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Abstract

We study active mitigation of selection bias in statistical learn-
ing. That is sequential maximization over a set A of the ex-
pectation of a reward function R(a, X) w.r.t. ar.v. X drawn
from a target distribution Pr possibly different from the (sup-
posedly dominating) source distribution Ps under which re-
wards are observed. The importance function dPr/dPs(z)
with which the sequentially observed biased rewards should
be ideally weighted being unknown in practice, auxiliary in-
formation is assumed to be available in the form of known
moments of the target distribution Pr for debiasing purposes.
In the batch setting, this problem has already been studied
and can be solved under certain conditions in two successive
steps: 1) identify a weight function so as to approximate the
moments 2) maximize the resulting (empirical version of the)
weighted reward. In the active setting, if the problem boils
down to identifying the best arm in a stochastic multi-armed
bandit (MAB) model, the presence of selection bias strongly
affects the complexity of the sequential optimization problem
and requires the development of a new algorithmic approach,
as we show here. In a fixed confidence setting, we introduce
a novel notion of complexity, which accounts for the balance
between arm evaluation and (parametric) weight function es-
timation, establish lower bounds and propose an algorithm
proved to be near optimal. Theoretical guarantees are backed
up by numerical results.

Introduction

The contextual stochastic multi-armed bandit (MAB) model
has proved very useful to describe and analyze various se-
quential decision-making problems under uncertainty. It has
applications in fields as varied as personalized medicine, on-
line advertising retargeting or recommendation systems, for
example. We consider the case of post action context, the
classic formulation of which stipulates that, at each round
t > 1, after choosing an action or an arm a; from a finite
arm set A, one observes some information x;, the context,
a random variable taking its values in a measurable space
X with distribution P. The reward then depends both on
the context = and the chosen arm a and is written R(a, x)
where R : A x X — R is the reward function. Several ver-
sions of this generic model have been studied in the literature,
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also in the alternate setting where the context is observed
before the learner chooses an arm, in order to understand
the achievable bounds of regret minimization in this setting,
see (Lattimore and Szepesvari 2020) for an overview. More
recently, the problem of best arm identification (BAI) for the
contextual bandit has also been considered, see (Kato and
Ariu 2021),(Guan and Jiang 2018), (Deshmukh et al. 2020)
and (Qin and Russo 2023). In the case of BAI, the objective
is to identify the arms that are solutions to the maximization
problem

maxEx.p[R(a, X)], (1)

acA
in a fixed-confidence or fixed-budget setting. In this paper,
we study best arm identification, in a fixed-confidence frame-
work, by relaxing the assumption that the (source) distri-
bution Pg of the observed contexts X is the same as that
under which the learner is evaluated, the target distribution
P = Pr. This is the classical covariate shift setting, in which
the marginal distributions on X’ change from source to target
while the conditional distributions, i.e. the reward of an action
given a context, remain the same. This problem is motivated
by the fact that the data collected by modern sensors (e.g.
smartphone applications, web, social networks, IoT) are often
not acquired in a controlled way and in many cases are not
representative of the phenomenon under study. In the applica-
tions mentioned above, it is often the case that certain patient
or user profiles, or certain conditions under which a system’s
performance is evaluated, may be over- or under-represented
in the data observed. In medical datasets, for instance, certain
sub populations are often over represented, see e.g. (Sudlow
et al. 2015). In facial recognition this problem is also well
documented, see e.g. (Wang et al. 2019).

Ignoring such a selection bias issue would naturally jeopar-
dize the optimization problem (1). Off-line statistical learning
based on biased training data has received much attention
in the machine-learning literature these last few years, the
representativeness of the examples used to learn decision/pre-
diction rules being at the heart of the guarantees for the gen-
eralization of methods based on regret or risk minimization,
see e.g. (Quionero-Candela et al. 2009). Of course, this prob-
lem cannot be solved without auxiliary information. This
may concern the underlying bias mechanism at work. Re-
lated works are far too numerous to be listed exhaustively
but one may refer to e.g. (Ausset, Clémencon, and Portier



2022) or (Li and Bradic 2020) when training data are sub-
ject to random censorship, to (Clémengon, Bertail, and Papa
2016) or (Clémencgon, Bertail, and Chautru 2017) in the case
where examples are collected by means of a survey plan, to
(Laforgue and Clémengon 2022) in the context of (known)
biasing models.

Alternatively, the auxiliary information may relate to the
target distribution Pr itself, assumed to be absolutely con-
tinuous w.r.t the distribution Pg of the training examples,
so that Ex.p,[R(a, X)] = Ex~ps[g*(X) - R(a, X)] for
all @ € A where g*(x) = (dPr/dPs)(z). It can take the
form of a small sample composed of unbiased observations
enabling direct estimation of the importance function g*, as
in (Huang et al. 2007; Sugiyama et al. 2007, 2008). Or it
may be of macroscopic nature, in the spirit of calibration
techniques (post-stratification) in survey sampling, see e.g.
(Deville 2000), consisting of supposedly known character-
istics, M > 1 generalized moments typically, of the target
population Pr:

M; = Ep.[my(X)] forl =1, ..., M, where the m;’s
are known real-valued Pr-integrable functions on X'. Be-
cause it covers many situations in practice, this is the frame-
work we consider here. It has been studied in the off-line
setting in (Bertail et al. 2021) from a semi-parametric per-
spective and, to the best of our knowledge, the present paper
is the first to address statistical learning in presence of se-
lection bias in an active setting, formulated here as a best
arm identification problem with biased contexts, in which
absolutely no observations distributed according to the target
distribution Pr are available.

As we show in this article, the problem significantly dif-
fers from its off-line counterpart in that it cannot be opti-
mally solved in two successive phases: 1) estimating first a
weight function §(x) in a parametric class supposed to be
rich enough to contain ¢g* (or a reasonable approximant of the
latter) by aligning with the known moments of Pr with high
probability: Ep,[¢(X) - my(X)] =~ M; forl =1, ..., M,
2) solving an empirical version of the plug-in maximization
problem max,ec 4 Ep, [§(X) - R(a, X)]. To be optimal, such
an approach would wish to balance the number of samples
in each phase of the algorithm. However, to do this with the
length of each phase fixed in advance, would require knowl-
edge of both the suboptimality gaps of the arms and also how
the expectation Ep, [g(X) - m;(X)] changes with g across
the parametric class. A naive approach to the active setting
would be to run such a two stage method, with equal number
of samples for phases 1 and 2, successive times, doubling the
total number of samples each time. Equipped with a suitable
stopping time, this approach could potentially return the opti-
mal arm with high probability and finite expected sampling
time, while not requiring additional information. However,
our algorithm, as well as being significantly simpler, does not
suffer additional log terms in its upper bound on expected
sampling time, that would be incurred by the aforementioned
approach.

Related Works

The contextual armed bandit, in the case where the source
distribution of the contexts Pg differs to the one on which
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the learner is evaluated, Pr, has been recently studied under
a transfer exponent assumption. Such an assumption, first
introduced in (Kpotufe and Martinet 2020), is considered in
the case where X = R< and is as follows,

Ps(B(z,r)) 2 r"Pr(B(z,7))

where v > 0, B(z, ) is the £, ball of radius r € (0, 1] cen-
tered at z € X. Essentially, when the transfer exponent 7 is
small, areas with a large weighting under the target distribu-
tion Pr will be sufficiently covered in the source distribution
Pgs. Contextual armed bandits, for regret minimisation have
been studied under covariate shift with a transfer exponent
assumption. Specific settings have been considered where the
learner interacts with the environment in two phases, where
the first phase contexts are drawn from the source distribution
and then from the target distribution in the second stage. In
(Suk and Kpotufe 2021) the second phase, i.e. the covariate
shift, is assumed to occur at some unknown change point,
whereas in (Cai, Cai, and Li 2024) the learner is given a set of
prelabeled samples with contexts drawn from the source dis-
tribution at the start of the game, interacting solely with the
target distribution from then on. The above works differ from
ours in two key points, that they consider regret minisation as
opposed to BAI and that the learner observes both samples
from the source and target distribution. The later point puts
the above works in the field of transfer learning.

The article is organized as follows. The probabilistic frame-
work for active learning under selection bias we consider here
is detailed in the section back ground and preliminaries, to-
gether with the main assumptions involved in the subsequent
analysis. The TACTIC algorithm for besT Arm identifiCa-
Tion with blased Contexts we propose and the specific notion
of complexity we introduce to capture the nature of the se-
quential learning problem under study, are presented in the
section problem complexity and algorithm. The main the-
oretical results, revealing that the algorithm we propose is
PAC(6), providing an upper bound for its expected sampling
time, as well as a lower bound showing its near optimality,
are stated in the section main theoretical results. In section nu-
merical experiments, we illustrate the empirical performance
of the TACTIC algorithm and then in the conclusion, outline
some avenues for future research. Due to space constraints,
certain technical details are deferred to the Supplementary
Material.

Background and Preliminaries

Here we describe in detail the contextually biased bandit
framework that we analyze, theoretically and empirically, in
the following sections. Here and throughout, by | /| is meant
the cardinality of any finite set I/

Contextual finite-armed bandit model. Let A be the
finite arm set, X be the context set. For each arm a € A
and context x € X’ we define R(a,z) € [0, 1] as the reward
associated to arm a under context x. The learner plays a
game in several rounds: at the beginning of each round ¢,
the learner chooses a;, the learner then observes a context
z; € X, drawn from an unknown probability distribution



Pgs on X. The learner then receives a noisy evaluation of the
reward R(a¢, x¢), namely

Y: = R(as, x¢) + wy (2)

where the noise w; is assumed to be a centered 1-sub-
Gaussian real valued random variable (i.e. E[exp(uw;)] <
exp(u/2) for all u € R), independent from the past contexts
and arm choices. The (w;)’s are supposed to form an i.i.d.
sequence, just like the x;’s.

Biased contexts. While contexts are drawn at each round
according to the source distribution Pg, the learner aims to
maximise performance according to some unknown distri-
bution Pr, different from Pg and referred to as the target
distribution. Specifically, one defines the (supposedly unique)
optimal arm as

a® = sup Ex~pr [R(aa X)] ’ (3
acA
where Ep,. is the expectation under the target distribution.
Once a sufficient amount of time has elapsed, chosen at the
learner’s discretion, the aim is to produce a prediction, a, of
the optimal arm.

Aucxiliary macro-information. Of course, the problem can
only be solved if some auxiliary information on the target
distribution Pr is available. We assume that the latter is
dominated by the source distribution Pg and that the Radon-
Nikodym derivative g*(z) := (dPr/dPs)(x) between Pg
and Pr belongs to a parameterised class of link functions.

Assumption 1. There exists a measurable function g : X x
[0,1]¢ — Ry with SUPye(0,1)4,0ex |9(, )| < 00 such that

g*(z) € {g(+,a) s a €[0,1]7}.

For a € [0,1]¢ and a € A, we write {14, for the mean
reward of arm a, assuming contexts are drawn according to
the distribution with p.m.f g(«, 2)dPs(x), that is,

Ha,a ‘= EXNPS [g(av X)R(CL, X)] :

)

We also write a* for the optimal parameter providing the link
function, that is, forall x € X,

gla®,x) = g*(x) .

We assume that the auxiliary information available for
debiasing consists of known generalized moments of the
target distribution.

Assumption 2. There exist L > 1 real-valued Pr-integrable
functions m1, ..., mp such that the following quantities
are known: M; := Ep.[m;(X)] and for any © € X we write
the vector m(x) = (mq(z), ..., mr(x)). We assume that for
allz € X, 1 € L, |my(x)| < 1, and furthermore, there exists
B > 0 such that for all oy, a € [0,1]4,

l9(a,2) — g(az, 2)| < flar — az|%, .

Remark 1. (ON ASSUMPTION 2) Observe that Assumption
2 covers many practical situations. While data collected
via certain modern modalities (e.g. web applications)
are notoriously subject to selection bias with possibly
significant over/under-representation of certain segments
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of the population of interest, population-level statistics
(e.g. socio-demographic features such as average salary,
household composition, health status or life expectancy) are
often available, see e.g. the portal of the Office for National
Statistics in the UK http://infuse.ukdataservice.ac.uk/InFuse
or the interface of the US Census Bureau
https://www.census.gov/quickfacts/Quickfacts. Such
auxiliary information is commonly used to adjust estimates
in surveys (calibration), and we propose here to use it for
active learning purposes.

Class of problems. Throughout the rest of the paper, we
consider the arm and context sets A, X', the constants L and
the i.d.d. sequence of sub gaussian noise w; as fixed. A biased
contextual bandit problem v can then be defined as a tuple
of the matrix of rewards (R(a, ¥)) ,c 4 ,cx Where R(a,x) €

[0, 1], distributions Pr, Ps on the context set X', and L > 1
real-valued Pr-integrable functions. We write 5 for the set
of all problems v = ((R(a,¥)),c 4 yexs Prs Ps,m), such
that Assumptions 1 and 2 are satisfied.

Policies and fixed confidence regime. The way the learner

interacts with the environment - i.e. their choice of arms and
contexts to query, how many samples to draw in total and
their estimated best arm, we term the policy of the learner. We
write C for the set of all possible policies of the learner. For a
policy 7 € C and problem v € B we denote random variable
7 as the stopping time of policy m. We write a, for the
arm outputted by policy 7 on problem v. Where obvious we
may drop the dependency on 7, v in the notation, referring to
the arm outputted by the learner as simply a. We write P, .
as the distribution on all samples gathered by a policy 7 on
problem v. We similarly define E, ,, again, where obvious
we may drop the dependency on 7, v in this notation.

For the duration of this paper we will work in the fixed
confidence regime. For a confidence level §, a policy 7 is
said to be PAC(9), on the class of problems B, if, Vv €
B,P, [al = a*] > 1 — 4. The goal of the learner is to then
obtain a PAC(J) policy 7, such that the expected total number
of samples drawn, in the worst case, sup, ¢z E, »[7]], is
minimised.

Toy example satisfying Assumptions 1 and 2. Before con-
tinuing to our proposed algorithm and theoretical guarantees,
let us consider a simple example of a problem satisfying As-
sumptions 1 and 2, that can be easily related to many practical
applications. Let us assume X = R, and let Pr, Pg be vari-
ance 1 gaussian distributions with means pr, pg respectively.
Set L = 1 and let m(x) = « with Ep.[m(z)] = pr, that is,
the expectation of the contexts, under the target distribution
are known to the learner. The expectation of the contexts
under the source distribution, however, remains unknown to
the learner. The class of functions {g( -, ) : a € [0,1]%} is
then simply the set of Radon—Nikodym derivatives between
a standard gaussian of mean 7 and arbitrary mean ¢, i.e. for

a e R,
(@, a) = exp<(uT —x)22+ (a—x)2> .

In this example we then have that o* = pg. We see that
to select the optimal arm under the target distribution, the




—_—

Figure 1: The expected reward of the first and second arms
across the contexts, are given in orange and blue respectively.
The p.m.f. of the distribution of the contexts under the source
and target distribution are in red and green respectively.

learner must first estimate the expectation of the contexts un-
der the source distribution. The number of samples required
to do so optimally, i.e. maintaining a PAC() guarantee in
as few samples as possible, will depend upon the quantity
| — s, unknown to the learner and necessitating the need
for an adaptive approach.

An illustration of the above example can be seen in Figure
1. In Figure 1 we consider a simple case with only two arms,
where the expected reward of both arms across the context
set are given by step functions. We see that, on sections of the
context space more likely to come up under the source distri-
bution, the first arm has a higher expected reward, whereas
on sections of the context space more likely to come up under
the target distribution, the second arm has higher expected
reward. Thus to correctly identify the optimal arm under the
target distribution, the learner must first de-bias the contexts.

Problem Complexity and Algorithm

Here we introduce the quantities specific to the solving of the
problem formulated in the previous section and describe the
algorithm we propose based on them.

Capturing the complexity of best arm identification
with biased contexts

We work in the problem dependent regime in that our results
will depend upon features of the problem, e.g. the rewards
R(a, z) of the arms under the contexts and the distributions
Ps, Pr. With this in mind, given o € [0, 1]¢ and arm a € A
we define the following optimality gap,

Aa,a ‘= Sup fp,a — Ma,a -
beA
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We see A, q is the suboptimality gap of arm a, when the
contexts are drawn according to the distribution with p.m.f
g(av, 2)dPs(x). Fora a € [0, 1]¢ We also define the gap,

1
va = Zz‘na,l *Ml‘,

where 7, = Ex.pglg(a, X)m;(X)]. We see that for
a € [0,1]4, the gap V,, is the average difference in the
expectation of the functions m; under the distribution with
p-m.f (o, z)dPs(x), and their expectation under the target
distribution. The gap V, will essentially quantify how hard
it is to distinguish o from the optimal parameter o*

An optimal learner will balance estimation of the arm
means against estimation of the parameter o*, such that
g(z, ) is the link function between the distributions Pg
and Pr. Indeed, perfect recovery of a* may not be necessary
for perfect recovery of a*. If the learner is confident that for
some set C' C X and arm a, the following two properties
hold

ot e’
and
Va € C? Ha,o > Ha,c -
they can be confident @ = a*. With this in mind, for some
problem v € B we now define the complexity term H,, which
essentially captures the balance between estimating ™ and

E3
1 1 1
H, := max — max (2)§2 .
e>0 | € aeAa:Vaga Aa,a e

a
The quantity H,, can be seen as the minimum number of sam-
ples required to identify the optimal arm, with the condition
that one can first use the same number of samples to narrow
down the context set C, thereby reducing the complexity of
finding the optimal arm. If H,, were known, one could em-
ploy a two stage approach, to first estimate o* and then a*,
using roughly H, samples in each stage. However, H, is
unknown, necessitating our adaptive approach. We then also
define the global gap of arm a as,
Ay = argmin Ay, .
Vo <H;/?

Performance of naive two stage approach Consider a
fixed budget two stage algorithm i.e. Algorithm 3, which first
estimates the optimal « : g(a, z) = ¢g*(x) with half it’s bud-
get, and then estimates the optimal arm with the remaining
half. If the budget in said approach is of the order H,, then
we can expect such an algorithm to match the performance
of our own, TACTIC . However, the value H, is dependent
upon the 4, o and 7,, which are assumed to be unknown to
the learner. As an alternative, one could run such a two stage
approach iteratively, doubling the allocated budget at each
time step. Theoretically, such a strategy can expect to iterate
over the two stage approach roughly log(H,,) times. To en-
sure the algorithm does not stop prematurely one would need
to increase the total number of samples drawn, leading to an
additional log(H,,) term in the upper bound on expected sam-
pling time. Another draw back of such an approach would be
poor experimental performance due to repeated splitting of
budget.



The TACTIC algorithm

The algorithm runs across several rounds. For each round ¢
we maintain an active set of parameters R; C [0, 1]¢ and an
active set of actions A; C A. During phase 1 of each round
t, each arm remaining in A; is sampled log(tezfd/ﬁ/(S)Q75
times with contexts drawn at random from the reservoir, for
each arm a € Ay we write (!, ) s<at 10g(1/5) for the contexts
drawn while sampling arm a in round phase 1 of ¢. Similarly
we write (Y s)s<2t log(t /) for the samples drawn from arm

a, when samplmg it in phase 2 of round ¢. For a € [0, 1]%, we
now let ZZZ « denote the empirical mean of arm a, calculated
on samples drawn in phase 1 of round ¢, transformed via the
contexts through the function g(«, x), i.e.

d/ﬁ/5 Zg

We also write Aa,t for it’s empirical gap, defined as follows,

fla =
2t log(te

A, = min |0t —maxnl | .
a, wER, |Ma,a bEA, :u’b,a|

In Phase 2 of round ¢, the TACTIC algorithm draws an ad-

ditional log(te, ¢/8 /6)|A¢|2" contexts from the reservoir,
from which it estimates, for each a € Ry, n,. We write

5t
(@), log(t<2? /5| A, 2 for the contexts drawn from the reser-

voir in phase 2. Let 7, ; denote the corresponding empirical
mean for each o € Rt, ie.

1
~t
Mot = 9o, 3 )mu(w) .
log(ta dm/t;) |AJ2t 75 Z

We then write §a,(x for the empirical gap, calculated as fol-

lows,
at - 7Z|77al

The TACTIC algorithm is an elimination algorithm, in that
round by round we eliminate both arms and parameters from
the active sets A, and R; respectively. We eliminate arms
and parameters when their empirical gaps, Aa,t and V, ;
respectively, are above a certain tolerance. Our tolerance level
for eliminating both arms and parameters decreases with time
t, we set £, = Q‘f/Q. At the end of round ¢ an arm a € A;
is eliminated if A, ; > €;. A parameter « is eliminated if

~ e
VIA|

va,t Z

decrease over time, we ensure that TACTIC only eliminates
arms from the active set when it is confident they are sub
optimal on all remaining alphas in the active parameter set
R;. Similarly, alphas are eliminated from R, only when we
are confident that they are not the optimal parameter o,
such that g(a*, ), provides the link function between the
source and target distributions. The reason we more readily

eliminated parameters is that the gaps @a’t > \/Eltjl

By having the tolerance ¢, start high and then

been estimated with more samples, and we are thus more
confident in our estimation.
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Algorithm 1: TACTIC
1: Initialise: A; = A, R; =[0,1
2: while |[A;| > 1do
3:  Phase 1: Sample each arm in Ay, 1og(ts;d/5/5)2t
times, with contexts drawn from X.
Phase 2: Draw log(te, /8 )| A¢|2" contexts from X.
Remove all arms a : Aa,t > ¢ from Ay

14 t=1

= from R;

: t=t+1
: end while

4
5:
6: Remove all o : @a’t >
7
8
9: return a € A,

Note that the TACTIC takes the smoothness parameter 3
as input, and thus we must assume [ is known to the learner.
However, as 3 only appears in the log term of our upper
bound of 2, in practice a loose lower bound on 3 can be used.

Computational feasibility of TACTIC The reader will
note that our algorithm TACTIC requires at each round ¢ to
calculate @a,t for all a € [0,1]%. While this step does not
require the learner to draw new samples, thereby having no
effect on the total sampling time, it is potentially compu-
tationally unfeasible in practice. With this in mind we pro-
pose the algorithm TACTIC+ , which mirrors the algorithm
TACTIC aside from one key difference. Instead of calculat-

ing @a .+ for all « € Ry at each round ¢, we only calculate

Va fora € Ed(«st/ﬁ)
[0, 1]4.

where we denote £4(¢) the e-net on

Algorithm 2: TACTIC+

1: Initialise: 41 = A, R, =

2: while |[A;| > 1do

3:  Phase 1: Sample each arm in Ay, log(tst_d/ﬁ/é)?
times, with contexts drawn from X.
Phase 2: Draw log(te, d/ﬁ/é)\At|2t contexts from X'.

: Remove all arms a : Aa’t > ¢4 from Ay

6: Forallo € E(e}/P).if o : Voy >
{a:||a—a| < e} from Ry

7. t=t+1

8: end while

9: return a € A,

(0,14, t=1

St remove
Ay

Main Theoretical Results

In the following theorem we demonstrate that, in the case
where Assumptions 1 and 2 hold, both our algorithms,
TACTIC and TACTIC+, are PAC(9), that is, they will return
the optimal arm with probability greater than 1 —§. The proof
can be found in the Appendix.

Theorem 1. Consider a problem v € B, upon execution of
both TACTIC and TACTIC+ , we have that,

P,(a=a*)>1-0.



In the following theorem we provide an upper bound on
the expected sampling time of our algorithm. The proof can
be found in the Appendix.

Theorem 2. Consider a problem v € B, upon execution of
TACTIC we have that,

E[r] <c Z A% log
acA

where ¢, = KV HY?? ¢, = ¢(A72V H,/|A|) log(c,)
and ¢, ¢’ > 0 are absolute constants.

(8 g,

Comparison to classic fixed confidence best arm identi-
fication In classical best arm identification, without the
presence of contextual information, the sub optimality gap
of an arm a is simply A, = p* — 1q, Where j, is the mean
reward of the ath arm and p* is the maximum of the arm
means. The state of the art rate for fixed confidence best arm
identification in the standard multi armed bandit is then of
the order Y (1/A2)log(>" 1/A2), achieved by the LUCB
algorithm of (Kalyanakrishnan et al. 2012) - see (Jourdan, De-
genne, and Kaufmann 2023),(Garivier and Kaufmann 2016)
for state of the art bounds in the asymptotic regime. In our
setting, in the case where the order of the number of sam-
ples needed to recover o* is equal to the order of the num-
ber of samples needed to solve the maximisation problem
maxae s Exopy [R(a, X)], ie. Y e Ase ~ H,, our
upper bound becomes approximately » Agi log(A;Qa* ).
This would be of the same order as the state of the art bound
for the classical best arm identification setting, in the case
where the learner is given access to the distribution Pr di-
rectly. Essentially, this means that in the case where the con-
texts can be very easily de biased, our approach does not pay
any significant additional cost compared to classical strate-
gies.

We know provide an upper bound on the expected sam-
pling time of our TACTIC+ algorithm.

Theorem 3. Consider a problem v € B, upon execution of
TACTIC+ we have that,

a 1 i(l
E[r,] <c Z A2 log<60g(c)> log(c,) ,
)
acA

where ¢, = KV HY* ¢, = d(A72V H,/|A])log(c,)
and ¢, ¢’ > 0 are absolute constants.

The bound matches that of Theorem 2, up to constant
terms, showing the learner essentially pays no cost for ensur-
ing their approach is computationally feasible.

Lower bound In the following theorem we provide a lower
bound on the expected sampling time of any PAC(¢) algo-
rithm. The proof can be found in the Appendix.

Theorem 4. Let 0 < § < 1/8 and v € B. For any algorithm
w such that, for all v € B,

Pl(a#a")>21-0,
there exist a problem U € B, such that the expected sampling

time of said algorithm is upper bounded by, cH; where ¢ > 0
is an absolute constant.
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Figure 2: Empirical performance of TACTIC and Algorithm 3,
on scenarios 1 and 2, top and bottom respectively, estimated
via 50 Monte Carlo simulations

Note that our upper bound of Theorem 2 matches that of
the above lower bound, Theorem 4, up to log terms.

Ilustrative Numerical Experiments

In this section we provide illustrative numerical exper-
iments to evaluate the empirical performance of the
TACTIC algorithm on a toy problem. As a competitor we
will consider a fixed budget two stage algorithm, Algorithm
3, which first estimates the optimal « : g(a, ) = g*(x) with
half it’s budget, and then estimates the optimal arm with the
remaining half.

The setting we consider is as follows: we set the number of
arms equal to 10, i.e. |A| = [10]. The space of contexts X’ is
set equal to the interval [0, 1] with the source distribution Pg
being uniform across the context set. Whereas in the theoreti-
cal analysis the parameter space for the function g(a, - ) is
assumed to be [0, 1]¢, in the interest of ease of computation
we restrict to a finite parameter space where in scenario 1 «
takes values in {0.1,0.9} and in scenario 2 « takes values
{0.1,0.3,0.5,0.7,0.9}. In each scenario, the optimal param-
eter is selected at random from the range of possible values

for a. We then define g(a, z) = %, where
and ® are the p.m.f and c.d.f of a standard normal distri-
bution respectively, that is g(«, ) is the p.m.f. of a normal

distribution, truncated to the [0, 1] interval. We see that, in



this setting, the distribution Pr will be a standard normal
distribution, with mean o*, truncated to the interval. In both
scenario 1 and 2, the rewards are such that for arm a,

_[5 ifx € [(a—1)/10,a/10)
R(a,) = {1 else

In this setup we see that for each arm a, arg max(jq o) re-
turns a different o and to uncover the optimal arm the learner
must first identify « : g(o, 2) = g*(«). We can expect the
two phase strategy of Algorithm 3, to perform poorly in the
case where there is a disproportionate difficulty in identifying
the optimal v compared to the optimal arm, in the case where
the optimal « is known. We see this dynamic in scenario 1,
where, identifying the optimal « should be relatively easy
compared to identifying the optimal arm. Our experimental
results appear to back up our intuition, TACTIC clearly out-
performs the two stage strategy on scenario 1. On the other
hand, we see for scenario 2 the performance of the algorithms
is much closer, with neither of the two strategies showing a
clear improvement in performance over the other.

We now explicitly state the two stage strategy, used as a

competitor for our TACTIC algorithm, we define V, ; and
[i%, o, as previously.

Algorithm 3: Two Stage Strategy

1: Input: Budget T'

2: Phase 1: Sample each arm in A, T/2K times, with con-
texts drawn at random from the reservoir.

3: Phase 2: Draw T'/2 contexts from the reservoir. Let & =
arg min @a,t

4: return G = argmin fif,

Conclusion and Perspectives

To the best of our knowledge, this work is the first to consider
best arm identification in a contextual bandit model where
the learner receives no samples from the target distribution
Pr, against which they will be evaluated. We approach the
problem in a general setting where the learner has access
to auxiliary information to be used in debiasing the source
distribution. Specifically the learner has access to known gen-
eralised moments of the target distribution. In this setting
we classify the problem complexity as a tradeoff between
estimating the optimal link function between the source and
target distribution and estimating the arm means themselves.
We provide an algorithm TACTIC , shown to return the opti-
mal arm with probability greater than 1 — ¢ in all instances,
with an upper bound on its expected sampling time. We also
demonstrate a lower bound matching up to log terms.

This initial work opens up several interesting questions.
Firstly, it is more common in contextual bandits, including
contextual bandit setups for transfer learning, to consider the
problem of cumulative regret minimisation as opposed to
best arm identification. A natural question is to then consider
the problem of regret minimisation in our setting. However,
we believe a slight reformulation of the problem may be
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necessary, as otherwise the learner may inevitably pay linear
regret due to the time taken to estimate the contexts.

In this paper we make no attempt to be adaptive to the
functions my, ..., mr, essentially assuming a worse case
situation where the most informative approach is to simply
average over mi, ..., mpy when estimating the optimal
parameter function o*. In practical situations however, it
may often be the case that some functions within the set are
far more informative than others, or indeed some composite
of the m;s is the most efficient way to estimate o*.

It is also worth considering the necessity of the smooth-
ness constraint of Assumption 2. It may be feasible to con-
sider a more natural assumption on the class of functions
g(a, z)m(x), i.e. a unimodal or log concave assumption.

Our experimental section is purely illustrative, a more
thorough evaluation of the empirical performance of the
TACTIC algorithm, relative to natural competitors remains
a task for future work.
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