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Abstract

Traditional Discriminant analysis (DA) is one of the classi-
cal supervised learning algorithms to reduce the dimension-
ality of data with Gaussian assumption. Since the unique class
mean in traditional DA is intractable to estimate the non-
Gaussian distrbution of data, some existing DA algorithms
based on the clustering criterion focus on learning multiple
means in each class so as to address the non-Gaussian is-
sue. The clustering-based DA inevitably involved the con-
straint optimization problem to learn multiple means, which
may lead to the locally optimal solution. To address these is-
sues, inspired by the smooth approximation theory and the
concept of Kolmogorov mean, this paper explores an uncon-
straint function with asymptotic property as an alternative
proxy to clustering-based DA algorithms. Thus the derived
DA algorithm, i.e., adaptive and asymptotic mean-based sub-
class discriminant analysis (AASDA), which not only lever-
ages multiple means to represent different subclasses in same
class but also adaptively and asymptotically learns the sim-
ilar mean for each sample in the learned optimal subspace
via the gradient-based optimizer. The asymptotic analysis of
unconstraint function, the gradient analysis and convergence
guarantee of proposed criterion verify the effectiveness of
AASDA algorithm. Its merits are thoroughly assessed on a
suite of synthetic and real world data experiments.

Introduction

Discriminant analysis (DA) is a fundamental task in su-
pervised learning for minimizing the compactness of data
within each class in the learned subspace based on some
distance measure (Zhang et al. 2025; Yan, Zhang, and
Mai 2025; Moretti, Pellizzoni, and Silvestri 2025; Kalavas,
Kipouridis, and Varma 2025). Perhaps the most popular DA
criterion is the Fisher criterion, which aims to minimize dis-
tances between samples and the corresponding unique class
mean in the learned subspace. However, the unique class
mean implicitly assumes that samples of each class obey
Gaussian distribution. In real world scenarios, samples of
each class may be non-Gaussian distribution, which means
that a naive distribution assumption will lead to inaccurate
estimation of covariance in Fisher criterion.
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Figure 1: Illustration of strategies to learn neighbor subclass
means for each sample in bipartite graph.

Recently, researchers have recognized this essential limi-
tation of Fisher criterion, a series of learning techniques have
been applied to deal with the non-Gaussian issue in Fisher
criterion. One of the representative learning techniques is
graph embedding (Yan et al. 2007; Nie, Wang, and Huang
2014; Zhou et al. 2024; Zhu et al. 2023; Peterfreund et al.
2025), many graph embedding-based DA criterions are ded-
icated to learning the relations among pairwise samples of
each class in the optimal subspace iteratively, so as to elim-
inate the unique class mean in Fisher criterion and preserve
the relations of data in the optimal subspace (Li et al. 2022;
Chang et al. 2022a; Nie et al. 2020; Pang, Zhou, and Nie
2019). However, it is computationally demanding to learn
the relations of pairwise samples. Inspired by the equiva-
lence between unsupervised Fisher criterion and clustering
criterion (Nie et al. 2023a; Ding and Li 2007; Wang et al.
2023), the clustering-based DA algorithms have been pro-
posed (Zhao et al. 2023; Nie et al. 2023c; Wang et al. 2024b),
which utilize multiple mean vectors to represent different
subclasses of same class and learn the relations between
each sample and multiple mean vectors in the learned sub-
space. Since the number of mean vectors is far less than the
number of samples of each class, the clustering-based DA
algorithms are suitable to deal with large-scale problems.

Specifically, the clustering-based DA algorithms share an
unified learning paradigm, which involves graph learning



and graph embedding. The recent researchers (Chen et al.
2025; Zhao et al. 2024; Nie et al. 2023b; Carrasco and
Sun 2025) prefer to design different constraint probabilis-
tic weighting schemes in graph learning, such that the dis-
tance among each sample vector and dissimilar mean vec-
tors to be larger than that of same sample vector and similar
mean vectors, where the mean vectors are adaptively esti-
mated in the optimal subspace. The drawback of constraint
probabilistic weighting schemes lies in the introduction of
weights and the pre-defined constraint on weights among
each sample and multiple means, which reformulates the
graph learning as the constraint optimization problem. Such
constraint optimization problem is actually a non-convex op-
timization problem w.r.t. the weight for each sample (Wang
et al. 2024a; Nie et al. 2022). Thus, it is easily converging to
local solutions and intractable to learn the weight vector of
each sample in an unconstraint and adaptive way.

In order to investigate the clustering-based DA algorithms
from the fundamental principle of distance, and improve the
locality of data while maintaining a tractable time complex-
ity at the same time. Inspired by the smooth approximation
theory, we propose to design an unconstraint proxy and learn
the most similar means by utilizing the asymptotic property-
based Kolmogorov mean. The intuitive illustrations of exist-
ing and the proposed learning strategies for subclass means
of each sample are in Fig. 1. Specifically, the clustering-
based DA criterion is reformulated as the non-smooth op-
timization criterion, and the concept of Kolmogorov mean
is introduced as a proxy criterion of the non-smooth opti-
mization criterion with theoretical approximation guarantee.
Considering a special case of the proposed proxy criterion,
we further prove the asymptotic property of proposed proxy
criterion, which can learn the locality of mean vectors of
each sample in optimal subspace in an adaptive and uncon-
straint way.

According to the findings, we propose a novel un-
constraint clustering-based DA algorithm called adaptive
and asymptotic mean-based subclass discriminant analysis
(AASDA), where the optimization criterion of AASDA is
equivalent to the unconstraint clustering criterion of sam-
ples of each class in the optimal subspace. The asymptotic
analysis of unconstraint function, the gradient analysis and
convergence guarantee of proposed criterion verify the ef-
fectiveness of AASDA algorithm. The main contributions
of this paper are summarized as follows:

* In this paper, a novel unconstraint proxy criterion is pro-
posed for clustering-based DA algorithm. In order to de-
rive such unconstraint proxy, the concept of Kolmogorov
mean is introduced as a proxy with theoretical guarantee.

Considering a special case of proposed unconstraint
proxy, we further prove the asymptotic property of the
special proxy. Thus, a novel clustering-based DA algo-
rithm AASDA is proposed, which can not only learn
similar means of each sample in an unconstraint and
asymptotic way but also learn an optimal subspace via
the gradient-based optimizer.

The asymptotic analysis of proposed proxy, the gradient
analysis of proposed clustering-based DA criterion and

21102

the convergence of AASDA are provided.

* An extensive empirical study on real world and syn-
thetic data, we demonstrate the efficacy and superiority
of AASDA against state-of-the-art DA algorithms over
multiple downstream tasks.

The proofs of all involved notations, lemmas and theo-
rems together with supplementary experiments are relegated
to Appendix .

Related Works

Linear Discriminant Analysis

Given the training data matrix X = {X', ..., X°} € R¥*"
with ¢ classes and n = Zle n;, where X* € R¥*" de-
notes the data matrix in class ¢, ; and n; denote the j-th
sample vector in training dataset and the number of samples
in i-th class, respectively. The purpose of linear discrimi-
nant analysis (i.e., LDA) aims to learn a transformation ma-
trix W € R¥"(r < d) so as to project samples of each
class into a low-dimensional representation with discrimi-
native objective, and thus Fisher defines the within-class co-
variance matrix S, and total covariance matrix Sy as fol-

lows: ‘
Sw=>_> () —a')(z, —z")" (1)

i=1 j=1
S; = z:(anZ —Z)(x; — :1‘:)T 2)

where :c; is the 7-th sample vector in class 7, Z' is the arith-
metic mean vector of all samples in i-th class and & is the
arithmetic mean vector of all samples in the training set.
Since the definition of arithmetic mean vector &, the to-
tal covariance matrix Sy is equivalent to the matrix form
S, = XHX', where H = I,, — (1,1])/n is the cen-
tering matrix.

In order to minimize the distances of samples of each
class in the optimal subspace, the criterion of LDA can
be formulated as the uncorrelated constraint-based within-
class distance criterion, which is formulated as the following
otimization problem:

min  Tr(W'S,W)
w 3)

st. WISW =1,

where the uncorrelated constraint in (3) ensures uncorrelated
property of subspace samples, and thus minimize distances
among subspace samples of same class in (3) is equivalent to
maximize distances among subspace samples from different
classes (Nie et al. 2012).

Clustering-based Discriminant Analysis

It is worth noting that the trace function-based criterion in
(3) is limited to consider the matrix-based criterion, accord-
ing to the property of trace function, the criterion in (3) is

 Appendix will be uploaded in arXiv
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Figure 2: Illustration of our proposed algorithm AASDA.

equivalent to the following vector-based distance criterion

c nq
min E E
w

i=1 j=1
WIS,W =1,

However, the unique class mean in within-class covari-
ance matrix S,, implicitly assumes that samples of each
class obey Gaussian distribution. When the distribution of
samples in each class is more complex than Gaussian,
the pre-computed unique class mean is intractable to learn
the mean and covariance statistics of samples with non-
Gaussian distribution (Li et al. 2022).

Inspired by the equivalence (Ding and Li 2007) between
within-class distance criterion in (4) and clustering crite-
rion, an unified criterion of within-class distance criterion
and clustering criterion has been proposed in terms of the
non-Gaussian distribution scenario (Chen et al. 2025; Wang
et al. 2024b,a; Zhao et al. 2024). Specifically, the clustering-
based within-class distance criterion utilized multiple learn-
able means in each class to represent the mean statistics of
different subclasses in same class (Wang et al. 2024b), which
is formulated as the following optimization criterion

. 112
W - wTa
2

“4)
s.t.

C N, C; 2
3 7 \A T 1 T, 4
i >SS () HW @)~ W mg |
=1 j=1 k1 (5
ilq i T _
St w1, =1,0 <uly, W S,W =1,

where M is a cell array with the mean matrix of ¢-th class
M’ = {m},..,m.} € R¥ being the i-th column of
it, m}, and ¢; denotes the k-th mean vector and number of
means of ¢-th class, respectively. In addition, U is also a cell
array with U? € R *¢ being the i-th column of it and \ is
a hyperparameter.
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In order to learn the relations between j-th sample and all
mean vectors in ¢-th class, the weight vector u; e Reix1 ig
introduced as the optimization variable and the probabilis-

tic simplex constraint (i.e., u; 1, = 1,0 < uj k)_ls im-
posed on the weight vector uj w.r.t. each sample x7, such

that the optimization problem (5) w.r.t. the weight vector u;
is formulated as the constraint optimization problem. The
solution of optimization problem (5) w.r.t. the weight vector
u; can learn the probabilistic weight based on the distance
among each sample and other means of same class.

Compared to the criterion in (4), the clustering-based DA
in (5) utilize multiple learnable means in each class, which
is learned based on the weighted sum of samples of each
class. Thus, minimizing the objective function value of prob-
lem (5) can effectively cluster samples of each class into
subclasses so as to learn a weighted covariance matrix, and
then learn a discriminative subspace based on the learned
weighted covariance matrix.

A shortcoming shared by existing clustering-based DA al-
gorithms is that they all introduce the weight vector as an op-
timization variable and impose predefined constraints on the
weight vector, so as to learn the relations among each sample
and multiple means of same class. Such constraint optimiza-
tion problem is a non-convex optimization problem, which is
prone to obtain local optimal solution (Kalavas, Kipouridis,
and Varma 2025).

Method and Discussions
Problem Formulation

Since the clustering-based DA is essentially the distance-
based DA criterion, it is intuitive to rethink the clustering-
based DA from a distance perspective. Given that M* =
{mi, .., mfh} denotes a set of mean vectors in the subset



D' of a finite dimensional Euclidean real space R?, where
a set of means of ¢-th class are initialized by specific clus-
tering strategy. The objective of clustering criterion in DA is
the assignment of a set of n; samples of i-th class into ¢; sub-
classes in the subspace, where each subclass is represented
by its mean vector. Thus, it is intuitive to consider minimiz-
ing the distance from each sample to the nearest mean vector
of same class in the subspace. Suppose the distance function
on two vectors dyy (-, -) parameterized with transformation
matrix W, the clustering-based DA is reformulated as fol-
lowing optimization problem

min 6)

mi
Cq

Voi,md e €D

=137

However, the optimization problem (6) typically requires
to invoke sorting algorithm to search the nearest neighbor
mean for each sample, which is intractable to extend to
an end-to-end training manner and preserve the neigbors
of each sample adaptively. Inspired by the smooth approx-
imation theory (Rockafellar 1970; Ben-Tal and Teboulle
1986; Teboulle 2007), the concept of Kolmogorov mean de-
fined below, was introduced in 1930 by Kolmogorov (Kol-
mogorov 1930) as a natural generalization of all the well
known concepts of mean.

Definition 1. (Kolmogorov 1930) Let g : R — RU{+cc}
be a strictly increasing and convex function, and let g~!
be its inverse function, which is thus strictly increasing
and concave. The Kolmogorov mean of c; real numbers
dz associated to g is defined by

Hg(di) = 9_1 (Cl

where the vector d' = (d. JdL).
The Lemma 1 shows that the Kolmogorov mean pro-
vides a lower bound for the non-smooth maximum function

max dt.
1<k<es

Lemma 1. For each d' € R, the following inequalities

hold
Z G <

Recall the reformulated clustering-based DA (6) consists
of minimizing the value of non-smooth function f, where
the non-smooth function f can be rewritten as:

f(m?)

17..

N

H,(d") < max dj

Sk<e:

®)

€))

—d @
{5, mi)
=

where the notation m' = (m,--- ,m, ) denotes the p’ :=
¢; % d dimensional vector m* € P’ and P* C R?" denotes
the p*-fold Cartesian product of D".

Since the non-negativity of dyy (-, -), in order to approxi-

mate max —dw (z},mj,), we need only to consider Kol-
1<k<es

mogorov mean in Definition 1 with domain belongs to R<.
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Thus one has to approximate the non-smooth function f by
ng

the smooth proxy:
(1
> 9! ( ) (10)
. Cz
Jj=1

Ci
3 g(—dw (@}, m})
k=1

Since the smooth proxy is designed for the clustering-
based DA, and the Definition 1 shows that any increasing
and convex functions can be the choice of function g. In or-
der to design the function g, it is intuitive to consider the
relations between proposed proxy and existing clustering-
based DA criterion. Thus, we next convert the existing
clustering-based DA criterion in (5) into an equivalent func-
tion with the Lemma 2, see the Appendix for its detailed
proof.

Lemma 2. Denote {dw(xé,m};)\dw(wé, m})
HWT ~WTmi|3,k € {1,--- ,¢;}} is a given set of
c; real numbers For the samples in i-th class, the optimiza-
tion criterion in (5) is equivalent to

1-A
)

3 (Xt mi

J=1 \k=
According to the Lemma 2, it is trivial to verify that
g(t) = (—t)ﬁ is a strictly increasing and convex func-
tion when ¢t > 0 and A > 1. Thus, with the choice g(t) =
(—t)ﬁ in the smooth proxy f as given in (10), one obtains
a special case of the smooth proxy f . According to the pre-
vious analyses, we approximate the non-smooth function in

(6) by the special case of the smooth proxy f and eliminate
the constant Ci

(1)

c n;

mln Z Z

=1 j5=1

1-X
<Z dw ( $],mk) ) (12)

s.t. Vz,mi,--- ,mc,i e Dt

where M is a cell array with the same definition in related
work and A is an asymptotic parameter that satisfies A > 1.
Compared with the clustering-based DA criterion in (5), it is
worth noting that the optimization problem (12) eliminates
the optimization variable w.r.t. weight vector, such that the
learning task for the set of mean vectors is an unconstraint
optimization problem. Thus, it avoids the local optimal so-
lution to some extent, which will be revealed in experiment
section.

In order to further achieve the purpose of clustering-based
DA, which aims to learn a discriminative subspace that is de-
termined by the projection matrix W € R?*", and the dis-
tance function dwy (-, -) denotes the usual squared Euclidean
distance. The optimization problem (12) can be further for-
mulated as follows

1—X
i zz(z T Tmznsw)
1=1j=1 \k=1
st.  Yimi,---,m.l e D'W'SW =1,

13)



Different from the clustering-based DA (13), the proposed
unconstraint proxy-based criterion can not only learn multi-
ple means of each class via the gradient-based optimizer, so
as to estimate the mean statistics of different subclasses of
same class in subspace in an unconstraint way, but also learn
the similar means of each sample in subspace in an asymp-
totic way, which will be revealed in Property 1. Accord-
ing to the learned multiple mean vectors of each class, the
weighted covariance matrix can be estimated so as to learn
the optimal subspace, such that samples of each class can
be clustered into the corresponding subclasses in the learned
optimal subspace and preserve the neighbor relations of each
sample simultaneously. The corresponding optimization al-
gorithm for optimizing criterion (13) is relegated to Ap-
pendix.
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Figure 3: The illustration of the relation between the un-
1-A ‘
and \, where d; k €

{10,110, 210, 310,410,500} and A — 1%. It is worth to
note that the minimum value of elements in d;- is 10.

1
constraint proxy (Zg:l djy, 1**)

Theoretical Properties of Proxy

In order to further reveal the asymptotic property in pro-
posed unconstraint proxy (13), the following Property 1 is
presented.

Property 1. (Asymptotic Property) Denote (i,5) €
{1,---,c}x{1,--- ,n;}. Without loss of generality, given a
sequence of nonnegative real numbers {dw (%, m} )},
there exists the following relationship:

1-X

Ci
min dw (¢}, m}) = lim E dw (x}, my,) ==
k A—=1+t 1

(14)
In order to further analyze the convexity of proposed un-
constraint proxy (13), we first consider a simplified form of
unconstraint proxy as the Kolmogorov mean when g(-) =
()ﬁ (A > 1), where it is trivial to verify g(-) is an increas-
ing and convex function on set ¥.
Property 2. (Convexity) The unconstraint proxy (11) is
convex on ¥ where ¥ denotes the c;-fold Cartesian
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product of set ¥ and ¥ denotes the feasible set of function
1
g9() = ()= (A>1).

Connection to k-means Clustering

Proposition 1. When A\ — 17, optimizing the criterion de-
scribed in (13) is equivalent to perform k-means clustering
for samples of each class in projection space.

Convergence Analysis

Proposition 2. The value of objective function of optimiza-
tion problem (13) will monotonically decrease with respect
to each optimization variable in each iteration until conver-
gence.

Time Complexity Analysis

Proposition 3. The time complexity of Alg. 1 in Appendix
is O(nT) (see Appendix for more details), where T is the
number of iterations in Alg. 1 in Appendix.

Experiments

To further validate the effectiveness of AASDA, we have de-
signed the experimental section intended to answer the fol-
lowing evaluation questions (EQs):

1. EQ1 Does AASDA achieve superior performance com-
pared to its competitors for different supervised down-
stream tasks?

2. RQ2 Does the proposed unconstraint proxy in AASDA
learn the neighbor mean for each sample in subspace, and
does it promote learning the locality of data and finding
a better solution?

AASDA has performed the complete parameter sensitiv-
ity analysis, convergence curves, visualization and initializa-
tion in the Appendix.

Datasets, Compared Methods, and Evaluation
Metric

Datasets We adopt 9 real-world benchmark datasets
widely used in different downstream tasks to evaluate the
performance of AASDA compared to state-of-the-art base-
lines. Table 1 in Appendix illustrates the details of all 9
datasets. In case of supervised learning, we randomly select
70% samples from each class in same dataset for training
set, and the rest of samples in same class for testing set.

Compared Methods We compare the proposed method
with classical and state-of-the-art baselines, including clas-
sic LDA (Belhumeur, Hespanha, and Kriegman 1997), graph
embedding-based DA LADA (Li et al. 2022) and DMEG
(Wang et al. 2021), distance metric-based DA SALDA
(Chang et al. 2022b) and /5 ;-LDA (Nie et al. 2021),
clustering-based DA LDC (Nie et al. 2023b), LAFLDA
(Wang et al. 2024a), ELCS (Wang et al. 2024b) and FLDA-
W (Chen et al. 2025). The parameter settings of all com-
pared methods tune best parameters according to correp-
sonding literatures.
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Figure 4: ACC curves with error over subspace dimensions on all test imbalanced datasets for all compared methods.

Evaluation Metrics To estimate discriminative ability ef-
fectively, four well-known classification evaluation metrics
are applied to our experiments, including Accuracy (ACC),
Precision (PRE), Recall (REC), F1-Score and G-Mean (He
and Garcia 2009). A higher value of each metric indicates
better performance of DA methods for the classification
task. Average minimum pairwise trace ratio (AMPTR) met-
ric indicates the separability of samples in pairwise classes.

Experimental Setups

Experimental rounds of the proposed method is under same
dataset and the average value is taken by repeating the run
ten times. The reduced dimension of all DA methods is set as
70% of original dimension of dataset in default. The param-
eter setting of proposed method tunes the number of sub-
class means ¢; in each class and the asymptotic parameter
A within the value of {1,--- ,n;/3c} and {1,10,--- ,10%},
respectively.
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Comparison to SOTA (EQ1)

Imbalanced Classification Since many real-world sce-
narios are often confronted with class imbalance issue, the
distribution of each class is significantly different from other
classes. Thus, it raises the difficulty to learn the distribu-
tion of each class with Gaussian distribution assumption. It
is necessary to learn multiple subclass means of each class
that are more favorable to non-Gaussian distribution of each
class. To evaluate the performance of proposed AASDA on
this kind of data, we present the overall ACC curve results
of all DA methods in classification, as shown in Fig. 4, from
which we observe that AASDA nearly outperforms other
methods across all dimensions on class imbalanced dataset.
To further evaluate classification performance, four classifi-
cation metrics via the same nearest neighbor classifier were
visualized using radar charts in Fig. 5. Although some DA
methods, such as FLDA-W and ELCS, occasionally out-
perform AASDA in specific metrics, it demonstrates more
stable performance accross all metrics. Finally, AASDA’s
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Figure 5: Comparison of ACC, PRE, REC, F1-Score and G-Mean using nearest neighbor classifier.

effective balance across different metrics with outstanding
performance. This may be attributed to the effective en-
hancement of covariance matrix estimation through cluster-
ing criterion in each class, such as the class imbalance im-
provement by 1.5% seen with Vehiclel.

Large-Scale Classification Meanwhile, we further con-
duct classification on the real-world large-scale dataset and
illsutrate the ACC, Time (in minutes of per-iteration) and
SUR (the ratio of time of each comparative method and time
of LDA) in Table 1 and followed with statistical test. It is
evident that AASDA surpasses other DA methods in most
cases, particularly under large-scale scenarios.

Ablation Study (EQ?2)

To verify that the clustering criterion in each class and
the Kolmogorov mean-based loss contributes to preserve
the locality of data and improve local optimal solution
for the clustering-based DA, we conduct ablation experi-
ments. First, when we comprehensively examine the pro-
posed AASDA w.r.t. the number of subclass means in each
class on the classification task and the AMPTR metric un-
der same parameter A in Fig. 7 (a) and Fig. 7 (b), respec-
tively (all in Appendix Fig. 5 and Fig. 6). We can excitedly
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discover that the utilization of multiple learnable subclass
means in each class promotes performance and effective
separation of samples in pairwise classes. For example, after
increasing the number of subclass means in each class (more
than one), the ACC of Vehiclel improved from 70 % to 74
% and maintained steady, with increased inter-class separa-
bility. This improvement can be attributed to the learning of
distribution of each subclass via multiple learnable subclass
means. Meanwhile, the initialization has little effect on the
ACC of embedding learned by AASDA in Appendix Fig. 7.

Furthermore, Fig. 8 in Appendix reveals the value of gra-
dient of criterion (13) among each sample and its subclass
means (denoted by sample index and subclass index) learned
by AASDA on Vehiclel when tuning the value of parame-
ter A to 17 asymptotically. It is evident that the number of
nonzero value of gradients for each sample will asymptoti-
cally decrease to one, which empirically verifies the Asymp-
totic Property, as depicted in Theoretical Properties.

Sensitivity Analysis (EQ2)

First, Fig. 6 (a) (all in Appendix Fig. 3) illustrates the pa-
rameter sensitivity of AASDA on Vehiclel in terms of A
and ¢; of criterion (13). The ACC of AASDA is generally
robust in most cases. Second, Fig. 6 (b) (all in Appendix
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Figure 7: Ablation study of learnable subclass means of each class on imbalanced datasets.

Fig. 4) progressively highlights the convergence curves of
Kolmogorov mean-based loss (13) and ELCS criterion (5)
on Vehiclel. From this, the Kolmogorov mean-based uncon-
straint proxy can promote the clustering-based DA for find-
ing a better solution under the same initialization, since it
eliminates the constraint optimization problem and reduces
the number of optimization variales.

Conclusion and Future Work

Traditional clustering-based DA learning paradigms are lim-
ited by the constraint optimization technique, impeding their
ability to not only effectively learn the subclass means
of each class in an unconstraint way but also find a bet-
ter solution. In this study, drawing inspiration from Kol-
mogorov mean, we proposed an unconstraint proxy for the
clustering-based DA criterion and derived a novel algorithm
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named AASDA. Therein, the underlying clustering formu-
lation of each class in DA remains the same, but the uncon-
straint proxy learns neighbor subclass means of each sam-
ple asymptotically via the gradient-based optimizer, so as to
learn the subclass means in an unconstraint way. Theoretical
analyses and experimental evaluations demonstrate the ef-
fectiveness and superiority of AASDA. In high-dimensional
scenario, the proposed algorithm involved eigen value de-
composition with high time complexity. In future work, we
will explore the low-rank matrix approximation algorithm
to reduce its time complexity w.r.t. the dimension of each
sample.



10X PBMC
Method @5000 @8000 @10000
ACC 1 Time | SUR J. ACC 1 Time | SUR |, ACC 1 Time J. SUR |
LDA 7203 532 1 7304x 614 f 7398% 631 i
LADA 7139% 597 1.12 72.82%x 6.09 099 7453x 667 1.06
DMEG 7194% 600 1.13 73.10« 628 102 74.84x 687 1.09
£21-LDA 7230x 452 085 73.42% 559 092 75.03% 5.7 0.82
SALDA 72.56x 441 083 73.50x 552 090 7520%x 5.12 081
LDC  7428% 379 071 7531x 383 062 7580% 3.94 062
ELCS 74.08% 373 070 7501x 3.77 061 7565« 3.89 0.62
LAFLDA 74.04% 3.82 072 7496« 385 063 7572+ 396 0.63
FLDA-W 7421% 375 070 7529 380 062 75.54x 3.87 061
AASDA 74.82 3.68 0.69 7558 373 0.61 7659 3.80 0.60
‘Worm neuron cells
Method @5000 @8000 @10000

ACC 1 Time | SUR | ACC 1 Time | SUR | ACC 1 Time | SUR |

LDA 6041« 731 t 61.54x 820 1t 6247% 907 t
LADA 6l.44% 7.87 108 61.93x 891 1.09 63.73x 978 1.08
DMEG 62.17% 7.95 109 6252% 9.02 110 63.89%x 9.83 1.08
£21-LDA 62.84% 614 084 63.90% 672 082 64.04x 7.17 0.79
SALDA 62.80% 6.18 085 63.78x 6.63 081 6401x 7.09 078
LDC 6473 5.16 071 6492« 558 068 65.02% 597 0.66
ELCS 64.65%x 493 067 6480x 520 0.63 64.93x 537 0.59
LAFLDA 6449 489 067 6485 517 063 6490 542  0.60
FLDA-W 6472 495 068 6507 513 063 6502 529 058
AASDA 6498 483 0.66 6521 509 062 6527 518 0.57
Mouse ES cells
Method @500 @800 @1000
ACC 4 Time | SUR J. ACC 1 Time | SUR J. ACC 1 Time | SUR |
LDA 3737+« 7.15 1 3742« 704 t 3776x 789 t
LADA 37.73% 726 102 37.88x 7.60 1.08 37.82x 870 1.10
DMEG 37.92% 7.31 102 3742% 7.69 109 38.14x 857 1.9
£21-LDA 3820x 536 075 3851 570 081 3822% 592 0.5
SALDA 383lx 530 0.74 3851x 570 081 38.14x 588 075
LDC  39.75x+ 3.78 053 3997« 370 053 3975« 3.80 0.48
ELCS 39.42% 384 054 39.60x 3.87 055 3948« 398 0.50
LAFLDA 39.07% 392 055 39.48x 3.81 054 39.56x 3.90 049
FLDA-W 39.26x 3.86 0.54 39.80x 393 056 40.11x 4.00 051
AASDA 4032 328 046 40.62 342 049 4040 373 047

Table 1: ACC, running time and speed up ratio of all com-
pared methods on real-world large-scale datasets with dif-
ferent subspace dimensions, where @ denotes the subspace
dimension and the notation { denotes the baseline. The p-
value of T-Test at the significance level 5% is obtained, and
* means that ACC difference is significant.
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