The Fortieth AAAI Conference on Artificial Intelligence (AAAI-26)

Variance Reduction via Resampling and Experience Replay

Jiale Han, Xiaowu Dai*, Yuhua Zhu*

Department of Statistics and Data Science, UCLA
{jialehan, daix, yuhuazhu} @ucla.edu

Abstract

Experience replay is a foundational technique in reinforce-
ment learning that enhances learning stability by storing past
experiences in a replay buffer and reusing them during train-
ing. Despite its practical success, its theoretical properties re-
main underexplored. In this paper, we present a theoretical
framework that models experience replay using resampled U-
and V -statistics, providing rigorous variance reduction guar-
antees. We apply this framework to policy evaluation tasks
using the Least-Squares Temporal Difference (LSTD) algo-
rithm and a Partial Differential Equation (PDE)-based model-
free algorithm, demonstrating significant improvements in
stability and efficiency, particularly in data-scarce scenarios.
Beyond policy evaluation, we extend the framework to kernel
ridge regression, showing that the experience replay-based
method reduces the computational cost from the traditional
cubic time to quadratic time in the sample size, while also
reducing variance. Extensive numerical experiments validate
our theoretical findings, demonstrating the broad applicabil-
ity and effectiveness of experience replay in diverse machine
learning tasks.

Code — https://github.com/JialeHan22/Variance-
Reduction-via-Resampling-and-Experience-Replay
Extended version — https://arxiv.org/pdf/2502.00520

1 Introduction

Experience replay is widely recognized for enhancing learn-
ing stability by storing past experiences in a memory buffer
and reusing them during training (Lin 1992; Mnih et al.
2015). Rather than processing each experience only once,
experience replay randomly samples batches of experiences
to update learning targets, increasing sample efficiency and
improving model performance. This approach has become
a key component in modern reinforcement learning (RL),
driving breakthroughs in applications such as Atari games
(Mnih et al. 2015) and AlphaGo (Silver et al. 2016). How-
ever, despite its widespread success, the theoretical under-
standing of experience replay remains limited, often requir-
ing extensive trial and error for effective application (Zhang
and Sutton 2017; Fedus et al. 2020). To address this gap,
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we propose a theoretical framework that connects experi-
ence replay to resampled U- and V- statistics (Frees 1989;
Shieh 1994). This framework establishes rigorous variance
reduction guarantees, providing a deeper understanding of
how experience replay enhances learning stability.

Building on prior work on U- and V- statistics (Zhou,
Mentch, and Hooker 2021; Peng, Coleman, and Mentch
2022), which primarily focused on decision-tree-based
methods like random forests, we extend this framework to
encompass a broader class of learning functions. We de-
rive the asymptotic variance of learned estimators, demon-
strating that estimators employing experience replay achieve
asymptotically lower variance compared to their original
methods. To validate our framework, we analyze vari-
ance reduction through experience replay in two impor-
tant machine-learning problems: policy evaluation in RL
and supervised learning in reproducing kernel Hilbert space
(RKHS).
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(a) LSTD approach. (b) PDE-based approach.

Figure 1: Variance reduction achieved by experience re-
play in policy evaluation using two approaches. U- and V-
statistics methods incorporate experience replay without and
with replacement, respectively, into the original method. The
solid lines represent the mean estimates, and the shaded ar-
eas denote the 95% confidence intervals (CIs), calculated
from 50 data replications.

Policy evaluation is a critical component of RL, where the
goal is to estimate the value function representing the ex-
pected cumulative reward under a given policy. Stable and
accurate policy evaluation significantly impacts the overall



performance of RL algorithms. We demonstrate the effec-
tiveness of experience replay in two policy evaluation algo-
rithms: (i) the Least-Squares Temporal Difference (LSTD)
algorithm for Markov Decision Process (MDP) (Bradtke
and Barto 1996), and (ii) the PDE-based algorithm for
environments with continuous-time state dynamics (Zhu
2024). LSTD is a widely used data-efficient policy evalu-
ation method that approximates value functions within a lin-
ear space by solving a least-squares problem derived from
the Bellman equation (Bradtke and Barto 1996). The PDE-
based approach is a novel method that employs a PDE
framework to approximate the continuous-time value func-
tion and is tailored for environments where the state vari-
able evolves continuously over time, which is a common
scenario in applications such as autonomous driving (Kong
et al. 2015) and robotics (Kober, Bagnell, and Peters 2013),
where discrete-time models like MDP may fail to capture
the complexity of the environment. Incorporating experience
replay into these algorithms significantly enhances their sta-
bility by reducing variance, as illustrated in Figure 1. Rather
than the original method which uses the entire dataset at
once, the experience replay method resamples subsets, ei-
ther without or with replacement, from the original dataset.
These subsets are used to generate predictions, which are
then averaged using resampled U- or V-statistics to pro-
duce the final prediction. This resampling approach enables
data duplication, mitigates variability in predictions due to
changes in the dataset, and enhances stability through the av-
eraging process. This improvement is particularly important
in practice, as the numerical results in Zhu (2024) indicate
that the original RL algorithm solution can exhibit substan-
tial instability.

While experience replay methods have been extensively
validated empirically in RL, our contribution lies in provid-
ing a theoretical framework that explains why experience
replay is effective in practice, particularly for policy eval-
uation. The experience replay technique can be further im-
proved by incorporating extensions such as prioritized expe-
rience replay based on importance sampling (Schaul 2015).
Our theoretical framework can also be extended to analyze
these variants.

Besides RL, we apply our framework to supervised learn-
ing tasks using kernel ridge regression, where each regres-
sion sample is treated as an experience. Kernel ridge regres-
sion enhances modeling flexibility by leveraging reproduc-
ing kernel methods to map data into RKHS (Wahba 1990;
Shawe-Taylor and Cristianini 2004). Unlike existing divide-
and-conquer strategies that partition datasets into disjoint
subsets to reduce computational costs (Zhang, Duchi, and
Wainwright 2013), our approach employs experience replay
to repeatedly draw random subsamples, providing a novel
strategy to improve computational efficiency. With appro-
priate parameter choices, our method reduces the compu-
tational cost of kernel ridge regression from the traditional
O(n?) to O(n?). At the same time, our theoretical results
guarantee that the variance of the predictions is lower than
that of the original kernel ridge regression method. Hence,
incorporating experience replay leads to more stable and
faster predictions in supervised learning tasks.
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We validate the effectiveness of our proposed frame-
work through extensive experiments. The results consis-
tently demonstrate that experience replay significantly re-
duces the variance of predictions compared to methods with-
out it, highlighting its ability to enhance stability in both re-
inforcement learning and supervised learning tasks. Addi-
tionally, it reduces the computational cost in kernel ridge re-
gression with an appropriate choice of parameters. Notably,
experience replay generally leads to both reduced variance
and lower mean squared error in predictions.

The rest of the paper is organized as follows. Section 2
introduces the background of experience replay and its con-
nection to resampled U- or V-statistics. Section 3 defines
the resampled estimators, establishes their variance reduc-
tion guarantees, and discusses applications in policy evalu-
ation and supervised learning tasks. Section 4 presents nu-
merical experiments to validate the theoretical findings. Sec-
tion 5 concludes the paper with potential future directions.
All technical proofs are included in the Appendix presented
in the extended version of the paper.

2 Background

Experience Replay. Experience replay stores past data in
a replay buffer, denoted as D,, = {Z1,...,Z,}, where n
represents the sample size, commonly referred to as the re-
play capacity in the context of experience replay (Lin 1992).
The replay ratio B > 1 denotes the number of batches sam-
pled from the buffer during each update step. In practice,
uniform sampling is the most common strategy for selecting
data from the replay buffer, although more computationally
expensive alternatives, such as prioritized experience replay,
are also used (Zhang and Sutton 2017; Schaul 2015). This
paper establishes theoretical guarantees for replay-based
methods under uniform sampling. The proposed framework,
however, can be extended to non-uniform (importance) sam-
pling, as discussed in Appendix A.

At each update step, we sample B subsets of data points,
{b1,...,bp}, where each subset b; (i = 1,..., B) contains
k < n data points. The learning method is represented by a
function hy, which takes k data points as input. The response
with experience replay is then computed as the average over
these B subsets:

1

B Zl: b (bi). (1)
In experience replay for Q-learning, each data point in the
replay buffer D,, corresponds to a single transition, and k = 1
(Fedus et al. 2020). This paper studies algorithms such as
LSTD, where k could increase with n. LSTD is a founda-
tional and actively studied RL algorithm for policy evalua-
tion (e.g., Tu and Recht 2018; Duan, Wang, and Wainwright
2024), which serves as an essential step to theoretically un-
derstand experience replay in other RL methods, such as Q-
learning.

Connection to Resampled Statistics. To analyze the
properties of experience replay (1), we consider, for clarity
of exposition, a setting where the replay buffer D,, contains
n i.1.d. observations drawn from an underlying distribution
F'7 over the space Z. The i.i.d. assumption can be relaxed in



various ways without affecting our results (see Appendix B).
We allow B and £ to depend on n, with k increasing in n.
This ensures that the function h; can use more information
as the data size grows.

When the sampling strategy is uniform sampling without
replacement, the computation in (1) takes the form of an in-
complete, infinite order (or resampled) U-statistics (Frees
1989; Zhou, Mentch, and Hooker 2021), defined as:

th(zm... 7).

where infinite order means that k£ and B depend on the value
of n, and {Z;,,...,Z,, } are drawn without replacement
from {Z1, ..., Z,}. In contrast, with uniform sampling with
replacement, the computation in (1) follows the form of an
incomplete, infinite order (or resampled) V -statistics (Shieh
1994; Zhou, Mentch, and Hooker 2021), given by:

th )7

where k£ and B again depend on n, and the B subsets are
drawn with replacement from all size-k permutations of
{1,...,n}.

Under appropriate regularity conditions, both resam-
pled U-statistics and V-statistics are asymptotically nor-
mal (Mentch and Hooker 2016; Zhou, Mentch, and Hooker
2021). The variances of these statistics can be expressed as

(@)

Unkb=

nkB TEEEEE) (3)

. . . 2 .
a linear combination of %(17;@ and %Ck,k- For a given c,
1 < ¢ <k, the variance components (., are defined as

9 Zk;))7
where ZC TR Z,; are i.i.d. copies from Fz, independent

of the original data set D,,.

Ze 7.

c+ly -

Cov(hk(Zl, 21 hi( 21,

Learning Target.
fined as,

We focus on estimating the quantity de-

6= [Elg(D)]] '[EL/(2)]] e R, @)

where g(-) : Z - R9 is a function returning an invert-
ible matrix, and f(-) : Z - R?. The target  arises in var-
ious machine learning applications, including policy eval-
uation algorithms in reinforcement learning (Bradtke and
Barto 1996; Zhu 2024), and supervised learning with ker-
nel ridge regression (Wahba 1990; Rahimi and Recht 2007).
We will discuss the application of experience replay to these
methods in Section 3.2.

To estimate 6 in (4), we use a function Ay, based on k < n
data points Z{,Z5,...,Z; forany Z € Dy, 1 = 1,...,k,
where hy in (1) is defined as:

zy=[Ro] (L rzn]exn o)

The learning function in (5) provides a unified framework
that applies to several algorithms, including the LSTD algo-
rithm in reinforcement learning and kernel ridge regression
in supervised learning. We will theoretically show that in-
corporating the experience replay approach (1) reduces the
variance of the estimate of § and thus improves stability.

he(ZE, ...
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Algorithm 1 Estimating € via Different Methods

1: Input: Replay buffer D,, = {Z1,...,Z,}; Functions f
and g; Replay ratio (number of subsamples) B; Subsam-
ple size k.
Original Estimator: Compute 6,, using (6).
Resampled Estimators Based on U (V)-statistics:
fori=1to B do

Randomly drawn k samples {Z;, , ..., Z;, } without
(for U-statistics) or with replacement (for V -statistics).
end for .
Compute 6y or 8y using (7) or (8), respectively.
Output: Estimators 6, éU, and év.

N

3 Main Results
3.1 Theoretical Guarantees

Estimators without Experience Replay. When the expe-
rience replay approach is not used, and each data point in the
replay buffer D,, is used only once, a plug-in estimator for ¢

in (5) is: . o
-[Xo@] [Xr@]

The asymptotic property of 6, is described in the following
lemma. The proof relies on the central limit theorem and the
delta method.

iid

Lemma 1 LechZg,...,Z “ Fy and 0, defined in (6),

we have that \/n [én - 9] — N(0,%), where ¥ is a constant
matrix given by

o 12D

Cov(f(Z),vec(9(Z2)))
with G = ([E[g(Z)]]7",-0" @ [E[g(Z)]]™") , where ® de-
notes the Kronecker product, and vec(A) reshapes a matrix
A into a column vector by stacking its columns sequentially.

(6)

Cov(f(2),vec(9(Z)))) e
Var(vec(g(Z))

Estimators with Experience Replay. Using the experi-
ence replay approach, we propose two new estimators for
0 that leverage resampling methods based on U- and V-
statistics. These estimators are constructed using the learn-
ing method hj, defined in (5),

Ou = th(Z“,...

Zii ), (N

nk:B—

Oy =V = — th(Z¢1,~-~7Zik), (®)
3

where U, i, g and V,, i, p are resampled U- and V -statistics
defined in (2) and (3), respectively. Algorithm 1 outlines
the procedure for computing these estimators. The follow-
ing theorem establishes that the U-statistics-based estima-
tors achieve lower variances than the original estimator un-

der general conditions.

Theorem 1 (Variance Reduction for U-Statistics) Let

Z1,29y ... L i Fy, and define Oy as in (7) and 0,, as in



(6). Under the assumption that lim,,_, « %gk,k[glyk]-l -0
and lim,, ., n/(Bk) — 0, we have

lim inf[Var(6,,) - Var(6y)] > 0.

The assumption limy, e, =Crx[¢1,6]™" — 0 used by Peng,
Coleman, and Mentch (2022), ensures the asymptotic nor-
mality of the resampled U-statistics. As noted in their work,
this condition is typically satisfied if %Ck) k[C1.]7" remains
bounded, with k = o(n) being sufficient. Additionally, the
theorem requires n/ Bk to be small, which can be achieved
by selecting a large replay ratio B.

To analyze the variance reduction for V -statistics-based
estimators, we define the following class of functions H =
{hk Sl;p ||]E[hk(ZZ1v EEE) Zlk)hk(Zu IR Zlk)T]HOO <

<><>}7 where (i1,...,1) are indices selected with replace-
ment from {1,...,k}. This condition, used by Zhou,
Mentch, and Hooker (2021), ensures the boundedness of the
expected outer product of hy.

Theorem 2 (Variance Reduction for 1/ -Statistics) Let

21,09y ... Ly i Fz, and define év as in (8) and én as
in (6), with hy, € H. Under the assumptions k = o(n'/*),

limy, 0 k2¢1 k> 0, and lim,, .o n/(Bk) — 0, we have

lim inf[Var(6,,) - Var(6y)] > 0.

The condition lim,, . k%C1 ;> 0, which is satisfied by
many base learners and has been used in prior work (Song,
Chen, and Kato 2019; Zhou, Mentch, and Hooker 2021),
is further discussed in Appendix C, where we show that it
holds in our framework.

Theorems 1 and 2 show that incorporating experience re-
play via resampled U- and V-statistics asymptotically re-
duces variance compared to the original estimator, enhanc-
ing the stability of parameter estimation. Our results re-
main valid under more general data-generating processes be-
yond the i.i.d. setting, including dependent sequences such
as stationary ergodic Markov chains, S-mixing processes
with summable coefficients, and m-dependent sequences;
see Appendix B for details.

3.2 Applications to Machine Learning Problems

Policy Evaluation for MDP. Consider a MDP defined by
the tuple (S, A, v, r,P) (Sutton and Barto 2018). Here s € S
denotes the state space, a € A represents the action space,
v € (0,1) is a given discounted factor, r : S x A — R is the
reward function, and P : S x A - A(S) denotes the prob-
ability distribution of the next state given the current state
and action. The goal of MDP is to find the optimal policy
m*(s) that maximizes the value function. Here the policy is
a mapping from the state space S to action space A, while
the value function V[ (s) measures the expected cumulative
reward of an agent over the long run, defined as:

Vi(s)=E [z 717 (5)]s0 = ] , ©)
=0
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where sg = s is the initial state, r7(s) = r(s,7(s)) is a
known reward function under the current policy, and the
state at time step j + 1 follows the transition distribution un-
der the policy 7, sj.1 ~ P™(-|s;) = P(:|s;,m(s;)). InRL,
one usually divides the RL problem into two parts, one is
policy evaluation, which is given a policy 7(s), calculates
the value function V" (s); Another is policy improvement,
that improves the policy according to gradient ascent or pol-
icy iteration.

The focus of this paper is policy evaluation, which is one
of the most fundamental RL problems. In the setting of RL,
one does not have access to the transition distribution. In-
stead, the agent applies an action a; = 7(s;) according to
the policy at each time step j, and observes the next step
541, receives a numerical reward ] (s;41). Due to the finite
length of the trajectory data, it is usually impossible to com-
pute the value function directly according to the cumulative
sum (9). Note that the value function V" (s) also satisfies
the following Bellman equation (BE),

VI(s)=ri(s)+ '}/ESjJrlNPw(sl‘SO)[V*ﬂ($j+1)|50 =s]. (10)

Therefore, the goal of the policy evaluation problem is to
find the value function that solves BE (10) given a set of
trajectory data,

Dn:{(sé,sll,...,le) oy- (11)

Here the data set contains n independent trajectories and
each contains L + 1 data points. The initial state s} of each
trajectory is sampled from a distribution pf (). Our method
also extends to settings with dependent data and variable-
length trajectories (see Appendix B).

LSTD (Bradtke and Barto 1996) is a popular RL algo-
rithm for linear approximation and can be directly used to
estimate V" (s) using the trajectory data. LSTD approxi-
mates the value function V" (s) = ®(s)76 in the space ex-
panded by ¢ given bases {¢;(s)}7_,, where 6 € R? is a un-
known parameter and ®(s) = (¢1(s),--, ¢4(s))". By pro-
jecting the value function into the finite bases, LSTD solves
the parameter 6 in the form of

[E,[@(s)(@(s) = vE[D(s1)ls0 = s])"]] " Ea[17(5)0(5)].

(12)
Using any trajectory data subset with k£ < n data points
l l lei .
{(5, )05+, (8,7)ip} for any (s )iy € Dy, i =
1,..., k, the estimator of 6 is
$ lay\L N layyL
DY ERIN]
i=1 i=1
corresponds to the structure of (5), where
LayyL S Laiy lay 7
9((5j )j:o) = Z (I)(Sj )[(I)(S_j )_7(I>(5(j+1))] )
§=0
liyyL IR Liy
F((s57)j20) = 20 1 (s7)®(s,”). (13)
§=0
This setup aligns with our framework, where Z; = (s; ]L:o

fori=1,...,n, 0 is defined in (12), and the functions g and
f are defined in (13).



Our theories also help explain prior empirical findings on
experience replay in Q-learning (Zhang and Sutton 2017;
Fedus et al. 2020); see Appendix D for details.

Policy Evaluation for Continuous-Time RL. In the sec-
ond application, we aim to solve the policy evaluation prob-
lem for continuous-time RL (e.g., Zhu 2024). Given a policy
7(s), unlike the MDP where the value function is a cumu-
lative sum over discrete time steps defined as (9), the value
function in continuous-time RL is an expected integral over
continuous time,

VT(s)=E [/(;oo e_ﬁtrﬂ(st)dt|so = s] )

Here 8 > 0 is a given discounted coefficient, 7™ (s) € R
is a known reward function under the current policy. When
the state s, € S c R? is driven by the stochastic differential
equation (SDE),

ds¢ = p(sg)dt + o(s)dBy, (15)

by Feynman—Kac theorem (Stroock and Varadhan 1997),
the value function V (s) satisfies the equation SV7(s) =
r™(s) + L, xV7(s), where L, 5 = p(s) - V + 15 : V2 with
Y=00",and X : V? = ¥, ; ;05,0 Similar to the classi-
cal RL setting, one does not have access to the drift function
w(s) € RY and diffusion function o(s) € R4, Therefore,
one cannot solve the above equation directly. The goal of
continuous-time policy evaluation is to find the value func-
tion satisfying (15) with a set of trajectory data D,, defined
in (11). Here the data at time step j are collected at time j At
with a given time interval At.

Zhu (2024) introduced an algorithm to approximate the
value function by solving a Physics-informed Bellman equa-
tion (PhiBE) defined as follows

BVI(s) =L, 5 VI(s)=17(5), a=1,2

ﬂa(s) ﬁ Z?=1 Esj [a;a)(sj - 50)|80 = 8],

Sa(s) = 4 T01 By, [0l (s = 50) (55 = 50) s = s] and

1
RO,

(14)

(16)

where

(

azl:all):l; (

a=2:a{? =2, (17)
Here V7 (s) serves as a-th order approximation to the
continuous-time value function V™ (s), where o € {1, 2}.

Similar to (12), if one approximates the solution V'(s) =
®(s5)"0 to the PhiBE (16) in the linear function space
spanned by ®(s), one ends up solving for the parameter 6 in
the following form

-1
[EL(52(5) - £, 5 ®(5))B()]] Eulr(5)@(s)].
(18)
Zhu (2024) gives the model-free algorithm to estimate
the 0 using only trajectory data. Specifically, for the a-th
order case, using any data subset with k£ < n data points
1 l i .
{(5,) 05+, (8,7) o} for any (s,”)i € Dy, i =
1,...,k, the estimator of @ is
)|

k L “lrg L
[29((83‘(1))%:0)] [Z;f((sj(l))

L
j=0
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corresponds to the structure of (5), where

Liy\L S L Ly )
g((sj )j:O) = ZE) <I)(sj )[BCI)(SJ )_‘C'a,iaq)(sj )]
j=

T
)

L-a

F((557)je0) = 2o (s ) (™),
=0

and the estimators of ;(s) and o(s) are defined as ﬂa(sz) =

T Al (s =54 Salsh) = & 2y al™ (s -
sé-)(sl(ﬁk) - sé»)T with a(®) defined as (17). Compared to
LSTD, the second-order PDE-based algorithm with o = 2
incorporates two future steps, resulting in improved accu-
racy, as illustrated in Figure 1. This setup aligns with our
framework with Z; = (sj ,L:O, i1=1,...,n and 6 defined in
(18), and functions g and f defined in (19).

For both LSTD and the PDE-based approach, once
we obtain 6, 6y, and 6y by applying Algorithm 1,
the corresponding estimations of the value function at a
test point s are defined as V(s) = ®(s)70,, Vi (s)
®(s) 0y, and Vi (s) ®(s)"0y, where the super-
script 7w is omitted. The variances are, Var(V(s)) =
®(s) Var(,)®(s), Var(Vy(s)) = ®(s)"Var(dy)d(s),
and Var(Vy(s)) = ®(s)"Var(fy )®(s). Thus the reduction
of the variance of estimators of 6 could be directly evaluated
by the reduction in the variance of these estimations.

19)

Kernel Ridge Regression. In the third application, we
consider a supervised learning framework where D, =
{(X1,Y1),...,(X,,Y,)} consists of i.i.d. samples drawn
from a distribution Fz. Our goal is to predict the outcome
Y e R based on the predictors X € RP using kernel meth-
ods in an RKHS (Wahba 1990). Let K(-,-) : R? x RP - R
be a reproducing kernel function. We consider the model
Y = f(X) + ¢, where f belongs to the RKHS defined
by K, and e represents random error independent of X.
Following Rahimi and Recht (2007) and Dai, Lyu, and Li
(2023), the kernel function K (X;, X;) can be approximated
as ¢(X;)"¢(X,) using a feature mapping ¢ : R? - R9, and
f(X) can be approximated as ¢(X )"0, where 6 € R? is a
parameter vector, defined as

6= [E[o(X)e(0)]] E[6(X)Y].  0)
Using any k data points {(X7,Y7*),..., (X}, Y)} resam-

pled from D,,, the kernel ridge regression estimator of 6 is
obtained by solving the following optimization problem for

a given A > 0,
The solution takes the form of
k “lrg
sy o | |3 s,
i=1 i=1
where g(X[,Y;") = ¢(X[)o(X[)" and f(X],V)) =
¢(X)Y,*. The setup in (20) and (21) aligns with our frame-

work in (4) and (5), with an added regularization term ALL,.
This term does not impact the derivation of our main results.

k
DLV = o(X)T01 + Alelf3

i=1

argmin
OeRa

2L
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Figure 2: Variance differences among the predicted policy values using the LSTD algorithm with m = 50, M = 50, and
k/n = 0.3, evaluated across various values of n and B. V/(s}) represents the results without experience replay, while Vi (s})

and Vi, ( s;) represent the results with experience replay. The red line represents the baseline where the variance difference is 0.

The standard computational cost of the kernel ridge re-
gression with n data points is O(n®) in time (Wahba
1990). The divide-and-conquer algorithm (Zhang, Duchi,
and Wainwright 2013) reduces this cost by dividing the
dataset into m < n disjoint subsets, each of n/m, and
averaging the local solutions across these subsets to con-
struct a global predictor. This approach achieves a trade-off
between computational cost and estimation error. In con-
trast, our approach, which incorporates the experience re-
play method, also averages over subsets but differs funda-
mentally in how the subsets are constructed. Instead of par-
titioning the dataset into non-overlapping subsets, we re-
peatedly draw B random subsamples, each containing k
data points. This resampling allows for overlapping sub-
sets and potential duplication of data points, resulting in a
total computational cost of O(Bkq? + Bg®) in time. The-
orems | ensures that the conditions lim,,_.. n/(Bk) — 0
and k = o(n) are sufficient for variance reduction. By care-
fully choosing B and k, our approach achieves both com-
putational savings and variance reduction, offering a practi-
cal and efficient alternative to traditional kernel ridge regres-
sion, especially for large-scale problems. For instance, set-
ting B = O(n'/®),k = O(n'/?), ¢ = O(n'/®), satisfies the
conditions of Theorems 1 and reduces the variance. In this
setup, the computational cost is further reduced to O(n?)
in time. Additional discussion and examples are provided in
Appendix E.

4 Numerical Experiments

4.1 Experiments of Policy Evaluation Using
LSTD Algorithm

Firstly, we present the experimental results obtained using
LSTD with functions g and f defined in (13). We con-
duct the experiments in a similar setting as described in
Zhu (2024), where the state space S = [-m,7], and the
state under policy 7 is driven by the transition distribution
P7(s;41|s;) following the normal distribution with expecta-
tion se*10, variance g (e/\/5—1), where A =0.05and o = 1.
The reward function is set to be r7(s) = 0.1 * [cos®(s) -
As(=3cos?(s)sin(s)) - Lo?(6 cos(s) sin®(s) -3 cos®(s))]
and the discounted factor v is set to be e™*-1. We use pe-

riodic bases {¢,(s)}t = #{%,cos(is),sin(is)}le
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with I = 4. We consider the case L = 2, where each trajec-
tory has three data points and the state sé- in D,, (11) is sam-
pled at time 5/10 for j = 0,...,Land ! = 1,...,n. In each
experiment, we draw n independent trajectories D,, with the
initial state s} of each trajectory sampled from a truncated
normal distribution over S with mean 0 and standard devia-
tion 0.1.

We check the performance of the three prediction mod-
els on m = 50 test points evenly selected in S, denoted by
Stest = {8}y with s7 = —m+2(j~1) #m/(m~1). The ex-
periment is conducted M = 50 times, and the variance of the
estimated outcome for each test state s, where j = 1,...,m,
is approximated using the sample variance. Three different
estimators are used, resulting in approximate variances de-
noted by Var(V'(s})), Var(VU(s;)) and Var(ffv(s;)). To
assess the variance reduction property, we compare these
three variances across all test states.

Figure 2 compares the variances using standard box-
plots that display the quartile breakdown of the differ-
ences {Var(V(s})) - Var(VU(s;)) 72y and {Var(V (s7)) -
Var(Vv(sJ*-))};-”zl, with n € {500, 1000, 2500,5000}, B =
{100,500, 1000}, and k/n = 0.3. The results clearly demon-
strate that for all of the different parameters, the variance dif-
ferences across all test data points are consistently greater
than O for both U- and V -statistics-based experience re-
play methods, particularly in data-scarce settings. As n in-
creases, the variance differences become small as all esti-
mation methods exhibit reduced variance; nonetheless, the
variance reduction remains substantial. To illustrate this, we
consider the case where n = 5000, B = 1000, and k/n = 0.3,
as shown in Figure 1a. From the figure, we observe that the
resampled methods demonstrate a significant improvement
in variance in this large n scenario. Additional experiments
with varying choices of k/n are provided in Appendix G.1,
further confirming the robustness of the approach.

4.2 Experiments of Policy Evaluation Using
PDE-Based Algorithm

Secondly, we present the experimental results obtained us-
ing the second-order PDE-based algorithm with functions g
and f defined in (19) with o = 2. Similar to Zhu (2024),
we consider an experimental setting where the state dynam-
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Figure 3: Variance differences among the predicted policy values using the second-order PDE-based algorithm with m = 50,
M =50, and k/n = 0.3, evaluated across various values of n and B. V(s;) represents the results without experience replay,

while Vs ( s;) and Vy/ (s;) represent the results with experience replay. The red line represents the baseline where the variance

difference is 0.

ics are governed by the Ornstein—Uhlenbeck (OU) process
ds(t) = Asdt + cd By with X = 0.05, 0 = 1. The reward func-
tion is set to be 7™ (s) = B cos(s) - As(-3 cos?(s) sin(s)) -
0.50%(6 cos(s) sin?(s) — 3 cos®(s)) with the discounted co-
efficient 5 = 0.1. For the OU process, the transition distri-
bution P™(s'|s) from time ¢ to ¢ + At follows a normal dis-

tribution with mean se*~* and variance %(e”m -1). We
set At = 0.1, and under this setting, D,, in Section 4.1 fol-
lows the same transition distribution, allowing us to use the
same simulated trajectory data. Additionally, we employ the
same periodic basis functions as described in Section 4.1.
The true value function V7 (s) then can be exactly obtained
from (14), V™ (s) = cos®(s).

Note that the experiments using LSTD in Section 4.1
can be considered as a way for estimating V™ (s) by dis-
cretizing it as a MDP. This approach uses the relationships
r7(s) = r™(s)At and v = e P2, which hold in the given
setting. However, as observed in Figure 1, when the original
methods are used, the PDE-based approach generally shows
greater accuracy with narrower confidence bands.

We evaluate the performance of the three prediction mod-
els using the same way as in Section 4.1. Figure 3 clearly
demonstrates that for all of the different parameters, the vari-
ance differences across all test data points are consistently
greater than O for both U- and V -statistics-based experience
replay methods. Figure 1b illustrates the large n case where
n = 5000, B = 500, and k/n = 0.3.

We present additional experiments with different choices
of k/n, along with first-order results in Appendix G.I.
With the use of experience replay, the second-order method
achieves a greater percentage reduction in variance com-
pared to the LSTD method. Intuitively, the second-order
method accounts for two future steps, introducing more
stochasticity, which provides greater potential for variance
reduction. Moreover, we compare the root mean squared
error (RMSE) of the proposed methods with the original
method over the m test points across all M experiments for
both the LSTD and PDE-based methods in Appendix H.1.
The results demonstrate that the combination of experience
replay, regardless of the specific resampling method used,
not only reduces variance but also tends to achieve smaller
prediction errors, further highlighting its effectiveness.
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4.3 Experiments of Kernel Ridge Regression

Thirdly, we consider a regression setting where for each
(X,Y) ~ Fz, the predictor X = (X(1),X(9)) € R?
is generated with Xy, X(5) ~ Unif(0,1), and the re-
sponse is given by Y = 10(-(X)=0-25)*~(X(-0.25)*) 4 () 5.
M (X0 =01~ (X2)=0.0%) 4 ¢ where € ~ N(0,0.25) is in-
dependent of X. This setting is widely used in the study of
kernel ridge regression and generalized regression models
(see, Hainmueller and Hazlett 2014; Wood 2003).

For each experiment, we independently draw n data
points from Fz to form the training dataset D,,. We use
the krls function in R to fit the kernel ridge regression
model with a Gaussian kernel. The X is chosen as n~2/3,
We evaluate the performance of these models on m =
100 test points independently drawn from Fz, denoted by
Diest = {(w,y;)}721- The experiment is repeated M = 100
times, and the variances of the predicted outcomes 7, ;. v,
and ¢ for each test predictor x;, where j = 1,...,m,
are approximated using the sample variances, denoted by
Var(g;), Var(g;v), and Var(gy,, ). As stated in Dai, Lyu,
and Li (2023), the predictions ¥;, 9; v, and §; v are ap-
proximately equal to ¢(x;) 6y, ¢(xj)TéU, and qS(:cj)Tév
when ¢ is large. Consequently, Var(y;), Var(g;v), and
Var(y, ) serve as estimates for ¢(z;)"Var(6,)o(z;),
()" Var(8y )o(x;), and ¢(z;)"Var(dy )o(x;), respec-
tively. Therefore, the reduction in the variance of the esti-
mators of § can be directly assessed by evaluating the re-
duction in the variance of these predictions. We compare the
variances Var(y,), Var(¢; v ), and Var(g; 1) across all test
points.

Figure 4 shows the variance differences across test points
by plotting the standard quartile breakdown boxplots of
{Var(g;)-Var(g;,v)}j2, and {Var(g;)-Var(g;,v )}, with
B =50, n € {100, 150,200,250}, and k € {10,15,20}. The
results confirm that the variance reduction property holds
across all settings for both U- and V-statistics-based ex-
perience replay methods. Appendix G.2 includes additional
experiments with different B values and evaluations on a
real-world dataset from the U.S. Census Bureau on Boston
housing, further demonstrating effectiveness.

Table 1 presents the time cost reduction achieved by the
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Figure 4: Variance differences in predicted outcomes using kernel ridge regression on the simulated data with M = 100, m = 100
and B = 50, evaluated across various values of n and k. y represents the results without experience replay, while g;; and gy
represent the results with experience replay. The red line represents the baseline where the variance difference is 0.

k=10 k=15 k=20
n t—tU t—tv t—tU t—tv t—tU t—tv
200 0369 0323 0335 0272 0.108 0.110
250 3.005 2905 2.850 2.804 2954 2.848

Table 1: Time cost reduction achieved by experience replay
methods (measured in seconds) with B = 50 for different
values of k and n.

experience replay methods with B = 50, k € {10,15,20},
and n € {200,250}. Here, ¢ represents the total time cost
across all experiments without experience replay, while #;;
and ty represent the total time costs with experience replay
based on resampled U- and V -statistics, respectively. Time
cost was measured as wall-clock time on a single core with-
out parallelization on a laptop with an Apple M2 Pro and 16
GB of RAM. The results demonstrate that, for a fixed B, the
experience replay method reduces the computational cost in
time, particularly when k is small and n is large. We also
compare the RMSE of the proposed methods with the orig-
inal method in Appendix H.2. The results indicate that in-
corporating experience replay, regardless of the specific re-
sampling method used, not only reduces variance and time
cost but also decreases prediction errors for all settings, es-
pecially in data-scarce scenarios.

While our theoretical results apply to both U- and V-
statistics, empirical results show no major differences be-
tween them. In practice, V -statistics are often preferable due
to their GPU-friendliness, ease of parallelization, and com-
patibility with modern machine learning frameworks.

5 Conclusion

Experience replay improves stability and efficiency in re-
inforcement learning, but its theoretical properties are still
underexplored. This paper presents a theoretical framework
that models experience replay using resampled U- and V-
statistics, enabling us to establish variance reduction guaran-
tees across policy evaluation and supervised learning tasks.
We applied this framework to two policy evaluation algo-
rithms—the LSTD method and a PDE-based model-free al-
gorithm—demonstrating notable improvements in stability
and accuracy, particularly in data-scarce settings. Addition-
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ally, we applied the framework to kernel ridge regression,
achieving both significant computational savings and vari-
ance reduction. Future research could extend experience re-
play to federated and active learning settings. For exam-
ple, using replay to improve communication efficiency and
model personalization in federated learning, or selecting in-
formative data subsets for replay in active learning, may ad-
dress distributed data challenges.
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