
Statistical Learning Theory for Distributional Classification

Christian Fiedler
Department of Mathematics, School of Computation, Information and Technology, Technical University of Munich (TUM)

Munich Center for Machine Learning (MCML)
Institute for Data Science in Mechanical Engineering (DSME)*, RWTH Aachen University

christian.fiedler@tum.de

Abstract

In supervised learning with distributional inputs in the two-
stage sampling setup, relevant to applications like learning-
based medical screening or causal learning, the inputs (which
are probability distributions) are not accessible in the learning
phase, but only samples thereof. This problem is particularly
amenable to kernel-based learning methods, where the distri-
butions or samples are first embedded into a Hilbert space, of-
ten using kernel mean embeddings (KMEs), and then a stan-
dard kernel method like Support Vector Machines (SVMs)
is applied, using a kernel defined on the embedding Hilbert
space. In this work, we contribute to the theoretical analy-
sis of this latter approach, with a particular focus on classi-
fication with distributional inputs using SVMs. We establish
a new oracle inequality and derive consistency and learning
rate results. Furthermore, for SVMs using the hinge loss and
Gaussian kernels, we formulate a novel variant of an estab-
lished noise assumption from the binary classification liter-
ature, under which we can establish learning rates. Finally,
some of our technical tools like a new feature space for Gaus-
sian kernels on Hilbert spaces are of independent interest.

1 Introduction
In supervised learning, distributions can appear as inputs,
and this scenario has been considered in many works, cf.
(Muandet et al. 2012) and the references therein. However,
in some applications, the distributions acting as inputs are
not directly accessible, but only samples thereof. For exam-
ple, in the context of artificial intelligence (AI) assisted med-
ical diagnosis, one might want to train on past patient data
a binary classifier acting on biomarkers in order to detect an
illness or anomaly. In practice, these biomarkers might not
be fully observable, but only samples from them are avail-
able, e.g., through repeated measurements. In turn, we can
model the biomarkers as distributions, which are only ac-
cessible through samples (Szabó et al. 2015). A concrete in-
stance of this situation is training a classifier to detect atrial
fibrillation from electrocardiogram measurements (Massiani
et al. 2025). Another example can be found in statistical
learning approaches to causal learning, where a classifier
for the direction of causality between two random variables
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is desired, and such a causality classifier can be trained on
samples from distributions with known causality structure
(Lopez-Paz et al. 2015). The common feature of these ex-
amples is the two-stage sampling setup. First, a distribution
(the input) and some output is sampled from a population,
and then samples from the distribution acting as an input are
drawn, and only these samples (and the output) are available
during the learning phase. This setup has received particu-
lar attention in connection with kernel methods. Commonly,
the distributions and the samples thereof are first embedded
into a Hilbert space, and then a standard kernel method (now
with inputs from a Hilbert space) is used on the transformed
data set. The learned hypothesis can then be used on distri-
butional inputs by composing it with the embedding (Szabó
et al. 2015). This strategy has received a lot of attention,
especially in the context of regression problems, where a
Hilbertian embedding is combined with kernel ridge regres-
sion (KRR), and a substantial body of theory is available,
including learning rates (Szabó et al. 2015, 2016). How-
ever, for some applications, other types of learning problems
might be more appropriate, and a theoretical analysis should
reflect this. For instance, the two examples described above
are most naturally framed as classification problems, and
(Massiani et al. 2025) actually used a classification SVM
instead of KRR, with excellent empirical results.

Providing an analysis tailored to the classification set-
ting is particularly important with regards to the assump-
tions used therein. As is well-known, in order to establish
learning rates, one has to make distributional assumptions
due to the No Free Lunch-Theorem (Steinwart and Christ-
mann 2008, Chapter 6). For regression problems, typically
a certain smoothness of the regression function is assumed,
which is natural and reasonable in this setting. However, a
smoothness assumption might not be appropriate for clas-
sification problems, since it does not necessarily capture the
intrinsic difficulty (or simplicity) of a classification problem.
Instead, margin and noise exponent assumptions are more
appropriate, cf. (Steinwart and Scovel 2007) and (Steinwart
and Christmann 2008, Chapter 8) for an overview and dis-
cussion. In turn, this calls for an analysis that can take these
considerations into account. To the best of our knowledge,
consistency and learning rate results for kernel-based distri-
butional classification in the two-stage sampling setup un-
der assumptions natural for the classification setting are still
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missing. In this work, we close this gap by providing a thor-
ough theoretical investigation of SVMs with distributional
inputs in the two-stage sampling setup.

Related Work After its introduction in (Póczos et al.
2013), learning in the two-stage sampling setup has been pri-
marily investigated in the context of kernel methods, start-
ing with (Szabó et al. 2015), which uses kernel mean em-
beddings (KMEs) for the Hilbertian embeddings of prob-
ability distributions. Note that (Muandet et al. 2012) is an
earlier work that uses this embedding approach, but not
in the two-stage sampling setup. While primarily KMEs
have been used for the embeddings, other Hilbertian em-
beddings have been considered, like using sliced Wasser-
stein kernels (Meunier, Pontil, and Ciliberto 2022), and a
variety of such embeddings are available, with (Bonnier,
Oberhauser, and Szabó 2023) as a recent example, and even
learned embeddings (Kachaiev and Recanatesi 2024). The
main focus has been on regression, with KRR as the kernel
method used after the embedding, and this setting is by now
well-understood (Szabó et al. 2016; Fang, Guo, and Zhou
2020), different algorithmic approaches (Mücke 2021), and
robust variants (Yu et al. 2021). Despite its practical im-
portance, distributional classification in the two-stage setup
has received much less attention. This setting is considered
in (Lopez-Paz et al. 2015), though this work focuses on
empirical risk minimization. In (Fiedler et al. 2024), first
steps towards a more general learning-theoretic analysis are
taken, including oracle inequalities for SVMs in the two-
stage setups. In particular, it was recognized that most ex-
isting works rely on the integral operator technique (Capon-
netto and De Vito 2007), which is limited to KRR (and re-
lated spectral regularization techniques for regression) and
hence cannot be used to treat the classification setting, using
for example SVMs with the hinge loss. However, no con-
sistency results or learning rates are provided, and the ora-
cle inequalities have technical limitations, requiring signifi-
cant regularity of the loss function, which excludes the hinge
loss, or requiring a suitable discretization of the hypothesis
space, which can be problematic due to the Hilbertian em-
bedding. Finally, we would like to stress that we focus on
kernel-based approaches for learning with distributional in-
puts in the two-stage sampling setup, and other approaches
have been considered in this context like deep learning, cf.
(Liu and Zhou 2025) for an example and further pointers
to the literature, and we refer to (Kachaiev and Recanatesi
2024, Section C) for an overview.

Contributions As a starting point, we prove a very gen-
eral oracle inequality (Theorem 9) for SVMs in the two-
stage sampling setup. In particular, in contrast to the results
in (Fiedler et al. 2024) it can now handle the hinge loss
without any discretization of the hypothesis space. We then
prove (universal) consistency for rather general loss func-
tions, which includes classification with the hinge loss, both
for generic Hilbertian embeddings (Proposition 11) and ker-
nel mean embeddings (Proposition 12). Furthermore, under
a standard assumption we then establish learning rates for
rather general loss functions (Theorem 14), again with clas-
sification as a special case. To the best of our knowledge,

these are the first such results for distributional classifica-
tion with SVMs in the two-stage setup. Finally, we inves-
tigate learning rates for distributional classification in the
two-stage sampling setting with SVMs using the hinge loss
and Gaussian kernels, under assumptions that are natural for
classification problems. For this, we introduce a variant of
a well-known geometric noise exponent assumption from
the theory of binary classification (Assumption 16), which
in turn allows us to establish learning rates (Theorem 18),
without any explicit smoothness assumption as used in re-
gression. To the best of our knowledge, this is again the first
such result. Furthermore, for the proof Theorem 18 we de-
velop a new feature space for Gaussian kernels on Hilbert
spaces (Theorem 15), which is of independent interest. Due
to space constraints, most of the proofs of our results have
been placed in the supplementary material.

2 Preliminaries
We start by recalling some preliminaries, including the clas-
sic setup of statistical learning theory, and the type of learn-
ing methods we consider.

General background We follow (Fiedler et al. 2024) and
use comparison functions as common in control theory. Re-
call that class K functions are defined as K = {f : R≥0 →
R≥0 | f continuous, strictly increasing, f(0) = 0}, and re-
lations and operations on K are defined pointwise. For the
reader’s convenience, we have collected additional back-
ground on comparison functions in the supplementary mate-
rial.

We denote the real part of a complex number z ∈ C by
ℜz. For a measure space (Ω,A, µ) and K = {R,C}, let
L2(Ω, µ;K) be the usual Lebesgue space of (µ-equivalence
classes of) K-valued square-integrable functions, and let
L2
R(Ω, µ;C) be the real Hilbert space arising by restricting

scalar multiplication in L2(Ω, µ;C) to the reals. We denote
by L+

1 (H) the set of continuous, linear, self-adjoint, trace-
class, positive operators on a Hilbert space H.

Finally, for Q ∈ L+
1 (H) we denote by N (0, Q) the Gaus-

sian measure on H with covariance operator Q, and by
H ∋ h 7→ Wh ∈ L2(H,N (0, Q);R) the associated white
noise mapping, cf. (Da Prato and Zabczyk 2002) and the
supplementary material for more details.

Statistical Learning Theory We follow the standard
setup as formalized in (Steinwart and Christmann 2008,
Chapters 2, 6). The input space is a measurable space X , the
output space Y ⊆ R closed with the corresponding Borel
σ-algebra, and we consider only supervised loss functions,
i.e., measurable functions ℓ : Y × R → R≥0, which we call
continuous, differentiable etc. if ℓ(y, ·) has this property for
all y ∈ Y . Furthermore, we define |ℓ|1,T = sup{|ℓ(y, t1) −
ℓ(y, t2)|/|t1 − t2| | t1, t2 ∈ [−T, T ], t1 ̸= t2, y ∈ Y} and
say that ℓ is locally Lipschitz-continuous1 if |ℓ|1,T < ∞ for
all T ∈ R>0. We call ℓ globally Lℓ-Lipschitz continuous for
Lℓ ∈ R≥0, if |ℓ(y, t) − ℓ(y, t′)| ≤ Lℓ|t − t′| for all y ∈ Y ,

1Note that this definition entails uniformity in the first argument
of ℓ.
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t, t′ ∈ R. We say that ℓ can be clipped at M ∈ R>0 if
ℓ(y, t̄) ≤ ℓ(x, y, t) for all y ∈ Y, t ∈ R, where

t̄ =


M if t > M

t if −M ≤ t ≤ M

−M if t < −M

is the clipped value of t. Furthermore, for a map f :
X → R, we define ℓ ◁ f : X × Y → R≥0 by
(ℓ ◁ f)(x, y) = ℓ(y, f(x)). For a data-generating dis-
tribution P on X × Y , we define the risk of a hypoth-
esis f : X → R (measurable function) as Rℓ,P (f) =∫
X×Y ℓ(y, f(x))dP (x, y), the Bayes risk as R∗

ℓ,P =

inf{Rℓ,P (f) | f : X → R, measurable}, and for a hy-
pothesis class H also RH∗

ℓ,P = inf{Rℓ,P (f) | f ∈ H}. For a
data set D = ((x1, y1), . . . , (xN , yN )) ∈ (X ×Y)N , we de-
fine the empirical risk as Rℓ,D = 1

N

∑N
n=1 ℓ(yn, f(xn)). If

H is a normed vector space, we define the regularized risk
with regularization parameter λ ∈ R>0 as Rℓ,P,λ(f) =
Rℓ,P (f) + λ∥f∥2H , and the regularized empirical risk as
Rℓ,D,λ(f) = Rℓ,D(f) + λ∥f∥2H . Finally, we turn to no-
tions of learnability. A learning method is a measurable2

map between data sets and a hypothesis space H , formally⋃
N∈N+

(X ×Y)N ∋ D 7→ fD ∈ H . We call such a learning
method ℓ-risk consistent or just consistent if Rℓ,P (fDN

) →
R∗

ℓ,P in probability for N → ∞ and DN ∼ P⊗N , and
universally ℓ-risk consistent or just universally consistent if
this holds for all data-generating distributions P on X × Y .
Given a set P of distributions on X × Y , a learning rate for
the learning method is a sequence (ϵN )N ⊆ R≥0 together
with a constant CP and (cδ)δ∈(0,1] such that for all P ∈ P ,
N ∈ N+, and δ ∈ (0, 1] we have

PD∼P⊗N [Rℓ,P (fD) ≤ R∗
ℓ,P + CPcδϵN ] ≥ 1− δ. (1)

Example 1. We are primarily interested in binary classifi-
cation, which can be formlized with Y = {−1, 1} (encoding
the two classes) and the 0-1-loss ℓc : Y×R → R≥0, defined
by

ℓc(y, t) =

{
0 if sgn(t) = y

1 otherwise

where sgn(t) = 1 if t ≥ 0, and −1 otherwise. Note that ℓc
is discontinuous and nonconvex.

Kernels and SVMs We now collect some well-known
definitions and facts related to kernels, reproducing kernel
Hilbert spaces, and support vector machines, based on the
exposition in (Steinwart and Christmann 2008), and we re-
fer to this reference for more details. Recall that a func-
tion k : X × X → R is called a kernel on an arbitrary
nonempty set X , if there exists a Hilbert space H (called
feature space) and a map Φ : X → H (called feature map)
such that k(x, x′) = ⟨Φ(x′),Φ(x)⟩H for all x, x′ ∈ X .
Furthermore, k is the reproducing kernel of a Hilbert space
H of functions on X if k(·, x) ∈ H for all x ∈ X , and

2For precise definitions, we refer to (Steinwart and Christmann
2008, Chapter 6).

f(x) = ⟨f, k(·, x)⟩H for all f ∈ H , x ∈ X , and H is called
a reproducing kernel Hilbert space (RKHS) if it has a repro-
ducing kernel (which is then unique). Recall also that k is a
kernel if and only if it is the reproducing kernel of an RKHS,
and the latter is then unique and denoted by (Hk, ∥ · ∥k).
Observe that then Hk is a feature space for k with feature
map Φk(x) = k(·, x) (called canonical feature map). If
(H,Φ) is an arbitrary feature space-feature map pair for a
kernel k, then H ∋ h 7→ ⟨h,Φ(·)⟩H ∈ Hk is a canoni-
cal surjection on the RKHS of k. We also use the notation
∥k∥∞ = supx∈X

√
k(x, x) and remark that k is bounded if

and only if ∥k∥∞ < ∞.
In this work, we consider regularized empirical risk min-

imization (RERM) over an RKHS Hk for a kernel k on X ,
which is called a support vector machine (SVM) in this con-
text. For a data set D ∈ (X × Y)N , this corresponds to

inf
f∈Hk

Rℓ,D,λ(f),

and for ℓ convex there exists a unique solution denoted by
fHk

D,λ, or fD,λ if Hk is clear from the context. For analysis
purposes, we also define the approximation error function
AHk

ℓ,P (λ) = RHk∗
ℓ,P,λ −RHk∗

ℓ,P .

Example 2. We are primarily interested in classification,
which can be described by the 0-1-loss ℓc, cf. Example 1.
However, since ℓc is discontinuous and nonconvex, it is in
practice not suitable for RERM, and instead surrogate losses
are used. The idea is that these losses are well-behaved (in
particular, convex), yet still describe a classification task,
which can be formalized by classification calibration, cf.
(Steinwart and Christmann 2008, Chapters 2,3) and (Bach
2024, Chapter 4), as well as the supplementary material for
more background on this. The most important example in
our context is the hinge loss ℓh : Y × R → R≥0, defined
by ℓh(y, t) = max{0, 1− yt}, which is convex and globally
Lipschitz continuous, and can be clipped at 1.

3 Setup
In this section, we formalize the precise setting we work
with for the remainder of this manuscript. We first describe
the general two-stage learning setup, then we introduce ab-
stract Hilbertian embeddings, and finally we outline kernel
mean embeddings as a concrete examle of suitable Hilber-
tian embeddings.

Two-stage sampling We now formalize the two-stage
sampling setup for distributional inputs as introduced in
(Póczos et al. 2013; Szabó et al. 2015), following the for-
malization from (Fiedler et al. 2024). The underlying sam-
pling space is a measurable space (S,B(τS)), where (S, τS)
is a topological space and B(τ) is the Borel σ-algebra gener-
ated by a topology τ . For the first sampling stage, the input
space is then (M1(S),B(τw)), where M1(S) is the set of
Borel probability measures on S , and τw the topology of
weak convergence in M1(S). The data-generating distribu-
tion, also called meta-distribution in this context, is now a
probability measure P on M1(S) × Y . A data set D with
N ∈ N+ data points is generated as follows. In the first
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stage, a data set

D̄ = ((Q1, y1), . . . , (QN , yN )) ∈ (M1(S)× Y)N (2)

is generated by (Q1, y1), . . . , (QN , yN )
i.i.d.∼ P . In the sec-

ond stage, given M (1), . . . ,M (N) ∈ N+, we sample inde-
pendently

S
(n)
1 , . . . , S

(n)

M(n) ∼ Qn, n = 1, . . . , N

and then set

D =
(
(S(1), y1), . . . , (S

(N), yN )
)
∈ (S∗ × Y)N , (3)

where we defined S∗ =
⋃

M∈N+
SM and S(n) =(

S
(n)
1 , . . . , S

(n)

M(n)

)
, for n = 1, . . . , N .

Hilbertian embeddings We now outline the use of Hilber-
tian embeddings in this context, following the axiomatic ap-
proach from (Fiedler et al. 2024). A Hilbertian embedding
is a map Π : M1(S) → H, where the embedding space
H is a (real) Hilbert space, inducing a new input space
X = Π(M1(S)) ⊆ H. We also assume access to embed-
ding estimators (Π̂M )M∈N+ , Π̂M : SM → H, and define
Π̂ : S∗ → X by Π̂(S) = Π̂M (S) for all S ∈ SM and
M ∈ N+. Furthermore, for a first-stage data set D̄ from
(2), we define D̄Π =

(
(Π(Qn), yn)

)
n=1,...,N

∈ (X × Y)N ,
and for a second-stage data set D from (3), we define DΠ̂ =(
(Π̂(S(n)), yn)

)
n=1,...,N

. To avoid measurability issues, one
can use the following assumption.

Assumption 3. H is separable, Π is B(τw)-B(H)-
measurable, and X ∈ B(H). Furthermore, for all M ∈ N+,
Π̂M is B(τS)⊗M -B(X )-measurable.

The following result then takes care of measurability is-
sues.

Lemma 4. Under Assumption 3, the map Π is B(τw)-
B(τH|X )-measurable, where τH|X is the subspace topology
on X induced by the topology on H. Furthermore, every
P ∈ M1(M1(S)×Y) induces a distribution PΠ on X ×Y
as the pushforward of P along (Q, y) 7→ (Π(Q), y).

A proof of this result is provided in Section A.1.1 in
(Szabó et al. 2015) and the supplementary to (Lopez-Paz
et al. 2015). For the analysis later on, we need probabilis-
tic estimation bounds for the Hilbertian embeddings, which
we abstract in the next assumption.

Assumption 5. We have access to BΠ : N+×(0, 1) → R≥0

such that for all Q ∈ M1(S), M ∈ N+, δ ∈ (0, 1)

PS∼Q⊗M [∥Π(Q)− Π̂(S)∥H > BΠ(M, δ)] < δ

We would like to stress the embedding strategy outlined
here requires a kernel k on X , which is a subset of an in
general infinite-dimensional Hilbert space. The availability
of such kernels is one major advantage of this approach, and
we refer to (Meunier, Pontil, and Ciliberto 2022) for more
details. In the next example, we recall an important instance
of such a kernel.

Example 6. Let ∅ ̸= X ⊆ H be a subset of an ar-
bitrary real Hilbert space. For γ ∈ R>0, kγ(x, x

′) =
exp

(
−∥x− x′∥2H/γ2

)
is a kernel on X , called Gaussian

kernel, and we denote its unique RKHS by (Hγ , ∥ · ∥kγ ), cf.
(Christmann and Steinwart 2010) and (Meunier, Pontil, and
Ciliberto 2022) for more details.

In general, in the following we will work with kernels k
that fulfill the next (rather mild) assumption. For instance,
since X ⊆ H is separable, cf. Assumption 3, the Gaussian
kernel from Example 6 fulfills it.

Assumption 7. The kernel k on X is measurable, bounded,
and has a separable RKHS Hk. Furthermore, there exists
αk ∈ K such that ∥Φk(x) − Φk(x

′)∥k ≤ αk(∥x − x′∥H)
holds for all x, x′ ∈ X .

The last condition in the preceding assumption is easily
fulfilled for Hölder-continuous kernels, cf. (Fiedler 2023)
for a thorough discussion of this aspect, and (Szabó et al.
2015) for an extensive list of concrete examples of such ker-
nels.

As a concrete example of Hilbertian embeddings, we use
kernel mean embeddings (KMEs). For the reader’s conve-
nience, we collect now some well-known definitions and
facts, cf. (Lopez-Paz et al. 2015; Szabó et al. 2016) for more
details and proofs.

Proposition 8. Let (S,AS) be a measurable space, and κ a
measurable and bounded kernel on S with separable RKHS
Hκ. (i) The map

Πκ : M1(S) → Hκ, ΠκQ =

∫
κ(·, s)dQ(s) (4)

is well-defined, and we call ΠκQ the kernel mean embed-
ding (KME) of Q ∈ M1(S) w.r.t. κ.

(ii) Define Π̂κ : S∗ → Hκ by

Π̂κ((s1, . . . , sM )) =
1

M

M∑
m=1

κ(·, sm). (5)

For all Q ∈ M1(S) and S ∼ Q⊗M , M ∈ N+, and δ ∈
(0, 1), we have that

∥Π̂κS −ΠκQ∥κ ≤ 2

√
∥κ∥2∞
M

+

√
2∥κ∥∞ ln(1/δ)

M
(6)

holds with probability at least 1− δ.
(iii) Let (S, τS) be a separable topological space, con-

sider AS = B(τS), and assume that κ is continuous, then
Πκ is (M1(S),B(τw))-(Hκ,B(Hκ))-measurable.

4 Consistency and Learning Rates
We will now present our first main results. Building on a
rather general oracle inequality stated in Section 4.1, we es-
tablish (universal) consistency for SVMs in the two-stage
sampling setup in Section 4.2, and then learning rates in Sec-
tion 4.3.

21123



4.1 Oracle Inequality
As common in statistical learning theory, consistency and
learning rates can be derived from an oracle inequality. The
following result will be our central tool for this task, and it is
a two-stage sampling variant of (Steinwart and Christmann
2008, Theorem 7.22).

Theorem 9. Consider the two-stage sampling setup out-
lined in Section 3. Let k be a kernel on X that fulfills As-
sumption 7, let the Hilbertian embedding fulfill Assumptions
3 and 5, and consider a convex, locally Lipschitz-continuous
loss ℓ that can be clipped at M ∈ R>0. Finally, assume that
there exists B ∈ R≥0 such that

ℓ(y, t) ≤ B ∀y ∈ Y, t ∈ [−M,M ] (7)

holds. Then there exists a universal constant C ∈ R>0 such
that for all N ≥ 2, λ ∈ R>0 and τ ≥ 1 it holds with
probability at least 1− 4e−τ that

Rℓ,PΠ
(f̄DΠ̂,λ) + λ∥fDΠ̂,λ∥2k −R∗

ℓ,PΠ
≤ 9AHk

ℓ,PΠ
(λ) (8)

+ 9(RHk∗
ℓ,PΠ

−R∗
ℓ,PΠ

) + C|ℓ|21,M∥k∥∞
lnN

Nλ

+ 300
Bτ√
N

+ 15
τ

N
|ℓ|1,Cλ

∥k∥∞

√
AHk

ℓ,PΠ
(λ)

λ

+
3

N

N∑
n=1

αλ

(
BΠ(M

(n), e−τ/N)
)
,

where

αλ =

(
|ℓ|1,Cλ

√
AHk

ℓ,PΠ
(λ)/λ+ |ℓ|1,M

√
B/λ

)
αk.

and

Cλ = ∥k∥∞
√
AHk

ℓ,PΠ
(λ)/λ.

On a high level, for the proof we use continuity proper-
ties to go from the accessible data set DΠ̂ to the inaccessible
first-stage sampling data set D̄Π, on which existing results
can be applied. While this is the standard strategy for the
two-stage sampling setup, going back to (Szabó et al. 2015;
Lopez-Paz et al. 2015) and also used by (Fiedler et al. 2024),
we use a rather advanced oracle inequality for the first stage
of sampling, which requires some work. Similarly as in the
proof of (Steinwart and Christmann 2008, Theorem 7.22),
we first establish an oracle inequality for general approx-
imate RERM schemes, and then check that SVMs indeed
fulfill the necessary assumptions for this class of learning
methods. A detailed proof is provided in the supplementary
material.

4.2 Consistency
We now turn to consistency of SVMs in the two-stage sam-
pling setup. It is clear that for consistency to hold, the hy-
pothesis space Hk has to be expressive enough. This is for-
malized in the next assumption.

Assumption 10. It holds that RHk∗
ℓ,PΠ

= R∗
ℓ,P .

For simplicity, we consider from now on only globally
Lipschitz-continuous loss functions, including in particular
the hinge loss ℓh, which is of prime importance for clas-
sification. We are now ready to state the following general
consistency result for SVMs with distributional inputs in the
two-stage sampling setup.

Proposition 11. Consider the situation of Theorem 9. As-
sume that the loss function ℓ is globally Lℓ-Lipschitz contin-
uous, and assume that for a data set of size N ∈ N+, for ev-
ery data point, MN ∈ N+ samples are drawn in the second
stage of sampling, so M (1) = . . . = M (N) = MN for N
samples. If Assumption 10 holds, and if (λN )N ⊆ R>0 and
(MN )N ⊆ N+ are sequences such that limN→∞ λN = 0
and

lim
N→∞

ln(N)

NλN
= lim

N→∞

1√
λN

αk(BΠ(MN , 1/N)) = 0, (9)

then
(SMN × Y)N ∋ D(N) 7→ f̄D(N)

Π̂
,λN

◦Π

is an ℓ-risk consistent learning method, so

Rℓ,P (f̄D(N)

Π̂
,λN

◦Π) → R∗
ℓ,P

in probability for N → ∞, for all data-generating distribu-
tions P under Assumption 10.

This result poses two conditions on (λN )N and (MN )N .
The first one appears also in the usual statistical learning
setup with only a single stage of sampling, cf. the discussion
in (Steinwart and Christmann 2008, Section 7.4). The sec-
ond condition arises through the two-stage sampling setup,
which is a well-known effect in the case of distributional re-
gression, cf. (Szabó et al. 2015, 2016).

Proof. Observe that

R∗
ℓ,P = inf

f measurable
Rℓ,P (f)

≤ inf
f measurable

Rℓ,P (f ◦Π) = R∗
ℓ,PΠ

,

and Rℓ,P (f̄DΠ̂,λ ◦ Π) − R∗
ℓ,P ≤ Rℓ,PΠ

(f̄DΠ̂,λ) +

λ∥f̄DΠ̂,λ∥2k − R∗
ℓ,PΠ

. By definition of ℓ-risk consistency
and using Assumption 10, it is hence enough to ensure
that for fixed τ ≥ 1, the righthand side in (8) con-
verges to zero for N → ∞. Since λN → 0, we have
AHk

ℓ,PΠ
(λN ) → 0, cf. (Steinwart and Christmann 2008,

Lemma 5.15). Furthermore, ln(N)
NλN

→ 0 implies NλN → ∞,

so 15 τ
NLℓ∥k∥∞

√
AHk

ℓ,PΠ
(λN )/λN = 15τLℓ∥k∥∞/

√
N ×√

AHk

ℓ,PΠ
(λN )/(NλN ) → 0. Finally, the last condition in

(9) ensures that also the remaining terms converge to zero.
Altogether, this shows that the righthand side in (8) indeed
converges to zero, establishing consistency.

For concreteness we now consider KMEs as Hilbertian
embeddings and we assume Hölder-continuity of Φk. In this
situation, we can achieve the following consistency result.
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Proposition 12. Consider the situation of Theorem 9 and
assume that the loss function ℓ is globally Lℓ-Lipschitz con-
tinuous. Assume that for a data set of size N ∈ N+, for ev-
ery data point, MN ∈ N+ samples are drawn in the second
stage of sampling, and that KMEs (from Proposition 8) are
used for the Hilbertian embedding. Furthermore, assume
that there exist Ck, α ∈ R>0 such that αk(s) = Cks

α. If
Assumption 10 holds, and if (λN )N ⊆ R>0 and (MN )N ⊆
N+ are sequences such that limN→∞ λN = 0 and

lim
N→∞

ln(N)

NλN
= 0 and lim

N→∞

ln(N)α

λNMα
N

= 0, (10)

then (SMN ×Y)N ∋ D(N) 7→ f̄D(N)

Π̂κ
,λN

◦Πκ is a ℓ-risk con-

sistent learning method for all data-generating distributions
P under Assumption 10.

This result follows as an immediate corollary from Propo-
sition 11, and we provide a detailed proof in the supplemen-
tary material.

4.3 Learning Rates
As is well-known, learning rates can only be derived under
distributional assumptions due to the No Free Lunch Theo-
rem. The form of the oracle inequality in Theorem 9 shows
that any distributional assumption must enter through the ap-
proximation error function. The following is a standard as-
sumption for this task, cf. (Steinwart and Christmann 2008,
Chapter 6) and (Steinwart et al. 2009).
Assumption 13. There exist constants CA ∈ R>0, β ∈
(0, 1] such that AHk

ℓ,PΠ
(λ) ≤ CAλ

β for all λ ∈ R>0.

For concreteness, we use this to establish a learning rate
in the case of KMEs for the Hilbertian embeddings. Learn-
ing rates for other embeddings can be derived similarly, and
in the supplementary material we provide a corresponding
result for generic Hilbertian embeddings.
Theorem 14. Consider the situation of Proposition 12, as-
sume that α ∈ (0, 2], and let in addition Assumption 13 hold
for Π = Πκ from Proposition 8. If (MN )N grows at least as
N

2
α , and (λN )N decays as N− 1

β+1 , then a learning rate of
ln(N)N− β

β+1 is achieved.
This result can be derived from Theorem 9 using well-

known elementary arguments.

5 Classfication With Gaussian Kernels and
the Hinge Loss

We now turn to classification (Y = {−1, 1}) using the hinge
loss ℓh and the Gaussian kernel kγ on X , cf. Example 6.
The theory in Section 4 covers this case already, however,
the important Assumption 13 is in general difficult to inter-
pret. For binary classification, margin and noise exponent
assumptions are more intuitive, cf. (Steinwart and Christ-
mann 2008, Chapter 8) for an overview, and our goal in this
section is to realize this also for distributional classification
in the two-stage sampling setup. For this, we will first intro-
duce a new feature space for Gaussian kernels on (subsets
of) Hilbert spaces, which is of independent interest, and then

establish a bound on the approximation error function using
a variant of an establish geometric margin condition.

5.1 A New Feature Space
In order to bound the approximation error function for the
hinge loss and the Gaussian kernel, we need a convenient
feature space. For the Gaussian kernel on X ⊆ Rd, one can
use L2(X,λ

(d)
X ,R), where λ

(d)
X is the Lebesgue measure on

X , cf. (Steinwart and Christmann 2008, Section 4.4). How-
ever, since we consider the Gaussian kernel on X ⊆ H,
where H is in general infinite-dimensional, we do not have
the Lebesgue measure available anymore. Instead, as com-
mon in infinite-dimensional analysis (Da Prato 2006), we
use the Gaussian measure on a Hilbert space instead. The
next result describes how exactly this can be used to build a
feature space-feature map pair for the Gaussian kernel on a
separable Hilbert space.
Theorem 15. Let H be a separable real Hilbert space,
∅ ̸= X ⊆ H, and kγ the Gaussian kernel on X with length
scale γ ∈ R>0. For all Q ∈ L+

1 (H) with ker(Q) = {0},
L2
R(H,N (0, Q);C) is a (real) feature space of kγ , ΦQ :

X → L2
R(H,N (0, Q);C) defined by

ΦQ(x) = exp(i
√
2/γ ·Wx(·)) (11)

is a corresponding feature map, and the canonical surjection
VQ : L2

R(H,N (0, Q);C) → Hγ is given by

(VQg)(x) = ℜ
∫
H
exp

(
−i

√
2

γ
Wx(z)

)
g(z)dN (z | 0, Q).

(12)
We provide a detailed proof of this result in the supple-

mentary material.

5.2 Learning Rates
In order to bound the approximation error function for the
hinge loss, we follow the high level strategy from (Stein-
wart and Scovel 2007). First, we need some preliminaries.
We consider a distribution P on X × Y , and recall that
Y = {−1, 1} and X ⊆ H (later on, PΠ will play the role of
this P ). Let η : X → [0, 1] be a version of the conditional
probability P(X,Y )∼P [Y = 1 | X = x], and define

X1 = {x ∈ X | η(x) > 1

2
} X−1 = {x ∈ X | η(x) < 1

2
}

and

∆(x) =


dH(x,X1) if x ∈ X−1

dH(x,X−1) if x ∈ X1

0 otherwise

where dH(x,A) = infx′∈A ∥x − x′∥H for x ∈ H and A ⊆
H. Furthermore, define f∗

P : X → [−1, 1] as

f∗
P (x) =


1 if x ∈ X1

−1 if x ∈ X−1

0 otherwise

Then f∗
P is measurable and achieves the Bayes risk, i.e.,

Rℓc,P (f
∗
P ) = R∗

ℓc,P
.
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We will now state the central assumption of this section. It
can be interpreted as a variant of the geometric noise expo-
nent assumption from (Steinwart and Scovel 2007), adapted
to a Hilbert space setting.
Assumption 16. P and η are such that there exist Q ∈
L+
1 (H) with ker(Q) = {0} and constants CQ, αQ, t̄Q ∈

R>0 such that for all 0 < t ≤ t̄Q it holds that∫
X1∪X−1

(
1− 2

∫
B∆(x)(x)

exp

(
−∥x− y∥2H

t

)
dN (y | 0, Q)

)
× |2η(x)− 1|dPX(x) ≤ CQt

αQ . (13)

and ∫
X

(∫
H
exp

(
−1

t
∥y∥2H

)
dN (y | x,Q)

)
× |2η(x)− 1|dPX(x) ≤ CQt

αQ (14)

While rather technical, the preceding assumption has a
clear intuitive interpretation, which we discuss in the sup-
plementary material. We are now ready to use this assump-
tion to derive a bound on the approximation error function
for Gaussian kernels on separable Hilbert spaces.
Theorem 17. Let Assumption 16 hold, then for all γ ∈ R>0

with γ2 < t̄Q, we have

A
Hγ

ℓh,P
(λ) ≤ 2CQγ

2αQ + λ (15)

for all λ ∈ R>0.
The proof uses the strategy from (Steinwart and Scovel

2007, Section 4), cf. also (Steinwart and Christmann 2008,
Section 8.2): An explicit Bayes optimal classifier is embed-
ded into the Gaussian RKHS (here via Theorem 15), which
is interpreted as a smoothing, and the resulting performance
degradation, i.e., increase in risk, is bounded using a margin
or noise assumption, here Assumption 16. A detailed proof
is provided in the supplementary material.

Finally, all of this can be combined to arrive at the follow-
ing result on learning rates for distributional classification
with hinge-loss SVMs with Gaussian kernels in the two-
stage sampling setup. For concreteness, we consider KMEs
for the Hilbertian embeddings, but analogous results can be
derived in a similar manner for other embeddings.
Theorem 18. Consider the situation of Proposition 12 with
ℓ = ℓh and the Gaussian kernel on X , and let in addition
Assumption 16 hold for P = PΠκ

. If (MN )N ⊆ N+ grows
at least as N

2
α , (λN )N ⊆ R>0 decays as N− 1

2 , (γN )N ⊆
R>0 decays as N−µ for some µ ∈ R>0, and Assumption 10
holds for all HγN

, then (SMN ×Y)N ∋ D(N) 7→ f̄
HγN

D(N)

Π̂κ
,λN

◦

Πκ achieves a learning rate of N−min{2µαQ, 12}.
This result follows directly from Theorems 9 and 17.

6 Conclusion
We considered kernel-based statistical learning with distri-
butional inputs in the two-stage sampling setup, for which
we established consistency and learning rates for rather gen-
eral loss functions, covering the important case of binary

classification. Furthermore, using a novel variant of an es-
tablish geometric margin exponent assumption, we were
able to prove learning rates for distributional classification
with SVMs using the hinge loss and Gaussian kernels. In
particular, we could establish a learning rate without rely-
ing on an explicit smoothness assumption as common in re-
gression, since this can be inappropriate for a classification
setting. While we focused primarily on KMEs as Hilbertian
embeddings, our results can be easily adapted to other em-
beddings. Our work opens up a multitude of interesting di-
rections. First, by using a supremum bound in an oracle in-
equality like Theorem 9, our rates can be further refined,
as in the case of single-stage sampling, cf. (Steinwart and
Christmann 2008, Chapter 7). Second, using appropriate dis-
cretizations, for example via entropy number estimates, is
another avenue for refinement of our rates, which requires
dealing with a delicate interplay of the embedding map, the
(in general infinite-dimensional) embedding Hilbert space,
and the kernel used in the SVM. Third, a closer investigation
of Assumption 16 and potential refinements is another inter-
esting aspect for future work. Finally, extensions to related
learning problems like multiclass classification are another
line of interesting future work.
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