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Abstract

The Schatten-p norm, as a class of structure-inducing norms
based on singular values, has been widely used to enhance
model low-rankness and representation capability due to its
flexibility in structural modeling and favorable mathematical
properties. However, its potential in cluster distribution mod-
eling has long been overlooked. Therefore, we explore the po-
tential of maximizing the Schatten-p norm as a regularization
strategy specifically designed to achieve balanced clustering.
This work is the first to investigate its effectiveness in pro-
moting cluster balance. To be specific, maximizing Schatten-
p norm effectively guides the assignment of data points, en-
suring a more balanced distribution of samples across clus-
ters. We have conducted an in-depth theoretical analysis and
validated its effectiveness through extensive clustering exper-
iments. Experimental results demonstrate that, compared to
existing methods, this regularization term significantly im-
proves clustering quality and obtain reasonable clustering.

Introduction
Regularization plays a crucial role in machine learning
and pattern recognition. It not only effectively prevents
model overfitting and improves generalization ability but
also guides the model in learning more structured and in-
terpretable parameters during optimization. Regularization
techniques are widely applied across various tasks, includ-
ing image processing(Gu et al. 2014), classification(Deng
et al. 2024; Sun, Shen, and Sun 2023), regression(Xie et al.
2017; Wang et al. 2024), and clustering(Xia et al. 2023; Gao
et al. 2025), to enhance model performance and robustness.

For example, Lasso regularization enables feature se-
lection by forcing some feature weights to shrink to
zero, thereby eliminating irrelevant variables and enhancing
model interpretability. Ridge regularization prevents exces-
sive parameter growth by imposing a Gaussian prior, im-
proving model smoothness and stability. Elastic Net com-
bines the advantages of L1 and L2 regularization, ensuring
the model maintains stable generalization capability even in
high-dimensional settings. The L2,1 norm(Tang et al. 2018;
Sun, Shen, and Sun 2023) is a widely used regularization
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technique that effectively leverages the intrinsic structure of
data, making it a popular measurement standard for enhanc-
ing the robustness of feature extraction methods.

In matrix optimization problems, regularization is equally
critical. The Frobenius norm is commonly used to measure
the overall size of a matrix, and its regularization can help
reduce the magnitude of parameters, preventing overfitting
due to excessive model complexity. However, the Frobenius
norm cannot directly control the rank of a matrix, making it
difficult to enforce low-rank structures. In contrast, the nu-
clear norm, as a convex relaxation of matrix rank, effectively
encourages low-rank structures, making it widely applicable
in self-representation learning(Li et al. 2025b) and matrix
completion(Yang, Li, and Wang 2022) tasks.

Additionally, minimizing the Schatten-p norm(Xie et al.
2016a; Gao et al. 2021; Xia et al. 2023) provides flexible
control over singular value sparsity by adjusting the p value,
offering diverse regularization strategies for different opti-
mization problems. For instance, Xie et al. (Xie et al. 2016a)
introduced weighted Schatten-p minimization to emphasize
informative components, improving structural preservation,
with applications such as hyperspectral image restoration
(Xie et al. 2016b). Later, Zhang et al. (Zhang et al. 2019)
integrated the Schatten-p norm into low-rank representation
(LRR) models and proposed two improved variants tailored
for subspace clustering, yielding better expressive power and
efficiency. More recently, in (Zhang et al. 2024), they further
refined the low-rank modeling process by introducing an
optimal mean-removal constraint and factorized Schatten-p
regularization, leading to more accurate rank approximation
and improved clustering results.

However, existing studies have primarily focused on the
role of the Schatten-p norm in enhancing model expressive-
ness and promoting low-rank representations, while its po-
tential in characterizing the distribution of cluster data has
largely been overlooked. In clustering tasks, achieving bal-
anced cluster assignments is critical for producing reliable
and interpretable results. In this work, we explore a novel
perspective on Schatten-p norm regularization. Contrary to
the common practice of minimizing the Schatten-p norm for
low-rank modeling, we present a surprising and novel find-
ing: maximizing the Schatten-p norm can effectively encour-
age balanced cluster.
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The main contributions of this paper are summarized as
follows:

• Balance Regularization: We surprisingly and innova-
tively find that maximizing the Schatten-p norm reg-
ularization term for 1 ⩽ p < 2 can naturally lead to
balanced sample distributions across clusters, without ex-
plicitly enforcing any balancing constraints.

• Efficient Optimization: We develop an efficient opti-
mization strategy by applying a first-order Taylor expan-
sion to handle the Schatten-p norm, making the problem
more tractable.

• Theory and Verification: We provide theoretical anal-
ysis to prove the balance property of maximizing the
Schatten-p norm, and perform clustering experiments on
multiple datasets to validate its effectiveness in practice.

Related Work
Balance
Exclusive Lasso(Liu et al. 2017; Han, Liu, and Nie 2019;
Chen et al. 2025) regularization term aims to measure the
similarity between the columns of matrix H because 11T is
a matrix of all ones, which weights the columns of H. The
tr(HT 11T H) is essentially the sum of the weighted inner
products between the columns of H, thus encouraging simi-
larity between them.

Ω(H) = tr(HT 11T H) (1)

If the columns of H are nearly identical, or if the inner prod-
ucts between the columns are large, the inner product in
HT 11T H will be large, thus minimizing the trace. In this
case, the model loses its ability to distinguish and classify
effectively because each data point might be assigned the
same probability of belonging to all classes.

Maximizing the Frobenius norm of the label matrix can
be considered as a way to encourage cluster balance.

Ω(H) = max
H≥0,H1=1

∥H∥2F (2)

However, when all elements in a certain column of H are
1, Eq. (2) reaches its maximum value. This indicates that
all samples are assigned to a single cluster while others re-
main empty. This extreme assignment corresponds to a triv-
ial clustering solution.

Schatten-p Norm
Since the rank of a matrix is a non-convex and non-
differentiable function, directly optimizing rank-constrained
problems is challenging. To address this issue, the nuclear
norm is introduced as a convex relaxation of the rank func-
tion(Lu et al. 2016). It is defined as:

min ∥H∥∗ = min
∑
i

σi(H) (3)

where σi(H) denote the i-th largest singular value of H. By
minimizing the sum of singular values, the nuclear norm en-
courages a low-rank structure.

The Schatten-p norm minimization ensures that the rank
is more easily approximated to the rank of the target ma-
trix(Li et al. 2025a).

min ∥H∥psp = min (
∑
i

σp
i (H)) (4)

Different values of p provide different forms of low-rank
constraints. For example, p → 0 which is close to the rank
of the matrix. The nuclear norm (p = 1) enforces more sin-
gular values to shrink towards zero , while the Frobenius
norm (p = 2) applies a uniform constraint on all singular
values. In low-rank optimization problems, the Schatten-p
norm typically takes values in the range 0 < p ≤ 1, as it can
more effectively promote sparsity and low-rank structures.
Minimizing the Schatten-p norm has been widely used to
enforce low-rank structures, but its potential for promoting
class balance has not been explored in existing studies.

Methodology
Motivation
We explore the potential of maximizing the Schatten-p norm
in achieving cluster balance. To support this, we introduce
Theorems 1 and Theorems 2, which theoretically demon-
strate the effectiveness of maximizing the Schatten-p in pro-
moting balanced clustering.

Theorem 1 Given matrix H ∈ RN×c, let σj(H) denote the
j-th largest singular value of H, τj(HTH) denote the j-th
largest eigenvalue of HTH. δj = τj(H

TH), then

max
H≥0,H1=1

∥H∥psp ⇒ max
H≥0,H1=1,
δ1=...=δc

∥H∥2F (5)

where 0 < p < 2.

Proof 1 The Schatten-p norm is defined as

∥H∥psp =
c∑

j=1

σp
j (H) =

c∑
j=1

(τj(H
TH))

p
2 =

c∑
j=1

δj
p
2 (6)

Let δ = [δ1, δ2, . . . , δc]
T ∈ Rc×1, β1 = . . . = βc = 1

c .
When 0 < p < 2, f(δj) = δj

p
2 is a concave function with

respest to δj , then according to Jensen inequality, we have

f

 c∑
j=1

βjδj

 ⩾
c∑

j=1

βjf (δj) (7)

Equality holds if and only if δ1 = δ2 = . . . = δc.
By simplifying the right side of the inequality(7), we ob-

tain
c∑

j=1

βjf (δj) =
1

c

c∑
j=1

f (δj) =
1

c
∥H∥psp (8)

Similarly, by simplifying the left side of the inequality(7),
we obtain

c∑
j=1

βjδj =
c∑

j=1

βjτj(H
TH) =

1

c
∥H∥2F (9)
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Further,

f(
c∑

j=1

βjδj) = f(
1

c
∥H∥2F ) = (

1

c
∥H∥2F )

p
2 (10)

Therefore, by combining Eq.(8) and Eq.(10), we can con-
vert the inequality(7) into

c(
1

c
∥H∥2F )

p
2 ⩾ ∥H∥psp (11)

Equality holds if and only if δ1 = δ2 = . . . = δc. In order to
find the maximum of ∥H∥psp, we can translate to finding the
maximum of ∥H∥2F under the constraint δ1 = . . . = δc. □

Theorem 2 Given n1 + n2 + . . . + nc = N , maximizing
Eq.(12) ensures a balanced cluster distribution, i.e., n1 =
n2 = . . . = nc.

max
H

∥H∥psp s.t.H ≥ 0,H1 = 1 (12)

where 0 < p < 2.

Proof 2 According to Theorem 1, we can transform Eq.(12)
to into the following form under the constraint δ1 = . . . =
δc.

max
H

∥H∥2F = max
∑
ij

h2
ij = max

∑
i

∑
j

h2
ij

s.t.H ≥ 0,H1 = 1

(13)

In Eq.(13), each row of H is independent, so for each row of
H, Eq.(13) becomes

max

c∑
j=1

h2
ij s.t.hij ≥ 0,

∑
j

hij = 1, δ1 = . . . = δc (14)

The solution to the maximization problem (14) should be re-
alized when hi has only one element equal to 1 and the rest
are 0, and the maximum value should be 1.

Thus, under the constraint δ1 = δ2 = . . . = δc, we can
conclude that the problem (∥H∥2F )

p
2 only reaches its max-

imum when H is a discrete matrix. In this case, HTH is a
diagonal matrix, the value of the j-th diagonal element is the
eigenvalue δj , which is also the sample number of the j-th
cluster nj .

Combined with Eq. (7), we have

f

 c∑
j=1

1

c
δj

= f(
1

c

c∑
j=1

δj) = f(
1

c

c∑
j=1

nj) = f(
N

c
) (15)

So we know that for inequality (7), the equation holds if and
only if δ1 = δ2 = . . . = δc = n1 = n2 = . . . = nc = N

c ,
then ∥H∥psp reaches its maximum. □

Objective
Graph-based clustering methods are capable of flexibly
modeling similarity relationships between data points, mak-
ing them well-suited for datasets with arbitrary distributions.
However, conventional graph clustering often suffers from
high computational complexity and memory overhead due

to the need to construct full sample graphs, which limits
their scalability. To address this, anchor graph structures
have been introduced(Zhang, Nie, and Li 2023; Nie et al.
2024). By selecting a small number of anchor points to ap-
proximate the relationships among original samples, anchor
graphs significantly reduce the cost of graph construction.
Therefore, our model adopts an anchor graph-based cluster-
ing framework.

Given an anchor graph S ∈ RN×m, which captures the
relationship between the data matrix X ∈ RN×d and the
anchor matrix (Xia et al. 2023), where N and m ≪ N rep-
resent the number of data samples and anchors respectively,
and d is the feature dimension. We propose a probability-
based anchor graph clustering method, as illustrated in Fig-
ure 1. Anchors are connected to samples via the anchor
graph S ∈ RN×m, and label information is represented by
H ∈ RN×c for samples and STH for anchors. During the
optimization process, anchor labels provide guidance for the
learning of sample labels, while updated sample labels in
turn promote the adjustment of anchor labels. Based on this,
our model is

max
H

∥∥STH
∥∥p
sp

s.t.H ≥ 0,H1 = 1 (16)

where 1 ⩽ p < 2.

Optimization
∥ST H∥psp with 1 ⩽ p < 2 is a convex function, thus accord-
ing to Theorem3, We relax model (16) with its first-order
Taylor expansion as:

max
F,H

tr(FTST H) s.t.H ≥ 0,H1 = 1 (17)

where F =
∂∥ST H∥p

sp

∂(ST H)
.

Theorem 3 For optimization problems:

max f(Z) (18)

where f(Z) is differentiable function of matrix Z. Relaxing
f(Z) using its first-order Taylor expansion at the current it-
eration point Zk, leading to the modified optimization prob-
lem:

max tr(∇f(Zk)
TZ) (19)

then a necessary and sufficient condition for this relaxation
to be valid is that f(Z) is a convex function.

Proof 3 The first-order Taylor expansion of f(Z) at Zk is
given by

F (Z,Zk) = f(Zk) +<∇f(Zk),Z− Zk>

= f(Zk) + tr(∇f(Zk)
T (Z− Zk))

(20)

Necessity: When f(Z) is to be approximated by its first-
order Taylor expansion, it needs to satisfy the lower bound
that the first-order Taylor expansion is f(Z), i.e.

f(Z) ≥ f(Zk) + tr(∇f(Zk)
T (Z− Zk)) (21)

The inequality (21) is exactly the first order condition for
convex function. Thus, f(Z) must be a convex function.
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Sufficiency: If f(Z) is a convex function, then for any Z,
by the properties of the convex function,

f(Z) ≥ tr(∇f(Zk)
TZ) + C (22)

where C = f(Zk) − tr(∇f(Zk)
TZk) is a constant. Thus,

we can replace f(Z) with its lower bound tr(∇f(Zk)
TZ)+

C. Ignoring the constant term , the optimization problem
reduces to

max tr(∇f(Zk)
TZ) (23)

Therefore, a sufficient and necessary condition for ap-
proximating f(Z) with a first-order Taylor expansion is that
f(Z) is a convex function. □

• Update F , while keeping H: To simplify optimization
process, we set Z = ST H, f(Z) = ∥Z∥psp. We can directly
get

F =
∂∥Z∥psp
∂Z

=
∂
∥∥ST H

∥∥p
sp

∂(ST H)
= pUΣ−1|Σ|pVT (24)

where Z = ST H = UΣVT, Σ−1is the Moore-Penrose
pseudo-inverse of Σ, | · | is the absolute value.
• Update H , while keeping F:

argmax
H

tr(FTST H) = argmax
H

n∑
j=1

hjaj (25)

where H ≥ 0,H1 = 1, each row hj ∈ Rc of the matrix
H represents a probability distribution, i.e., a non-negative
vector whose entries sum to one. A = F⊤S⊤ ∈ Rc×N ,
where aj ∈ Rc denotes the j-th column of matrix A. This
reformulation allows the original problem to be decomposed
into n independent subproblems of the form:

max
hj

hjaj , s.t. hj ≥ 0, hj1 = 1 (26)

Each subproblem is a linear maximization over the prob-
ability simplex. The optimal solution is:

hj = eb, where b = argmax
i

(aj)i (27)

i.e., hj is a one-hot vector with 1 at the position correspond-
ing to the maximum entry of aj , and 0 elsewhere.

As a result, the optimal solution H is given by:

Hij =

{
1 if i = argmax

b
(FTST )bj

0 otherwise
(28)

Convergence Analysis
We set Z = ST H, argmax f(Z) = argmax ∥Z∥psp =
argmin−∥Z∥psp = argmin g(Z), 1 ⩽ p < 2. Since g(Z) =
−∥Z∥psp is a concave function, we can approximate it at the
point Zk using its first-order Taylor expansion:

G(Z,Zk) = g(Zk) + tr(∇g(Zk)
T (Z− Zk)) (29)

Since g(Z) is concave, it satisfies the first-order concavity
condition:

g(Z) ≤ G(Z,Zk) (30)

Algorithm 1: solve problem (16)

1: Input anchor graph S ∈ RN×m, cluster number c, 1 ⩽
p < 2.

2: Initialize label matrix H ∈ RN×c

3: repeat
4: update matrix F by Eq. (24);
5: update matrix H by Eq. (28);
6: until convergence
7: Output H ∈ RN×c

Let Zk+1 be the next iterate, we update Z as

Zk+1 ∈ argminG(Z,Zk) (31)

From the concavity condition, we obtain:

g(Zk+1) ≤ G(Zk+1,Zk) (32)

By the iterative update rule, our optimization procedure
ensures that:

G(Zk+1,Zk) ≤ G(Zk,Zk)

= g(Zk)
(33)

Thus, combining the inequality (32) and inequality (33),
we get:

g(Zk+1) ≤ G(Zk+1,Zk) ≤ g(Zk) (34)

This confirms that the iteration sequence {g(Zk)}∞k=1 is
monotonically decreasing.

In practical optimization problem, the function g(Z) =
−∥Z∥psp has a lower-bounded, applying the monotone
bounded theorem, we conclude that the iteration sequence
{g(Zk)}∞k=1 converges to {g(Z∗)}.

Experiments
Experimental Settings
Experiments are conducted on a Windows 10 desktop com-
puter equipped with a 2.40 GHz Intel Xeon Gold 6240R
CPU, 64 GB RAM, and MATLAB R2016a (64-bit).

Experimental on Benchmark Datasets
The performance of our method is evaluated on eight bench-
mark datasets, and the information of size is shown in Ta-
ble 1. JAFFE (Lyons, Kamachi, and Gyoba 1998), ORL
(Samaria and Harter 1994), MSRA25(Liu et al. 2011), Face-
V5 1, AR (Martinez and Benavente 1998), ISOLET2, USPS
(Hull 1994), and Pendigits 3. In Table 1, we provide a de-
tailed overview of these datasets, covering sample size, fea-
ture dimension, number of categories.

To comprehensively evaluate the effectiveness of the
proposed anchor graph-based balanced clustering method,
we compare it against a diverse set of representative
clustering algorithms, including: Instance-based methods:
K-Means(Hartigan and Wong 1979), CDKM(Nie et al.

1http://biometrics.idealtest.org/dbDetailForUser.do?id=9
2https://archive.ics.uci.edu/dataset/54/isolet
3https://odds.cs.stonybrook.edu/pendigits-dataset/
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JAFFE ORL MSRA25 Face-V5

Samples 213 400 1,799 2,500
Features 676 1,024 256 256
Classes 10 40 12 500
Nentro 0.9996 1 0.9949 0.4553

AR ISOLET USPS Pendigits

Samples 3,120 7,797 9,298 10,992
Features 2,000 617 256 16
Classes 120 26 10 10
Nentro 0.5189 1 0.9852 0.9997

Table 1: The information of datasets.

2022),K-sum-x (Pei et al. 2023) Density-based methods:
DBSCAN (Ester et al. 1996) and HDBSCAN (Mcinnes,
Healy, and Astels 2017). Graph-based clustering ap-
proaches: K-sum (Pei et al. 2023), LCSOG (Zhang, Nie,
and Li 2023), FCAG (Nie et al. 2024) Balanced clustering
algorithms: RKM(Lin, He, and Xiao 2019).

Results We use three commonly used clustering evalua-
tion metrics to assess the performance: Accuracy (ACC),
Normalized Mutual Information (NMI), Purity. All met-
rics range from 0 to 1, with higher values indicating bet-
ter performance. After conducting experiments across eight
datasets, we obtained the corresponding measurement re-
sults. These results are presented in a detailed comparison
across Table 2. As shown in the table, our method consis-
tently outperforms other approaches in terms of overall clus-
tering performance. Traditional methods such as K-Means
and DBSCAN often suffer from issues like cluster collapse
or fragmentation, especially in complex or imbalanced data
scenarios. In contrast, our method enhances the rationality of
cluster assignment by maximizing the proposed schatten-p
norm regularization term, which leads to better intra-cluster
compactness, fewer misclassifications, and a more balanced
distribution of samples across clusters. This ultimately im-
proves the quality of clustering results.

And when comparing different algorithmic frameworks,
we observe that anchor graph-based methods such as K-
sum, LCSOG, and FCAG generally achieve better perfor-
mance than instance-based methods like K-Means, RKM,
CDKM, and K-sum-x. Our model also adopts an anchor
graph structure. Although RKM takes cluster balance into
consideration, the experimental results demonstrate that our
model achieves significantly better balance and overall per-
formance across multiple datasets. This confirms our maxi-
mized schatten-p norm regularization not only has favorable
theoretical properties but also yields more natural and mean-
ingful clustering results in practice.

Parameters setting and analysis To further investigate
the impact of key hyperparameters, we conducted sensitiv-
ity analyses on the anchor rate m and the parameter p in
the Schatten-p norm on the JAFFE, ORL, AR and ISOLET
datasets.

Effect of anchor rater m: The anchor rate m determines
the number of representative samples used to construct the

anchor graph, which significantly affects both the graph
quality and computational efficiency. As illustrated in Fig-
ure 1, we analyze the impact of varying the anchor rate from
0.1 to 1.0. The results show that optimal clustering perfor-
mance is achieved when m = 0.3 for JAFFE, m = 0.41
for ORL, m = 0.44 for ISOLET, and m = 0.69 for AR.
Moreover, our method consistently delivers stable and com-
petitive performance across different datasets when the an-
chor rate varies within a reasonable range, indicating strong
robustness to anchor selection.

0.2 0.4 0.6 0.8
Anchor rate

0

0.5

1

R
es

ul
t

(a) JAFFE
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Anchor rate
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t

(b) ORL
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1
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0.2 0.4 0.6 0.8
Anchor rate
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1

R
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t

(d) ISOLET

Figure 1: Clustering performance w.r.t. anchor rater m.

Effect of parameter p: The parameter p in the Schatten-p
norm determines how the singular values of the matrix are
regularized, thereby influencing the ability of the regulariza-
tion term to promote class balance. We conducted a system-
atic evaluation of p within the range [1, 1.9], and the results
are shown in Figure 2. The experimental results show that
the best clustering performance is achieved when p = 1.3
for the JAFFE dataset, p = 1.2 for ORL, p = 1.6 for ISO-
LET, and p = 1 for AR. Our method demonstrates strong
robustness across different datasets and parameter settings,
further validating the effectiveness and flexibility of the pro-
posed regularization in promoting clustering performance
and class balance.

Ablation Experiment
To further verify the effectiveness of the proposed maxi-
mized schatten-p norm regularization in achieving class bal-
ance, we perform a comparative experiment with a com-
monly used alternative method max

H≥0,H1=1

∥∥STH
∥∥2
F

.

Normalized entropy (Nentro)(Zhong and Ghosh 2003) is
defined as follows:

Nentro = − 1

log c

c∑
h=1

nh

N
log

nh

N
(35)
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Datasets JAFFE ORL MSRA25 Face-V5

Methods ACC NMI Purity ACC NMI Purity ACC NMI Purity ACC NMI Purity

K-means 0.7085 0.8010 0.7455 0.5250 0.7381 0.5800 0.5097 0.5838 0.5451 0.7248 0.9285 0.7768
DBSCAN 0.8263 0.7871 0.8263 0.5000 0.7286 0.6975 0.5036 0.5878 0.6198 0.8720 0.9677 0.9480
HDBSCAN 0.8028 0.8236 0.8826 0.5625 0.7843 0.7625 0.5042 0.6246 0.6581 0.9376 0.9616 0.9384
RKM 0.8310 0.8159 0.8310 0.5000 0.7143 0.5200 0.5297 0.5410 0.5297 0.8140 0.9473 0.8124
CDKM 0.7451 0.8246 0.7812 0.5507 0.7529 0.6090 0.5313 0.5930 0.5605 0.8506 0.9639 0.8852
K-sum-x 0.8930 0.9013 0.8977 0.5877 0.7693 0.6060 0.5516 0.6191 0.5772 0.9638 0.9860 0.9662
K-sum 0.8789 0.8764 0.8789 0.6337 0.7940 0.6562 0.5665 0.5793 0.5762 0.9568 0.9860 0.9656
LCSOG 0.9671 0.9623 0.9671 0.6075 0.7839 0.6725 0.6142 0.6778 0.6142 0.9704 0.9879 0.9724
FCAG 0.9311 0.9354 0.9311 0.6142 0.7893 0.6492 0.6040 0.6638 0.6281 0.9339 0.9826 0.9428

OUR 0.9671 0.9623 0.9671 0.6625 0.7999 0.6975 0.6543 0.6955 0.6609 0.9712 0.9917 0.9728
Datasets AR ISOLET USPS Pendigits

Methods ACC NMI Purity ACC NMI Purity ACC NMI Purity ACC NMI Purity

K-means 0.2514 0.5574 0.2749 0.5469 0.7154 0.5958 0.6458 0.6026 0.7129 0.6615 0.6629 0.6858
DBSCAN 0.2208 0.5455 0.4619 0.1681 0.2275 0.1825 0.3523 0.2504 0.3619 0.7492 0.7150 0.7667
HDBSCAN 0.2635 0.3675 0.3404 0.0826 0.0693 0.0872 0.3566 0.2977 0.3761 0.7076 0.7076 0.7807
RKM 0.2641 0.5752 0.3215 0.6299 0.7346 0.6387 0.6241 0.5748 0.7003 0.7296 0.6639 0.7296
CDKM 0.2653 0.5700 0.2862 0.5328 0.7159 0.5837 0.6526 0.6094 0.7237 0.7027 0.6697 0.7226
K-sum-x 0.2454 0.5676 0.3236 0.6094 0.7307 0.6254 0.6502 0.5853 0.7150 0.7768 0.7001 0.7768
K-sum 0.2970 0.5963 0.3686 0.6269 0.7347 0.6402 0.6802 0.6274 0.7486 0.7562 0.6743 0.7562
LCSOG 0.3423 0.4992 0.3817 0.5352 0.6678 0.5529 0.7448 0.7778 0.7922 0.8432 0.7871 0.8432
FCAG 0.3592 0.6656 0.3787 0.5833 0.7241 0.6078 0.7088 0.6626 0.7482 0.7652 0.7293 0.7817

OUR 0.4212 0.6853 0.4404 0.6877 0.7631 0.6959 0.8329 0.7504 0.8329 0.8480 0.7798 0.8480

Table 2: The clustering performances.
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Figure 2: Clustering performance w.r.t. p.

where nh denotes the size of the h-th cluster. An Nentro of
1 indicates perfectly balanced clusters and 0 indicates ex-
tremely unbalanced clusters.

As shown in Table 3, the experimental results clearly in-
dicate that for the ORL and Pendigits balanced datasets, the
Frobenius norm–based model suffers from poor clustering
accuracy and severe imbalance in sample distribution, often

resulting in extremely uneven cluster sizes. In contrast, our
method, by maximizing the schatten-p norm regularization,
significantly improves clustering performance. For the im-
balanced dataset Face-V5, our model is still able to guide the
data to cluster in a manner consistent with the distribution of
the data itself, rather than forcing strictly balanced cluster-
ing. These results strongly demonstrate the crucial role of
maximizing the schatten-p norm regularization, which can
effectively preserve the original data distribution and can ef-
ficiently adapt to both balanced and imbalanced datasets.

Datasets Methods ACC NMI Purity Nentro

ORL max
H≥0,
H1=1

∥∥STH
∥∥2
F

0.5050 0.7054 0.5250 0.8952

OUR 0.6625 0.7999 0.6975 0.9940

Face-V5 max
H≥0,
H1=1

∥∥STH
∥∥2
F

0.6424 0.8843 0.6456 0.4534

OUR 0.9712 0.9917 0.9728 0.4554

Pendigits max
H≥0,
H1=1

∥∥STH
∥∥2
F

0.6104 0.5464 0.6104 0.8021

OUR 0.8480 0.7798 0.8480 0.9921

Table 3: The clustering results of ablation experiments.

Balance
To further evaluate the effectiveness of our proposed reg-
ularization term in promoting class balance, we conducted
balance experiments on the ORL dataset and visualized the
sample distribution per class using bar charts.
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First, we compared the performance of the Frobenius
norm regularization with our maximized schatten-p norm
regularization, as shown in Figure 3. The method using the
Frobenius norm results in several classes having only 1 sam-
ple, while a class contains up to 34 samples, indicating a
serious class imbalance. In contrast, our method achieved a
more balanced distribution, with most classes having around
10 samples, the lowest being 5 and the highest being 18,
demonstrating significantly better class balance.
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Figure 3: Distribution of Samples in clusters between (a)
max

H≥0,H1=1

∥∥STH
∥∥2
F

and (b) our max
H≥0,H1=1

∥∥STH
∥∥p
sp

.

Second, we compare the standard K-Means with
a regularization-enhanced version, namely K-Means-sp,
which incorporates the maximization of the schatten-p
norm. As shown in Table 4, K-Means-sp achieves not only
better clustering accuracy but also improved class balance,
as reflected by the Nentro metric. As shown in Figure 4, on
the ORL dataset, the original K-Means (Figure 4(a)) showed
notable imbalance, with class sizes ranging from as low as 2
to as high as 31. When our regularization was applied (Fig-
ure 4(b)), the distribution became much more uniform, with
class sizes mostly around 10. This further confirms the effec-
tiveness of our regularization in encouraging balanced clus-
tering results.

Datasets Methods ACC NMI Purity Nentro

ORL K-Means 0.5250 0.7381 0.5800 0.9489
K-Means-sp 0.5450 0.7450 0.5775 0.9991

Face-V5 K-Means 0.7248 0.9285 0.7768 0.4547
K-Means-sp 0.8804 0.9646 0.8904 0.4554

Pendigits K-Means 0.6615 0.6629 0.6858 0.9633
K-Means-sp 0.7291 0.6752 0.7291 0.9999

Table 4: The results of K-Means and K-Means-sp.

Verification of Convergence
We also conducted convergence analysis on several datasets,
including JAFFE, ORL, AR and ISOLET, and plotted the
corresponding convergence curves, as shown in Figure 5. In
the figure, the left side illustrates the convergence behav-
ior of the regularization term during optimization, while the
right vertical axis represents the trend of clustering perfor-
mance. As observed, our method generally converges within
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Figure 4: Distribution of Samples in clusters between (a) K-
Means and (b) K-Means-sp.

a dozen iterations, and the clustering performance reaches a
high level early in the process and remains stable thereafter.
These results demonstrate that the proposed model exhibits
good convergence properties and optimization efficiency.
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Figure 5: Convergence curve.

Conclusion
In this work, we propose a maximizing Schatten-p norm
regularization term with 1 ⩽ p < 2 that significantly en-
hances cluster balance during the clustering process. Unlike
traditional methods that minimize the Schatten-p norm, our
method maximizes this regularization term to guide more
reasonable data point assignments, resulting in improved
clustering quality. Moreover, to ensure both representational
power and computational efficiency, we employ an anchor
graph structure, which approximates sample relationships
using a small set of anchor points. This approach reduces
computational cost while preserving essential structural in-
formation. Extensive experimental results demonstrate that
the clustering framework combining the proposed regular-
ization and the anchor graph mechanism exhibits superior
performance and robustness across various datasets.
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