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Abstract

In this paper, we investigate the learning-augmented k-
median clustering problem, which aims to improve the per-
formance of traditional clustering algorithms by preprocess-
ing the point set with a predictor of error rate α ∈ [0, 1).
This preprocessing step assigns potential labels to the points
before clustering. We introduce an algorithm for this prob-
lem based on a simple yet effective sampling method, which
substantially improves upon the time complexities of existing
algorithms. Moreover, we mitigate their exponential depen-
dency on the dimensionality of the Euclidean space. Lastly,
we conduct experiments to compare our method with sev-
eral state-of-the-art learning-augmented k-median clustering
methods. The experimental results suggest that our proposed
approach can significantly reduce the computational com-
plexity in practice, while achieving a lower clustering cost.

Code — https://github.com/KangkeCheng/Learning-
Augmented-k-Median-Sample-and-Search

Extended version —
https://github.com/KangkeCheng/Sample-and-Search-
Full-Version

1 Introduction
As the core topics in unsupervised learning, k-median and
k-means clusterings are widely applied to numerous fields,
like bioinformatics (Kiselev et al. 2017), computer vi-
sion (Caron et al. 2020), and social network (Ghaffari,
Mosavi, and Shamshirband 2021). The primary goal of these
center-based clustering problems is to partition a set of unla-
beled data points into multiple clusters, such that data points
within the same cluster are similar to each other (under some
metric), while data points in different clusters exhibit signif-
icant dissimilarity.

k-means problem seeks to find k centers that minimize
the sum of squared Euclidean distances from each point
to its nearest center. Formally, the goal is to minimize∑

x∈X minc∈C ∥x − c∥22, where X is the input dataset and
C is the set of k centers. Despite its popularity, k-means is
known to be sensitive to outliers and noise, as the squared
distance objective increases the impact of extreme values
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quadratically. In contrast, the k-median problem minimizes
the sum of Euclidean distances:

∑
x∈X minc∈C ∥x − c∥2,

which provides greater robustness to outliers and heavy-
tailed distributions. Thus k-median clustering is preferable
in many practical applications, especially when data is noisy.
Therefore, our work focuses on the k-median setting, aim-
ing to retain its robustness advantages while addressing the
algorithmic challenges through the proposed framework.

Learning-Augmented algorithms. A central challenge
in the field of algorithm design lies in simultaneously re-
ducing algorithmic time complexity while maintaining a
reliable approximation ratio. The proliferation of large-
scale data and the advancement of machine learning bring
the opportunity to obtain valuable prior knowledge for
many classical algorithmic problems. To overcome the of-
ten pessimistic bounds of traditional worst-case analysis,
the theoretical computer science community has introduced
learning-augmented algorithms (Hsu et al. 2018; Antoniadis
et al. 2020; Dinitz et al. 2021; Lykouris and Vassilvit-
skii 2021; Mitzenmacher and Vassilvitskii 2022)—a new
paradigm that falls under the umbrella of “Beyond Worst-
Case Analysis” (Roughgarden 2021). The core idea is to de-
sign algorithms that can harness auxiliary information, typ-
ically from a machine-learned model, to enhance their per-
formance.

For learning-augmented k-means and k-median cluster-
ing, Gamlath et al. (2022) explored noisy labels, achieving
(1+O(ϵ))-approximation for balanced adversarial noise and
O(1)-approximation for stochastic noise models. Here, the
approximation ratio is a measure of the solution’s quality,
defined as the ratio of the cost of the algorithm’s solution
to the cost of the optimal solution. Ergun et al. (2022) de-
veloped a learning-augmented framework where data points
are augmented with predicted labels, quantified by an error
rate α ∈ [0, 1). They proposed a randomized algorithm for
k-means problem that achieves a (1 + 20α)-approximation
under some specific constraints on α and cluster size in
O(nd log n) time, where n denotes the number of points
to be clustered and d denotes the dimension of the space.
They also proposed an algorithm for the k-median prob-
lem that, under the condition that α = Õ

(
1
k

)
, achieves an

Õ((kα)1/4)-approximation.
Nguyen, Chaturvedi, and Nguyen (2023) further im-

proved these algorithms. Their k-means algorithm directly
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Methods Approximation Ratio Label Error Range Time Complexity

Ergun et al. (2022) 1 +O((kα)1/4) Õ( 1
k
) O(nd log3 n+ poly(k, log n))

Nguyen, Chaturvedi, and Nguyen (2023) 1 + 7α+10α2−10α3

(1−α)(1−2α)
[0, 1/2) O( 1

1−2α
nd log3 n log2 k

δ
)

Huang et al. (2025) 1 + (6+ϵ)α−4α2

(1−α)(1−2α)
[0, 1/2) O(nd log(kd) log(n∆) · (

√
d

αϵ
)O(d))

Sample-and-Search (ours) 1 + (6+ϵ)α−4α2

(1−α)(1−2α)
[0, 1/2) O(2O(1/(αε)4)ndlog k

δ
)

Table 1: A comparison of our Sample-and-Search algorithm with state-of-the-art methods. Here, the terms ϵ > 0 and δ ∈ (0, 1)
are the parameters that control the approximation precision and success probability. ∆ denotes the aspect ratio of the given
point set.

estimates locally optimal centers dimension-wise across pre-
dicted clusters, achieving a (1 + O(α))-approximation in
O(nd log n) time when α ∈ [0, 1/2). Their k-median al-
gorithm significantly improves the approximation guarantee
by employing multiple random samplings and pruning tech-
niques.

More recently, Huang et al. (2025) extended the
dimension-wise estimation method for learning-augmented
k-means to reduce the time complexity while maintain-
ing a similar approximation ratio by using sampling to
avoid sorting. They also proposed a k-median algorithm
that achieves a 1 + (6+ϵ)α−4α2

(1−α)(1−2α) -approximation, which rep-
resents the state-of-the-art in terms of approximation ratio
for learning-augmented k-median clustering, as far as we
are aware. However, in their work, the structural differences
between k-means and k-median lead to a fundamental algo-
rithmic gap. For k-means, the mean center has a closed-form
solution that can be computed independently across dimen-
sions. In contrast, k-median centers lack closed-form ex-
pressions and cannot be decomposed dimension-wise, mak-
ing them significantly harder to compute even when point
label predictions are available. As a result, their k-median
method needs brute-force grid partitioning and searching
procedure in the original high-dimentional space, thus in-
troduces an exponential dependence on d, which is gener-
ally considered unacceptable in practice, particularly in high
dimensional scenarios. Hence, a key open problem is: Is it
possible to design an algorithm that achieves the state-of-
the-art approximation ratio while overcoming the exponen-
tial dependence on the dimension d?

Our key ideas and main contributions. Our key in-
sight is that for each predicted cluster, the true median of
the correctly labeled subset lies close to a low-dimensional
subspace spanned by a small random sample. This allows
us to efficiently discretize the search space using a low-
dimensional grid, thus reducing the computational cost. The
main technical challenge is that the predicted clusters may
be noisy—some points are misclassified, and the predicted
cluster center may be far away from the true one. To tackle
this obstacle, we design a novel sampling-and-search frame-
work that can effeictively select appropriate candidate clus-
ter centers. The key idea is to utilize a greedy search strategy
in the aforementioned low-dimensional grid, which neatly
avoids to explicitly distinguish between the correclty labeled

Figure 1: Comparison of the approximation ratios for our al-
gorithm (with ϵ = 0.1) and the NCN algorithm in terms of
the error rate α. The plot demonstrates that our algorithm
(green dashed line) consistently achieves a lower approxi-
mation ratio than the NCN algorithm (Nguyen, Chaturvedi,
and Nguyen 2023) (blue solid line) across all values of
α ∈ [0, 1/2). The grey hatched area highlights this perfor-
mance gap, which becomes more pronounced as α increases.

and mislabeled points.
Our contributions are summarized as follows: We propose

a simple yet effective algorithm for learning-augmented k-
median clustering. The time complexity is linear in n and
d, avoiding exponential dependence on the dimension d. At
the same time, our algorithm achieves an approximation ra-
tio of 1+ (6+ϵ)α−4α2

(1−α)(1−2α) for α < 1
2 , matching the state-of-the-

art. Furthermore, we conduct a set of experiments on high-
dimensional datasets, demonstrating speedups (up to 10×)
over prior methods while maintaining relatively high clus-
tering quality. Figure 1 compares the approximation ratio of
their algorithm (denoted as NCN) with ours. Table 1 pro-
vides a detailed comparison for the results of our and exist-
ing methods.

1.1 Preliminaries
Notations. Let X denote the input set of n points in Rd.
For any two points p, q ∈ Rd, their Euclidean distance is
∥p− q∥2.

Given any point set C, the distance from a point p to its
closest point in C is denoted as dist(p, C) = minc∈C ∥p−
c∥2. In particular, when C is the given set of centers for the
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Figure 2: (a) provides a simplified illustration of how a sub-
space is generated. We sample a subset S (denoted by the
blue points) from the original point set P (denoted by the
black points), and S forms a subspace span(S). (b) shows
that span(S) contains a projection of Med(P ), denoted by
Proj(Med(P )), which is close to Med(P ). Moreover, S con-
tains a point (e.g., s1) that is within a bounded distance from
Med(P )).

point set X , the corresponding cost, denoted as Cost(X,C),
is defined as Cost(X,C) =

∑
x∈X dist(p, C). With a

slight abuse of notation, we also use Cost(P, c) to denote
the sum of distances from a point set P to a single point c.

We denote the optimal k clusters for the given instance X
as {X∗

1 , . . . , X
∗
k}, and the set C∗ = {c∗1, . . . , c∗k} contains

their corresponding optimal centers.
For any point set P and we use Med(P ) to denote its me-

dian point, i.e.,

Med(P ) = arg min
q∈Rd

∑
p∈P

∥p− q∥2. (1)

Therefore, for each 1 ≤ i ≤ k, c∗i = Med(X∗
i ).

Definition 1.1 (learning-augmented k-median cluster-
ing). Suppose there exists a predictor that outputs a labeled
partition {X̃1, X̃2, . . . , X̃k} for X , parameterized by a label
error rate α ∈ [0, 1), which satisfies:

|X̃i ∩X∗
i | ⩾ (1− α)max(|X̃i|, |X∗

i |)

where | · | denotes the number of points in a set. The goal
of learning-augmented k-median clustering is using such a
partially correct result to compute a center set C ⊂ Rd that
minimizes Cost(P,C).

We also introduce two important propositions on geomet-
ric median point in Euclidean space, which are essential for
our following proofs.
Proposition 1.1. (Badoiu, Har-Peled, and Indyk 2002) Let
P be a point set in Rd. Given two parameters 1 > ε > 0 and
γ > 1, we draw a random sample S from P of size γ

ε3 log
1
ε .

Then, with the probability at least 1−1/γ, the following two
events occur: (i) The flat span(S) contains a point within
a distance of ϵ·Cost(P,Med(P ))

|P | from Med(P ), where span(S)

denotes the subspace spanned by the points in S. (ii) The set
S contains a point within a distance of 2 × Cost(P,Med(P ))

|P |
from Med(P ).

Proposition 1.1 shows that the subspace spanned by a suf-
ficient random sample from P is guaranteed to contain a
good approximation of the Med(P ), which enables us to con-
struct a candidate set of centers by partitioning this subspace
with a grid to approximate the optimal center. In Figure 2,
we depicts the generation of the subspace from the samples.
Proposition 1.2 is used to estimate the average cost of the
clusters, which in turn guides the design of the grid cell side-
length.

Proposition 1.2. (Kumar, Sabharwal, and Sen 2010) Let P
be a point set in Rd. Given a parameter ζ ∈ (0, 1/12), we
randomly sample a point p0 and a set S of size 1/ζ from P .
Define the value v = Cost(S, p0). Then with the probability

> (1−ζ2)1/ζ+1

2 , we have:

vζ3

2
⩽

Cost(P,Med(P ))

|P |
⩽

v

ζ
.

Upper bound on error rate α. We consider the label
error rate α to be upper-bounded by 1/2. As discussed by
Nguyen, Chaturvedi, and Nguyen (2023), when α reaches
1/2, the relationship between the predicted and optimal clus-
ters can break down entirely.

1.2 Other related work
k-median algorithms. Due to the NP-Hardness of the k-
median problem (Cohen-Addad and C.S.Karthik 2019), its
approximate algorithms have been extensively studied over
the past half-century. Although several PTAS (Polynomial-
Time Approximation Scheme) algorithms have been pro-
posed, their running time is exponential in either the di-
mension d or the number of clusters k (Arora, Raghavan,
and Rao 1998; Cohen-Addad, Feldmann, and Saulpic 2021;
Kumar, Sabharwal, and Sen 2010), making them impracti-
cal for many settings. Other algorithms include the (3 + ϵ)-
approximation algorithm via local search proposed by Arya
et al. (2001) and the 3.25-approximation using the LP-
rounding approach proposed by Charikar and Li (2012).

k-means alogrithms. Similarly with the k-median prob-
lem, existing PTAS algorithms for the k-means problem ex-
hibit an exponential dependence on either d or k (Cohen-
Addad, Feldmann, and Saulpic 2021; Kumar, Sabharwal,
and Sen 2010). Simultaneously, the widely used k-means++
algorithm has a time complexity of O(ndk) and achieves
an approximation ratio of O(log k) (Arthur and Vassilvit-
skii 2007), or O(1) for well-separated data (Ostrovsky et al.
2013).

2 Our Algorithm And Theoretical Analysis
In this section, we propose the “sample-and-search” al-
gorithm for learning-augmented k-median clustering. Our
main idea is to extract information from predicted labels
through uniform sampling, then leverage the properties of
median point (based on Proposition 1.1) to construct a can-
didate center set in a low-dimensional subspace, and finally
employ a greedy search approach to find the desired solu-
tion from the candidate center set. This sample-and-search
strategy avoids searching in the original space which may be
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much larger than the subspace derived from Proposition 1.1,
and thereby is able to reduce the total computational com-
plexity to a great extent. In Section 2.1, we introduce the
detailed algorithm and our main theoretical result, i.e., The-
orem 2.1. Then, we provide the proof for Theorem 2.1 in
Section 2.2.

2.1 Our Proposed Algorithm And Main Theorem
We present the Sample-and-Search algorithm in Algo-
rithm 1. In general, the algorithm consists of three main
stages:

1. Sampling-Based Subspace Construction: For each
predicted cluster, we sample a small subset of points
to form a “basis” that captures a “neighbor” within a
bounded distance from the optimal cluster center. Note
that once we have found such a basis, we only need to
search within the low-dimensional subspace spanned by
this small basis to approximate the optimal center of the
cluster. This allows the size of our search space to depend
only on ϵ, not on the dimension d.

2. Grid-based Candidate Generation: After generating k
appropriate subspaces where each one of them is suffi-
ciently close to the corresponding optimal centers, we
construct a grid structure in each of the subspaces to gen-
erate k small candidate sets of center points. This elim-
inates the need to search the original high-dimensional
space.

3. Greedy Center Selection: We select the best center from
the candidate set using a cost-minimization greedy selec-
tion procedure.

We present the main theoretical result of our algorithm
below.

Theorem 2.1. Let 1 > ϵ > 0 and 1 > δ > 0 be two
parameters. Given an instance X as described in Defini-
tion 1.1, if we assume the error rate α < 1

2 , then Algo-
rithm 1 can output a solution with the approximation ratio(
1 + 6α−4α2+ϵα

(1−α)(1−2α)

)
with probability 1 − δ. The time com-

plexity is O(2O(1/(αε)4)ndlog k
δ ).

2.2 Proof of Theorem 2.1
We divide the proof into three main steps: First, we estab-
lish that for each predicted cluster, with high probability,
the constructed candidate center set contains at least one
point that is close to the true median of the correctly la-
beled subset of the predicted cluster. This is formalized in
Lemma 2.2, which leverages the geometric properties from
Proposition 1.1 and Proposition 1.2 under our sampling de-
sign. Second, we analyze the cost of the selected center from
the candidate set. In Lemma 2.3, we show that this cen-
ter yields a clustering cost close to the optimal one, despite
the noisy labels, by carefully bounding the additional cost
incurred by misclassified points and the optimality of the
greedy choice.

Finally, we aggregate the bounds over all clusters to ob-
tain the total clustering cost, and analyze the size of the can-
didate set and runtime of our algorithm.

Algorithm 1: SAMPLE-AND-SEARCH FOR LEARNING-
AUGMENTED k-MEDIAN

1: Input: A k-median instance, consisting of a finite set of
points X ⊂ Rd and an integer k; a predicted partition
{X̃1, . . . , X̃k} of X with error rate α ∈ [0, 1/2); an
accuracy parameter ϵ ∈ (0, 1) and failure probability
δ ∈ (0, 1).

2: Output:A set Ĉ ∈ Rd of centers with |Ĉ| = k

3: Initialize Ĉ ← ∅, ζ ← 1
13

4: for i← 1 to k do
5: Initialize a candidate set Ci ← ∅
6: for j ← 1 to

⌈
log(δ/k)
log(0.975)

⌉
do

7: Samplings: first, randomly sample a point yji ∈
X̃i, and then sample two separated sets from X̃i

uniformly at random: a set Qj
i ⊆ X̃i of size

⌈ 2
(1−α)ζ ⌉, and a set Rj

i ⊆ X̃i of size ⌈ 4 log(1/(αϵ
2 ))

(1−α)(αϵ
2 )3 ⌉

8: for each subset Q ⊆ Qj
i of size 1/ζ do

9: v ← Cost(Q, yji )

10: a← vζ3

2 and b← v
ζ

11: for each integer l ∈ {⌊log2 a⌋, . . . , ⌈log2 b⌉}
do

12: t← 2l

13: Run Algorithm 2: S ← CSC(Rj
i , t, α, ϵ)

14: Ci ← Ci ∪ S
15: end for
16: end for
17: end for
18: For each c ∈ Ci, define Ni(c) as the set of ⌈(1 −

α)|X̃i|⌉ points in X̃i closest to c
19: Greedy selection: find the best candidate for the i-th

cluster center, ĉi ← argminc∈Ci

∑
x∈Ni(c)

∥x− c∥2
20: Ĉ ← Ĉ ∪ {ĉi}
21: end for
22: return Ĉ

Algorithm 2: CANDIDATE SET CONSTRUCTION (CSC)

1: Input: A point set R ⊂ Rd; an approximate average
cost t > 0; parameters α and ϵ.

2: Output: A set of candidate centers S ⊂ Rd.
3: Initialize S ← ∅, θ ← αϵt

4|R|
4: for each point r ∈ R do
5: Initialize a candidate set Sr ← ∅
6: Construct a grid Gr on span(R) centered at r with

side-length θ
7: Define a ball B(r, 2t)← {x ∈ Rd | ∥x− r∥2 ≤ 2t}
8: Sr ← Gr ∩B(r, 2t)
9: S ← S ∪ Sr

10: end for
11: return S
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For convenience, we denote the intersection of X̃i and X∗
i

as Ti, i. e. , Ti = X̃i ∩X∗
i .

Lemma 2.2. For predicted cluster X̃i, with a probability of
1− δ

k , there exists a point q ∈ C̃i satisfying:

||q − Med(Ti)||2 ⩽
αϵ× Cost(Ti, Med(Ti))

|Ti|
. (2)

Proof. First, under the learning-augmented setting, we have
|Ti| ⩾ (1− α)max(|X̃i|, |X∗

i |) > 1
2 |X̃i|. As we uniformly

sample a point yi from X̃i, and uniformly sample a set Qj
i

from X̃i with size 2
(1−α)ζ in the first stage of our algo-

rithm, by employing Markov’s inequality, we deduce that,
with probability at least 1

2×
1
2 = 1

4 , the following two events
occur simultaneously:

yi ∈ Ti, |Ti ∩Qj
i | ⩾

1

ζ
.

Now assume both of these events occur. There exists a subset
Q ⊆ (Ti ∩ Qj

i ) of size 1
ζ . According to Proposition 1.2, if

we set p0 = yji , S = Q,P = Ti, for v = Cost(Q, yji ), we
have

vζ3

2
⩽

Cost(Ti, Med(Ti))

|Ti|
⩽

v

ζ
(3)

with probability at least (1−ζ2)1/ζ+1

2 . In the second stage
of our algorithm, we iterate over all subsets of Qj

i of
size 1

ζ , therefore, there exists an integer l in the interval

⌊log vζ3

2 , log v
ζ ⌉ such that t = 2l satisfies

t/2 ⩽
Cost(Ti, Med(Ti))

|Ti|
⩽ t. (4)

Similarly, as we uniformly sample a set Rj
i from X̃i with

size 4 log(1/αϵ
2 )

(1−α)(αϵ
2 )3 in the first stage of our algorithm, by em-

ploying Markov’s inequality, we have |Ti∩Rj
i | ⩾

2 log(1/αϵ
2 )

(αϵ
2 )3

with probability at least 1/2. Thus, according to the Propo-
sition 1.1, with probability at least 1/2 , the following two
events happen:

1. The flat span(Rj
i ) contains a point at a distance ⩽

αϵCost(Ti,Med(Ti))
2|Ti| from Med(Ti),

2. Rj
i contains a point at a distance ⩽ 2 × Cost(Ti,Med(Ti))

|Ti|
from the center Med(Ti).

So, the flat span(Rj
i ) contains a point o such that

||o− Med(Ti)||2 ⩽
αϵ× Cost(Ti, Med(Ti))

2|Ti|
. (5)

Therefore, under the construction of the grid in Algorithm 2,
there must exist a point q ∈ S satisfying

||q − o||2 ⩽
αεt

4
⩽

αε× Cost(Ti, Med(Ti))

2|Ti|
, (6)

where the second inequality comes from inequality (4).
Combining inequality (5) and inequality (6), by triangle in-
equality, we have

||q − Med(Ti)||2 ⩽
αϵ× Cost(Ti, Med(Ti))

|Ti|
.

Now, we calculate the probability that all events suc-
ceed in a single trial. The combined success probability

is (1−ζ2)1/ζ+1

32 . We have (1−ζ2)1/ζ+1

32 > e
− ζ

1−ζ

32 ≥ 0.025
when ζ ∈ (0, 1/12). Here, the first inequality is a di-
rect application of ln(1 − x) > − x

1−x and the second in-
equality is obtained by leveraging the fact that the function
is monotonically decreasing. Therefore, the probability of
failure for each trial is less than 0.975. Since we perform⌈

log(δ/k)
log(0.975)

⌉
runs, the overall success probability is therefore

greater than 1− 0.975
log(δ/k)
log(0.975) = 1− δ

k .

We now turn to evaluate the clustering cost incurred by
the selected centers. Lemma 2.3 plays a central role in this
analysis—it quantifies how far the selected center might be
from the true cluster center due to noisy labels and sampling
variance, and how this error translates into overall clustering
cost.
Lemma 2.3. For each predicted cluster X̃i, we have:

Cost(X∗
i , ĉi) ⩽

(
1 +

6α− 4α2 + αϵ

(1− α)(1− 2α)

)
Cost(X∗

i , c
∗
i ).

Proof. A critical component of the analysis is to relate the
selected center ĉito the true center c∗i and the median of cor-
rectly labeled points Med(Ti). We begin by splitting the cost
into two parts,

Cost(X∗
i , ĉi) = Cost(Ti, ĉi) + Cost(X∗

i \Ti, ĉi) (7)

We focus on the term “Cost(Ti, ĉi)” first. To establish
the equality, we first compute the additional cost incurred
by assigning points in Ti to ĉi by decomposing the sets
Ti and Ni(ĉi) into three disjoint partitions: S1 = Ti ∩
Ni(ĉi), S2 = Ti \ Ni(ĉi), S3 = Ni(ĉi) \ Ti. This im-
plies Ti = S1 ∪ S2 and Ni(ĉi) = S1 ∪ S3. Then the
Cost(Ti, ĉi)− Cost(Ti, Med(Ti)) can be written as

Cost(Ti, ĉi)− Cost(Ti, Med(Ti))

= [Cost(S1, ĉi) + Cost(S2, ĉi)]

− [Cost(S1, Med(Ti)) + Cost(S2, Med(Ti))]

= [Cost(S1, ĉi) + Cost(S3, ĉi)]

− [Cost(S1, Med(Ti)) + Cost(S3, Med(Ti))]

− [Cost(S3, ĉi)− Cost(S3, Med(Ti))]

+ [Cost(S2, ĉi)− Cost(S2, Med(Ti))]

= [Cost(Ni(ĉi), ĉi)− Cost(Ni(ĉi), Med(Ti))]

− [Cost(Ni(ĉi) \ Ti, ĉi)− Cost(Ni(ĉi) \ Ti, Med(Ti))]

+ [Cost(Ti \Ni(ĉi), ĉi)− Cost(Ti \Ni(ĉi), Med(Ti))]
(8)

We also have |Ti \ Ni(ĉi))| ⩽ α|X̃i| and |Ni(ĉi)) \
Ti| ⩽ α|X̃i|. So we can find an upper bound for Cost(Ti \

20513



Ni(ĉi), ĉi)−Cost(Ti\Ni(ĉi), Med(Ti)) by triangle inequal-
ity as
Cost(Ti \Ni(ĉi), ĉi)− Cost(Ti \Ni(ĉi), Med(Ti))

⩽ |Ti \Ni| × ||Med(Ti)− ĉi||2 ⩽ α|X̃i|||Med(Ti)− ĉi||2.
(9)

We can obtain inequality ∥Med(Ti) − ĉi||2 ⩽
(2+αϵ)Cost(X∗

i ,c
∗
i )

(1−2α)| ˜̃Xi|
through triangle inequality (the de-

tailed derivation is provided in the extended version of the
paper.). Then we have inequality (9) ⩽ (2α+α2ϵ)Cost(X∗

i ,c
∗
i )

1−2α .
Similarly, we obtain
Cost(Ni(ĉi) \ Ti, ĉi)− Cost(Ni(ĉi) \ Ti, Med(Ti))

⩽
(2α+ α2ϵ)Cost(X∗

i , c
∗
i )

1− 2α
. (10)

Now we find a upper bound for Cost(Ni(ĉi), ĉi) −
Cost(Ni(ĉi), Med(Ti)). Because of our greedy selec-
tion, we have Cost(Ni(ĉi), ĉi) ⩽ Cost(Ni(q), q) ⩽
Cost(Ni(ĉi), q). So

Cost(Ni(ĉi), ĉi)− Cost(Ni(ĉi), Med(Ti))

⩽ Cost(Ni(ĉi), q)− Cost(Ni(ĉi), Med(Ti))

⩽ |(1− α)|X̃i|| × ||q − Med(Ti)||2. (11)
By applying Lemma 2.2, we can obtain inequality (11) ⩽
αϵ × Cost(Ti, Med(Ti)). Putting inequality (9), inequality
(10) and inequality (11) together, we obtain the following
bound for the left side of equation (7)

Cost(Ti, ĉi)− Cost(Ti, c
∗
i )

⩽ Cost(Ti, ĉi)− Cost(Ti, Med(Ti))

⩽
(4α+ ϵα)Cost(X∗

i , c
∗
i )

1− 2α
. (12)

Next, we consider the second term “Cost(X∗
i \Ti, ĉi)” in

equation (7). By triangle inequality
Cost(X∗

i \Ti, ĉi) ⩽ Cost(X∗
i /Ti, c

∗
i )

+ |X∗
i \Ti| × ||ĉi − c∗i ||2, (13)

Subsequently, we bound |X∗
i \Ti|. It follows from Defini-

tion 1.1 that (1 − α)|X∗
i | ⩽ |Ti|, |Ti| ⩽ |X̃i|, so, we can

bound |X∗
i \Ti| as

|X∗
i \Ti| = |X∗

i | − |Ti| ⩽ α|X∗
i | ⩽

α|X̃i|
1− α

. (14)

Combining (13), (14), and the inequality ∥ĉi − c∗i ||2 ⩽
(2+αϵ)Cost(X∗

i ,c
∗
i )

(1−2α)|X̃i|
we obtain in the extended version of the

paper, we have
Cost(X∗

i \Ti, ĉi)− Cost(X∗
i \Ti, c

∗
i )

⩽
α(2 + αϵ)Cost(X∗

i , c
∗
i )

(1− α)(1− 2α)
. (15)

Now, we derive the final approximation guarantee. Com-
bining inequality (12) and inequality (15), we have
Cost(X∗

i , ĉi) = Cost(Ti, ĉi) + Cost(X∗
i /Ti, ĉi)

⩽

(
1 +

6α− 4α2 + ϵα

(1− α)(1− 2α)

)
Cost(X∗

i , c
∗
i ).

We now proceed to formally prove Theorem 2.1 by estab-
lishing both the approximation ratio and the runtime com-
plexity.

Proof of Theorem 2.1. Our first step is to compute the ap-
proximation ratio of the algorithm. In each cluster, by
Lemma 2.3, we obtain

Cost(X∗
i , ĉi) ⩽

(
1 +

6α− 4α2 + ϵα

(1− α)(1− 2α)

)
Cost(X∗

i , c
∗
i ).

Therefore, for the entire instance, we have∑
i∈[k]

Cost(X∗
i , {ĉj}kj=1)

⩽

(
1 +

6α− 4α2 + ϵα

(1− α)(1− 2α)

)∑
i∈[k]

Cost(X∗
i , c

∗
i ).

We now assess the time complexity of the algorithm. This
involves analyzing the size of the candidate center set gen-
erated via sampling and grid discretization, and the cost in-
curred in evaluating all candidate centers.

First, we compute the size of set of candidate centers. The
size of the candidate center set we ultimately construct is

O

(
|R|
(

1

(αϵ)4
log

1

(αϵ)

)O(|R|)

log
k

δ

)

= O

(
2
O( 1

(αϵ)3
log2 1

(αϵ)
)
log

k

δ

)
⩽ O

(
2
O( 1

(αϵ)4
)
log

k

δ

)
.

For each candidate point within the candidate center set, the
time needed to calculate its cost is |X̃i|d. Consequently, the
overall time complexity of the algorithm is

∑
i∈[k]

2
O( 1

(αϵ)4
)|X̃i|d log

k

δ
= 2

O( 1
(αϵ)4

)
nd log

k

δ
.

Next, we analyze the success probability of the algorithm.
As we obtained in Lemma 2.2, the success probability in
each cluster of the algorithm is 1− δ

k , therefore, by the union
bound, the overall success probability of the algorithm ⩾
1− k × δ

k = 1− δ.

3 Experiment
We evaluated our algorithms on real-world datasets. The
experiments were conducted on a server with an Intel(R)
Xeon(R) Gold 6154 CPU and 1024GB of RAM. For all ex-
periments, we report the average clustering cost and its stan-
dard deviation over 10 independent runs.

Datasets. Following the work of Nguyen, Chaturvedi,
and Nguyen (2023), Ergun et al. (2022) and Huang et al.
(2025), we evaluate our algorithms on the CIFAR-10 (n =
50, 000, d = 3, 072) (Krizhevsky and Hinton 2009), PHY
(n = 10, 000, d = 50) (KDD 2004), and MNIST (n =
1, 797, d = 64) (Deng 2012) datasets using a range of error
rates α. We additionally evaluated our algorithm’s perfor-
mance on another high dimensional dataset Fashion-MNIST
(n = 60000, d = 784) (Xiao, Rasul, and Vollgraf 2017)
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Predictor Generation and Error Simulation To eval-
uate our algorithms, we first computed a ground-truth par-
tition for each dataset using Lloyd’s algorithm initialized
with KMedoids++(denoteed as KMed++). We then gener-
ated corrupted partitions with the error rate, α, by randomly
selecting an α fraction of points in each true cluster and reas-
signing them to randomly chosen cluster(denoted as Predic-
tor). To ensure a fair comparison, every algorithm was tested
on the exact same set of corrupted labels for any given error
rate α.

Algorithms In our experiments, we evaluate our proposed
Sample-and-Search algorithm. We compare its performance
against other state-of-the-art learning-augmented methods,
including the algorithm from Ergun et al. (2022) (denoted as
EFS+), Nguyen, Chaturvedi, and Nguyen (2023) (denoted
as NCN) and the recent work by Huang et al. (2025) (de-
noted as HFH+). As noted by Nguyen, Chaturvedi, and
Nguyen (2023), the true error rate α is generally unknown
in practice, which necessitates a search for its optimal value.
To ensure a fair comparison, we implement a uniform hy-
perparameter tuning strategy for all evaluated algorithms.
Specifically, we iterate over 10 candidate values for α, which
are chosen from uniformly spaced points in the interval
[0.01, 0.5]. For each method, the candidate value that min-
imizes the resulting k-median clustering cost is chosen to
produce the final output. To assess the final clustering qual-
ity against the ground-truth labels, we additionally report the
Adjusted Rand Index (ARI) and Normalized Mutual Informa-
tion (NMI) in the extended version of the paper.

Results We present a comparative evaluation of our al-
gorithm against those baselines in Table 2 and Table 3. Ta-
ble 2 details the performance on the Fashion-MNIST (n =
60000, d = 784) for a fixed k = 10 across a range of α val-
ues. Table 3 shows the results on the PHY (n = 10, 000, d =
50) with a fixed α = 0.2 for various choices of k. Both
sets of results demonstrate that our algorithm is substantially
faster than all competing methods while generally achiev-
ing better approximation quality. Additional experiments on
other datasets and a more detailed presentation of the results
are available in the extended version. On these datasets, our
algorithm also demonstrates significant advantages in terms
of both running time and cost.

4 Conclusion and Future work
In this paper, we study the learning-augmented k-median
clustering problem. We first introduce an algorithm for this
problem based on a simple yet effective sampling method,
then study its quality guarantees in theory, and finally con-
duct a set of experiments to compare with other learning-
augmented k-median algorithms. Both theoretical and ex-
perimental results demonstrate that our method achieves the
state-of-the-art approximation ratio with higher efficiency
than existing methods. Following this work, there are several
opportunities to further improve our methods from both the-
oretical and practical perspectives. For example, is it possi-
ble to further reduce the time complexity of the algorithm by
mitigating or eliminating the exponential dependence on ϵ?
Can the approximation ratio be further improved without a
significant increase in time complexity? Furthermore, could

a learning-augmented clustering algorithm be designed for
the streaming model to more effectively handle large-scale
data?

Condition Cost Time(s)

α Method Avg. Std. Dev. Avg. Std. Dev.

0 KMed++ 8.4054e+07 - - -

0.1

Predictor 8.4259e+07 - - -
EFS+ 8.4050e+07 115.17 270.47 12.97
HFH+ 8.4049e+07 834.92 749.72 18.47
NCN 8.4050e+07 181.80 272.22 4.37
Ours 8.4048e+07 933.64 47.37 0.78

0.2

Predictor 8.4935e+07 - - -
EFS+ 8.4057e+07 287.83 283.13 24.07
HFH+ 8.4053e+07 1598.91 751.66 25.42
NCN 8.4057e+07 309.52 282.97 13.78
Ours 8.4052e+07 961.03 47.96 3.33

0.3

Predictor 8.6223e+07 - - -
EFS+ 8.4076e+07 467.75 282.57 8.66
HFH+ 8.4065e+07 3527.00 751.13 22.67
NCN 8.4077e+07 695.49 299.50 22.54
Ours 8.4062e+07 3848.20 45.38 1.33

0.4

Predictor 8.8209e+07 - - -
EFS+ 8.4109e+07 631.67 297.27 13.66
HFH+ 8.4101e+07 11512.25 758.16 29.89
NCN 8.4111e+07 1206.20 302.45 25.71
Ours 8.4100e+07 12684.42 45.29 2.18

0.5

Predictor 9.0897e+07 - - -
EFS+ 8.4150e+07 1320.47 304.67 11.82
HFH+ 8.4148e+07 12671.01 751.08 26.53
NCN 8.4152e+07 2503.70 305.95 10.98
Ours 8.4145e+07 17385.62 47.87 2.04

Table 2: Performance comparison on Fashion-MNIST
dataset with k = 10 and varied α.

Condition Cost Time(s)

k Method Avg. Std. Dev. Avg. Std. Dev.

10

KMed++ 2.0224e+08 - - -
Predictor 2.0427e+08 - - -
EFS+ 2.0204e+08 4444.80 362.31 52.30
HFH+ 2.0147e+08 105661.96 42.33 1.91
NCN 2.0163e+08 109131.95 160.15 14.33
Ours 2.0134e+08 82812.18 20.72 0.59

30

KMed++ 8.4404e+07 - - -
Predictor 8.5018e+07 - - -
EFS+ 8.4490e+07 721.59 294.21 54.13
HFH+ 8.4404e+07 4372.98 42.26 2.05
NCN 8.4480e+07 14266.80 221.81 49.30
Ours 8.4404e+07 3043.38 27.08 3.26

50

KMed++ 6.2758e+07 - - -
Predictor 6.3111e+07 - - -
EFS+ 6.2796e+07 503.13 285.51 22.48
HFH+ 6.2755e+07 1072.71 44.69 1.34
NCN 6.2791e+07 5662.71 208.89 29.26
Ours 6.275456e+07 677.03 36.87 0.73

Table 3: Performance comparison on PHY dataset with fixed
α = 0.2 and varied k.
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