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Abstract

Supervised learning with tabular data presents unique chal-
lenges, including low data sizes, the absence of structural
cues, and heterogeneous features spanning both categori-
cal and continuous domains. Unlike vision and language
tasks, where models can exploit inductive biases in the data,
tabular data lacks inherent positional structure, hindering
the effectiveness of self-attention mechanisms. While re-
cent transformer-based models like TabTransformer, SAINT,
and FT-Transformer (which we refer to as 3T) have shown
promise on tabular data, they typically operate without lever-
aging structural cues such as positional encodings (PEs), as
no prior structural information is usually available. In this
work, we find both theoretically and empirically that struc-
tural cues, specifically PEs can be a useful tool to improve
generalization performance for tabular transformers. We find
that PEs impart the ability to reduce the effective rank (a
form of intrinsic dimensionality) of the features, effectively
simplifying the task by reducing the dimensionality of the
problem, yielding improved generalization. To that end, we
propose Tab-PET (PEs for Tabular Transformers), a graph-
based framework for estimating and inculcating PEs into
embeddings. Inspired by approaches that derive PEs from
graph topology, we explore two paradigms for graph esti-
mation: association-based and causality-based. We empiri-
cally demonstrate that graph-derived PEs significantly im-
prove performance across 50 classification and regression
datasets for 3T. Notably, association-based graphs consis-
tently yield more stable and pronounced gains compared to
causality-driven ones. Our work highlights an unexpected
role of PEs in tabular transformers, revealing how they can
be harnessed to improve generalization.

Code — https://github.com/kentridgeai/Tab-PET
Extended version — https://arxiv.org/abs/2511.13338

1 Introduction

Tabular data remains one of the most prevalent formats in
applied machine learning, spanning domains from health-
care to finance and recommender systems. Yet, learning
from tabular data presents unique challenges that distinguish
it from vision, language, and audio modalities. First, tabular
datasets often suffer from scarcity of data: many real-world
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problems provide only hundreds to thousands of training ex-
amples, limiting model capacity and generalization (Shavitt
and Segal 2018). Second, high dimensionality exacerbates
the problem: each sample may contain dozens or hundreds
of heterogeneous features (especially after one-hot encoding
the categorical variables), making interactions sparse and
difficult to model. Compounding this is the heterogeneous
nature of the features: categorical and continuous variables
coexist, yet require distinct treatment in both preprocess-
ing and architectural design (Huang et al. 2020). Crucially,
tabular data lacks the inductive biases that underpin recent
deep learning breakthroughs: unlike images it has no spa-
tial locality, unlike language it has no sequential ordering,
and unlike audio it has no spectral coherence. This absence
of structure directly impacts sample efficiency, as models
must learn dependency structure from scratch, making the
problems of data scarcity and high dimensionality even more
pronounced. As a result, tabular learning remains an active
area of research (Gorishniy et al. 2021; Kadra et al. 2021).

Modalities like vision and audition benefit from inher-
ent structural priors (spatial locality/temporal continuity).
In vision, CNNs exploit translational symmetry by applying
shared filters across spatial patches, embedding a strong in-
ductive bias toward local structure. Even transformer-based
models in vision and audition, such as ViT and AST, pre-
serve this bias by tokenizing inputs into fixed-size patches
or frames, thereby retaining partial spatial or temporal in-
variance (Dosovitskiy et al. 2020; Gong, Chung, and Glass
2021). In contrast, language models introduce structure into
the self-attention mechanism via positional encoding (PE),
which enables the model to distinguish token order and learn
position-sensitive dependencies (Vaswani et al. 2017). This
technique has been adapted to ViTs, where positional em-
beddings help recover spatial relationships lost during patch
flattening (Chu et al. 2021; Xu et al. 2021). These architec-
tural strategies demonstrate that injecting structure, whether
through convolution, patching, or PEs, can be integral for
sample-efficient learning in domains where raw data lacks
explicit structural organization.

A foundational limitation of self-attention in transform-
ers is that it operates over unordered inputs. Without extra
information, the mechanism treats all tokens or features as
equally exchangeable, encoding no preference for proximity
or sequence. This lack of structural bias does not align with
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Figure 1: Tab-PET framework for integrating PEs in tabular transformers. (a) Categorical features are one-hot encoded and
continuous features are normalized. (b) A feature-wise graph is estimated based on intra-feature dependencies, capturing re-
lational structure among dimensions. (c) Graph Laplacian eigenvectors (examples shown) are extracted to form fixed PEs and
scaled using the hyperparameter « to emphasize the degree of importance. (d) These encodings are concatenated with standard
embeddings and fed into transformer layers.

natural language, which is inherently organized: grammati- 2 Contributions
cal relations and syntactic dependencies rely on the relative

O k has the followi tributions:
positions of words and phrases (Vaswani et al. 2017). O s e O OWINE COMEIBHIONS

1. Tab-PET: We propose a principled method for construct-

To introduce this bias directly into the model’s compu- ing PEs in tabular domains. The first step involvles.learning
tation, PEs modify each token by appending a position- a feature graph that captures 1nte;r—feature ass001at101}s..We
specific vector that conveys its location in the input. These explore two approaches: causality-based and association-
vectors, whether fixed or learned, alter the dot product be- based. The second step involves generating feature-wise en-
tween queries and keys, reshaping the attention pattern. To- codings using the Laplacian eigenvectors of the learned fea-
kens close in sequence typically carry similar position vec- ture graph. These embeddings are then used to augment in-

tors, which causes the self-attention mechanism to favor in- put embeddings in the transformer. .
teractions among them. This preference allows the model 2. Theoretical Motivation via Rank Analysis: We find

to construct higher-order representations while discourag- that the use of PEs imparts the ability to reduce the effec-
ing irrelevant pairings unless they are statistically warranted. tive rank of the embeddings within transformer architec-
The outcome is a soft inductive bias that recovers local struc- tures, and more so when they are aligned with the structure

ture otherwise missing from the architecture. of the data. Empirical tests confirm these findings.
3. Empirical Evaluation Across Benchmarks: We apply

Despite growing interest in PEs across sequence and our proposed approach to leading tabular transformer mod-
graph-based domains, their application to tabular data re- els, including TabTransformer, SAINT, and FT-Transformer.
mains largely unexplored. This stems from the lack of in- Tab-PET demonstrates consistent improvements across 50
herent structural priors in tabular inputs, i.e., feature or- classification and regression datasets.
der is arbitrary and structural relationships among features 4. Ablation Studies and Performance Analysis: We con-
are rarely specified upfront. Yet, given the challenges fac- duct ablations, statistical significance testing and compar-
ing tabular classification and regression tasks—Iimited data, isons with learnable PEs to demonstrate the effectiveness of
high dimensionality, and feature heterogeneity—the ques- our approach.
tion of whether we can impose meaningful inductive bias
via PEs arises. The current consensus in literature is that 3 Background

PEs cannot benefit tabular transformers because tabular data

is structure-less and has inputs of different types, in con- 3.1 Tabular Transformers

trast to vision and language (Somepalli et al. 2021). In this The application of neural networks to tabular data has made
work, however, we show that PEs can serve to control learn- strides in recent years. Architectures such as ResNet-like
ing complexity, reducing the dimensionality of features ex- (He et al. 2016), NODE (Popov, Morozov, and Babenko
tracted by self-attention layers. We estimate graphical struc- 2019), and SNN (Klambauer et al. 2017) have demonstrated
tures that capture inter-feature associations from the data, strong performance despite a fundamental challenge: tabular
and then derive PEs from the eigenvectors of the graph datasets tend to be small in size and lack the rich structural
Laplacians. These graph-derived encodings are used to aug- priors present in language or vision domains.

ment the original embeddings, enabling a structured induc- Given the widespread success of transformer architec-
tive bias where none existed natively. We refer to this as Po- tures in language and vision domains (Vaswani et al. 2017;
sitional Encodings for Tabular Transformers (Tab-PET). Dosovitskiy et al. 2020), there has been growing interest in
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adapting self-attention mechanisms to tabular data. Mod-
els such as TabTransformer (Huang et al. 2020) and FT-
Transformer (Gorishniy et al. 2021) attempt this adaptation
by embedding features into a higher-dimensional space via
projection layers. FT-Transformer, for instance, utilizes a
feature-tokenizer to create learnable embeddings for both
categorical and continuous features. TabTransformer applies
tokenization only to categorical features, treating contin-
uous values collectively through concatenated representa-
tions. These embedding transformations enable application
of multi-head self-attention followed by classification heads.
Architectures like SAINT (Somepalli et al. 2021) ex-
tend attention across intra-sample and inter-sample domains,
yielding strong performance. Meanwhile, language-guided
models designed for spreadsheet-style inputs (e.g., TAPAS
(Herzig et al. 2020)) incorporate semantic cues from column
headers and contextual metadata. In our work, we focus ex-
clusively on scenarios where only feature names and raw
values are provided, discarding external linguistic context.

3.2 Graph Estimation Approaches

A variety of methods have been proposed to estimate graph-
ical structures over tabular data, where each feature di-
mension is treated as a node in a graph. Broadly, these
approaches fall into two categories: causality-based and
association-based.

Causality-Based Graphs: Causality-based methods aim to
infer directed edges between features that reflect underlying
generative mechanisms: i.e., an edge from feature 7 to fea-
ture j implies that ¢ is a cause of j. These models often as-
sume a linear structural equation model (SEM) of the form:
x = Wx + €, where W is a weighted adjacency matrix
encoding causal relationships, and € is a noise vector. Clas-
sical approaches such as LINGAM (Shimizu et al. 2006) rely
on non-Gaussianity assumptions to identify causal direc-
tions. More recent methods like NOTEARS and its variants
(Zheng et al. 2018; Lee et al. 2019) reformulate structure
learning as a continuous optimization problem, minimizing
reconstruction error while enforcing acyclicity constraints
via smooth penalties. These approaches have enabled scal-
able and differentiable learning of directed acyclic graphs
(DAGsS) from observational data.

Association-Based Graphs: Association-based methods
construct graphs by quantifying statistical dependence be-
tween feature pairs. A common formulation sets the edge
weight w;; between features x; and x; as:

ey

where p is a measure of association, such as Pearson cor-
relation, Spearman correlation, mutual information (MI), or
distance. The Chow-Liu algorithm (Chow and Liu 1968) is
a canonical example, which uses pairwise MI to construct a
maximum-weight spanning tree that approximates the joint
distribution. Notably, while Chow-Liu ensures the resulting
graph is a tree-structured DAG, it does not model generative
mechanisms explicitly. In general, association-based graphs
prioritize statistical dependence over causal interpretability.

wi; = p(s,75),
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3.3 Positional Encoding Integration with Graphs

Our objective in this work is to infer PEs for each feature
based on the underlying structure of the data, which we esti-
mate via graph estimation (see part (b) of Figure 1). Graph-
based PEs have been widely studied in the literature, particu-
larly in the context of graph neural networks and graph trans-
formers. These methods can be broadly categorized into two
families: fixed and learnable PEs.

Fixed Positional Encodings: Fixed PEs typically leverage
the spectral properties of the graph Laplacian. The most
common strategy involves computing its eigenvectors and
using them to encode node positions: (1) First k eigenvec-
tors: Dwivedi and Bresson (Dwivedi and Bresson 2020) pro-
pose using the lowest-frequency components of the Lapla-
cian spectrum, which capture global graph structure; (2) All
eigenvectors: Tto et al. (Ito et al. 2025) argue that using the
full spectrum preserves all structural information, avoiding
frequency truncation; (3) First and last k eigenvectors: The
same work (Ito et al. 2025) shows that only combining low-
and high-frequency components yields robust encodings for
both homophilous and heterophilous graphs.

Learnable Positional Encodings: Learnable PEs aim to op-
timize the encoding process by adapting to task-specific sig-
nals. Two notable approaches include: (1) Elastic PEs: Liu
et al. (Cantiirk et al. 2023) propose learning linear projec-
tions of Laplacian eigenvectors, enabling flexible adaptation
to graph structure; (2) Eigenvector weighting: Tto et al. (Ito
et al. 2025) introduce a method that learns the importance of
each eigenvector via backpropagation, allowing the model
to emphasize relevant spectral components.

Our Approach: In this work, we adopt the fixed PE strategy
using the first and last k eigenvectors of the graph Laplacian.
This choice avoids increasing parametric complexity and
also ensures fair comparisons across architectures. Further-
more, empirically, we find that fixed PEs outperform learn-
able PEs (from scratch) on tabular datasets. Moreover, the
use of both low- and high-frequency components has been
shown to improve expressiveness across graph types, partic-
ularly in heterophilous settings (Ito et al. 2025).

4 Motivation
4.1 Theoretical Results: PEs and Effective Rank

In this section, we theoretically study the ability of PEs to
control the intrinsic dimensionality of the learning prob-
lem. There have been many significant works that find that
lower rank (i.e. low intrinsic dimensionality) of features of-
ten leads to better generalization performance (Ghosh and
Motani 2023; Huh et al. 2021; Arora et al. 2019). A signifi-
cant study that explores the link between intrinsic dimension
and generalization finds that the intrinsic dimensionality of
the data controls both the approximation error (training fit)
and the generalization error (Nakada and Imaizumi 2020).
Thus, the ability of an architecture to reduce the dimension-
ality of the learning task via low rank features is a positive
sign from a generalization perspective.

In what follows, we provide results that show the abil-
ity PEs to directly reduce the effective rank (Roy and



Vetterli 2007) of the CLS output embeddings within FT-
Transformers. Note that the CLS output eventually is used
for the final prediction via fully connected layers. Proofs are
provided in technical appendix I (Leng, Ghosh, and Motani
2025). We reiterate the definition of effective rank below.

Definition 1 (Effective Rank). For a matrix X € R™*¢
representing CLS embeddings from n samples, the effective
rank is defined as:

rer(X) = exp (— Z o; log 61-) ,
i=1

where 5; = 0;/ Z;Zl o are the normalized singular values
obtained from SVD decomposition X = UXVT, and r is
the rank of X. This formulation captures the intrinsic dimen-
sionality of the learned representations through the Shannon
entropy of the singular value distribution.

@)

First, we provide a result in the general case where the
input dimensions are i.i.d.

Theorem 1. [Effective Rank under Random Inputs] Let
x € R? be an input vector to a single-layer, single-head FT-
Transformer with components x; ~ iid. and x; € (0,1).
Let dp denote the token dimension (inclusive of concate-
nated position encodings). Let ¢ € R denote the learn-
able CLS token embedding, and p; € R be the positional
encodings for each input dimension. Assume the scaled posi-
tional encodings pl, = ap; are used, where ac > 0. Given the
query, key and value matrices Q, K,V, where K can be de-
composed as [K,; K|, where K, € Réxdr K, e Rdpxdr,
and similarly for V. Suppose the following conditions hold:
max,;(QTq,KprQ — maxj;éi(QTq,Kprj) = 71, and the
norm of the query-key matrices QQ, K and CLS embedding
q are all bounded by cq, ck and c, respectively. Lastly, as-
sume that the tokenizer weights w; have the same norm and
the value matrix V is norm preserving and satisfies V,, = 0.
aT — 2cKcQey

Define
C, = exp ( Jir ) . 3

Then the effective rank reg of the CLS token output after
self-attention satisfies

Teff < (Co +d) - exp (—

(03

Co+d
In the regime where Cy, >> d, this simplifies to reg ~ 1+Ci.

Remark 1. Note that when C, > d, reg 1+
Ce=T/VIT  Thys, the effective rank can be significantly re-
duced when the PEs are weighted higher using larger o, but
only when T > 0. When not using any PEs however, one ob-
tains 7 = 0 as p; = [0,0,..0]. Thus without PEs, effective
rank can be significantly larger.

- log Ca> . @

~
~

We next discuss the case where the input data is not i.i.d
dimension-wise but has some underlying structure.
Theorem 2. [Effective Rank under Structured Inputs] Con-

sider the same setting as in Theorem 1, except that the input
vector x € R% is structured as follows: d is even, and

;<
2 — {6‘ fori<dj2,

o' fori>d/2, ®)
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with shared latent variables 0,0" € (0,1), and coefficients
Bi,vi € R. Then the effective rank r.g of the CLS token
output after self-attention satisfies:

).

(6)

* (a) Random positional encodings:

2C, log(2C,) + dlogd
2C, +d

ref < (2C, +d) - exp (

which simplifies to reg ~ 1 + ﬁ when Cy, > d.

* (b) Shared positional encodings within groups: If p; is
fixed for all i < d/2, and is a different fixed vector for
1> d/2, then

(e

Co +

Teff < (Ca + 1) + €Xp (_ : IOg Ca) ’ (7)

1
which simplifies to reg ~ 1 + CifOr large C.

Remark 2. The above result clearly indicates that the ef-
fective rank of the CLS token output of the FT-Transformer
depends on whether the PEs have adapted to the structure of
the underlying data. When some input dimensions are simi-
lar to each other (i.e. Theorem 2), assigning the same PE to
the similar dimensions can significantly reduce the effective
rank of the CLS output. Thus, choosing appropriate PEs that
follow data structure can significantly reduce the dimension-
ality of the learning problem, enhancing generalization per-
formance. But this carries some limitations as well. Tasks
which intrinsically require larger effective rank to appropri-
ately address, may not benefit from the inclusion of PEs.

S Methodology

In this section, we outline the four main steps involved in
estimating and integrating PEs in transformer-based archi-
tectures for tabular data. We summarize the following steps
in Figure 1 as well.

5.1 Data Preparation

We begin by applying one-hot encoding to all categorical
variables. This helps eliminate any implicit structural bias
induced by their native ordering based representation. A side
effect of this transformation is that the feature dimensional-
ity increases, which impacts the size of the graph estimated
in subsequent sections. For continuous variables, we nor-
malize each to have zero mean and unit variance.

5.2 Graph Estimation
After preprocessing, we denote each input sample by the d-
dimensional feature vector:

x\) = [asgj),:zrgj), e x&j)]T (©))

j=1...,m
where m is the number of samples, and mE] ) denotes the indi-
vidual feature dimensions of the processed input. Each fea-
ture x; corresponds to a node in graph, and edges represent
statistical or causal dependencies between features.

We explore two primary paradigms for graph learning:
causality-based methods and association-based methods. In
the former, we assume a linear structural causal model given

) )



by x = Ax + €, where A is a weighted adjacency matrix
representing causal relationships, and € is an independent
noise vector. We apply algorithms such as LiNGAM and
NOTEARS to learn this causal graph, resulting in DAGs.

As mentioned earlier, in association-based approaches,
we can define the edge weight w;; between nodes x; and
x; as a function of their statistical dependency: w;; =
p(;vi,xj). Here, we choose p from Pearson correlation,
Spearman rank correlation, or MI. For MI-based graph es-
timation, we employ the Chow-Liu algorithm to ensure the
resulting structure remains a DAG.

5.3 Positional Encoding Creation

Given the estimated graph, we first symmetrize the adja-
cency matrix to produce an undirected version: Ay, =
(A + AT). We then compute the graph Laplacian: L =

— Ay, where D is the degree matrix. The top-%k and
bottom-k eigenvectors of L are selected (excluding the first
eigenvector, which is constant valued), normalized to have
zero mean and unit variance across nodes, and concatenated
to form the PE matrix: P = [eq, ..., €11, €4—k+1,- - -, €4d)-
To modulate the influence of these encodings, we scale them
using a hyperparameter a:

P =a-P. )

For categorical features with multiple one-hot encoded
nodes, we average the individual encodings to yield a con-
solidated PE vector for the feature.

5.4 Positional Encoding Integration

In transformer-based architectures for tabular data, each fea-
ture undergoes tokenization to obtain an n-dimensional em-
bedding vector. We integrate our estimated PEs P’ by con-
catenating them with the corresponding feature embedding:

z; = [z;;p}] € R"T2F, (10)

where z; is the original embedding for x; and p/, is the scaled
PE for x;. Subsequently, these modified embeddings serve
as inputs to the self-attention layers during training.

6 Synthetic Experiments: Evaluating
Structure-Sensitive Positional Encodings

In this section, we design synthetic experiments to evaluate
whether the benefits of PEs are inherently tied to the pres-
ence of structural relationships within tabular data. Trans-
formers rely on PEs to guide self-attention, yet in tabular
domains, structural cues are typically absent. We hypothe-
size that when feature correlations exist, PEs derived from
such associations can improve learning. Conversely, when
features are independent, PEs may have limited impact. To
explore this, we introduce a synthetic framework where the
structure of the dataset can be controlled parametrically.

6.1 Definition of Structure

We define structure as the degree of association between fea-
tures. If all features are independent, no meaningful pairwise
relationships exist, and all features are equally unrelated.

Algorithm 1: Structure-Controlled Tabular Data Generation

1: Input: Feature dimension d, number of partitions k,
number of samples n

2: Output: Synthetic dataset X € R™*?, output variable
yeR”

3: Group Assignment: Partition features into % disjoint
groups {G1,Ga,...,Gr}

4: Sample fixed weights w; ~ U(—1,1) for all features
fedl,...,d}
5: Generative Process:
6: for each sample t = 1 ton do
7: for each group g = 1 to k do
8: Sample group latent variable 9_((,0 ~U(-2,2)
9: for each feature f € G4, do
t t t t
10: 2 =0 wp+P, ) ~ N(0,001)
11: end for

12: end for

13: Target Outputs Generation:

14: Select fixed group index g* € {1,...,k} (shared
across all samples)

15: Sample wy, b ~ U(—1,1)

16: Compute y*) = w, -6{(;3 +b

17: end for

To simulate a controllable structure, we partition the feature
space into k groups where intra-group features share latent
correlations while inter-group features remain independent.

6.2 Data Generation Algorithm

Given input dimensionality d and partition count k, the syn-
thetic data generation is detailed in Algorithm 1. We note
that as k increases, most features end up in their own group,
leading to independence and minimal structure. When £k is
lower, many features share common generative variables, in-
creasing structure. We consider the scenario where the gen-
erated dataset embodies a regression problem, where the un-
derlying function is a linear function of one of the partitions.

6.3 Experimental Setup and Results

We evaluate FT-Transformer on synthetic datasets with in-
put dimensionality fixed at d = 30, using Spearman-based
graph-derived PEs. Each feature embedding is concatenated
with PE and scaled by a hyperparameter o to modulate its
influence. To analyze the impact of structural variation, we
partition features into k groups and categorize results into
three regimes: (a) high structure (k < 8), (b) moderate struc-
ture (10 < k < 22), and (c) low structure (k > 22). Accu-
racy is assessed across varying « values and partition counts.
Results Figure 2 shows performance across structural
regimes. As anticipated, datasets with stronger internal as-
sociations benefit more from graph-derived PEs, yielding
larger improvements as the positional signal is amplified via
higher « values. This empirically confirms that PEs are most
useful when the data exhibits meaningful structure.
Interestingly, even in highly unstructured settings, we ob-
serve minor but consistent gains from PEs. This is because
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Figure 2: RMSE performance comparison with low, moder-
ate, and high structure synthetic datasets across varying c.

PEs can reduce the effective rank of the learning problem,
even when the inputs are unstructured (Theorem 1), and the
generative structure is a simple linear function that doesn’t
require high-rank features.

Lastly, Figure 2 shows that excessively amplifying the
contribution of PEs, by increasing o to 10, can degrade
model performance. This is intuitive, as a large « dispropor-
tionately weights the positional signal, potentially overshad-
owing the original input content encoded within the value
vectors of the query-key-value decomposition.

7 Experiment on Real Datasets

In this section, we discuss the results on real datasets. We
present the details regarding our experimental setup, the
main results, and ablation as well as analytical studies on
Tab-PET. All experiments were conducted on 3 NVIDIA
A100 SXM4 80GB GPUs and 3 NVIDIA RTX 6000 Ada
Generation GPUs.

7.1 Experimental Setup

Datasets: We run experiments on a comprehensive col-
lection of 50 tabular datasets sourced from OpenML
(https://www.openml.org), comprising 25 classification and
25 regression tasks. These datasets span diverse domains
with varying characteristics in terms of sample sizes, fea-
ture dimensionalities, and categorical ratios. The complete
list of datasets with detailed properties is provided in tech-
nical appendix B.1. To preserve the statistical properties of
each dataset, we employ stratified sampling for classifica-
tion tasks that maintains the exact class distribution of the
original dataset. During training, we split each dataset into
a 60:20:20 train-validation-test split. We outline the detailed
data preprocessing steps in technical appendix B.2.

Graph Estimation: We found that some graph estima-
tion approaches are computationally expensive. NO-TEARS
was particularly expensive for larger datasets. Association-
based graphs use weights from pairwise measures in Eq. (1).
Chow-Liu requires an additional step to ensure the graph
is a DAG. The NO-TEARS and LinGAM approaches for
graph estimation have tunable hyperparameters, which are
outlined in technical appendix C.
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PE Creation: When generating PEs, we design an auto-
matic k selection algorithm that adaptively determines the
optimal number of low-frequency and high-frequency eigen-
vectors based on spectral gap analysis. The k selection algo-
rithm is based on thresholding the normalized eigenvalues,
which are a proxy of the effective frequency of the eigenvec-
tor, from both sides. We outline this in technical appendix D.
The hyperparameter « (Fig. 1 (c) and Eq. (9)), which is cho-
sen from a set of 9 elements from 0.05 to 10, is optimized
via the validation set using a greedy approach.

Training and Evaluation: Following numerous previous
studies (Ye et al. 2024; Gorishniy et al. 2021) that use RMSE
and accuracy, we report RMSE for regression tasks and bal-
anced accuracy for classification tasks. Balanced accuracy
presents an unbiased estimate of performance that is inde-
pendent of class imbalance, and following best practices, we
train our models using balanced cross-entropy loss. Each re-
sult is reported after averaging across five random seeds for
all approaches tested in our work. We use early-stopping for
all approaches during the training process. Details are pro-
vided in technical appendix E.

7.2 Baselines for Comparison

We compare Tab-PET with two categories of baselines:

* Tree-based: We compare Tab-PET against two state-of-
the-art (SOTA) gradient boosting methods that show su-
perior performance on tabular data: XGBoost (Chen and
Guestrin 2016) and CatBoost (Prokhorenkova et al. 2018).
For these methods, we use Optuna-driven hyperparameter
optimization (Akiba et al. 2019) with 100 trials per dataset.
Detailed hyperparameter spaces can be found in technical
appendix F.1.

* Transformer-based: We compare Tab-PET against three
SOTA transformer-based methods designed for tabular data:
TabTransformer (Huang et al. 2020), SAINT (Somepalli
et al. 2021), and FT-Transformer (Gorishniy et al. 2021).
Lastly, for fair comparison, we keep batch size, epochs,
learning rate, dimensionality of the feature tokenizer out-
put, and other such hyperparameters fixed when comparing
PE and non-PE approaches for each approach. Complete hy-
perparameter configurations and fair comparison details are
provided in technical appendix F.2 and F.3.

7.3 Graph Estimation Approaches Analysis

Performance: To evaluate how different graph estima-
tion approaches influence downstream performance, we
compare five representative approaches on 50 datasets us-
ing FT-Transformer as the backbone. As shown in Ta-
ble 1, association-based approaches consistently outper-
form causality-based ones across both tasks. Spearman cor-
relation achieves the highest average improvement, fol-
lowed closely by Pearson. Additionally, Spearman exhibits
the most consistent positive gains, rarely showing perfor-
mance degradation. In contrast, causal discovery approaches
NOTEARS and LiNGAM exhibit relatively weaker per-
formance improvement. Chow-Liu, which constructs tree-
structured dependency graphs, doesn’t perform well on clas-
sification. Detailed results for all approaches are provided in
technical appendix G.1.



Method ‘ CA AS DA NL TR ‘ C Improv. T R Improv. 1 ‘ Time (min)

NOTEARS‘ v v ‘ 1.36% 3.64% ‘ 76.83
LiNGAM ‘ v v ‘ 1.41% 3.97% ‘ 10.96
Pearson ‘ v ‘ 1.61% 4.16% ‘ 0.78
Spearman ‘ v v ‘ 1.72% 4.34% ‘ 0.79
Chow-Liu ‘ v v v v ‘ 1.17% 4.29% ‘ 0.38

Table 1: Average performance improvement of graph esti-
mation approaches with Tab-PET. Results show improve-
ment percentage over baseline. Time (min) represents the
average extra computational time introduced by Tab-PET for
graph estimation and PE creation. CA = Causal, AS = Asso-
ciation, DA = Directed Acyclic, NL = Nonlinear, TR = Tree.
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Figure 3: Graph entropy distributions across five graph esti-
mation approaches. Varying bar widths reflect the different
value ranges spanned by each approach.

Computational Cost: Addressing computational efficiency
concerns, we report the average computational time (in min-
utes) for graph estimation and PE creation across all 50
datasets in Table 1. The introduced computational overhead
is minimal; for instance, Spearman graphs add only 0.79
minutes on average. Detailed timing results are provided in
technical appendix G.2.
Graph Entropy: To better understand why association-
based approaches outperform causality-based ones, we ana-
lyze structural properties via graph entropy, a measure quan-
tifying the uniformity of edge weight distributions. For a
graph with n feature nodes, we compute the normalized
entropy for each node . Given the edge weights w;; to
other nodes, the normalized entropy H; is defined as: H; =
> ji Pig Inpij

In(n—1) i Wig
entropy is then obtained by averaging H; across all nodes.
Higher entropy indicates more uniform, densely connected
graphs, while lower entropy suggests sparse, highly struc-
tured graphs with concentrated edge weights.

Figure 3 reveals a clear pattern between graph entropy and
downstream performance. For all 50 datasets tested here,
causal methods (NOTEARS and LiNGAM) concentrate in

_ Wiy

, where p;; = 5 . The overall graph
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the low graph entropy region, producing sparse, highly con-
strained graphs. Spearman and Pearson correlations gener-
ate graphs with high entropy. These denser structures align
with the strongest performance gains, suggesting that PEs
yield more useful information when derived from dense fea-
ture dependencies rather than sparse causal structures. Addi-
tional causal-association comparison analyses are provided
in technical appendix H.1.

7.4 Classification and Regression: Main Results

Based on Table 1, we select the best-performing approach
(Spearman) for integrating PEs into transformer architec-
tures. Table 2 compares performance across tree-based and
transformer-based models on 50 datasets, with detailed re-
sults with standard deviations in technical appendix G.3.
Metrics include balanced accuracy for classification and
RMSE for regression, based on five-fold cross-validation.
For TabTransformer, we use only datasets with multiple cat-
egorical variables, since TabTransformer’s architecture only
applies embeddings (and thus PEs) to categorical features,
while continuous features bypass the embedding layer en-
tirely. Overall, Tab-PET consistently improves performance
across multiple transformer architectures and tasks.

To understand performance better, following common
practice (Gorishniy et al. 2021; Gorishniy, Rubachev, and
Babenko 2022; Gorishniy et al. 2023; McElfresh et al. 2023;
Ye et al. 2025), we report mean ranks in Table 2 and find
that Tab-PET methods achieve the best overall performance,
surpassing GBDTs and baseline transformers in both classi-
fication and regression tasks, with Tab-PET variants of FT-
Transformer and SAINT ranking as the top two methods
overall. Notably, Tab-PET shows statistically significant im-
provements against no-PE baselines across all transformer
architectures (p < 0.05, Wilcoxon signed-rank tests), with
detailed p-values provided in technical appendix H.6.

7.5 Comparing with Learnable Positional
Encodings

A key consideration in our study is whether fixed PEs, de-
rived from the intrinsic structure of tabular data, outperform
learnable PEs that adapt based on data input. This question
echoes ongoing debates in NLP where it’s widely accepted
that learnable PEs can perform well when ample data is
available, but may falter under low-data regimes (Radford
et al. 2018).

To explore this in the tabular domain, we compare per-
formance improvements between learnable PEs and those
generated via Tab-PET across all classification and regres-
sion datasets. These results, detailed in Table 3, reveal that
Tab-PET consistently achieves higher average gains than
learnable alternatives. This suggests that for tabular datasets,
which are typically smaller in size, incorporating graph-
structured positional information as Tab-PET does provide a
substantial advantage. Detailed results are provided in tech-
nical appendix G.4, while further analysis and ablation stud-
ies on Tab-PET are shown in technical appendix H.
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Table 2: Performance comparison on classification and regression datasets. Each result is averaged over 5 random seeds. 1
indicates balanced accuracy, | indicates RMSE. Rank = the mean rank across all datasets (lower is better). Bold = better
between baseline transformer and its Tab-PET variant. T = best across all methods, ¥ = second-best across all methods. Models:
XGB = XGBoost, CB = CatBoost, TT = TabTransformer, ST = SAINT, FT = FT-Transformer, +PET = corresponding Tab-PET
variant. The dataset names corresponding to the abbreviations are provided in technical appendix B.1.

‘ Avg Improv.% Median Improv.% Min Improv.% Win Rate%

Method

| ¢ R | C R | cC R |c R
Learnable | 0.04 062 |-008 005 |31 -86 |12 8
Tab-PET | 172 434 | 1.39 192 |01 -02 |8 92

Table 3: Comparison between Tab-PET and Learnable PE.
C = Classification, R = Regression.

7.6 PEs and Effective Rank on Real Datasets

To empirically validate our theoretical results, we conduct
experiments across 15 real-world tabular datasets where we
measure the effective rank of features, comparing three con-
ditions: (1) Baseline without PEs (o = 0); (2) Tab-PET with
graph-derived PEs; (3) Random PE with the same dimen-
sionality and statistical properties.

Experimental Setup: We use an FI-Transformer architec-
ture with a single layer and single attention head to isolate
the effect of PEs on effective rank. For each PE type, we
vary the scaling parameter « € {1,2,3,...,30} and com-
pute the effective rank of CLS token embeddings before the
final prediction via fully connected layers. Complete exper-
imental details are provided in technical appendix A.1.
Observations: Figure 4 presents our main findings, which
strongly align with Theorems 1 and 2. Specifically, as « in-
creases we see: (1) Both Tab-PET and random PE reduce
effective rank compared to baseline across all « values, con-
firming that PEs enable the architecture to lower representa-
tion complexity when needed; (2) Tab-PET’s effective rank
is significantly lower than random PE, with the gap widen-
ing as « increases initially, before converging again; (3) The
exponential-like decay in effective rank aligns with our the-
oretical takeaways. Further analysis is provided in technical
appendix A.2.
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Figure 4: Empirical validation of effective rank reduction.
Main plot shows the mean effective rank vs. o for Tab-PET,
Random PE, and baseline. Inset shows per-dataset trends.

8 Conclusion

PEs, traditionally overlooked in tabular learning, can greatly
enhance transformer performance by incorporating graph-
derived structural priors. Evaluation on 50 datasets across
multiple baselines establishes that Tab-PET (particularly
Spearman graph estimation) extensions show best perfor-
mance overall when compared with gradient boosting ap-
proaches and the non-PE baselines. Our theoretical analysis
confirms that PEs can reduce effective rank of embeddings,
and even more so when meaningful structure exists. Our
synthetic studies highlight the significant performance im-
provements when the data has underlying structure. Overall,
our work highlights the importance of actively incorporating
structural inductive biases in tabular data learning.
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