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Abstract

Deep learning models often achieve high accuracy but lack
interpretability, making them unsuitable for critical applica-
tions such as medical diagnosis, biomolecule design, crim-
inal justice, etc. The Sparse High-order Interaction Model
(SHIM) addresses this limitation by providing both trans-
parency and predictive reliability. However, real-world data
often contain outliers, which can distort model performance.
To overcome this, we propose Huberized-SHIM, an exten-
sion of SHIM that integrates Huber loss-based robust re-
gression to mitigate the impact of outliers. We introduce a
homotopy-based exact regularization path algorithm and a
novel tree-pruning criterion to efficiently manage interaction
complexity. Additionally, we incorporate the conformal pre-
diction framework to enhance statistical reliability. Empirical
evaluations on synthetic and real-world datasets demonstrate
the superior robustness and accuracy of Huberized-SHIM in
high-stakes decision-making contexts.

1 Introduction

While deep neural networks and other black-box models
often achieve high predictive accuracy, their lack of in-
terpretability makes them less reliable (Rudin 2019; Das
2019). Consequently, in critical applications like medical
diagnosis, biomolecule design, criminal justice, etc. where
transparency is essential for decision-making, models with
greater interpretability and high accuracy are preferred.
The sparse high-order interaction model (SHIM) (Suzumura
et al. 2017; Das et al. 2019; Das 2019; Das et al. 2022; Das,
Ndiaye, and Takeuchi 2024) offers both interpretability and
strong predictive performance, making it a suitable choice
for such tasks. Considering a regression problem of m origi-
nal covariates 21, . . ., 2, and response y, an example SHIM
up to 4*" order interactions can be written as

y = Brzo + Pozs + B3zazs + Baz12324%,

where (’s are the regression coefficients. A SHIM has
significant practical applications. For example, identify-
ing complex genotypic traits related to HIV-1 drug resis-
tance (Saigo, Uno, and Tsuda 2007; Das et al. 2022; Das,
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Ndiaye, and Takeuchi 2024) where a combination of mul-
tiple mutations, along with certain key single mutations
provides the most accurate representation of the intricate
biological mechanisms underlying drug resistance (Vivet-
Boudou et al. 2006; Iversen et al. 1996; Rhee et al. 2006) or
recognizing patterns of epistasis where the interdependence
of mutations is crucial for understanding the relationship
between genotype and phenotype (Poelwijk, Socolich, and
Ranganathan 2019; Fannjiang et al. 2022). Key protein char-
acteristics, such as folding, biochemical function, and evolv-
ability, emerge from a network of cooperative energetic in-
teractions among amino acid residues. Identifying epistasis
plays a significant role in reconstructing phylogenetic trees
and assessing the evolutionary potential of antibiotic resis-
tance genes and viruses. Additionally, in protein engineer-
ing and directed evolution, insights into epistatic structures
can aid in selecting optimal templates, targeting mutations
in highly epistatic regions, and identifying cooperative units
for DNA shuffling experiments. Another example is criminal
recidivism prediction that aims to determine the likelihood
of an individual being arrested within a specific period after
their release from jail or prison (Larson et al. 2016; Angelino
et al. 2018). In such cases, where predictions directly impact
human lives, a model that is both highly accurate and inter-
pretable is essential for ensuring fairness and transparency in
decision-making (Rudin 2019; Huang, Das, and Tsuda 2023;
Das et al. 2019; Das 2019).

However, real-world data are often contaminated with
outliers and the presence of outliers can highly influence
the data-driven modeling. For example, (Reichel 2025) re-
cently studied that how the presence of a single outlier can
cause an otherwise insignificant coefficient to appear statis-
tically significant in finite-sample inference. To counter this
generally robust regression model (Wilcox 1996) is used
which instead of of automatically removing outliers, helps
mitigate their impact (Tsukurimichi et al. 2022). Robust re-
gression modifies the loss function to downweight the effect
of extreme residuals and a common choice is Huber loss,
which combines squared loss for small residuals and abso-
lute loss for large residuals (Huber 1964; Owen 2007; Huber
and Ronchetti 2011). Huber loss-based regression models
have been successfully used in biology (Deng et al. 2021;
Deutelmoser et al. 2021), medicine (Normolle 1993), med-
ical diagnosis (Karim et al. 2023), finance (He et al. 2021;



Pervez and Ali 2024), and others (Das 2023; Korgialas and
Kotropoulos 2023). In this paper we extend SHIM and pro-
posed Huberized-SHIM to counter the effect of outliers so
that it can be used reliably even in the presence of out-
liers. We provided a homotopy-based exact regularization
path following algorithm to compute the entire regulariza-
tion path of Huberized-SHIM. We derived a novel branch
and bound tree pruning criteria essential for fitting a SHIM
which is otherwise intractable due the combinatorial explo-
sion of the interaction terms. Furthermore, we integrated
conformal prediction framework to demonstrate the statisti-
cal efficiency of proposed Huberized-SHIM over SHIM. We
demonstrated the computational and statistical efficiency of
the proposed framework using synthetic and real world data.

2 Problem Statement

Consider a regression problem with a response vector y €
R™ and m original covariate vectors z1, . . ., 2, where z; €
R™ and j € [m]. A high-order interaction model up to the
d™ order is then written as follows:

y= > 0%, + > Oz

J1€[m] (J1,J2) €[m] x[m]

J1#7J2
E : 9j1~,~~,jd’zj1 T Zjg T €

(J1--rja)€[m]?
J1#--F#Ja

ey
+

where z;, - - - z;, is the element-wise product, scalar 6 rep-
resents the coefficient and e is the noise. In this study, we
mainly consider each element of the original covariate vec-
tor z; € {0,1}". However, our model is equally applicable
to covariate vectors defined in the domain [0, 1]”. To sim-
plify the notation, it is convenient to write the high-order
interaction model in (1) using the following matrix of con-
catenated vectors of all high-order interactions:

X
X =21y s Zmy 21 - 2ds -y Zm—dal - --2m] € R™*P,
1% order 4" order
d m . . th
where p := Y%, ("), considering up to d'" order

interactions. Similarly, the coefficient vector associated with
all possible high-order interaction terms can be written as
follows:

L T
5'_ [917"'79m7"' 791 ,,,,, d» ~~79m7d+1,.“,m} € RP.
N ——
1% order dM order

The high-order interaction model (1) is then simply written
as a linear model y = Xf + €. Unfortunately, p can be
prohibitively large unless both m and d are fairly small. In
the SHIM, we consider a sparse estimation of a high-order
interaction model. An example of a SHIM is as follows:

Y = Oo20 + 0323 + 02 62026 + 01,2,4,6212224%6 + €.

3 Proposed Method

We propose a homotopy-mining method to compute the ex-
act regularization path of Huberized-SHIM. The homotopy
method refers to an optimization framework for solving a
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sequence of parameterized optimization problems. In ro-
bust (Huberized) SHIM we solve the following optimization
problem:

B € argmin 3" L(ri(N) + NIl + gallBl, @

BER?
where 7;(\) = y; — X, B() is the residual, A and « are the
regularization parameters of ¢; and ¢ penalty terms. The
loss L(-) is the Huber loss:

L2, i) <6
L(r;(A\)) = 271 (V). 2 ' -
(ri(A) {5Ti()‘)| — %7 otherwise.

where § > 0 is a hyperparameter. We further define two new
parameters a and s as stated in (3) to redefine the optimiza-
tion problem (2):

PR iflr;(A)] < 6,
(3 = {O7 otherwise. and
_ _[£Lif () #0,
sri() = {O7 otherwise. ®

Now, we can rewrite the loss in (2):

n n 1 n

D L) =) 5%(%)7"?(%)% > (1=a;(A)[rs(N)].
i=1 i=1 i=1

Optimality conditions.
XTh(N) — aB(A) = As(B(N)),

At optima we can write

“4)

where h(\) = a(A) © r(A\) + 5(1 — a(A)) ® s(r(A)) and
Ve € [p),
soone{ T EEn Ty ©

and © represents element-wise vector product. Let’s define
the active set

Ax={Le[p]: |2/ h(X) — aBel = A}, (6)

where [p] = {1,2,...,p} is the set of indices of all possible
interaction terms of a SHIM, and the non-active set can be
defined as the complement of the active set:

S =PI\ A
The solutions 5(\) of (2) at different values of \ is called the
regularization path (or A-path) and the regularization path
(A = B(A)) of the Huberized-SHIM can be shown to be
piecewise linear as stated in Proposition 1.

Proposition 1. If B(\)’s have the  same
sign between two points X\ and )Xo, that is
sign(B(A\1))=sign(B(A2))=sign(B(N)), VYA € [A1, A\2), then
Ax = Ay, . Furthermore, assuming that X:L"—A X, is invert-
ible and there is no “knot-crossing” for any instance i € [n]
such that the values of a()\) and (1 — a()\))s(r(X)) remain
the same for all X € [\, A\2), we have the linear relations

B.AA (>‘2) = IBAA ()‘1) + ()‘1 - A2)¢A>\ ()‘)7
Aas(Bas (A2)) = Ars(Bas (M) + (A1 — A2)vag (A),
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Figure 1: The entire regularization path of Robust-SHIM (left) and SHIM (right). In robust-SHIM, there exists a third event
“knot-crossing” which are represented by dotted grey vertical lines. In both the plots, the solid black vertical lines represent
either feature “addition” or “deletion”. Both the plots have been generated using the same true model y = —x1 +x3 — 2z123 +
Tx1x324 With same setting of regularization parameters Aiqrger = 10, @ = 0.001, with § = 1.5 for robust-SHIM. The choice
of this true model is arbitrary and the proposed method should work with any chosen model.

where the direction vectors 1) and y are defined as

Y ) = (ally + X5, (@0 © X4)) s(Ba (),
ya5 (A) = =X e (a(X) © X, ), (V). ©)

For simplicity, we will define the step size A = (A} —
A2) > 0. Therefore, according to Proposition 1 it is possible
to design an algorithm to compute the entire regularization
path of Huberized SHIM exactly using a homotopy algo-
rithm that exploits the linearity of the path between each two
consecutive transition points of direction (¢, y) changes.

The Entire Regularization Path of Robust-SHIM

A homotopy algorithm of robust-SHIM sequentially tracks
and updates the sign and the active set of the optimal
solutions, and the parameter vectors s(r) and a depending
on the signs and values of each component of the residual
vector r. At any two consecutive steps represented by \;
and A\, 1, where t is an index of the transition points (kinks)

of the A-path, either of the following three events occurs:

¢ (Addition): a zero variable becomes non-zero, that is,
e AS,, |$2—h()\t+1)| = X415

S.t. or,

¢ (Deletion): a non-zero variable becomes zero, that is,
EIAS .A,\” S.t. ﬁg()\t) 75 0, but ﬁg(/\t_H) =0, or,

* (Knot-crossing): a residual r; hits a Huberized knot point
and the value of a; changes, that is,

= Xi, a0 Bay, A1) = 6.

Overall, the next change in the direction vectors occur at
)\t+1 = )\t + A, such that

Jien], st |y

A= min (8106, 82(6), 85()), ®)
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where {7 = argmin Aq({),
LEAS,

05 = argmin Ay (¥),
KE.A)\t

i* = argmin Ag(i), and

i€[n]

(xé + l’]q)—rh(At> + aﬂk()\t)
zo F i)' (a(A) ©v(Xe)) F o (Ar)

)
>++

Aq(l) = <(

>++7
s0= (-5
ri()\t) ) 7"74()\15)4*5

{m(( o e (ot )++>}’

for any k € A,,, and we defined v(\) = X4, %4, (N).
Here, we use the convention that for any g € R, (¢)++ = ¢,
if ¢ > 0 and oo otherwise. Therefore, similar to classical
LARS algorithm (Efron et al. 2004), we can construct the
entire regularization path (A — [())) of robust-SHIM
“exactly” using the homotopy method (Rosset and Zhu
2007) by keeping track of direction changes of a piecewise
linear path and computing the step-size of next event
(‘addition’ or ‘deletion’ or ‘knot-crossing’). The entire
regularization paths of robust-SHIM and SHIM for a
target true model have been shown in Figure 1. The main
difference between a SHIM and a robust-SHIM is that a
third event “knot-crossing” appears in the regularization
path of robust-SHIM when the residual of an instance cross
the knot of Huber loss (Rosset and Zhu 2007).

Branch and bound tree pruning condition. However,
naively (by simply minimizing over all possible interaction
terms) determining the step size of inclusion (A1 (¢7)) will
be intractable for the SHIM type problem. In SHIM, the
search space grows exponentially due to the combinatorial

As(i)



effect of high-order interaction terms. Therefore, fitting of a
SHIM is non-trivial and a SHIM model will have a signif-
icantly large number of parameters to be considered unless
both number of features (m) and the order of interactions
(d) are very small. Several algorithms for fitting a sparse
high-order interaction model have been proposed in the lit-
erature (Tsuda 2007; Saigo et al. 2009; Nakagawa et al.
2016; Das et al. 2022; Das, Ndiaye, and Takeuchi 2024).
A common approach adopted in these existing works is to
exploit the hierarchical structure of high-order interaction
features. In other words, a tree structure (Figure 2) of in-
teraction terms (patterns) is constructed progressively where
each node represents a single feature or an interaction term,
and a branch and bound tree pruning strategy is employed
using tree anti-monotonicity property (Definition 1) in order
to avoid handling all the exponentially increasing number of
high-order interaction features.

Definition 1 (Pattern Tree). A pattern tree is constructed in
such a way that for any pair of nodes (£,¢'), where { is the
ancestor of V', i.e., £ C 1/,

Tip > Tipr, Vi € [n]

The above anti-monotonicity property of tree patterns is
always true for any pair of binary features or for any pair of
real features scaled between 0 and 1 or for any mixed pair of
a binary and a scaled real features. Because, Vi € [n], and
V& avia é/, if x50 € {0, 1}, then

T =1 = z;4p=1 and x4y =0 = xw:O,

and if z;, z;¢ € [0,1], then ;4 > ;. Hence, anti-
monotonicity also holds true for a mixed pair of features.
This anti-monotonicity property of tree patterns can be
used to derive a tree pruning condition to ignore a large
number of unnecessary high-order interaction terms (or
patterns). Therefore, we can design an efficient branch

Figure 2: An illustration of a pattern tree, built by leveraging
the inherent hierarchy found in high-order interaction terms.
Due to the branch and bound tree pruning strategy, some pat-
terns were excluded and do not appear in the final structure.

and bound algorithm using this tree anti-monotonicity
property to make the computation practically feasible for
fitting a robust-SHIM. In the following section, we present
an efficient tree pruning strategy where each node of the
tree represents an interaction term. The basic idea of tree
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Algorithm 1: Exact A-path of Huberized SHIM
1: Il’lpllt: Dn = {(X“ yl)}?’:l

2: Initialize t = 0, A\g = Amas using (10), Ay, = {*},
ai(Ao) and s(r;(Ng)) using (3), A = A,,,B = {0}.

3: while (A > 0) do

4:  Compute A using (8).

5: Update: )\t+1 < >\t+A, 5A/\t ()\t+1) <— /B'A/\t ()\t)—f—

A @ZJAM ()‘f/)’ Bt+1 A [BAM (At-l-l)a 0]

6. if A=A, then

7 add ¢ into A,,.

8: elseif A=A, then

9: remove ¢ from Ay, .

10:  elseif A = A, then

11: update a;(A), Vi € [n] using (3).

12 endif

133 A=AUAN41),B=BU {Bt+1}.

14:  Update 9 4,, (A¢) using (7).

150 t=t+l.

16: end while
17: Output: A, B

pruning is that we construct a tree of interaction terms in
a ‘progressive manner’ as shown in Figure 2. That is, we
keep track of the current minimum step size of inclusion
up to the construction of ¢*" pattern as we construct the
tree progressively, and prune a large part of the tree if some
bound condition fails (Lemma 1).

Lemma 1. For any given node (, if Ai(£}) is the current
minimum step size, that is,

0} = A (j),

arg min
Je{1,2,..e3NAxe

then V' S 0, A1 (') > Ay (8)) if

be(w(Me)) + Ar(0))be(u(Ne)) + be(r(Me)) )
< 1) = A1) TN = [0 (M),
where w(\;) = a(\) © r(\), u(A ) =a(M\) ©v(\y),

p(Ar) = 6(1 —a(Ar)) © Pe(Ae) = pr(Ae) —

pk()\t) =z w(\y),

s(r(Ao)).

aBr(Ae), ﬁk(/\t) = k(A )+0ﬂ/}k()\t)

¢
(M) = 2 u(N), Ok(\) = z{ k(\), and for a vector
g € R" we defined
be(g) := max { > lgilwie, Y |gi|$i£} :
9:>0 9:<0

The Lemma 1 essentially states that if for any node ¢ the
condition in (9) is satisfied, then one can safely ignore
the subtree with ¢ as the root node, thereby dramatically
improving the computational efficiency.

Algorithm of Huberized-SHIM. The complete algorithm
to compute the entire exact regularization path of Huberized-
SHIM has been provided in Algorithm 1.

Derivation of first /* and \,,,,, : Let’s define
G(0) = |X/ h(\)|, then
0 =argmax G(0), Apaz = G(LY). (10)
L€(p]



4 Conformal Prediction

A single point estimate is inadequate for automated
decision-making in high-risk domains (Angelino et al. 2018;
Rudin 2019; Das et al. 2019; Das 2019). In such critical
scenarios, equipping estimators with coverage information
enhances decision-makers’ confidence, enabling more in-
formed and reliable choices when stakes are high. In this
study we consider inductive (or split) conformal predic-
tion which is widely used for its low computational burden.
Given a calibration dataset {(z;,y;)}? ,, a coverage level
a € [0,1] and a new observation 1, the objective of the
inductive conformal prediction framework is to generate a
statistically valid prediction set C(x,,11) for the unknown
response y,+1, ensuring coverage guarantees(Vovk, Gam-
merman, and Shafer 2005; Shafer and Vovk 2008), i.e.,

P(yn+1 € C(xpt1)) > 1 — . (11)

5 Results and Discussion

We evaluated our proposed method using both synthetic and
real-world data. To demonstrate the statistical efficiency we
used inductive conformal prediction (Papadopoulos et al.
2002; Angelopoulos and Bates 2022) and reported the mean
and standard deviation of the conformal prediction (CP) set
lengths (‘length’) and coverage (‘cov’) along with coeffi-
cient of determination (R?). For all experiments, we consid-
ered a coverage guarantee of 90%, that is, significance level
= 0.1. To demonstrate the effectiveness of proposed robust-
SHIM, we first artificially injected outliers to both synthetic
and two real-world dataset. Later, we conducted experiments
with two other real-world dataset, believed to contain natural
outliers due to several factors.

Experiments Using Artificially Injected Outliers

We consider ‘clean’ data and then gradually added ‘outliers’
to demonstrate the difference. The results (in Table 1, 2, 3,
4) show the ‘mean (standard deviation)’ of 10 independent
runs in the order of Huberized-SHIM / SHIM. To simulate
the effect of outliers we used the following strategy.

1 outlier_indices = np.random.choice (range
(y_train.shape[0]), n_out, replace=
True),

2 y_train[outlier_indices] += 2x(y_train.
max () - y_train.min()),

where n_out represents the number of outliers. We set the

{1 regularization hyperparameter A = 1.0, /> regulariza-

tion hyperparameter o = 0.001, and huber hyperparameter
0 = 1.0. We have chosen a random sample of size n = 300
which is first (randomly) split into a training set and test
test using standard scikit-learn’ train_test_split method con-
sidering a split-ratio of = 0.25. The training set is further
split into a proper training set and a calibration set using
the same train_test_split method considering a split-ratio of
0.5. All experiments are repeated for 10 independent
runs and the mean and standard deviations of all 10 inde-
pendent runs have been reported. In all three experiments,
it can be observed that Huberized-SHIM can mitigate the
negative impact of data outliers by producing a compact
(shorter length) CP set and high accuracy (larger R?-score)
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Clean One outlier Five outliers Ten outliers
length | 5230707 572(181)7 6.00 (2.17) 649 2.17)7
772 (1.28) 35.84 (11.41) 94.38 (21.18) 137.26 (23.57)
) 0.89 (0.05) / 0.91 (0.03)/ 0.91 (0.03) 0.89 (0.06)
cov 0.90 (0.04) 0.92 (0.03) 0.89 (0.04) 0.89 (0.03)
R 0.94(0.02) 7 0.94 (0.04) 7 0.93 (0.09) 0.93 (0.04)7
: 0.95 (0.02) 0.01 (0.54) -5.78 (2.29) -12.11 (3.63)
Table 1: Results using synthetic SHIM data.
Clean One outlier Five outliers Ten outliers
lenath | 0-38 (0.08)7 0.62 (0.07)/ 1.17 (0.48) 1.85(0.39)/
g 0.58 (0.08) 0.85 (0.15) 1.68 (0.34) 2.30 (0.42)
0.91(0.03) 7 0.91 (0.02)7 0.91 (0.06) 0.92 (0.04)
cov 0.91 (0.03) 0.90 (0.04) 0.92 (0.05) 0.91 (0.06)
I 0.65 (0.10) / 0.58 (0.10) / -0.24 (0.88) 235(1.85)7
0.65 (0.10) 0.26 (0.30) -1.37 (0.94) -4.39 (2.70)

Table 2: Results using Fluorescence data (fitness=‘red’).

while maintaining the desired finite sample coverage guar-
antee (cov > 90%) for a chosen significance of 0.1.

Synthetic data. We randomly generated i.i.d. samples
(Ziyyi) € {0,1}™ x R, where i € [n], ensuring that, on
average, 100m (1 — ()% of the features in Z; € R™ take a
value of 1. The parameter ¢ € [0, 1] controls the sparsity of
the design matrix, while the regularization parameter A gov-
erns the sparsity of the model coefficients. The effectiveness
of the tree pruning condition relies on the sparsity of the de-
sign matrix, leveraging the tree’s anti-monotonicity property
(Definition 1). Since high-dimensional real-world data tend
to be sparse, the choice of ¢ in our experiments serves purely
a demonstration purpose and the proposed method should
work for any choice of sparsity parameter (. The response
variable y; € R is sampled from the normal distribution
N (1u(Z;),0?%). For demonstration, we adopt a true model
incorporating up to fourth-order interactions, defined as:
w(Z;) = —zio + ziz + 20255 — T2i22i324 — 20241 25223234,
where 0 = 1. We set ( = 0.2, m = 10 for the statistical
results in Table 1. To demonstrate the efficacy of tree prun-
ing (Table 7 and Figure 3) we used the same true model and
m = 30, but varied the sparsity level ( € {0.4,0.6,0.8}.
This model is used solely for illustration purposes, and the
proposed method is applicable to any chosen model. To
generate the results in Table 1, we fit a SHIM considering
interaction terms up to 3"%-order for both SHIM and
Huberized-SHIM.

Real data. For the real data (Table 2 and Table 3)
we considered Entacmaea quadricolor fluorescent protein
eqF' P611, two variant of which namely one bright deep-
red (mKate2, \e; = 590nm, Ae;, = 635nm) and one
bright blue (mTagBF P2, e, = 405nm, Aey, = 460nm)
are separated by thirteen mutations (Poelwijk, Socolich, and
Ranganathan 2019). Form biological perspective it is im-
portant to identify the crucial mutations and their pattern
of epistasis (high-order interactions among mutations) that
relate to the phenotypes (e.g., brightness). We also eval-
uated our approach using ProPublica’s COMPAS recidi-
vism dataset (Table 4), which includes seven categorical and
integer-valued features along with continuous recidivism
scores (Larson et al. 2016). An equivalent set of 14 binary



Clean One outlier Five outliers Ten outliers max-depth Ist 2nd 3rd 4th
renath | L17(020)7 .14 (0.18)/ 1.68 (0.45) 226 (0507 ength 3921(@62)7 | 3691 (2.77)/ | 3674395 | 37.33(349)/
engt 1.15 (0.19) 1.24 (0.27) 1.99 (0.33) 2.61 (0.45) 43.35 (3.96) 41.15 (5.47) 42.99 (5.22) 42.10 (5.15)
0.91 (0.03)/ 0.91 (0.03)/ 0.92 (0.03) 0.92 (0.02)
cov 0.90(0.05) / 0.90 (0.06)/ 091 (0.05) 091 (0.03) cov 0.90(0.02) 0.90 (0.03) 0.92(0.02) 0.92 (0.02)
0.90 (0.05) 0.88 (0.08) 0.91 (0.03) 0.90 (0.05)
o 0.25 (0.06) / 0.48 (0.11)/ 0.49 (0.06) 0.50 (0.07)/
R 0.18 (0.13)/ 0.15(0.14) 7 0.53 (0.80) 202 (1.43)7 R 037 (0.34) 002 0.57 036 (0.04) 031 (0.06)
0.18 (0.13) 0.00 (0.17) -1.19 (0.70) -3.21(1.78) Ll - D 2
. Table 5: Results using HCV .
Table 3: Results using Fluorescence data (fitness="‘blue’). able 5: Results using HCV data
max-depth Ist 2nd 3rd 4th 5th
Clean One outlier Five outliers Ten outliers Jength 2.39(0.12)/ 0.16 (0.01) / 0.15 (0.00) 0.15(0.01) / 0.15(0.01) /
9.15(0.63) / 9.14 (0.64) / 9.14 (0.68) 9.33(0.67)/ 2.47 (0.08) 0.17 (0.01) 0.16 (0.01) 0.16 (0.01) 0.16 (0.01)
length - 092000/ | 0.90(0.03)7 | 0.92(0.00) 0.92 (0.02) 0.91 (0.01)
¢ 9.48 (0.77) 9.50 (0.72) 12.13 (1.68) 16.11 (2.84) cov 0.91(0.00) 0.91 (0.02) 0.92(0.01) 0.92 (0.02) 0.91 (0.00)
o 0.93 (0.03) / 0.93 (0.03) / 0.93 (0.03) 0.93 (0.03) S 0.99 (0.00) / 1.0 (0.00) / 1.0 (0.00) 1.00 (0.00) / 1.0 (0.00) /
cov 0.93(0.02) 0.91 (0.03) 0.93(0.02) 0.94 (0.03) 0.99 (0.00) 1.0 (0.00) 1.0 (0.00) 1.00 (0.00) 1.0 (0.00)
R 0.19 (0.14) 7 0.17 (0.15)7 0.19 (0.14) 0.18(0.15) 7
0.12 (0.06) 003(0.18) | 046(046) | -141(048) Table 6: Results using air quality data.

Table 4: Results using Compas data.

features and continuous response was obtained from the
CORELS GitHub repository (Angelino et al. 2017). Model
interpretabilty is crucial for the analysis of such high-stake
decision making problems where an algorithm derived pre-
dictions are associated with the life of a human being or crit-
ical biological analysis. A SHIM which is interpretable by
design and capable of generating flexible non-linear model
due to the incorporation of high-order interaction terms can
be a good fit in such settings. Furthermore, robust-SHIM
(the proposed method) augments SHIM to mitigate the neg-
ative impact of possible data outliers on model fitting.

Results of Real-World Data with Natural Outliers

In this experiment we considered other two real-world
dataset (“HCV” and “Air Quality”’) believed to contain natu-
ral outliers. Both the dataset are first (randomly) split into a
training set and test set using Scikit-learn’s “train_test_split
” function considering a split-ratio of = 0.25. The training
set is further split into a proper training set and a calibration
set using the same “train_test_split” method considering a
split-ratio of = 0.5. We generated results for 3 independent
runs and the mean and standard deviations of all 3 indepen-
dent runs have been reported. For each run, the optimum
hyperparameters are chosen using five-folds cross valida-
tion methods where the range of hyperparameters are A\ €
{0.001,0.01,0.1,1.0,10.0},&« € {0.0001,0.001,0.01},
and 6 € {1.0,1.5,2.0,2.5,3.0}. We used the minimum
mean squared error as the metric for the selection of best hy-
perparameter combinations. The results are reported in Ta-
ble 5 and Table 6 in the order of Huberized-SHIM / SHIM.
The standard deviations are reported in brackets. We var-
ied the maximum order of interaction from one to five and
it can be observed that a high-order interaction model is
statistically more efficient (shorter CP set length and high
R?-score). From the results one can clearly observe that
Huberized-SHIM can mitigate the presence of natural data
outliers in real-world data by producing a shorter CP set
length and high R?-score compared to that of a SHIM.

HCYV data. Here, we considered clinical laboratory data,
namely the “HCV (Hepatitis C Virus) blood test dataset”
from UCI ML repository (Lichtinghagen, Klawonn, and
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Hoffmann 2020). This dataset includes 13 clinical lab fea-
tures (e.g. ALT, AST, Bilirubin, Albumin, etc.) and it is be-
lieved to contain outliers due to biological variability and
measurement noise. This data includes both real, binary, in-
teger and categorical values. Among the continuous features,
ALT, AST, or Bilirubin are routinely used to assess liver in-
flammation and damage, and they often show extreme val-
ues in hepatitis, fibrosis, or cirrhosis cases (Hoffmann et al.
2018). In our studies, we consider ALT (Alanine Amino-
transferase) as the response variable, a liver enzyme that’s
highly sensitive to hepatocellular injury and known to ex-
hibit natural outliers due to disease progression, alcohol use,
or medication effects. Elevated ALT levels indicate liver in-
flammation or damage and are used routinely in liver func-
tion panels. This dataset contains n = 615 instances, how-
ever after removing the missing entries there are n = 589
instances. The categorical columns, namely ‘Category’ and
‘Sex’ are converted into binary features using “OneHotEn-
coder” and the remaining numeric features are scaled be-
tween 0 and 1 using “MinMaxScaler” functions of Scikit-
learn. Therefore, the final dataset consists of a mix of both
binary and continuous features, totaling 18 features.

Air Quality data. The air quality dataset was obtained
from the UCI machine learning dataset (Vito 2008; Vito
et al. 2008). This dataset contains hourly averaged readings
from 5 metal oxide chemical sensors deployed in a heavily
polluted Italian city. The full dataset consists of 9,358 hourly
entries across 13 variables (excluding date/time), featuring
integer, categorical, and real-valued data. However, many
records contain missing values (denoted by -200), and after
cleaning, only 827 instances remain. It is reported that the
evidence of cross-sensitivity and drift (both conceptual and
technical) are present in this data, which may impact the ac-
curacy of gas concentration estimates, making this data ideal
for the analysis of robust regression methods. In this study,
we considered benzene concentration “CO6H6(GT)” as the
target variable, with the remaining 12 features as predictors.

6 Computational Efficiency Analysis

To demonstrate the computational efficiency of the proposed
pruning strategy for the A-path, we generated a synthetic
dataset of n = 100 and m = 30 for three different sparsity
levels of the design matrix (¢ = 0.4, 0.6, 0.8) using the same



A=1 A=0.1

d Search space With pruning Without pruning With pruning Without pruning

(# nodes) (=04]¢=06]¢=08[(¢=04](=06]C=08[(=04](¢=06[C=08]¢=04[¢=06](=038
2 465 0.142 0.108 0.089 0.122 0.084 0.128 0.439 0.140 0.103 0.406 0.136 0.117
3 4525 0.896 0.559 0.227 0.944 0.850 1.195 1.332 0.688 0.138 1.551 1.020 0.784
4 31930 2.989 1.614 0.317 6.360 5.980 6.596 2.976 1.583 0.259 6.850 6.345 5.988
5 174436 5918 2.686 0.334 39.711 | 33.361 | 30.664 5.026 2.169 0.213 48.511 | 38.381 | 38.965
10 | 53009101 48.366 | 5.226 0368 | >1day | >1day | > 1day | 28.558 | 6.229 0.230 | > 1day | > 1day | > 1day
15| 614429671 50.747 | 4.981 0345 | >1day | > 1day | > 1day | 34200 | 6.192 0.283 | > 1day | > 1day | > 1day
20 | 1050777736 | 50.874 | 4.678 0258 | >1day | >1day | > 1day | 31.658 | 6.309 0.162 | > 1day | > 1day | > 1day
25 | 1073709892 | 50.533 3.949 0364 | >1day | >1day | > 1day | 32.800 | 3.552 0.173 | > 1day | > 1day | > 1day

Table 7: Average computation time (in sec) with and without pruning using two different A values for three different sparsity
levels (¢). All computation times were measured on Intel(R) Xeon(R) E5-2690 CPU @ 2.60GHz, RAM 256 GB, CentOS.
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Figure 3: This figure illustrates how the proportion of nodes explored (“fraction of nodes”) varies with different values of
maximum depth. For each maximum depth, the fraction is calculated as the number of nodes traversed divided by the total
number of possible combinations of interaction terms. Results are presented for two different A values (A = 0.1 and 1), across
three levels of sparsity: ¢ = 0.4, 0.6, and 0.8. Notably, pruning becomes more effective as the dataset becomes sparser.

4*" order model as used to demonstrate the statistical effi-
ciency in Tables 1. We compared both the fraction of nodes
traversed (Figure 3) and the time taken (Table 7) during the
step-size of inclusion Ay (¢7) calculation in (8) against a dif-
ferent maximum interaction order d for three different spar-
sity levels (¢ = 0.4,0.6,0.8) using two different A values
(A = 1,0.1). The results in Table 7 and Figure 3 show the
average computation time (in sec) and average fraction of
node counts, averaged over all the kinks of the regulariza-
tion path with and without tree pruning. It can be observed
that the tree pruning is more effective at the deeper nodes
of the tree and saturates after a certain depth of the tree.
This is evident as the sparsity of the data increases at the
deeper nodes, and the pruning exploits the anti-monotonicity
of high-order interaction terms constructed as tree of pat-
terns. In the case of the homotopy method without pruning,
we stopped the execution of the program if the A-path was
not finished in one day. From Table 7, it can be observed
that without the tree pruning, the construction of the A-path
is not practical as we progress to the deeper nodes of the
tree because of the generation of an exponential number of
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high-order interaction terms. Figure 3 shows the variation of
node counts (‘fraction of node counts’) for different maxi-
mum depth during the construction of A-path. One can ob-
serve that our pruning condition is more effective when data
is highly sparse and also at the deeper nodes of the tree.

7 Conclusion

This paper introduces Huberized-SHIM, an extension of the
Sparse High-order Interaction Model (SHIM) that enhances
robustness against outliers while maintaining interpretabil-
ity in high-stakes applications. The proposed homotopy-
based regularization path algorithm and tree-pruning crite-
rion efficiently manage computational complexity, making
SHIM scalable for real-world datasets. Additionally, the in-
corporation of conformal prediction provides statistical cov-
erage guarantees, reinforcing model reliability. Our experi-
ments demonstrate that Huberized-SHIM surpasses standard
SHIM in robustness and predictive accuracy, offering a pow-
erful tool for transparent, data-driven decision-making.
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