bandits in Two-sided Matching Markets
Bandit problems in matching markets were first formalized
by Das and Kamenica (2005), with subsequent works (Liu,
Mania, and Jordan 2020; Liu et al. 2021; Sankararaman,
Basu, and Sankararaman 2021; Kong and Li 2023; Lin et al.
2025) exploring this model to achieve stable matching (Gale
and Shapley 1962). In these two-sided markets, players
(with unknown utilities) and arms (with known preferences)
interact – when multiple players pull the same arm, only
the top-ranked player by the arm’s preference gets matched
while others face collisions, with individual regrets defined
accordingly. Since multiple stable matchings may exist,
regrets are typically measured against either player-optimal
or player-pessimal stable matchings.

In contrast, we study housing markets (one-sided match-
ing) where only players have preferences over arms. This
creates a distinct collision structure: when multiple players
propose to the same arm, all receive zero reward. Moreover,
the core matching in a housing markets is unique, ensuring
an unambiguous regret definition. These differences from
two-sided markets introduce novel algorithmic challenges.

3 Problem Setting
Denote N as the number of players in the mar-
ket, and every player has an initial endowed arm. Let
N = {p1, p2, · · · , pN} be the player set and A =
{a1, a2, · · · , aN} be the arm set. The preferences of play-
ers on arms can be represented through a utility matrix U ,
where U(i, j) ∈ [0, 1] denotes the preference of player pi
on arm aj . If U(i, j) > U(i, j′), player pi prefers arm aj
over aj′ , and we denote as aj ≻i aj′ . In this paper, we as-
sume all preferences are distinct, i.e., U(i, j) ̸= U(i, j′) for
any different arms aj ̸= aj′ . Additionally, the utility vec-
tors can vary entirely between players, reflecting heteroge-
neous preferences over arms. In each round t = 1, 2, · · · ,
every player pi proposes to an arm Ai(t) ∈ A. Each
arm aj then receives applications from the set of play-
ers A−1

j (t) := {pi : Ai(t) = aj}. Since arm aj is initially
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owned by player pj , we assume only pj observes the ap-
plication profile A−1

j (t), while other players remain un-
aware of this information. Arms are indivisible goods with
no preferences over players, if multiple players propose to
aj in the same round, i.e., |A−1

j (t)| > 1, a collision occurs,
and aj is not matched to any player. In this case, the suc-
cessfully matched player for aj is Ā−1

j (t) = ∅, and each
proposing player pi ∈ A−1

j (t) receives Āi(t) = ∅, along
with a deterministic reward Xi(t) = 0 indicating they are
blocked. Conversely, if only one player pi proposes to aj ,
i.e., |A−1

j (t)| = 1, the match succeeds: Ā−1
j (t) = pi, and pi

receives a random reward Xi(t) characterizing its matching
experience in this round, which we assume is 1-subgaussian
with expectation U(i, Āi(t)). The set of all successfully
matched player-arm pairs in round t forms a matching, de-
noted µt, where µt(pi) = Āi(t).

The core is a fundamental solution concept in housing
markets (Shapley and Scarf 1974), which is the set of fea-
sible allocations where no coalition of agents can benefit by
breaking away from the grand coalition. Formally,
Definition 1 (Core). A matching µ is in the core if no coali-
tion S ⊆ N can block µ, i.e., there does not exist an alter-
native matching µ′ such that µ′(pi) ≻i µ(pi), ∀pi ∈ S .

In housing markets with strict preferences, the core is al-
ways nonempty, and consists of a unique matching (Roth
and Postlewaite 1977), which we refer to as the core match-
ing and denote by µ∗. Our objective is to learn µ∗ while
minimizing the core regret for each player pi ∈ N . This re-
gret is defined as the cumulative difference, over T rounds,
between the expected rewards from being matched to µ∗(pi)
and the rewards actually obtained by pi:

Regi(T ) = T ·U(i, µ∗(pi))− E

[
T∑

t=1

Xi(t)

]
. (1)

The expectation is taken over the randomness of the re-
ceived reward and the players’ strategy.

Offline Top-Trading-Cycle Algorithm In the offline set-
ting where all players know their exact preferences, the Top-
Trading-Cycle (TTC) algorithm (Shapley and Scarf 1974)
efficiently computes the unique core allocation of the hous-
ing market – a stable assignment where no coalition of play-
ers can improve their outcomes through mutual exchanges.
The centralized TTC proceeds iteratively. First, each player
identifies her most preferred available arm. Second, a di-
rected graph is formed where players point to owners of
their top choices. Third, at least one cycle (including possi-
ble self-cycles) is identified and implemented, with involved
players exiting the market. This process terminates within N
steps, guaranteed to produce a core allocation.

4 Decentralized Algorithm
In this section, we present an Explore-then-Commit (ETC)
algorithm for decentralized housing markets, operating in
two phases. First, players explore arms in a round-robin
fashion to estimate their preference rankings (Line 2-25),
ensuring reliable ordinal estimates for matching. Next, play-
ers use these estimates to identify their assigned arms in

the core matching via a decentralized adaptation of the You
Request My House, I Get Your Turn (YRMH-IGYT) mech-
anism (Abdulkadiroğlu and Sönmez 1999) (Line 26-51).
Once matched, players commit exclusively to these arms in
all future rounds.

The first phase of the Algorithm 1 consists of multi-
ple sub-phases ℓ = 1, 2, · · · , each lasting 2ℓ + N rounds
(Line 2-25). Each sub-phase ℓ begins with an exploration
stage of 2ℓ rounds (Line 5-8), followed by N communi-
cation rounds (Line 13-24). During the exploration stage,
players aim to gather sufficient observations about the arms.
The subsequent communication rounds allow them to verify
whether all N players have accurately learned their prefer-
ences. Once this condition is met, players exit the explo-
ration phase and proceed to the second phase, where they
identify arms in the core matching (Line 21).

During the exploration stage of each sub-phase, players
follow a round-robin strategy to propose to arms (Line 6).
Since each player initially owns a distinct endowed arm with
a unique index, this ensures that no two players select the
same arm simultaneously. As a result, all proposals are suc-
cessfully accepted without collisions. When player pi re-
ceives an observation from the selected arm Ai(t), it updates
both the estimated preference value Û(i, Ai(t)) and the ob-
servation count Ti,Ai(t) for that arm (Line 7). The update
rule is as follows,

Û(i, Ai(t)) =
Û(i, Ai(t)) · Ti,Ai(t) +Xi,Ai(t)(t)

Ti,Ai(t) + 1
, (2)

Ti,Ai(t) = Ti,Ai(t) + 1. (3)

At the end of the exploration phase, players construct
a confidence set for their estimated preference values
using collected observations. Specifically, for player pi,
the confidence interval for the preference value of arm aj
is defined by an upper bound (UCB) and a lower bound
(LCB), given as

UCBi,j = Û(i, j) +

√
6 log T

max {Ti,j , 1}
,

LCBi,j = Û(i, j)−

√
6 log T

max {Ti,j , 1}
.

(4)

When the confidence intervals of two arms aj , aj′ become
disjoint, that is, when LCBi,j > UCBi,j′ or vice versa,
player pi can establish its strict preference ordering be-
tween them. Once pi successfully determines a complete
preference ranking over all N arms (Line 10), it sets the
flag P

(i)
ℓ to True for the current sub-phase and records this

permutation as its estimated preference ranking σi.
Communication rounds enable players verify if all partic-

ipants have accurately estimated their preference rankings.
In the i-th communication round of every sub-phase, player
pi’s endowed arm serves as a broadcast channel. A player pj
proposes to pi’s arm if and only if it has an accurate ranking
(Line 16); otherwise, it abstains (Line 18). While this may
cause collisions, the goal is not to resolve them but to con-
vey status information. If pi observes proposals from all N
players including itself (Line 20), it infers universal estima-
tion success and triggers the transition to the second phase
using its estimated ranking σi (Line 21).
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Algorithm 1: Decentralized Explore-then-YRMH-IGYT
(from view of player pi)
Require: player set P and arm set A, horizon T .
1: Initialize: Û(i, j) = 0, Ti,j = 0, ∀j ∈ [N ].
2: //Phase 1, learn the preferences
3: for ℓ = 1, 2, · · · do
4: P

(i)
ℓ = False //whether the preference is well-estimated

5: for t =
∑ℓ−1

ℓ′=1(2
ℓ′ +N) + 1, · · · ,

∑ℓ−1
ℓ′=1(2

ℓ′ +N) + 2ℓ

do
6: Ai(t) = a(i+t−1)%N+1.
7: Observe Xi,Ai(t)(t), update Û(i, Ai(t)), Ti,Ai(t).
8: end for
9: Compute UCBi,j and LCBi,j for each j ∈ [N ].

10: if ∃σ such that LCBi,σk > UCBi,σk+1 , ∀k ∈ [N ] then
11: P

(i)
ℓ = True and σi = σ.

12: end if
13: for t =

∑ℓ−1
ℓ′=1(2

ℓ′ +N) + 2ℓ +1, · · · ,
∑ℓ

ℓ′=1(2
ℓ′ +N)

do
14: t′ = t−

∑ℓ−1
ℓ′=1(2

ℓ′ +N)− 2ℓ

15: if P (i)
ℓ == True then

16: Ai(t) = at′ .
17: else
18: Ai(t) = ∅.
19: end if
20: if i == t′ and |A−1

i (t)| == N then
21: Enter in Phase 2 with σi = (σi,1, · · · , σi,N ).
22: t1 =

∑ℓ
ℓ′=1(2

ℓ′ +N) //Phase 1 ends.
23: end if
24: end for
25: end for
26: //Phase 2, find the core matching arm with σi

27: t = t1 + 1
28: Fi = True //Whether the initial endowed arm is still available

in the market, this flag is known to all players
29: k = 1, Ak = {ai : Fi == True}.
30: Propose(i) = False. //A flag indicated whether player pi pro-

posed to some arm in the k-th epoch.
31: imin = min({i|ai ∈ Ak}).
32: while |Ak| > 0 and Fi == True do
33: j

(i)
min = min

{
j|aσi,j ∈ Ak

}
. //The best available arm for

player pi.
34: if t == t1 + 1 or k(t) == k(t− 1) + 1 then
35: if i == imin then
36: Ai(t) = a

j
(i)
min

.

37: Propose(i) = True.
38: end if
39: else if |A−1

i (t− 1)| > 0 then
40: Ai(t) = a

j
(i)
min

, Propose(i) = True.

41: jr =
{
j|aj = A−1

i (t− 1)
}

.
42: end if
43: if (Propose(i) == True and |A−1

i (t)| > 0) or (Fjr ==
False) then //In a cycle

44: Fi = False, Ai(s) = a
j
(i)
min

, ∀s > t.

45: end if
46: B = {ai : Fi == True}.
47: if B ̸= Ak then //The available arm set is updated
48: k = k + 1, Ak = B, Propose(i) = False.
49: imin = min {i|ai ∈ Ak}.
50: end if
51: end while

The second phase (Line 26-51) adapts the YRMH-IGYT
algorithm (Abdulkadiroğlu and Sönmez 1999) to our
decentralized setting for players to progressively identify
their core allocations. The process unfolds in successive
sub-phases. In each, the unassigned player with the smallest
index initiates a proposal chain by proposing to their most
preferred remaining arm (Lin 36-37). The recipient of a
proposal then proposes to their own top choice among
available arms, and this sequence continues. A top trading
cycle is completed when a proposal is received by a player
who is already part of the current chain (Line 43). The
player who closes the cycle – the first to receive a repeat
proposal – then marks their endowed arm as allocated. This
allocation status propagates backward through the chain.
All players involved in the cycle permanently fix their
allocations and remove their own endowed arms from the
market (Line 44). The process repeats among the remaining
players until all arms are allocated, thus achieving a stable
core matching in a fully decentralized manner.

Remark 1. Algorithm 1 relies on standard multiplayer
bandit assumptions for implicit coordination: (1) Unique,
globally-known arm IDs, which also serve as player iden-
tifiers for round-robin exploration and proposal-chain initi-
ation. (2) A shared global clock to synchronize the transition
to Phase 2. (3) Common knowledge of the available arms in
each round, enabling players to reconstruct the flag Fi.

Theoretical Analysis
Prior to presenting the formal regret analysis of Algorithm 1,
we introduce the notion of preference gaps to quantify the
intrinsic difficulty of the learning problem.

Definition 2 (Minimum Preference Gap). For each player
pi and arm aj ̸= aj′ , let ∆i,j,j′ = U(i, j) − U(i, j′) be
the preference gap of pi between aj and aj′ . Let ri be the
preference ranking of player pi and ri,k be the k-th pre-
ferred arm in pi’s ranking for k ∈ [N ]. Define ∆min =
mini∈[N ];k∈[N ] ∆i,ri,k,ri,k+1

as the minimum preference gap
among all workers and their preferences over the arms.
∆min is non-negative since all preferences are distinct.

We now present the upper bound for the core regret for
each player by following Algorithm 1.
Theorem 1. Following Algorithm 1, the core regret of each
player pi ∈ N satisfies

Regi(T ) ≤
(

192N log T

∆2
min

+ N log

(
192N log T

∆2
min

)
+ 3N

2

)
· ∆i,max

= O
(

N log T

∆2
min

)

The regret bound consists of three key components. First,
the cumulative regret from exploration rounds in phase 1.
Second, the regret from communication rounds in phase 1.
The final term combines two distinct elements: (1) the regret
during phase 2, where the YRMH-IGYT mechanism guar-
antees convergence to the core matching within at most N
epochs (with each epoch requiring ≤ N rounds to identify a
top trading cycle), and (2) the regret contribution from rare
concentration failure events.
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For convenience, let Û (t)(i, j), T
(t)
i,j , UCB

(t)
i,j , LCB

(t)
i,j be

the value of Û(i, j), Ti,j , UCBi,j , LCBi,j at the end of
round t. Define

F =

∃t ∈ [T ], i ∈ [N ], j ∈ [N ] : |Û(t)
(i, j) − U(i, j)| >

√√√√ 6 log T

T
(t)
i,j


as the bad event that some preference is not estimated well

during the horizon. Since all players would communicate
whether they have a precise enough estimation after each
sub-phase of phase 1, and determine to enter phase 2 once
they find every player include themselves have good-enough
estimations, we can conclude that all players would enter
phase 2 at the same time. Denote ℓmax as the largest sub-
phase number of phase 1. That is to say, players enter in
phase 2 at the end of sub-phase ℓmax. We then provide the
proof of Theorem 1 as follows.

Proof of Theorem 1. Let ∆i,max be the maximum core re-
gret that may be suffered by player pi in all rounds, we have
∆i,max ≤ 1 by assumption on the utility matrix. The core
regret of each player pi by following Algorithm 1 satisfies

Regi(T ) =E
[

T∑
t=1

(
U(i, µ

∗
(pi))

)
− Xi(t)

]

≤E
[

T∑
t=1

1
{
µt(i) ̸= µ

∗
(pi)

}
· ∆i,max

]
(5)

≤E
[

T∑
t=1

1
{
µt(i) ̸= µ

∗
(pi)

}∣∣∣∣∣⌝F
]
· ∆i,max

+ P(F) · T · ∆i,max

≤E
[

T∑
t=1

1
{
µt(i) ̸= µ

∗
(pi)

}∣∣∣∣∣⌝F
]
· ∆i,max + 2N

2
∆i,max

(6)

≤E

ℓmax∑
ℓ=1

(
2
ℓ
+ N

)
+ N

2

∣∣∣∣∣∣⌝F
 · ∆i,max + 2N

2
∆i,max (7)

≤
(

192N log T

∆2
min

+ N log

(
192N log T

∆2
min

))
· ∆i,max

+ 3N
2
∆i,max, (8)

where Eq.(5) comes from the fact that in a housing mar-
ket, there is a unique core matching and hence a unique core
matching partner µ∗(pi) for player pi. Eq.(6) holds based
on Lemma 1. Eq.(7) holds according to Algorithm 1 and the
fact that we need at most N2 rounds for the YRMH-IGYT
procedure to reach the equilibrium (Lemma 2). Eq.(8) fol-
lows from Lemma 3.

The following technical lemmas underlying our analysis.
Proofs are provided in the extended version. We begin with
Lemma 1, which bounds the probability of erroneous pref-
erence estimation.
Lemma 1 (Bad Concentration Event). P (F) ≤ 2N2

T .
Lemma 2 shows that each player pi finds their core-

matched arm µ∗(pi) within at most N2 rounds in Phase 2.
Lemma 2. Conditional on ⌝F , at most N2 rounds are
needed in phase 2 before Ai(t) = µ∗(pi), and in all of the
following rounds, Ai(t) would not be updated and pi would
always be successfully accepted by µ∗(pi).

Lemma 3 bounds the duration of the exploration phase.
Lemma 3. Condition on ⌝F , phase 1 will proceed in at most
ℓmax sub-phases where

ℓmax = min

{
ℓ :

ℓ∑
ℓ′=1

2ℓ
′
≥ 96N log T

∆2
min

}
, (9)

which implies that
∑ℓmax

ℓ′=1 2
ℓ′ ≤ 192N log T

∆2
min

and ℓmax =

log
(

192N log T
∆2

min

)
since the sub-phase length grows exponen-

tially. And all players will enter in phase 2 simultaneously at
the end of sub-phase ℓmax.

5 Regret Lower Bound
We establish a regret lower bound by adapting the method of
Auer et al. (2002) to our multi-player setting, demonstrating
the tightness of the regret upper bound of Algorithm 1. Let
Reg(T ;ν, π) be the cumulative expected regret of policy π
over all players and time T , for an instance with arm distri-
butions ν = {νij : i, j ∈ [N ]}. Denote by P the set of all
probability distributions with support in [0, 1]. For any ν ∈
P , define Dinf(ν, x,P) = infν′∈P {D(ν,ν ′) : ρ(ν ′) > x},
where ρ : P → R maps a distribution to its mean and D(·, ·)
is the KL divergence.

Definition 3 (Uniformly Consistent Policies). A policy π is
uniformly consistent if and only if for all ν ∈ P , all α ∈
(0, 1), the regret lim supT→∞

Reg(T ;ν,π)
Tα = 0.

This ensures the policy is not overly tuned to the current
instance at the expense of performance in others, ensuring
robust performance across different problem instances (Auer
et al. 2002; Lattimore and Szepesvári 2020).

Single Top Trading Cycle Bandits Our regret lower
bound applies to a subclass of bandits characterized by a
single top trading cycle (STTCB). In these instances, each
player has a unique top-ranked arm, and there exists a per-
mutation σ of players such that µ∗(pσi) = aσi+1 for i =
1, · · · , N −1 and µ∗(pσN

) = aσ1 . This structure ensures all
players form one top trading cycle in the core matching. For
each player pi, define the gap ∆

(i)
j = U(i, µ∗(pi))−U(i, j)

and the minimum gap ∆
(i)
min = minaj ̸=µ∗(pi) U(i, µ∗(pi))−

U(i, j), which are non-negative in STTCB instances.
Lemma 4 (Regret Decomposition). For an STTCB instance
ν = {νi,j : i ∈ [N ], j ∈ [N ]}, and any uniformly consistent
policy π, player pi for i ∈ [N ] the following holds

Regi(T ; ν, π) ≥ max

{∑
i′ ̸=i

∆
(i)
minEν,π

[
N

(i′)
µ∗(pi)

(T )
]
,

∑
aj ̸=µ∗(pi)

∆
(i)
j Eν,π

[
N

(i)
j (T )

]}
.

For an STTCB instance, when the pi’s core-matched part-
ner µ∗(pi) is allocated to another player, the optimal out-
come is for pi to receive its second-best arm. While this
event occurs infrequently, it provides a sufficient bound for
the first term above.
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Theorem 2. For any player pi, i ∈ [N ], and under any
decentralized uniformly consistent algorithm π, the perfor-
mance on an STTCB instance ν satisfies

lim inf
T→∞

Regi(T ;ν, π)

log T

≥ max

{∑
i′ ̸=i

∆
(i)
min

Dinf(νi′,µ∗(pi),U(i′, µ∗(pi′)),P)
,

∑
aj ̸=µ∗(pi)

∆
(i)
j

Dinf(νi,j ,U(i, µ∗(pi)),P)

}
.

(10)

Proof Idea. For a given STTCB instance ν, we construct a
confounding alternative ν ′ that differs only in the utility of a
single player-arm pair (pi, aj), where aj is the core-matched
arm of pi in ν ′ but not in ν. To identify the true instance
and avoid linear regret, any algorithm must gather enough
evidence to distinguish ν from ν ′, necessitating a number of
samples inversely proportional to their KL-divergence. This
directly implies a logarithmic regret lower bound.

The detailed proof of Theorem 2 can be found in the ex-
tended version. The following corollary demonstrates that
the N log T/∆2

min dependence in Theorem 1 cannot be im-
proved, thus establishing Θ(N log T/∆2

min) as the minimax
regret rate for all players.

Corollary 1. There exists an STTCB instance with Bernoulli
rewards, where the regret of player pi is lower bounded as
Ω(N log T

∆2
min

).

Reward heterogeneity necessitates Ω(log T/∆2
min) explo-

rations for the player with minimum gap ∆min, during which
players with substantial gaps (∆(i′)

min = Ω(1)) incur signifi-
cant regret. This core observation underpins our proof.

From Corollary 1, we can see that the regret upper bound
(Theorem 1) for Algorithm 1 matches the regret lower
bound, showing the significance of our proposed algorithm.

6 Centralized Anytime Algorithm
While Algorithm 1 achieves a regret upper bound that
matches the lower bound in Theorem 2 for all players, it
requires prior knowledge of the time horizon T to properly
construct confidence intervals. Although one could apply the
doubling trick (Auer et al. 1995) to make the algorithm any-
time, this approach leads to non-monotonic expected instan-
taneous regret. Such behavior could raise concerns among
players about the algorithm’s consistency during execution.

In this section, we develop an adaptive anytime algo-
rithm that operates through a centralized platform capable
of aggregating player preferences and regulating allocations
without observing individual reward realizations. The al-
gorithm employs the principle of optimism in the face of
uncertainty, where each player maintains upper confidence
bounds (UCB) to rank arms and submits these rankings to
the platform every round. The platform then computes a
core matching by applying the TTC algorithm to the col-
lected preferences, and players subsequently pull their as-
signed arms.

Algorithm 2: Centralized Anytime UCB
Require: player set P and the corresponding arm set A.
1: for t = 1, · · · do
2: The platform receives ranking r̂i,t from all players pi.
3: The platform computes a core matching µt using the offline

TTC algorithm with the ranking r̂i,t.
4: for i = 1, · · · , N do//Players pull arms simultaneously
5: Ai(t) = µt(pi).

6: Update Û (t)(i, Ai(t)) and u(t)(i, Ai(t)) according to
Eq.(2) and Eq.(11).

7: Compute the current ranking r̂i,t+1 according to
u(t)(i, ·).

8: end for
9: end for

We begin by formally defining the UCB estimation
method used by individual players and introducing several
technical concepts necessary for the analysis. Building on
this foundation, we derive a regret upper bound for the cen-
tralized approach. A key feature of this framework is that
the platform’s coordination eliminates potential conflicts be-
tween player proposals, allowing us to assume collision-free
operation throughout the learning process.

At iteration t, when a player pi gets matched to arm Ai(t),
it would update the estimated preference value Û(i, Ai(t))
and the observed time Ti,Ai(t) for arm Ai(t) according to
Eq.(2) in Section 4.

Then the upper confidence bound, which is called the in-
dex for each (i, j)-th entry of the utility matrix U is com-
puted as

u(t)(i, j) =

{
∞ if Ti,j(t) = 0,

Û (t)(i, j) +
√

3 log t
2Ti,j(t−1)

, otherwise.
(11)

Each player pi uses the index to compute a preference
ranking r̂i,t+1, where arms are ordered by their UCBs in a
decreasing order (e.g., argmaxj u

(t)(i, j) is ranked first).
Let Tµ(t) denote the number of times a matching µ is

played by time t. A matching is achievable at time t if it
is core-stable according to the current estimated rankings
{r̂i,t}i∈[N ]. A matching is truly core-stable if it is core-
stable under the true utility matrix U . For player pi and arm
aj , define Mi,j as the set of achievable (but not truly core-
stable) matchings where pi is matched to aj . The achievable
preference gap is defined as ∆̄i,j = U(i, µ∗(pi))−U(i, j).

Since the truly core-stable matching µ∗ incurs zero regret,
we bound the regret of player pi as follows:

Regi(T ) ≤
∑

j:∆̄i,j>0

∆̄i,j

 ∑
µ∈Mi,j

ETµ(T )


≤ max

j
∆̄i,j

∑
µ∈M

ETµ(T )

 ,

(12)

where M is the set of all achievable but non-truly core-
stable matchings, i.e., M = ∪(i,j)∈[N ]×[N ]Mi,j . If a match-
ing µ is not truly core-stable under the true utility matrix U ,
a blocking coalition must exist – a subset of players who can
reassign their endowed arms to strictly improve every mem-
ber’s utility. For any non-truly-core-stable matching µ ∈ M ,
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there exists a blocking coalition Bµ such that players outside
Bµ keep their assignments under µ∗. Within Bµ, at least one
player pm must be part of a blocking triplet (pm, an, an′)
where under µ, pm is assigned an, U(m,n) < U(m,n′)
in truth yet the UCB index satisfies u(m,n) > u(m,n′). If
no such triplet existed, then for every matched pair (pm, an)
and every an′ with U(m,n) < U(m,n′), we would have
u(m,n) < u(m,n′). Since µ is non-core-stable under U ,
there must exist a reallocation within Bµ that strictly im-
proves every member with respect to U – and, given the
UCB ordering, also with respect to the UCB index. This
would contradict the UCB-core-stability of the implemented
matching. Let Qm,n be the collection of all such triplets,
whenever a non-truly-core-stable µ ∈ M is implemented, at
least one player-arm pair (pm, an) ∈ B := ∪µ∈MBµ must
realize a triplet from Qm,n. This structure yields the follow-
ing regret bound.

Theorem 3. Following Algorithm 2, the core regret of
player pi up to time T satisfies

Regi(T ) ≤ max
j

∆̄i,j

 ∑
(pm,an)

∈B

∑
(pm,an,a

n′ )
∈Qm,n

(
5 +

6 log T

∆2
m,n′,n

)
≤ max

j
∆̄i,j

(
5N

3
+ 12

N2 log T

∆2
min

)
= O

(
N2 log T

∆2
min

)
.

Theorem 3 offers a centralized problem-dependent
O
(

N2 log T
∆2

min

)
upper bound guarantees on the core regret

of each player pi, and the proposed UCB-type algorithm
is anytime and adaptive in the sense that the players do
not need to know the time horizon T and the minimum
preference gap ∆min in advance.

Proof. Let Tm,n,n′(T ) be the number of times player pm
pulls arm an while (pm, an, an′) forms a blocking triplet.
Since every time a matching µ ∈ M is implemented, at least
one such blocking triplet (pm, an, an′) ∈ Qm,n occurs for
some (pm, an) ∈ B, we have∑

µ∈M

Tµ(T ) ≤
∑

(pm,an)
∈B

∑
(pm,an,an′ )

∈Qm,n

Tm,n,n′(T ). (13)

From the analysis above, we know that when (pm, an, an′)
is blocking, we have the UCB index u(m,n) > u(m,n′)
while U(m,n) < U(m,n′) according to the ground-
truth utility matrix. Standard analysis for the single player
UCB (Bubeck, Cesa-Bianchi et al. 2012) shows that

ETm,n,n′(T ) ≤ 5 +
6 log T

∆2
m,n′,n

. (14)

Combining Eq.(12), (13) and (14) we get the first inequality
on the regret upper bound.

When we consider the triplet set composed of all possible
U(m,n) < U(m,n′), we have |Qm,n| ≤ N and

∑
n′:U(m,n)<U(m,n′)

1

∆2
m,n′,n

≤
N∑

n′=1

1

(n′)2∆2
min

≤
2

∆2
min

,

and hence

max
j

∆̄i,j

 ∑
(pm,an)∈B

∑
(pm,an,a

n′ )∈Qm,n

(
5 +

6 log T

∆2
m,n′,n

)
≤max

j
∆̄i,j

 ∑
(pm,an)∈B

(
5N +

12 log T

∆2
min

) .

As there are at most N2 possible player-arm pairs in the
blocking coalition, the second inequality is concluded.

7 Conclusion and Discussion
This paper introduces a novel online learning framework for
housing markets with uncertain preferences, unifying two
key objectives: core-stability and sample efficiency. We for-
malize this through core regret as our performance metric
and propose two algorithms that bridge multi-armed ban-
dit techniques with housing market mechanisms. These al-
gorithms adapt to both centralized and decentralized set-
tings, with guarantees for fixed-horizon and anytime envi-
ronments. A matching regret lower bound proves the order-
optimality of the decentralized algorithm.

There are many additional questions that can be studied
in this model.

Housing Markets with Existing Tenants This paper
focuses on housing markets where each player initially
possesses one endowed arm, maintaining an equal number
of players and arms. However, real-world housing markets
typically involve more complex scenarios: existing tenants
with endowed arms coexist with new applicants lacking
initial allocations, while vacant houses (free arms) may also
be available (Abdulkadiroğlu and Sönmez 1999). In these
generalized settings, the core loses its uniqueness, raising
two fundamental challenges: first, identifying an appropriate
tractable solution concept to serve as a benchmark, and
second, determining whether efficient learning algorithms
can achieve sublinear regret in this more realistic but
complicated environment.

Housing Markets with Indifference While our current
analysis assumes strict player preferences over arms, real-
world housing markets often involve indifference between
options. Our learning algorithm achieves a regret bound of
Θ(N log T/∆2

min), which becomes vacuous when ∆min =

o(1/
√
T ) – precisely when indifference between arms cre-

ates vanishing preference gaps. This limitation highlights the
need for new algorithmic approaches that can handle indif-
ferences in housing market allocations, presenting an impor-
tant direction for future research.

Incentive Compatibility in the Learning Setting While
the top trading cycle algorithm is strategy-proof under
known, deterministic preferences, its incentive compatibil-
ity remains unclear in learning settings where preferences
must be discovered dynamically. In particular, the decentral-
ized nature of these interactions may create opportunities
for strategic manipulation through learning behavior. Un-
derstanding whether and how players can exploit the learn-
ing process to achieve better outcomes presents a significant
open question for future research.
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