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Abstract

We propose a mesh-free policy iteration framework based
on physics-informed neural networks (PINNs) for solving
entropy-regularized stochastic control problems. The method
iteratively alternates between soft policy evaluation and im-
provement using automatic differentiation and neural approx-
imation, without relying on spatial discretization. We present
a detailed error analysis that decomposes the total approxima-
tion error into three sources: iteration error, policy network
error, and PDE residual error. The proposed algorithm is val-
idated with a range of challenging control tasks, including
high-dimensional linear-quadratic regulation in 5D and 10D,
as well as nonlinear systems such as pendulum and cartpole
problems. Numerical results confirm the scalability, accuracy,
and robustness of our approach across both linear and nonlin-
ear benchmarks.

Code —
https://github.com/tomatofromsky/pinn- spi-aaai2026

Extended version — https://arxiv.org/abs/2508.01720

1 Introduction

Solving nonlinear Hamilton—Jacobi—Bellman (HJB) equa-
tions lies at the core of stochastic optimal control. In
continuous-time settings, control strategies must handle un-
certainty while ensuring long-term optimality. Among vari-
ous formulations, entropy-regularized control which is also
known as exploratory or soft control has emerged as a
powerful paradigm that augments the running cost with
a Kullback—Leibler divergence penalty against a reference
measure. This regularization not only induces stochastic-
ity in control policies but also promotes robust exploration
and analytical tractability (Wang, Zariphopoulou, and Zhou
2020; Ziebart et al. 2008). While entropy-regularized control
in continuous time (Wang, Zariphopoulou, and Zhou 2020)
is rigorously formulated, the work does not address the chal-
lenges of function approximation or high-dimensional com-
putation. Our framework complements this theory by incor-
porating neural approximation and residual-driven learning
in a mesh-free manner.
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The resulting HIB equation is a nonlinear second-order
elliptic partial differential equation (PDE), typically defined
over an unbounded domain. Solving such equations numer-
ically remains a central challenge, especially in high dimen-
sions. Soft policy iteration (PI) (Tran, Wang, and Zhang
2025; Tang, Zhang, and Zhou 2022) alternates between pol-
icy improvement via a soft-max update and policy evalua-
tion via solving a linear elliptic PDE. Their analysis rigor-
ously establishes exponential convergence under two canon-
ical regimes: bounded coefficients with small control in the
diffusion, and unbounded dynamics under sufficient dis-
counting. Their results extend classical Howard-type PI into
the entropy-regularized setting with relaxed controls and
randomized policies.

While the theory of soft PI is well understood, practi-
cal deployment in high-dimensional control remains diffi-
cult because each iteration requires solving a nonlinear PDE.
Recent work has attempted to bypass grids with mesh-free
physics-informed neural networks (PINNs), embedding the
PDE residual into a variational loss (Lee and Kim 2025;
Ramesh and Ravindran 2023). Yet rigorous a priori guar-
antees in the entropy-regularized setting are still missing.
In the deterministic case, PINN-based policy iteration meth-
ods (Meng et al. 2024; Lee and Kim 2025) establish only
L®° convergence on compact domains and do not incor-
porate entropy regularization or soft-max policies. Sepa-
rately, a physics-informed model-based reinforcement learn-
ing framework (Ramesh and Ravindran 2023) constrains
the learned dynamics model but does not formulate or an-
alyze the underlying HIB. In contrast, our method targets
the entropy-regularized HJB directly and derives an L? er-
ror analysis for a fully mesh-free PI scheme.

In this work, we propose a fully mesh-free implementa-
tion of the soft PI framework using PINNs. At each itera-
tion, the value function is approximated by a neural network
trained to minimize the residual of a linearized elliptic PDE.
At the same time, the policy is updated analytically via the
softmax formula. Crucially, this structure allows us to de-
rive a quantitative L? energy estimate that explicitly tracks
how approximation errors propagate across iterations. We
decompose the total error into three interpretable sources,
policy update error, PDE residual error, and policy itera-
tion error, and provide bounds for each component. Unlike
prior work, our formulation exploits the linear structure of



each policy evaluation step to rigorously control approxima-
tion quality, while remaining scalable to high-dimensional
domains through mesh-free optimization. This establishes
a principled and practically viable foundation for solving
entropy-regularized control problems in modern learning-
based settings.

To summarize, our contributions are threefold:

* We propose a fully mesh-free implementation of the
entropy-regularized policy iteration method via PINNS.

* We derive an L2-based energy estimate for the value
function error under approximation of the policy distri-
bution.

* We present numerical experiments that demonstrate ap-
plicability to high-dimensional problems.

These results illustrate the potential of combining rigor-
ous policy iteration theory with modern operator-learning
techniques to enable reliable and scalable solvers for
stochastic control problems.

2 Problem Setup
2.1 Exploratory HJB Equations

Let U C R™ denote the compact control space. We consider
a filtered probability space (2, F,{F:}t>0,P) equipped
with a d-dimensional Brownian motion (W;);>¢. For each
relaxed control 7 = {m(x,)},cpe, where 7(z,-) € P(U)
is a probability measure on U for each ! the state evolves
according to the following SDE

{dXtTr = [y b X7, w)m(Xy,u) du] dt + o(X]T) AW,
ey

X = Ec R4,
This corresponds to the situation where, at each state X; =
r € RY the control w € U is chosen randomly from
7(X¢,u), and the drift coefficient is averaged accordingly.
LetIT := {r : R? — P(U)}. Given policy 7 € II, define
the value function as

V™ (z) = E, UOOO e Pt

x </U(r(ng,u) — Mn (X, u) 7(Xe, u) du) dt] .

@

The optimal value function is defined as

V(z):= Tsrlég V().

Under suitable conditions, the value function solves the fol-
lowing nonlinear second-order elliptic PDE:

pV () = sup Fr(z,V,V(x), D2,V (x)) 3)
well

Here, for simplicity, we denote
Y(x) = a(x)a(x)T,
f(x,u,p) == b(z,u) - p+r(z,u),

'We consider relaxed controls 7(z, -) € P(U) that admit densi-
ties with respect to the Lebesgue measure on U, so that 7(z, du) =
m(x,u) du and all integrals [, (-)7(z, u) du are well-defined.
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and
Ffr(iman)

/U(f(a?, u,p) — An(m(u))m(u) du + %tr(E(m)X),

forz,p € R, u € U and X € R¥*,

Notations Let us begin with some notations used through-
out the paper. For z € R%, we write |z| for the Euclidean
norm. We denote the Hessian of a scalar function f by
D2_f.Forp € [1,00), we write f € LP(Q), if

1/p
1 ey == ( / @) dx) |

We write Cf(R?) for the space of k-times continuously dif-

ferentiable functions f : R? — R such that all partial deriva-
tives up to order k are bounded. The norm is defined by

Iflley = D ID* fllLoemey-

|| <k

In particular, f € CZ(R?) implies that f, its gradient V. f,
and its Hessian D2, f are all bounded.

To ensure well-posedness of the control problem and reg-
ularity of the value function, we impose the following struc-
tural assumptions on the system dynamics and cost func-
tions.

Assumption 1. We assume the following:

(A1) The matrix ¥ = oo | satisfies the uniform ellipticity
condition X(z) = Ciold.

(A2) The functions b(-,u), r(-,u), and o(-) belong to
C%(R?) uniformly in u and

60, Wllc2@ay+Ir (- u) o2 ey +llo()le2rey < Ch

(A3) (Entropy regularization) The constant A > 0 is fixed
and governs the strength of the entropy term in (2) and

3).

2.2 Policy Iteration Scheme

To solve the entropy-regularized HIB equation (3), we adopt
a classical policy iteration (PI) strategy extended to the ran-
domized control setting. The key idea is to alternate between
evaluating the value function under a fixed policy and im-
proving the policy by optimizing a soft Bellman operator
that reflects entropy-regularized performance.

This framework is particularly attractive because, al-
though the original HIB equation is defined over an un-
bounded domain, each policy evaluation step reduces to
solving a linear second-order elliptic PDE under a fixed
control distribution. The policy improvement step, in turn,
amounts to a pointwise softmax update that admits a closed-
form expression.

In Algorithm 1, we present the exact policy iteration
scheme proposed in the soft PI framework (Tang, Zhang,
and Zhou 2022; Tran, Wang, and Zhang 2025), which we
later extend to a mesh-free, PINN-based implementation.
The algorithm alternates between two steps: a policy im-
provement step, where a soft-optimal policy is computed



Algorithm 1: Soft Policy Iteration

1: Initialize: Value function v° : R — R

2: forn=1,2,... do
3:  (Policy improvement step): Given v" !, define new
policy 7™:
N o exp [3f (@, u, Vo1 (2))]
7 (z,u) = i
Joexp [5f(a,w/, Vaur—1(z))] du/
“)
4:  (Policy evaluation step): Solve for v™ the PDE:
o™ (z) = Frn (2, Voo (z), D2 0™ (z))  (5)

5: end for

via the Boltzmann distribution, and a policy evaluation step,
which involves solving a linear elliptic PDE under the fixed
policy. The key advantage of this formulation is that the
original HIB equation is decomposed into a sequence of
tractable subproblems, specifically, linear PDEs with frozen
coefficients and closed-form policy updates. This structure
not only simplifies analysis but also lends itself naturally to
function approximation methods.

We initialize the algorithm with a value function v° €
CZ(R%), which may be chosen as a zero function or a
smooth prior based on approximate linearization (e.g., a
quadratic ansatz from LQR theory). While the initial guess
affects the transient phase, the policy iteration scheme (Tran,
Wang, and Zhang 2025; Tang, Zhang, and Zhou 2022) is
contractive and converges exponentially to the optimal value
regardless of v°.

For completeness, we collect the structural assumptions
and key convergence results (Tran, Wang, and Zhang 2025;
Ma, Wang, and Zhang 2024), as our L2-analysis in Sec-
tion 3.1 builds on these facts.

To enable rigorous energy estimates in unbounded do-
mains, we begin by imposing a structural decay assumption
on the system coefficients. This ensures that beyond a large
ball, the dynamics are effectively inactive, allowing us to re-
strict attention to a bounded computational domain.

0

Assumption 2. We impose the following assumption.

B = sup,ep Ve - b(-, u)||poo(ray < 00, and there exists
R > 0 such that b(x,u) = 0 uniformly in w € U for |z| >
R.

The following classical L? energy estimate provides co-
ercivity for linear elliptic equations with drift and diffusion.
This lemma will be repeatedly used in our error analysis,
particularly when quantifying the propagation of residuals
across policy evaluation steps.

Lemma 1 (Energy estimate for linear elliptic PDE with drift
and diffusion). Given#,b,6 € C? (R%), assume that (i) p >
3B, where B := ||V - b(-, )| oo (ray, (ii) B(x) = C%Id’
(iii) 7 € L*(RY). Let v be a unique classical solution to

pv(z) — 7(x) — B(x) -Veu(z) — %tr(i(m)Dixv(z)) =0.
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Then, v € CZ(R?) and we have the L* energy bound:

(p o %B) HUH%Z(RUZ) + ﬁ”vaﬂ)”i?(ﬂgd)

<7l 2@y - ol 2 ey

Therefore,
[vllp2®ae) < — %BWHLZ(R%
Co .
V2ol 2 may < — lBHTHL?(Rd)-
2

We next establish uniform bounds on the soft-optimal pol-
icy. This property ensures that the entropy term remains
well-defined and Lipschitz continuous, which will be crit-
ical in both theoretical analysis and numerical stability.

Proposition 1. Let {(v", ™) },>0 be generated via Algo-
rithm 1. Then the policy map 7" is uniformly bounded above
and below, that is, there exist M > m > 0 such that
" € [m, M].

The proof is given in Appendix A of the extended version.

To control how approximation errors in the value function
affect the policy, we analyze the Lipschitz continuity of the
softmax map. The following result shows that the mapping
from Vv to the induced policy 7[v] is Lipschitz continuous
in the L?(U) norm, with an explicit constant.

Lemma 2. We fix a state x € R and the control variable
u € U C R™. Under Assumption 1, we have that

exp[% (b(x, u) - p+r(z, u))}

®(p) := I exp[% (b(a:,u’) -p+ r(x,u’))] du/
satisfies
[@(p) — @(q)l|z2(v) < Lalp —ql, (6)
forall |p|, |q| < L. Here, the constant
Lo e L, 2lbllz supy,) <, Pp)VAIUT -

A

Sketch of Proof. Differentiating the softmax map ®(p) with
respect to p reveals a Jacobian structure involving ®(p) it-
self and the control vector b(x, u). The gradient is uniformly
bounded due to the boundedness of b, and integration over
U yields the global Lipschitz constant Lg. A full derivation
appears in Appendix B of the extended version.

O

Having established the regularity properties of the soft-
optimal policy, we now recall the global convergence guar-
antee for the exact soft policy iteration scheme (Tran, Wang,
and Zhang 2025; Tang, Zhang, and Zhou 2022). This result
confirms that the sequence {v"} generated by Algorithm 1
converges exponentially fast to the unique solution V' of the
entropy-regularized HJB equation. It forms the backbone of
our error decomposition in Section 3.1, where we extend this
result to the approximate PINN-based implementation.



Theorem 1 (Convergence of policy iteration). Suppose As-
sumption 1 holds. Given any compact subset X C R?, the
exact policy iteration sequence {v™} defined by (4) and (5)
converges exponentially in L*>(X) to the unique solution V
of the HIB equation (3). Specifically, there exists k € (0,1)
and C' > 0 such that

||’Un — V||L2(X) < Cyr".

This result confirms that under standard smoothness
and ellipticity assumptions, the exact soft policy iteration
method converges exponentially in L? norm to the unique
solution of the entropy-regularized HJB equation. However,
each iteration requires solving a linear second-order elliptic
PDE, which becomes computationally prohibitive in high-
dimensional settings.

To address this challenge, we now turn to a mesh-free im-
plementation of policy iteration based on physics-informed
neural networks (PINNs). This approach approximates the
value function using a residual-minimizing neural network
and updates the policy analytically using softmax. Crucially,
it avoids spatial discretization entirely and scales favorably
with dimension.

3 Physics-Informed Mesh-free Approach

We now describe our proposed mesh-free implementation of
the policy iteration scheme using physics-informed neural
networks (PINNs). At each iteration step, the value function
is approximated by a neural network trained to satisfy the
linear PDE, while the policy is updated analytically via soft-
max optimization. No spatial grid or basis discretization is
used; all computations rely solely on randomly sampled col-
location points.

Algorithm 2: Physics-Informed Neural Network Soft Policy
Iteration (PINN-SPI)
1:
2:

Policy evaluation (value network update):
Input: Value function v° : R? — R, neural network

(-, ;wo), v(+;0p), tolerance .
3: Define residual at each sample z; as:
= pv(zi;0n) — %tr(oaTD?mv(xi; 60.))

— / [b(x,;,u) -Vaev(wi; 0n) + r(z, w)
U
- )‘logﬂ—(xiv Uu; wn)}ﬂ-(xiv U3 wn) du

Update 6,, — 6,1 by minimizing:

Z|’R x50, W)

Policy improvement (policy network update):
Train 7(x, u; wy) to minimize Lpolicy (w; v(+;65))
Update w,, = wyn+1

Check convergence

If i ZZ o235 60p41) —v(ri;0,)]? <e

Value

A

then stop.
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Let X C RY denote the computational domain, and let

i N .. .
{z;};2; C X be a set of randomly sampled training points.
We fix a neural network architecture v(;60) : R — R,
7(-, ;w) : REx R™ — R with trainable parameters 6 and w
to represent the function approximation at each step. Given
v and a policy 7 induced by v, we define a loss function as

NM ZZ (i, uj;w) log ————

=1 j5=1

(i, uj;w)
(@i uy)
to minimize the KL divergence between 7 and 7, where
exp [%f(l‘, Uy, vJ,’U(xv 9))]
Zyzl €Xp [%f(l’, Ujr s vrv('x? 0))]

The overall procedure alternates between value network
training and policy updates as shown in Algorithm 2. In Step
1-3, the value function is represented by a neural network
vg and optimized to minimize the residual of the linear PDE
corresponding to a fixed policy ™. The residual includes
contributions from the drift, cost, and entropy terms and is
computed pointwise over collocation samples.

In Steps 4-6, the policy is updated by fitting a neural net-
work 7 (z, u;w) to approximate the softmax distribution de-
fined by the current value network. This corresponds to min-
imizing a residual loss against the analytic policy improve-
ment formula in Equation (4).

The process iterates until convergence in the L? difference
of the value network across iterations. The fully mesh-free
nature of the method enables high-dimensional deployment
without reliance on discretization or gridding.

This approach decouples the high-dimensional HIB solu-
tion into alternating supervised learning and analytical up-
dates. The use of PINNs enables mesh-free approximation
and naturally accommodates complex geometries and un-
structured data. Moreover, as shown in the next subsection,
the projection error from using an approximate policy 7"
place of the exact softmax policy can be quantified using an
energy estimate.

w =

Epohcy (

iz, uj) =

3.1 Error Estimates

For computation, we may restrict attention to a bounded do-
main X C R? that contains the effective support of the
dynamics and cost functions. Specifically, under Assump-
tion 2, there exists R > 0 such that

b(x,u) =0 forall || > R, weU.

This allows us to define the computational domain as the ball
X := Bg(0) C R without loss of generality.

To bound the global error |[™ — V|| 2(x) we introduce
three intermediate objects and decompose the difference ac-
cordingly:

* Exact PI value v™: the nth value function obtained
from exact policy iteration (Algorithm 2) and its exact
soft-max policy 7.

* Policy—consistent value ¢ : the exact solution of the lin-
ear PDE when the approximate policy 7" is frozen, i.e.

An Fﬁ—ﬂ (.2? D" D2An)

. PINN value v": the neural approximation obtained by

solving the same PDE with finite data and finite capacity.



Three-term decomposition. With these objects at hand
we write
=V = 9"=0" 4+ "—=0" 4+ "=V
—— N——
(PDE error) (policy error) (iteration error)

To evaluate the impact of approximation quality on the
overall error, we define two key quantities at each iteration:
the policy error r,, and the residual error g, .

Assumption 3 (Policy and residual accuracy). Foreachn >

0 there exist non-negative functions ry,,q, € L*(R?) such
that

() = |7z, ) — 7" (z, )| L2,
qn(2) := p0"™ — Fan(z, V0", D2, "),

where T is an exact solution satisfying the policy improve-
ment step with 0". Let v := sup,{||rnllz2(x)} and q =
supy, {1lgn [l L2 x) }-

The quantity ||r,,||z2(xy and ||gn | L2(x) measure the pol-
icy improvement loss and PDE residual loss, respectively.
We note here that we will derive a convergence result in
terms of 7, rather than the KL-divergence between 7" and
7" as we have that

17" = 7" |2y S (D (7" []7™) 4
from the Pinsker’s inequality (Csiszar and Korner 2011).
Finally, we present our main theoretical result.

Theorem 2 (L2 error). Suppose Assumptions 1- 3 hold and
let {(0™,7™)}n>0 be learned via Algorithm 2. For p > 0

sufficiently large so that v := Lg C‘p € (0,1), the accumu-
lated error satisfies

18" = Vllz2(xy < C(r + @) + Cxr™.
where Cx and k are from Theorem 1, and C' is a problem-
dependent constant defined in the proof.

Before we prove this theorem, we first introduce a
stability result on the policy evaluation. Given a policy
m, we define 0™ (x) := [, b(z,u)m(z,u)du, f7(z) =
Ju fl@,u)m(z,u)du, and H™(z) = [, logn(z,u) -
m(x, u) du.

Lemma 3 (Local policy stability on Br). Suppose Assump-
tion 1 and 2 hold. Fix R > 0 and denote X := Bp(0) =
{x € R? : |z| < R} with boundary T := OX. Let
m, 7 € P(U) be two policies satisfying w,7 € [m, M] for
some m, M > 0, and let v™,v™ solve

o™ =b" VT + %tr(ED%”) + fM=AH" in X,
and

po™ =" - VT 4+ 1tr(ED2 0™) + T~ XHT in X,
respectively. Then

15 = vll L2y < Coll® — 7l L2 xvr)s
and
Ve — Vol r2xy < Coll — 7l L2 sy

VC Cy
p— % B’ ¢ p— % B
dependent constant defined in the proof.

where C, := max{ } and C'is a problem-

The proof of the lemma is presented in Appendix C of the
extended version. We continue to give a proof of Theorem 2.

Proof of Theorem 2. We begin by decomposing the total er-
ror via triangle inequality:

0" = VL2 ()

<" = 0" |2y + 19" = 0" L2y + 0" = VL2 ),

(0] I (111)

where ¢ := T[7"] is the exact PDE solution under the
learned policy.
By Lemma 1, we have

10" = 9" || L2(x) < Collanllrz(x)-
To estimate (II), we invoke Lemma 3 to deduce that
10" — 0|2y = |T[7"] = T7"]|| 2(x)
< CpllF™ = 7| L2 (e x0)-
We now split the policy gap:

[7" —7"|L2y < 7" = 7" L2y + 17" =722

=r,(z) (analytic softmax mismatch)

®)
where 7" = w[" 1], 7" = 7([v
The softmax map 7[v] = ®(V,v) is Lipschitz in gradient

as demonstrated in Proposition 2:

17— 7l 2@y < Lo|Va0" 1 — Vo™ .

n n—l].

Therefore, we have that
7" — 7Tn||L2(X><U)
= [2(Vot" 1) = B(Vor" )| p2(axvr)
< Lo || Vo™ = Voo | p2a)-
Again split:
V20" = Voo |2y < V20" = Vad" | L2y
+ Vo™t = Voo | 2y
Apply the residual bound and Lemma 1,
V20" = Va0 22y < Cpllan-1llL2xy,
and by Lemma 3,
V0"t = V" 2y < Coll 7" = 7" 2o xr)-
By iteratively applying (8) with
kn = [|7" — 7"||L2(x xv),
we have that
kn <7+ LaCoq+ LaC)kn1,
=7
which leads to

n—1

kn < koy™ + Z(r + L@Cpq)fyi.

=0

<T+L3Cpa
S—I1—5



Therefore,

(T + L@(Cpq + kn—l))
(7” + L@Cpq + Lq;knfl)
C(r+q).

Putting altogether and recalling Theorem 1,

[9" — o™ || L2(x) < ép
<C,
<

||17n — V”L?(X) < C(T + q) + Cxr".
O

An important implication of this theorem is that the total
approximation error does not accumulate over policy itera-
tions. Instead, it remains uniformly bounded in terms of the
residual and policy approximation errors.

In the next section, we validate these theoretical findings
through numerical experiments.

4 Experiments

We evaluate the proposed PINN-based soft policy iteration
(PINN-SPI) framework on a suite of entropy-regularized
stochastic control problems, ranging from low-dimensional
nonlinear systems to high-dimensional linear-quadratic reg-
ulators (LQR). Our goals are to (i) demonstrate scalability to
high-dimensional settings, (ii) demonstrate the monotonicity
property (Tran, Wang, and Zhang 2025, Corollary 5.1). All
implementation details, hyperparameter configurations, and
reproducibility materials are available in our public reposi-
tory.

4.1 Linear-Quadratic Regulator (LQR) with
Compact Action Space

We consider entropy-regularized linear-quadratic regulator
(LQR) problems in 5, 10 and 20 dimensions with compact
action constraints. The system dynamics are

dX; = (AX; + Buy) dt + o dW4,
where the reward is given by
L(z,u) = —z' Qr —u' Ru,
and our control set U is defined as
ueU:={ueR"||ull <u}.

Unlike classical LQR problems, where Riccati equations
yield closed-form solutions, the compact control constraint
requires direct numerical solution of the HIB equation. The
value function, however, remains close to quadratic, making
it a suitable benchmark for evaluating approximation quality
and convergence.

We apply PINN-SPI and compare its performance with
the model-free Soft Actor-Critic (SAC) (Haarnoja et al.
2018) and Proximal Policy Optimization (PPO) (Schulman
et al. 2017) algorithm. Both methods are initialized with
the same linear controller derived from the unconstrained
problem. Our approach uses residual minimization with ran-
domly sampled collocation points and softmax-based policy
updates.
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Figure 1: Comparison of PINN-SPI, SAC, and PPO on 5D
and 10D stochastic LQR problems with compact action con-
straints.

Setup. Experiments are conducted with randomly gener-
ated matrices (A, B,Q, R), and set isotropic noise o
0.11; where I; denotes d x d identity matrix. We take
d = 5,10 and 20, and set u = 10. Evaluation metrics in-
clude average discounted reward per iteration.

Results. Figure 1 compares PINN-SPI against SAC and
PPO in 5D and 10D LQR settings. PINN-SPI consistently
achieves higher reward and smoother convergence compared
to other methods.

Figure 2 further illustrates the convergence behavior of
PINN-SPI. The evaluation reward increases monotonically
over training time, confirming the theoretical stability of pol-
icy iteration. The 10D case in particular highlights the scal-
ability of our mesh-free implementation. An additional ex-
periment for 20D case is provided in Appendix E of the ex-
tended version.

4.2 Nonlinear Benchmarks with Stochastic
Dynamics

To demonstrate performance in more realistic and nonlin-
ear settings, we evaluate our method on two standard con-
trol benchmarks: the stochastic inverted pendulum and cart-
pole. Each system is modeled as a stochastic control-affine
system with additive Brownian noise. We adopt a standard
stochasticized version of the cartpole and pendulum dynam-
ics supported by OpenAl GYM (Brockman et al. 2016) with
additive noise on state variables.

Setup. For each environment, we define entropy-
regularized cost functionals and apply PINN-SPI with a
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Figure 2: Evaluation reward over training time for PINN-SPI
on LQR tasks. The average total reward increases monoton-
ically as policy iteration proceeds.

fixed noise level ¢ = 0.11;. We use neural networks for
both value approximation and policy extraction, trained via
policy iteration with residual loss minimization.

Result. Figure 3 shows the performance over elapsed time.
PINN-SPI achieves faster stabilization and higher reward
than SAC and PPO, while maintaining constraint satisfac-
tion.

5 Discussion

Our proposed PINN-based soft policy iteration (PINN-
SPI) framework provides a structured and scalable method
for solving entropy-regularized stochastic control prob-
lems. Compared to classical policy iteration, the entropy-
regularized formulation enables several theoretical and prac-
tical advantages, particularly when combined with mesh-
free residual minimization. Our method offers several key
advantages.

Soft updates enable stability. In standard policy iteration
(e.g., Howard’s method (Howard 1960; Kerimkulov, §i§ka,
and Szpruch 2020)), the policy improvement step requires a
pointwise maximization, which can result in discontinuous
or unstable policies in nonlinear or high-dimensional sys-
tems. By contrast, the softmax-based update in exploratory
control is differentiable and admits explicit L2-Lipschitz
continuity with respect to the value function gradient. This
structure enables more stable policy improvement and facil-
itates gradient-based learning.

Systematic error decomposition. The policy evaluation
step in our method solves a linear PDE with frozen coeffi-
cients. This linearity allows a rigorous L? error decompo-
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Figure 3: Comparison between PINN-SPI, SAC, and PPO
on the cartpole and pendulum problems.

sition into three sources: iteration error, residual error, and
policy approximation error. Theorem 2 establishes that total
approximation error remains uniformly bounded and does
not accumulate across iterations, which is a critical stability
guarantee for learning-based control methods.

Scalability to nonlinear and high-dimensional settings.
Our framework applies to general nonlinear stochastic sys-
tems with compact control constraints. By using physics-
informed neural networks (PINNs) and mesh-free residual
minimization, we avoid spatial discretization and enable
tractable approximation even in high dimensions.

We now address some limitations and future directions.

Policy differentiability assumption. Our theoretical re-
sults rely on the assumption that policies are differentiable
functions of the value gradient (e.g., via softmax). This
excludes problems with non-smooth or bang-bang optimal
policies, or discrete action spaces, where such structure may
not exist.

Model assumptions. Our framework assumes full knowl-
edge of system dynamics (drift and diffusion). Extension to
model-uncertain settings or learning dynamics jointly with
control remains a promising but challenging direction.

Summary. The proposed PINN-SPI method bridges clas-
sical policy iteration theory and modern neural approx-
imation by leveraging the analytic structure of entropy-
regularized control. The result is a mesh-free, provably con-
vergent algorithm that performs well across a broad range of
benchmarks. Future work will aim to relax model assump-
tions, improve policy training stability, and extend to par-
tially observed or data-driven settings.
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