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Abstract

Quantization is a pivotal technique for enhancing commu-
nication efficiency in Federated Learning (FL). Traditional
quantization methods often set uniform intervals, may fail to
adequately characterize non-uniform data distributions, thus
leading to substantial estimation errors and degrated model
performance. Non-uniform quantization can better solve the
problem. However, when applied to FL, it would bring ad-
ditional communication overheads for the alignment of pa-
rameter distributions among distributed models. To address
this issue, we propose Bisection Interval Quantization (BIQ),
a novel non-uniform quantization framework for FL with
great communication efficiency. In particular, BIQ works by
optimizing the interval selection through recursive bisection
among distributed clients without extra parameter communi-
cation. For scenarios involving amounts of boundary inputs,
we further design Weighted Bisection Interval Quantization
(WBIQ), which incorporates maximum likelihood estimation
to refine boundary value reconstruction to enhance the esti-
mation quality of boundary inputs. Our theoretical analysis
rigorously establishes, for the first time under biased quanti-
zation conditions, that both BIQ and WBIQ achieve tighter
error bounds and enhanced stability. Extensive experiments
validate that both BIQ and WBIQ significantly accelerate the
convergence of FL training when compared to the state-of-
the-art quantizers under both convex and non-convex settings.

Code and Extended version —
https://github.com/GaiL.uyang/BIQ

Introduction

Federated Learning (FL) (McMahan et al. 2017) has
emerged as a promising paradigm for distributed machine
learning, particularly in privacy-sensitive domains such as
healthcare (Pati et al. 2022; Boscarino et al. 2022) and fi-
nance (Cui et al. 2021). FL enables collaborative model
training across distributed clients while preserving data pri-
vacy. However, its practical deployment is hindered by com-
munication bottlenecks caused by frequent parameter ex-
changes. To address it, quantization (Elgabli et al. 2020; Rei-
sizadeh et al. 2020; Sun et al. 2022) has become a corner-
stone for reducing communication overhead, and most al-
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gorithms predominantly rely on uniform quantizers includ-
ing Stochastic Quantization (SQ) (Elgabli et al. 2020; Rei-
sizadeh et al. 2020; Gupta et al. 2015; Alistarh et al. 2017)
and Rounding Quantization (RQ) (Sun et al. 2022; Gupta
etal. 2015; Bai, Wang, and Liberty 2018; Nagel et al. 2022).
However, these methods enforce equal intervals that fail to
adapt to most neural networks with non-uniform parameter
distributions (Han, Mao, and Dally 2015; Zhang et al. 2018;
Jung et al. 2019) (e.g., such as bell-shaped and long-tail dis-
tributions observed in weights and activations (Gongyo et al.
2024; Li, Dong, and Wang 2019)), resulting in substantial
information loss and degraded convergence.

Non-uniform quantization (Zhang et al. 2018; Chen et al.
2023; Lugman, Qazi, and Khan 2024; Wang et al. 2022) of-
fers superior accuracy compared to uniform methods by dy-
namically mapping the parameters to non-uniformly spaced
quantized values to match non-uniform distributions. Prior
works, such as loss-driven adaptive quantization (Jung et al.
2019), power-of-two quantization (Li, Dong, and Wang
2019), logarithmic quantization (Miyashita, Lee, and Mur-
mann 2016) and iterative range-level updates (Lugman,
Qazi, and Khan 2024), have demonstrated its effectiveness
in centralized settings. However, non-uniform quantization
poses an inherent deployment challenge to FL due to the
nature of misalignment of adaptive quantization schemes
across heterogeneous clients. One solution is that clients up-
load both quantized parameters and their respective quanti-
zation schemes (Chen et al. 2023). However, this approach
introduces extra communication and computational costs,
thus undermining the communication benefits of quantiza-
tion. What’s more, additional parameters may expose infor-
mation such as data distribution of clients, resulting in pri-
vacy leakage. Therefore, there is a pressing need to design
non-uniform quantization schemes for FL to improve model
accuracy without incurring additional communication costs.

The key insight that inspires our work lies in the object
of quantization. Quantization in FL has been largely inher-
ited from model quantization, where the quantized outputs
must retain semantic meaning because they are directly used
in training and inference. However, in the context of FL,
quantization serves solely as a communication compression
mechanism, as illustrated in Figure 1. This inspires us to de-
sign novel encoding—decoding mechanisms tailored specif-
ically for the communication process. As a result, quanti-
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Figure 1: Quantification in FL. Quantization applies to client
encoding and server decoding processes.

zation in FL opens up a broader design space compared to
traditional model quantization. We revisit the fundamental
interpretation of quantization levels: in most prior works,
quantization levels serve as symbolic representations of data
points. This naturally raises a question: Can we assign quan-
tization a new meaning?

To address the problem, we try to quantize the process of
quantization. Building on this, we propose Bisection Inter-
val Quantization (BIQ), a novel non-uniform quantizer that
recursively bisects intervals using binary codes. Each bit in
BIQ encodes a client’s local bisection path, eliminating the
need for explicit interval alignment. For boundary-critical
scenarios (e.g., extreme gradient values), we further design
Weighted BIQ (WBIQ), which refines boundary reconstruc-
tion through maximum likelihood estimation based on bit-
count statistics. Crucially, both methods operate without in-
creasing communication overhead.

However, in terms of theoretical analysis, BIQ and WBIQ
sacrifice unbiasedness for higher quantization accuracy.
Theoretical guarantees for biased quantizers in FL have re-
mained elusive, as prior convergence analyses (Elgabli et al.
2020; Reisizadeh et al. 2020) strictly require unbiased quan-
tization. We bridge this gap by establishing the first conver-
gence bounds for biased quantizers under both strongly con-
vex and non-convex objectives.

Our Contribution. In summary, our contributions are as
follows: First, we propose a novel BIQ algorithm for FL,
which achieves higher quantization accuracy without sac-
rificing communication cost. Second, we propose its vari-
ant WBIQ to further improve quantization accuracy. WBIQ
incorporates maximum likelihood estimation to better cap-
ture input values near the boundaries of the quantization
range. Third, we establish the first convergence analysis for
biased quantizers in FL. Under appropriate control of bias
and noise, we demonstrate that BIQ and WBIQ converge
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at rates of O () under strong convexity assumptions and
1
o (&
tensive experiments on four datasets validate that BIQ and
WBIQ achieve more accurate quantization, faster conver-
gence and higher model accuracy compared with existing
quantization methods under the same resolution.

Our work redefines the role of quantization and estab-
lishes a general analytical paradigm that accommodates di-
verse quantization strategies in FL. Our results unlock the
potential of high-precision FL in bandwidth-limited scenar-
i0s.

in non-convex settings, respectively. Fourth, ex-

Problem Definition

We first introduce FL and present the quantization-based
communication compression method.

Federated Learning (FL). In FL, a server collaborates
with clients N' = {1,2,..., N} to jointly train a model by
solving the following Empirical Risk Minimization (ERM)
problem:

2 minSS M g .
memf()fmgmzwfn(, n)s ey

n=1
where 6 € R¢ denotes the model parameter. M,, is the local
dataset with M,, samples. f, represents the loss function of
the n-th client.

SGD-Based Optimizer in FL with Quantization. In FL,
the server distributes the initialized model #° to each client.
To enhance local training efficiency, the n-th client, when
participating in the k-th communication round, randomly

samples a mini-batch Mn from its local dataset M,, and
updates its local model according to the following procedure

gl — 95,1& —aV (08t M,), Q)
where ¢ = 0,1,...,7 — 1 denotes the local update rounds.
After completing these updates, the client uploads the dif-
ference 0™ — 0% to the server for aggregation. The commu-
nication bottleneck occurs during the update transmission
process, as limited bandwidth can lead to congestion when
transmitting full updates. We quantize the uploaded data to
reduce the communication overhead. Additionally, resource
heterogeneity poses another challenge in FL. Some clients
may not respond promptly to the server’s update requests
(Reisizadeh et al. 2020; Sun et al. 2022), resulting in ineffi-
cient training and amplifying the impact of limited commu-
nication bandwidth. To address these issues, at each commu-
nication round, we select a subset of clients S C A. These
clients quantize the model updates by quantizer Q)(-) and up-
load the quantized models for aggregation, which efficiently
alleviates the communication bottleneck and improves train-
ing efficiency. The aggregated process is as follows

1
k+1 _ gk | * kr gk
0" =146 —I—S g Qo7 0%),

neSy

3)

where |Si| = s. Equation (3) directly impacts the effec-
tiveness of model aggregation. At lower quantization res-
olutions, quantization significantly reduces communication



Algorithm 1: BIQ encoder process.

Algorithm 2: FedBIQ.

Input: x € R, b, R

QOutput: B
1. gqp=—R-1,qg=R-1
2: for j =1,2,...,d do

3: fori=b-1,b—2,...,0do
_ ) )
if z0) < qﬁ%ﬁ then

4

. ¢ = q&“;q}? BY _
6: else _ »

7 0 = e+’ B0 g
8: end if

9:  endfor , )

10 BW =Y BY, By

11: end for

costs at the expense of increased errors. Therefore, design-
ing high-precision quantizers at low quantization resolutions
is an effective approach to achieve a better trade-off between
communication efficiency and utility.

Bisection Interval Quantization

In this section, we first propose BIQ and WBIQ. Then, we
present error analysis and convergence analysis.

BIQ Encoding Process

BIQ encodes the selection process of quantized values
using binary system. Specifically, given a quantization
resolution b, a quantization range R and an input z € RY
with each coordinate satisfying ) € [~R,R], BIQ
recursively partitions the interval [— R, R] into subintervals
by bisection. At each step, a bit (’0” or ”1”) indicates
whether the input lies in the left or right subinterval,
respectively. BIQ performs the following process when
determining the encoded value for element z(7) : if the
input lies in the left half of the current quantization

interval, the corresponding bit is set to BJ(-j) = 0; if it
lies in the right half, the bit is set to BY) = 1. Let B =
1 1 1 2) (2 2 d) p(d d
(B, BY,..B"Y, B B?,..BP, .. B\ B\, B{")
represent the quantized binary code generated by BIQ. Al-

gorithm 1 describes the encoding mechanism, where
1=(1,1,..,1) € R?,

BIQ Decoding Process

The client transmits the binary code B to the server, which
decodes each coordinate BU) according to its encoding
scheme. Specifically, the server processes the bits in B()
from left to right, where a ”0” indicates that the left half of
the current interval is retained, and a 1" indicates that the
right half is retained. The decoding process of BIQ results in
an interval [qém , qBR<].)]. However, the aggregation step re-
quires a deterministic value. To minimize quantization error,
BIQ selects the midpoint of the interval as the final output:
95G) -;qﬁm

qdBG)
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Input: N clients with datasets {M,,}2_,, initialize server
model parameters #°, communication rounds K, quantiza-
tion resolution b, learning rate c.

Output: Global model 6*

1: Server broadcasts #° to all clients.

2: fork=0,1,.... K —1do

3:  Server broadcasts 6% to clients S* who are selected
uniformly at random.

4:  for client n € Sy, in parallel do

5 fort =0,1,....,7—1do

6: Local update via Equation (2)

7: end for

8 BE « BIQ(0F™ — 6% b, RF)

9 Send BF, R to Server.

0: end for

1 Server decodes quantized signals and aggregates via

Equation (3).

12: end for

BIQ Variant: WBIQ. Since BIQ uses the midpoint of the
interval as its output, it introduces gaps when representing
inputs that are close to the boundaries of the quantization
range. To address this limitation while maintaining the same
communication cost, we propose an enhanced scheme called
WBIQ. WBIQ aims to more accurately handle the quantiza-
tion of inputs near the range boundaries without increasing
the communication overhead.

Definition 1 (Counting). For any ¢ = ¢p—1¢p—2...c0,¢; €
{0,1}, we define the functions 0, : {0,1}* — Zsq,j €
{0,1}. 4, count the number of j in c. Specifically, dp(c) =
b= e di(e) =20 ci

Our improvement is inspired by the principle of maxi-
mum likelihood estimation. In this context, the bits ”’0” and
”1” represent the number of times the left and right inter-
vals were selected during the bisection process, respectively.
If ”1” appears more frequently than ”0” in BU), then ac-
cording to maximum likelihood estimation, the input value
is more likely to lie closer to the right end of the interval.
This insight motivates our design of WBIQ, where we in-
corporate the number of 0”s and ”1”’s in BU) to refine the
quantized output.

In WBIQ, the quantization interval [¢5 ;) , ¢& ;)] is deter-
mined in the same manner as in standard BIQ. However,
WBIQ further leverages the maximum likelihood estima-
tion principle by performing a weighted average of the in-
terval endpoints. The weights are determined by the relative

frequencies of ”0” and ’1”. Specifically, the final output is

. So(BW@ §1(BW@ .
given by i) = %qé(_ﬂ 4 Al > )qg(j). This max-

imum likelihood-based approach improves the quantization
accuracy for inputs near the boundaries of the range, thereby
enhancing the overall performance of the algorithm.

Error Analysis

In this section, we analyze the quantization error introduced
by BIQ and WBIQ. Let C, b denote the quantization range



and the quantization resolution respectlvly After decoding,
the server reconstructs the interval [qu,qu] The true
1nput value x; can lie anywhere within this interval. As-
suming without loss of generality that x; is uniformly dis-
tributed over [q%;),q% )], then the quantization error is
R L

BI 956 ~953G)
09 = z; — BIQ(z;) ~ U(~ FORABE

R L
9pG) "9
2 b)

The variance of the quantization error is DnBIQ = 12%;.
In contrast, for SQ, DnSQ = ﬁ Comparing the two
error variances yields:

D" 62— 1) _

an@ 15 9% = 0.5, Vb.

Under the same quantization resolution b, the variance of the
quantization error for BIQ is less than half of SQ, indicating
that BIQ produces more stable and reliable quantized out-
puts. For WBIQ, we have DnJWB Q < anQ, which still
ensures greater stability in the quantized results compared
to SQ. In terms of error bounds, the range of the quantiza-

tion error satisfies \nJBIQ| < 26;,| WBIQ| < 20 . While for

SQ, the bound is |17}9Q| < 2§C1 These bounds demonstrate
that BIQ achieves a tighter error bound than SQ, resulting
in more accurate quantized values. To validate these theo-
retical findings, we conduct sampling experiments with var-
ious quantizers. We show sampling results for uniform, bell-
shaped and long-tail data distributions. As shown in Section
Sampling (please refer to Other Experiments in supplemen-
tary materials), the empirical results align closely with our
theoretical analysis, confirming the superior performance of
BIQ and WBIQ in practical settings.

Convergence Analysis

BIQ is a biased quantizer, thus failing to satisfy the unbiased
property required by most convergence analysis frameworks
(Elgabli et al. 2020; Reisizadeh et al. 2020). To address this
challenge, we develop a novel convergence analysis for bi-
ased quantizers under both strongly convex and non-convex
settings. Proofs of both theorems are provided in supplemen-
tary materials. Our analysis builds on the following assump-
tions.

Assumption 1. Let Q(-) be a quantizer such that
EQ(x)|x] = x+n,m7 € R |n| < G,G > 0. The
quantization variance is bounded as follows: E[|Q(x) —
E[Q()]II”|x] < qllx][*,q > 0.

Assumption 2. f; is L-smooth if there exists a constant L >
0 such that Vx. y € R™, [V £i(x) — Vfi(y)|| < L|lx — yl.
Assumption 3. The stochastic gradient Vf;(z) is unbi-
ased, i.e. E¢[V f;(x)] = V f;(x) with bounded variance, i.e.
Ec[||V fi(x) = Vfi(x)[]*] < o

Assumption 4. f; is p-strongly convex if there exists a
constant p > 0 such that for any x,y € R", (Vf;(x) —

Vfily).x =) = pllx -yl
Theorem 1 (Convergence of Strongly Convex Settings).
Suppose Assumptions 1 to 4 hold. Define Ay
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2qL 4L2(N—s)(q+4)

m + S(N—Du - Set a constant kg that satisfies

48771 48N —p’1 48L%2Agr—p’r4+6L%u 4L>—p
ko > max{ ' T pZrz W2 L2pr » T aZr
4[4/7'(7' 1)—

} Then for any k > ko, if the learning rate

satlsﬁes oy = min{ £, L L}, Algorithm 2 holds

Ly/r(r—1) K
" ko +1 « 1 T
E[l0% — 072 < (S PR — 00| 4+ Ae -
T gk2 T
As - Ayt— ——.
+4s k7'+1+ Y kg
€]

where {g"*}is a bounded positive sequence. The constants in
Theorem I are defined as

320 e, , de(N —s)(g+4)
Ayi= = [(L L 2N) +
3207 4(N —s)(g+4)

As = 112 [N+2+ s(IN—1) |’
. 3sN + 12N — 15s
TSNS

Theorem 1 establishes convergence guarantees under
strongly convex assumption. The bias 1 introduced by the
biased quantizer affects the convergence rate through its
influence on g*. In FedBIQ, by choosing the quantization

1
range as R < (12.220|0k7
k
Gk < %. Let us find ¢* = max,cn{(kT + 1)GE}.
This implies that the sequence g*is bounded, thereby en-
suring that FedBIQ achieves a convergence rate of O (%)

For FedWBIQ, we choose the quantization range as RfL <

1
(48 . 22||9%-" — 6%||2)2 to reach the same convergence rate.

Theorem 2 (Convergence of Non-convex Settings). Under
Assumptions 1 to 3 and the update method of Algorithm 2,
we define the following two constants: Fy = 2L*7(1 —

1), Fy = L+ Ntat3 TL + 4L(N %) (q+4)7. When the con-

-1
straint T > is satisfied and the learning
(,/F2+2F1 Fp)?

the following first-order stability condi-

—6%|)2, we ensure that

rate is oy, =

tion holds
K—-17-1

= Z D E|VFOR|? <

kOt()

ﬁ

T—1
T

0°) — f*]
\/T

1
+ Hy—.
3\/T

+ Hy

+ Hy—=
\F
where g* < max,en{Gh}, ]l < GY,
Lo*(N +1)
N )
4(N —s)
NI
BN+ 1)L ,
N g

®)

H1 =
(N+q+3)
N
12L(N —

s(N —
+IVFET)g"

Hy := Lo? [ 4) +

K-1

8)

k=0



Theorem 2 provides convergence guarantees under non-
convex assumption. In FedBIQ, to satisfy the condition
F2

T >

1
= (VF2r2FR—F2)?’

we select the quantization range as

& b1 AL(N—s)T1— 1
RF < {1222 3l L+ —si5—y ] 'WT - writ —
L — M7 — 10HREST) |gk — 6523, which ensures

.
that G5 < Do Let us find g% = max,c(y{G%}. This im-
plies that g* is bounded. We set $R¥ as the quantization
range for FedWBIQ. FedBIQ and FedWBIQ converges at

a rate of O (ﬁ) Notably, when employing biased quan-

tizers, the convergence rate can be preserved as long as the
bias is appropriately controlled. Moreover, if the quantizer
is unbiased, i.e. n = 0, then gk = 0, Vk. The results in The-
orems 1 and 2 recover the conclusions in (Reisizadeh et al.
2020), showing that our analysis generalizes existing theory.

Experiments

In this section, we conducted extensive experiments on
BIQ and WBIQ. First, we compare six algorithms on four
datasets, demonstrating the superior performance of BIQ
in terms of cost, communication efficiency and utility. Fi-
nally, we perform quantizer sampling experiments to eval-
uate the accuracy of different quantization methods under
low-resolution settings in supplementary materials.

Data and Models. Our experiments are conducted in a
computing environment equipped with an AMD Ryzen 7
9700X CPU and an RTX 4070 Ti Super GPU. We evalu-
ate our methods on four benchmark datasets: CDC Diabetes
Health Indicators (abbreviated as CDC for convenience) (ab-
breviated as CDC for convenience), MNIST (Lecun et al.
1998), CIFAR-10 (Krizhevsky, Nair, and Hinton 2009) and
Tiny ImageNet. CDC contains 253,680 samples consist-
ing of 21 features and 2 labels, 70% of which are divided
for training and the rest for evaluation. MNIST consists of
60,000 grayscale training images of size 28*28 pixels and
10,000 test samples, while CIFAR-10 contains 50,000 im-
ages of size 32*32 pixels across three channels, along with
an equal-sized test set. MNIST and CIFAR-10 are labeled
over 10 classes. To assess the practical effectiveness of BIQ
on real-world datasets, we conducted comprehensive exper-
iments on Tiny ImageNet, which comprises 100K training
and 10K test images spanning 200 classes of 64x64 RGB
images.

To study the impact of data heterogeneity, we adopt two
data partitioning strategies: (1) LL.D. setting: The training
data is uniformly distributed across clients, ensuring bal-
anced class distributions; (2) Non-L.I.D. setting: Data is par-
titioned in a heterogeneous manner using a Dirichlet distri-
bution with concentration parameter « = 0.6. The global
test set is centrally maintained by the server to ensure a con-
sistent and standardized evaluation of model performance
across all experimental configurations.

For strongly convex settings, we build logistic regression
models to solve the binary classification problem on CDC.
For non-convex settings, we employ a two-layer CNN model
on MNIST and CIFAR-10. Each layer of the CNN model
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CDC MNIST CIFAR-10 Tiny ImageNet

CR 30 30 2000 50
LU 15 15 15 30
LR 0.01 0.03 0.05 0.007
MO 05 0.5 0.5 0.0002
BS 32 32 32 128
OP SGD SGD SGD Adam

Table 1: Experiment Settings. CR: communication rounds;
LU: the number of rounds in a local update; LR: learning
rate; MO: momentum; BS: batch size; OP: optimizer.

consists of convolutional layers, ReLU activation, and max-
pooling, followed by two fully connected layers. For Tiny
ImageNet, we employed Resnet50.

Baselines. Our work conducts a systematic comparison
among BIQ, WBIQ and existing quantization-based FL
methods. The baseline algorithms include: FedAvg (McMa-
han et al. 2017), FedSQ which incorporates stochastic quan-
tization (Gupta et al. 2015), FedRQ which applies round-
ing quantization (Gupta et al. 2015), FedPAQ (Reisizadeh
et al. 2020) which is based on QSGD quantization (Alis-
tarh et al. 2017), FedNQFL (Chen et al. 2023) which in-
corporates nonuniform quantization, FedSQFL (Marnissi,
El Hammouti, and Bergou 2024) which integrates quanti-
zation and sparsification.

Criterion. In this experiment, we establish a multidimen-
sional evaluation framework for BIQ and WBIQ. First, we
develop a cost model to quantify algorithmic efficiency. We
use the shifted-exponential model (Reisizadeh et al. 2020;
Lee et al. 2018) to fit the client-side encode and gradient
computation time as the local computation cost. Commu-
nication cost is defined as the ratio of the total number of
bits received by the server per round to the available band-
width (BW), where BW is set to 1.5M B/s for CDC and
MNIST, and 3M B/s for CIFAR-10 and Tiny ImageNet.
The total cost combines both local computation and commu-
nication costs to represent the overall iteration overhead. For
utility assessment, we focus on global model performance,
evaluating convergence and generalization through two met-
rics: cross-entropy loss and classification accuracy on the
test set. This dual-metric approach provides a comprehen-
sive measure of model effectiveness. Our experiments assess
algorithm optimization performance from both resource ef-
ficiency and model utility perspectives.

Numerical Results and Discussions

End-to-end Comparison. We conducted experiments on
CDC, MNIST, CIFAR-10 and Tiny ImageNet. In each
round, 15 clients were randomly sampled from a total of 80
for training. The specific settings are presented in Table 1.
FedAvg was implemented using 32-bit floating-point pre-
cision, while other methods were fixed to a quantization res-
olution of b = 3 bits. Figure 2 shows the variation of test loss
(Loss) and accuracy (Acc) with the total cost (T'ime) on
CDC with 1-sigma error bars, averaged over 5 runs. Table 2
report the average training cost per communication round
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Figure 2: Loss and classification accuracy evolution on CDC under L.I.D. (left) and Non-L.L.D. (right) data distributions.

1.I.D. Distribution

Non-L.I.D. Distribution

Dataset  Algorithm 08t aug Loss Acc (%) COSt g Loss Acc (%)

FedAvg 100.0643e-3 0.15+6e-4 95.58+1e-3 100.06+2e-3 0.17+2e-3 94.86+9e-4

FedRQ 9.46+2e-3 0.38+1e-3 90.32+1e-3 9.46+1e-3 0.584+9e-3 86.82+8e-3

FedSQ 9.47+4e-3 0.38+1e-3  90.30+3e-4 9.47+1e-3 0.57%6e-3 87.10x5e-3

MNIST FedPAQ 9.47+1e-3 0.31+1e-2 91.23+5e-3 9.47+2e-3 0.43+1e-2 87.57+8e-3
FedNQFL  12.05+1e-3 0.1743e-3 94.96+1e-3 11.8043e-3 0.20+4e-3 94.1442e-3

FedSQFL 5.73+2e-3 0.30+1e-2 91.00+5e-3 5.73+2e-3 0.35+2e-2 89.85+6e-3

FedBIQ 9.47+3e-3 0.16+1e-3 95.22+7e-4 9.474+2e-3 0.1942e-3  94.39+2e-3

FedWBIQ  9.4843e-3 0.16+3e-3 95.37+7e-4 9.48+2e-3 0.184+2e-3 94.58+4e-4

FedAvg 615.00+9¢-4 0.63+7e-3  78.95+4e-3 615.00+1e-30.70+6e-3  76.5145e-3

FedRQ 57.76+2e-3 0.88+4e-3  69.86+2e-3 57.76+9e-4 0.95+3e-3 67.03+1e-3

FedSQ 57.77+8e-4 0.85+3e-3 70.67+2e-3 57.76+2e-3 0.934+4e-3 67.961+2e-3

CIFAR-10 FedPAQ 57.76+1e-3 0.854+2e-3 70.83+2e-3 57.774+3e-3 0.934+3e-3 67.96+9¢-4
FedNQFL  60.2943e-4 0.68+4e-3 77.05+3e-3 60.09+4e-4 0.75+4e-3 74.48+3e-3

FedSQFL  23.96+1e-3 0.97+3e-3 66.56+1e-3 23.96+8e-4 1.03+3e-3 63.68+2e-3

FedBIQ 57.76+3e-4 0.67+1e-2 77.49+2e-3 57.77+1e-3 0.75+1e-2  74.58+3e-3

FedWBIQ 57.77+3e-3 0.65+5e-3 78.06+2e-3 57.77+9e-4 0.72+1e-2 75.56+4e-3

Table 2: End-to-end comparison results on MNIST and CIFAR-10.

(costavg), Loss and Acc over 5 independent runs. For Tiny
ImageNet, we report the top-1 accuracy (Acc;) and top-5 ac-
curacy (Accs) in Table 3. All of the results are presented in
the form of mean =+ standard deviation. Our supplementary
materials presents the results of the Wilcoxon signed-rank
test at a significance level of 0.05.

Figure 2 presents the experimental results under strongly
convex settings. It illustrates that FedBIQ and FedWBIQ
significantly outperform other FL algorithms in terms of
convergence speed for loss reduction and accuracy improve-
ment, across both L.I.D. and non-LI.D. data distributions.
Specifically, these methods demonstrate accelerated con-
vergence, achieving lower loss and higher accuracy more
rapidly than other methods. For non-convex settings, both
FedBIQ and FedWBIQ achieve significantly lower loss
(0.16) under the L.I.D. distribution on MNIST, with FedW-
BIQ’s accuracy being only 0.21% lower than that of FedAvg.
Under non-L.ID. distribution, FedWBIQ maintain the low-
est loss (0.18) and high accuracy (94.58%), indicating the
robustness of the quantizer. On CIFAR-10 and Tiny Ima-
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geNet, FedBIQ and FedWBIQ also exhibit markedly higher
accuracy compared to other quantization algorithms, further
validating their effectiveness in more complex scenarios.

FedSQFL combines quantization with sparsification, sub-
stantially reducing training overhead; however, the dual
sources of noise introduced by both techniques degrade
model performance. FedNQFL introduces additional param-
eter overhead and computational cost, resulting in approxi-
mately 27% higher training overhead compared to FedBIQ
and FedWBIQ while achieving comparable model accuracy
on MNIST. FedNQFL relies on the assumption that the dis-
tribution of local gradient vectors tend to a Gaussian distri-
bution, which is a potential factor contributing to its lower
accuracy on Tiny ImageNet.

Although FedBIQ and FedWBIQ incur slightly higher
training costs compared to other quantization methods due
to the additional communication overhead of transmitting
the quantization range, they still achieve effective cost con-
trol. The communication costs of FedBIQ and FedWBIQ
remain significantly lower than those of unquantized base-



1.I.D. Distribution

Non-IL.I.D. Distribution

Dataset Algorithm 08l g Accy (%) Aces (%) coStqug Aceyr (%) Accs (%)
FedAvg 27378.46+1e-121.54+5e-3 44.30+7e-3 27378.3442e-121.38+7e-3 43.84+9e-3

FedRQ 5138.814+2e-1 17.314+1e-3 39.14+4e-3 5138.89+2e-1 17.544+2e-3 39.54+3e-3

FedSQ 5140.28+1e-1 16.964+4e-3 38.37+4e-3 5140.12+4e-1 17.0942e-3  38.54+3e-3

Tiny ImageNet FedPAQ 5140.514+3e-1 18.19+2e-3 40.69+4e-3 5140.2443e-2 18.45+3e-3 41.06+3e-3
FedNQFL  5141.03+1e-1 5.92+4e-3 17.38+9e-3 5141.174+2e-1 6.074+2e-3 17.65+5e-3

FedSQFL 1717.27+6e-2 14.31+1e-3 33.51+2e-3 1717.30+1e-1 14.4542e-3 33.67+2e-3

FedBIQ 5139.31+1e-2 20.29+2e-3 43.11+5e-3 5139.51+3e-1 20.38+3e-3 43.30+1e-3

FedWBIQ 5140.1941e-2 20.39+2e-3 43.11+t4e-3 5140.12+4e-1 20.324+8e-4 43.22+2e-3

Table 3: End-to-end comparison results on Tiny ImageNet.

lines, and the increase over other quantization methods
is no more than 0.21%. Remarkably, FedBIQ and Fed-
WBIQ achieve superior accuracy under low-bit settings,
rendering the proposed quantizers highly competitive for
communication-constrained FL systems.

FedBIQ vs. FedWBIQ. Theoretically, FedWBIQ admits
an error upper bound that is twice that of FedBIQ. However,
in practice, the two methods exhibit comparable empirical
performance. This discrepancy arises from differences in the
input data distribution. Our experiments reveal that input
values tend to concentrate near the interval boundaries when
quantization range is small. In such cases, FedWBIQ’s out-
puts are biased toward the endpoints, yielding more accurate
quantization compared to FedBIQ. Consequently, FedW-
BIQ demonstrates superior performance when using a larger
learning rate and a smaller quantization range.

Related Work

Communication Compression in FL. Addressing the com-
munication bottleneck in FL has become a central focus
of recent research. Prior work has explored various tech-
niques to improve communication efficiency in distributed
training, including sparsification (Aji and Heafield 2017; Lin
etal. 2017), periodic aggregation (McMahan et al. 2017; Sun
et al. 2022) and quantization (Alistarh et al. 2017; Yue et al.
2021; Bernstein et al. 2018). While sparsification reduces
communication bits by transmitting only significant updates,
most deterministic sparsification schemes suffer from inad-
equate performance guarantees (Sun et al. 2022). Periodic
aggregation reduces the frequency of communication but
does not decrease the per-round transmission cost. Quanti-
zation, which represents model updates using low-precision
data, provides a scalable solution by significantly compress-
ing communication bits. This approach has proven particu-
larly effective in resource-constrained environments, such as
wireless sensor networks (Msechu and Giannakis 2012).
Quantization. Quantization can be broadly categorized
into uniform and non-uniform techniques. Uniform quan-
tization, which includes RQ (Sun et al. 2022; Nagel et al.
2020; Lee, Kim, and Ham 2021; Nagel et al. 2022) and SQ
(Elgabli et al. 2020; Reisizadeh et al. 2020; Alistarh et al.
2017; Tran et al. 2019), utilizes evenly spaced intervals,
providing simplicity but often struggling to effectively rep-
resent non-uniform distributions. In contrast, non-uniform

quantization (Zhang et al. 2018; Jung et al. 2019; Gongyo
et al. 2024; Li, Dong, and Wang 2019) dynamically allo-
cates intervals based on distributions, thereby enhancing ac-
curacy. However, its implementation in FL has been lim-
ited due to the challenges of aligning quantization schemes
across clients without incurring extra communication costs.
Recent hybrid approaches (Feng and Venkitasubramaniam
2024) and privacy-focused variants (Feng and Venkitasubra-
maniam 2025; Youn et al. 2023) have investigated trade-offs
between accuracy and privacy.

Theoretical Guarantees. Prior work (Alistarh et al.
2017) analyzed the convergence of unbiased quantizers in
distributed learning, focusing on efficient computation on
GPUs rather than FL. Existing convergence analyses for
quantized FL, such as those by (Elgabli et al. 2020) and (Rei-
sizadeh et al. 2020), assume unbiased quantization errors.
The assumption limits their applicability to biased quantiz-
ers. Prior work has argued that directly applying biased com-
pression in FL leads to non-convergence (Li and Li 2023).
Our work bridges this gap by dynamically controlling the
quantization range and establishing the first convergence
guarantees for biased quantizers under both strongly convex
and non-convex settings. We generalizing prior theoretical
framework and demonstrate the feasibility of high-precision,
communication-efficient quantization in FL systems.

Conclusion

In our work, we address the communication bottleneck in FL
by proposing two efficient non-uniform quantizers: BIQ and
WBIQ. BIQ leverages a bisection-based encoding mecha-
nism to achieve higher quantization accuracy without in-
creasing communication costs. WBIQ further enhances ro-
bustness by improving the quantization of boundary values
through maximum likelihood estimation. Additionally, we
provide the first convergence analysis for biased quantiz-
ers within the FL framework, thereby extending theoretical
guarantees beyond the limitations of unbiased quantization.
Our experiments validate that BIQ and WBIQ outperform
existing methods under both I.LI.D. and non-L.I.D. distribu-
tions. The end-to-end training cost of BIQ and WBIQ is
comparable to that of other quantization algorithms, while
the model accuracy remains close to that of their full-
precision counterparts. Our work offers a practical and theo-
retically grounded solution for resource-constrained FL, en-
suring efficient communication and robust performance.
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