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Abstract

Kernel power k-means (KPKM) leverages a family of means
to mitigate local minima issues in kernel k-means. However,
KPKM faces two key limitations: (1) the computational bur-
den of the full kernel matrix restricts its use on extensive
data, and (2) the lack of authentic centroid-sample assignment
learning reduces its noise robustness. To overcome these chal-
lenges, we propose RFF-KPKM, introducing the first approxi-
mation theory for applying random Fourier features (RFF) to
KPKM. RFF-KPKM employs RFF to generate efficient, low-
dimensional feature maps, bypassing the need for the whole
kernel matrix. Crucially, we are the first to establish strong
theoretical guarantees for this combination: (1) an excess risk
bound of O(

√
k3/n), (2) strong consistency with member-

ship values, and (3) a (1 + ε) relative error bound achievable
using the RFF of dimension poly(ε−1 log k). Furthermore,
to improve robustness and the ability to learn multiple ker-
nels, we propose IP-RFF-MKPKM, an improved possibilistic
RFF-based multiple kernel power k-means. IP-RFF-MKPKM
ensures the scalability of MKPKM via RFF and refines clus-
ter assignments by combining the merits of the possibilistic
and fuzzy membership. Experiments on large-scale datasets
demonstrate the superior efficiency and clustering accuracy of
the proposed methods compared to the state-of-the-art alterna-
tives.

Introduction
Kernel k-means (KKM) is a cornerstone methodology in un-
supervised learning, demonstrating broad applicability across
various practical domains through its effective pattern recog-
nition capabilities (Filippone et al. 2008; Wang et al. 2023a,b;
Feng et al. 2025a,b). However, KKM remains prone to sub-
optimal local minima due to the non-convexity of the under-
lying objective function (Jain 2010; Tang et al. 2012; Sun,
Toh, and Yuan 2021). To address the problem, a series of
works has focused on reducing the non-convexity of the k-
means objective function. Instead of minimizing the sum of
squared distances to the nearest centroid, convex clustering
(Pelckmans et al. 2005) minimizes the distance between data
points and their convex combinations, yielding a convex opti-
mization problem with a unique optimal solution. In contrast,
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k-harmonic means (KHM) (Zhang, Hsu, and Dayal 1999)
minimizes the harmonic mean of distances to all centroids.
Recently, Power k-means (PKM) (Xu and Lange 2019) gen-
eralizes KHM by replacing harmonic averaging with power
means and incorporating an annealing strategy to decrease
the power exponent during iterations gradually. Building on
this, Kernel Power k-means (KPKM) (Paul et al. 2022) ex-
tends the framework to handle non-linearly separable data
through kernelization.

Although KPKM mitigates the tendency of KKM to fall
into local optima, it cannot be directly applied to large-scale
scenarios due to its quadratic time complexity with respect to
the number of instances n. Current clustering application ar-
eas increasingly involve large-scale datasets containing thou-
sands or even millions of instances, such as social network
analysis (Malliaros and Vazirgiannis 2013), bioinformatics
(Zou et al. 2020), and financial market analysis (Kou, Peng,
and Wang 2014; Li et al. 2021). However, KPKM requires
computing an n× n kernel matrix, leading to O(n2k) com-
plexity per iteration (k denotes the number of clusters). Such
computational demands become prohibitive when handling
large-scale datasets in the scenarios above.

To address the time complexity problem, we propose RFF-
based kernel power k-means (RFF-KPKM). Specifically, we
employ a novel technique known as random Fourier fea-
tures (RFF) (Chitta, Jin, and Jain 2012) to avoid computing
the whole kernel matrix. RFF’s advantage lies in its ability
to directly construct an explicit mapping that approximates
the kernel similarity via the inner product of the mapped
data. RFF-KPKM significantly reduces the complexity of
KPKM from O(n2k) to O(n(k + d)D), where d represents
the data dimensionality and D denotes the RFF dimension-
ality (D ≪ n typically). Beyond computational efficiency,
our method is rigorously grounded in theoretical guarantees.
We pioneer the first theoretical framework for approximating
KPKM via RFF, establishing rigorous guarantees in three
key dimensions. First, we establish an excess risk bound
of O(

√
k3/n) for the approximation method (Theorem 1),

matching the optimal rate of the original method. This preser-
vation of statistical guarantees demonstrates that our com-
plexity reduction does not compromise theoretical reliabil-
ity. Second, we establish a strong consistency guarantee for
the established method (Theorem 2), demonstrating that as
n → ∞, RFF dimensionality D → ∞ and power parameter
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s → −∞, the membership value converges to the globally
optimal solution of the expected version of KKM with any
constant probability. Lastly, we discuss how many RFF are
needed to preserve accuracy. We obtain that when n → ∞,
s → −∞ and D = poly(ε−1 log k), the membership value
obtained by RFF-KPKM will produce a (1+ ε) relative error
on the objective of expected KKM (Theorem 3).

Besides time complexity, another issue KPKM faces is
noise sensitivity. Similar to fuzzy c-means (FCM) (Bezdek,
Ehrlich, and Full 1984), the cluster centroids of KPKM are
affected by the fuzzy membership value of the data. However,
the fuzzy membership value wij of data point xi in cluster
Cj is determined by the distance between xi to all k cluster
centroids, while Krishnapuram and Keller (1993) propose
that such memberships may cause a noise problem since they
do not reflect the absolute degree of typicality (or “belong-
ing”) of a point in a cluster. Possibilistic c-means (PCM)
(Krishnapuram and Keller 1993) was proposed to learn the
possibilistic membership of data, which is determined solely
by the distance of a point from a cluster, thereby reflecting the
absolute degree of typicality and resolving the noise problem.

To address the noise problem in KPKM, we integrate our
RFF-KPKM framework with the robust clustering paradigm
of PCM. Specifically, we replace the distance function in
RFF-KPKM with the objective function of PCM to learn the
possibilistic membership of data. Also, by calculating the
partial derivative of the objective function, we can obtain the
fuzzy membership of the data. The product of possibilistic
membership and fuzzy membership forms the final member-
ship value. By integrating fuzzy and possibility methods, our
method enhances KPKM’s robustness and prevents the identi-
cal cluster issues commonly encountered in PCM (Zhang and
Leung 2004). Furthermore, to extend our method to multi-
view scenarios, we combine it with the kernel combination
method in multiple kernel (view) learning (Gönen and Al-
paydın 2011; Guan et al. 2025a,b,c), constructing reweighted
RFF to learn the importance of mapping features in different
views. Our method is termed improved possibilistic RFF-
based multiple kernel power k-means (IP-RFF-MKPK). To
obtain the optimal solution, we conduct a novel majority
minimization (MM) algorithm (Mairal 2013).

This work makes the following primary contributions:
1) We propose RFF-KPKM to accelerate KPKM. Theoreti-

cally, we obtain that RFF with Ω(nd/k) dimensions achieves
the excess risk bound O(

√
k3/n). To the best of our knowl-

edge, this is the first bound on excess risk for the approximate
kernel clustering based on RFF.

2) We further establish the strong consistency of the mem-
bership matrix produced by our algorithm when n → ∞,
RFF dimensionality D → ∞, and power parameter s →
−∞. When D is finite, we show that poly(ε−1 log k) RFF
suffices to achieve the (1 + ε) relative error bound.

3) We propose IP-RFF-MKPKM to solve the noise sensitiv-
ity problem in KPKM and extend RFF-KPKM to multi-view
settings. The proposed method is more robust than MKPKM
and is scalable to large-scale schemes. Experiments on large-
scale datasets validate the computational efficiency and clus-
tering accuracy of our methods.

Notations
To prevent ambiguity, boldface uppercase and lowercase char-
acters are used to represent matrices and vectors. Specifically,
A represents a matrix and a represents a vector. The com-
ponent of them is denoted by Aij or ai. We denote with
X ⊂ Rd the sample space and with ρ the corresponding data
distribution. The training set Sn = {xi}ni=1 ⊂ X is drawn
i.i.d from ρ with compact support C ⊂ Rd. The empirical
distribution ρn is defined as ρn(x) = 1

n if x ∈ Sn, other-
wise 0. In this paper, we adopt the Gaussian kernel as the
default choice throughout our analysis. We denote the Gaus-
sian kernel function as k(xi,xj) = exp(−∥xi −xj∥2/2σ2)
where σ is bandwidth parameter. As proposed in (Aronszajn
1950), there exist a feature mapping ϕ : X → H such that
∀xi,xj ∈ X , k(xi,xj) = ⟨ϕ(xi), ϕ(xj)⟩, where H is a
Hilbert space. We denote with conv(A) the closed convex
hull of a set A. Finally, we assume Sn is bounded.

Related Work
Kernel Power K-means
KPKM (Paul et al. 2022) embeds the kernel k-means problem
within a continuum of well-posed surrogate problems. These
intermediate formulations employ progressively smoothed
objectives, which tend to guide clustering toward the global
minimum of the original kernel k-means optimization land-
scape. The formula of this problem is

fs(Θ) =

n∑
i=1

Ms(∥ϕ(xi)−θ1∥2, . . . , ∥ϕ(xi)−θk∥2), (1)

where Ms(y) = ( 1k
∑k

i=1 y
s
i )

1/s for a vector y and is called
power means. KPKM seeks to minimize fs iteratively while
sending s → −∞. As stated in (Paul et al. 2022), when
s is small, the objective of the power k-means is smoother
than that of the kernel k-means, so the solution is less likely
to fall into local minima and is more robust. When s →
−∞, fs(Θ) converges to the objective of kernel k-means
since Ms(y) → min{y1, y2, . . . , yk}, which implies that the
minimizer fs(Θ) gradually converges to the minimizer of
the k-means.

Random Fourier Features
RFF was first introduced in (Rahimi and Recht 2007),
which maps the data into a low-dimensional space such that
the inner product of the mapped data points approximates
the kernel similarity between them. Specifically, for shift-
invariant kernel k(x,y) such that it can be expressed as
K(x − y) : Rd → R, function p : Rd → R such that
p(ω) = 1

2π

∫
Rd K(x)e−iω⊤x dx, the RFF mapping is de-

fined as:

ϕ̃(x) :=

√
1

D


sin(ω⊤

1 x)
cos(ω⊤

1 x)
...

sin(ω⊤
Dx)

cos(ω⊤
Dx)

 , (2)

where frequency vectors ω1,ω2, . . . ,ωD ∈ Rd are i.i.d. sam-
pled from distribution with density p.
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Theoretically, Rahimi and Recht (2007) have proven that
E[⟨ϕ̃(x), ϕ̃(y)⟩] = 1

D

∑D
i=1 E[cos(ωi,x − y)] = K(x −

y). Practically, compared to the Nyström method (Williams
and Seeger 2000), the RFF approach directly generates low-
dimensional random feature vectors, eliminating the need to
store kernel matrices while bypassing eigendecomposition
and subsample selection. The application of RFF significantly
reduces both space and time complexity.

RFF-based Kernel Power K-means
Problem Statement
In RFF-KPKM, we aim to optimize the membership matrix
as our primary objective rather than the cluster centroids.
This is because we can directly use the membership matrix
as input for algorithms like KKM or KPK to compute the
approximation loss. However, the cluster centroids output by
RFF-KPKM cannot since they cannot reflect the position of
cluster centroids before mapping. To achieve the goal, let us
review the update rule for cluster centroid θj in KPKM:

θ
(m+1)
j =

∑n
i=1 w

(m)
ij ϕ(xi)∑n

i=1 w
(m)
ij

, (3)

where

w
(m)
ij =

1
k

∥∥∥ϕ(xi)− θ
(m)
j

∥∥∥2(s−1)

(
1
k

∑k
l=1

∥∥∥ϕ(xi)− θ
(m)
l

∥∥∥2s)(1−1/s)
. (4)

By the observation that θj is formed as the convex combina-
tion of mapped data, we can reformulate KPKM as follows:

min
W∈Rn×k

fs(W) =
n∑

i=1

Ms

(
d2i1, . . . , d

2
ik

)
,

s.t. ∀j ∈ {1, . . . , k},
n∑

i=1

Wij = 1,

dij = ∥ϕ(xi)− θj∥, θj = ΦW(j),

(5)

where Φ is the mapped data matrix and the i-th column of
Φ is ϕ(xi). Such reformulation is quite reasonable accord-
ing to Theorem 1 in (Paul et al. 2022): the minimizer of
fs(Θ) lies in a convex hull in the compact Cartesian product
conv(ϕ(C))k. We refer to W as the membership matrix, as
it determines the weight of data points in influencing the
position of cluster centroids. To simplify notation, we de-
note Ms(∥ϕ(xi) −ΦW(1)∥2, . . . , ∥ϕ(xi) −ΦW(k)∥2) as
Ms(ϕ(xi),W).

It is crucial to note that we cannot directly access the ex-
plicit form of accurate cluster centroids during iterations.
KPKM solves the problem by using the kernel trick because
the algorithm’s update process only requires computing point-
to-cluster distances. However, the computation of the kernel
matrix leads to a huge computational cost. Unlike KPKM, we
employ RFF to calculate low-dimensional embeddings of the
data as a surrogate for their high-dimensional representations
ϕ(x) in the Hilbert space. This allows us to explicitly com-
pute cluster centroids during iterations while significantly

reducing the computational overhead associated with kernel
matrix operations. By substituting the origin implicit map-
ping ϕ in Eq. (5) with RFF mapping ϕ̃ : Rd → RD defined
in Eq. (2) where D ≪ d, we obtain the objective function
f̃s(W) of proposed RFF-KPKM. The optimization proce-
dure for RFF-KPKM mirrors that of standard PKM, with the
distinction that feature vectors x are replaced by our con-
structed RFF mapping ϕ̃(x). The complete pseudocode for
the optimization algorithm is provided in the appendix.

To evaluate the effect upon precision and consistency when
substituting ϕ(x) with ϕ̃(x), we establish an excess risk
bound, strong consistency, and a relative error bound theoret-
ically. The full result is stated in the following subsection.

Theoretical Analysis
Excess Risk Bound In this section, we obtain the excess
risk bound of the proposed RFF-KPKM. Here, we assume
that our analysis is confined to the Gaussian kernel scenario;
however, our theorems also hold for all positive definite
translation-invariant kernels that take strictly positive values
(see the proof in Appendix 1). We now define the expected
version of the KPKM objective function as follows:

Ls(W, ρ) =

∫
Ms(ϕ(x),W)dρ(x). (6)

Given a training set Sn = {xi}ni=1, the empirical version of
the KPKM and RFF-KPKM can be written as:

Ls(W, ρn) =
1

n
fs(W), (7)

L̃s(W, ρn) =
1

n
f̃s(W). (8)

The empirical risk minimizer (ERM) is defined as

Wn,s := arg min
W∈A

Ls(W, ρn), (9)

W̃n,s := arg min
W∈A

L̃s(W, ρn), (10)

where A = {X ∈ Rn×k :
∑n

i=1 Xij = 1, ∀j ∈ {1, ..., k}}.
We can now define the excess risk of RFF-KPKM as:

E(W̃n,s) := E[Ls(W̃n,s, ρ)]− L∗
s(ρ). (11)

Theorem 1. When the dimension of RFF D =

Ω(nd log(n/kδ)
k ), with probability at least 1− δ we have

E(W̃n,s) = E[Ls(W̃n,s, ρ)]− L∗
s(ρ) ≤ O

(√
k3−2/s

n

)
,

(12)
where L∗

s(ρ) = infW Ls(W, ρ).
Remark: To our knowledge, Theorem 1 presents the first
generalization error bounds that quantify the approximation
efficacy of RFF in kernel clustering tasks. Although (Cheng
et al. 2023) established a (1 + ε) relative error bound for
RFF-based k-means, their results lack the explicit general-
ization performance of RFF. Separately, (Yin et al. 2022)

1https://arxiv.org/abs/2511.10392
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derived excess risk bounds for k-means based on randomized
sketches. However, such sketch methods as random projec-
tion, ROS, and Nyström require computing the full or partial
kernel matrix, thus failing to circumvent its computational
burden.

Strong Consistency In this section, we analyze the strong
consistency of the ERM of RFF-KPKM: W̃n,s. First, we
denote the expected version of KKM as follows:

Ψ(W, ρ) =

∫
min

1≤j≤k
∥ϕ(xi)−ΦW(j)∥2dρ(x), (13)

Ψ̃(W, ρ) =

∫
min

1≤j≤k
∥ϕ̃(xi)− Φ̃W(j)∥2dρ(x). (14)

The minimizer of Ψ(W, ρ) is defined as
W∗ := arg min

W∈A
Ψ(W, ρ), (15)

W̃∗ := arg min
W∈A

Ψ̃(W, ρ). (16)

Establishing consistency equals showing that W̃n,s
a.s.−−→ W∗

when n → ∞, the dimensionality of RFF D → ∞ and
s → −∞. To address this issue, we introduce the following
standard assumption, which allows us to study the conver-
gence of variables by analyzing the limit of the objective
function sequence.
Assumption 1. Let B(W, r) denote the the ball with radius r
around W. For any r > 0, there exists ε > 0 such that for all
W ∈ A \B(W∗, r), we have Ψ(W, ρ) > Ψ(W∗, ρ) + ε.

Theorem 2. Under Assumption 1, W̃n,s
a.s.−−→ W∗ with any

constant probability when n → ∞, RFF dimensionality
D → ∞ and s → −∞.
Remark: Notably, the assumption is standard for the anal-
ysis of the consistency of clustering (Paul et al. 2022; Pol-
lard 1981; Chakraborty and Das 2020). According to As-
sumption 1, to build consistency is actually to prove that
Ψ(W̃n,s, ρ)

a.s.−−→ Ψ(W∗, ρ) when n,D → ∞ and s → −∞.
However, Theorem 2 does not specify the appropriate dimen-
sion D for RFF in practical implementations. The following
theorem addresses this gap by providing a theoretical justifi-
cation for the choice of D.

Relative Error In this section, we study the relative er-
ror bound deriving from using ERM of RFF-KPKM with
finite RFF as the input of expected KKM. We obtain that
poly(ε−1 log k) RFF are enough to obtain the (1 + ε) error
bound. The following theorem shows the main result.
Theorem 3. Under Assumption 1, if RFF dimensionality
Ω((log3(kδ ) + log3( 1ε ) + 28)/ε2), then with probability at
least 1− δ we have

lim
n,−s→∞

Ψ(W̃n,s, ρ) ≤
1 + ε

1− ε
·Ψ(W∗, ρ). (17)

Remark: Notably, by rescaling ε′ = 2ε/(1 − ε), we have
limn,s→∞ Ψ(W̃n,s, ρ) ≤ (1+ ε′) ·Ψ(W∗, ρ), which shows
the method achieves the (1+ε′) relative error. By Theorem 3,
we recommend setting the RFF dimension D to ⌈4 log3(2k)⌉
to ensure the accuracy, which is obtained by setting ε and
δ to 0.5 and preserving the main term in the optimal D. It
should be noted that the optimal D = poly(ε−1 log k) is
independent of n and d and sublinear to k.

Complexity Analysis
The computational complexity of RFF-KPKM primarily con-
sists of the following main steps. For generating the RFF
mapping, the complexity is O(ndD). For updating the clus-
ter centroids Θ, the complexity is O(nkD). For computing
the distance between data points and cluster centroids, the
complexity is O(nkD). In sum, RFF-MKPKM consumes a
time complexity of O(n(k + d)D) in each iteration, greatly
reducing the time complexity O(n2k) of KPKM(Paul et al.
2022) when n is large.

Improved Possibilistic RFF-based Multiple
Kernel Power K-means

Problem Statement
To solve the noise problem in RFF-KPKM and extend it to
multi-view settings, we combine the PCM and the kernel
combination method with RFF-KPKM. As mentioned before,
fuzzy membership functions such as Eq. (4) are not appropri-
ate to reflect the belonging degrees since they are determined
by the data point to all cluster centroids. To obtain a more
appropriate membership, a natural thought is to redefine a
new membership as variables to be optimized. PCM inspire
us to substitute dij = ∥ϕ̃(xi)− θj∥2 in RFF-KPKM by the
following function:

d̃ij = (uij)
m∥ϕ̃(xi)− θj∥2 + (1− uij)

mηj , (18)

where uij represents the possibility membership, ηj is a reg-
ularization hyper-parameter and m controls the fuzziness
of the membership degrees. Notably, we cannot remove the
term (1− uij)

mηj , since it is crucial to avoid the trivial so-
lution and produce the membership that only depends on a
point to a cluster. Unlike PCM, our method obtains the possi-
bilistic membership while preserving the fuzzy membership
wij , which can be obtained naturally through calculating the
partial derivative of the objective function. The final cluster
centroids are formed as

θj =

∑n
i=1 wij (uij)

m
ϕ̃(xi)∑n

i=1 wij (uij)
m . (19)

We define the new membership function γij = wij (uij)
m,

incorporating both possibilistic and fuzzy memberships. γij
enhances robustness because uij measures the absolute de-
gree of typicality of a point in any cluster. Furthermore, the
constraint

∑k
j=1 wij = 1 within γij prevents identical clus-

ters by ensuring a data point’s high fuzzy membership in one
cluster necessitates lower memberships in others.

Clustering in multi-view scenarios is becoming increas-
ingly popular and important (Wang et al. 2024a,b,c; Liang
et al. 2024a, 2025; Yu et al. 2025; Zhou et al. 2025).
To extend to multiple kernel settings, we substitute ϕ̃(xi)

by ϕ̃α(x) := (
√
α1ϕ̃1(x)

⊤, . . . ,
√
αLϕ̃L(x)

⊤)⊤ and re-
parameterize θj = ( 1√

α1
θ⊤j,1, . . . ,

1√
αL

θ⊤j,L)
⊤, where ϕ̃l(xi)

denotes the RFF for xi in the l-th view and α = (α1, . . . , αL)
act as weights. Finally, the objective function of IP-RFF-
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MKPKM is defined as follows:

min
α,Θ,U

fs(α,Θ,U) =
n∑

i=1

Ms (α,di) + λ
L∑

l=1

αl logαl

s.t. Ms (α,di) = Ms

(
L∑

l=1

αld̃i1,l, . . . ,
L∑

l=1

αld̃ik,l

)
,

d̃ij,l = (uij)
m∥ϕ̃l(xi)− θj,l∥2 + (1− uij)

mηj,l,

∀j ∈ {1, . . . , k},
L∑

l=1

αl = 1.

(20)

Optimization
We adopt the MM algorithm to minimize Eq. (20). First, we
utilize the concave property of power means to obtain the
surrogate function gs(α,Θ,U) of fs(α,Θ,U). Then we de-
veloped an alternating optimization algorithm to optimize gs,
which simultaneously ensures the reduction of fs. Through
the tangent plane inequality described in (Paul et al. 2022),
we can obtain that

fs(α,Θ,U) ≤ fs(α
(t),Θ(t),U(t))

−
n∑

i=1

k∑
j=1

w
(t)
ij

L∑
l=1

α
(t)
l d̃

(t)
ij,l − λ

L∑
l=1

α
(t)
l logα

(t)
l

+
n∑

i=1

k∑
j=1

w
(t)
ij

L∑
l=1

αld̃ij,l + λ
L∑

l=1

αl logαl.

(21)

Here wij are obtained from the partial derivatives of Ms:

w
(t)
ij =

1
k (
∑L

l=1 α
(t)
l d̃

(t)
ij,l)

(s−1)

( 1k
∑k

c=1(
∑L

l=1 α
(t)
l d̃

(t)
ic,l)

s)(1−1/s)
, (22)

where

d̃
(t)
ij,l = (u

(t)
ij )

m∥ϕ̃l(xi)− θ
(t)
j,l ∥

2 + (1− u
(t)
ij )

mηj,l. (23)

We now define the entire right-hand side of Inequality (20)
as gs(α,Θ,U). We readily observe that the surrogate func-
tion gs satisfies the conditions required by the MM algo-
rithm, so we need to find (α(t+1),Θ(t+1),U(t+1)) such that
gs(α

(t+1),Θ(t+1),U(t+1)) ≤ gs(α
(t),Θ(t),U(t)). Ignor-

ing the constant terms, optimizing gs(α,Θ,U) is equivalent
to solving the following optimization problem when the sum
of αl equals 1:

min
α,Θ,U

n∑
i=1

k∑
j=1

w
(t)
ij

L∑
l=1

αld̃ij,l + λ
L∑

l=1

αl logαl. (24)

To address the optimization problem in Eq. (24), we pro-
pose a three-step alternating iterative algorithm. When opti-
mizing a variable, the other variables are fixed to their previ-
ous iteration values. The complete steps are as follows.
Step1: Update U. By substituting α = α(t), Θ = Θ(t) into
Eq. (24) and removing terms unrelated to U, we obtain the

following optimization problem:

min
U

n∑
i=1

k∑
j=1

w
(t)
ij

(
(uij)

m
L∑

l=1

α
(t)
l ∥ϕ̃l(xi)− θ

(t)
j,l ∥

2

+ (1− uij)
m

L∑
l=1

α
(t)
l ηj,l

)
.

(25)

Setting the derivative of Eq. (25) with respect to uij to zero,
we obtain the update rule of uij as follows:

u
(t+1)
ij =

1

1 +

(∑L
l=1 α

(t)
l ∥ϕ̃l(xi)−θ

(t)
j,l∥2∑L

l=1 α
(t)
l ηj,l

) 1
m−1

. (26)

Step2: Update Θ. By substituting α = α(t), U = U(t+1)

into Eq. (24) and removing terms unrelated to Θ, we obtain
the following optimization problem:

min
Θ

n∑
i=1

k∑
j=1

w
(t)
ij

((
u
(t+1)
ij

)m L∑
l=1

α
(t)
l ∥ϕ̃l(xi)− θj,l∥2

)
.

(27)
Setting the derivative of Eq. (27) with respect to θj,l to zero,
we obtain the update rule of θj,l as follows:

θ
(t+1)
j,l =

∑n
i=1 w

(t)
ij

(
u
(t+1)
ij

)m
ϕ̃l(xi)∑n

i=1 w
(t)
ij

(
u
(t+1)
ij

)m . (28)

Step3: Update α. By substituting Θ = Θ(t+1), U = U(t+1)

into Eq. (24) and removing terms unrelated to Θ, we obtain
the following optimization problem:

min
α

L∑
l=1

αl

n∑
i=1

k∑
j=1

w
(t)
ij d̃

(t+1)
ij,l + λ

L∑
l=1

αl logαl. (29)

To minimize Eq. (29) in α, we consider the Lagrangian

L(α, β) =
L∑

l=1

αl

n∑
i=1

k∑
j=1

w
(t)
ij d̃

(t+1)
ij,l

+ λ
L∑

l=1

αl logαl − β(
L∑

l=1

αl − 1).

(30)

By setting ∂L
∂αl

= 0 and combining with
∑L

l=1 αl = 1, we
obtain the update rule of αl as follows:

α
(t+1)
l =

exp
(
− 1

λ

∑n
i=1

∑k
j=1 w

(t)
ij d̃

(t+1)
ij,l

)
∑L

l=1 exp
(
− 1

λ

∑n
i=1

∑k
j=1 w

(t)
ij d̃

(t+1)
ij,l

) . (31)

Complexity Analysis
The computational complexity of IP-RFF-MKPKM primar-
ily consists of the following main steps. For generating the
RFF mapping of the L kernels, the complexity is O(ndDL).
For updating the membership matrix U, the complexity
is O(nkDL). For updating the cluster centroids Θ, the
complexity is O(nkDL). For computing the distance be-
tween data points and cluster centroids, the complexity is
O(nkDL). In sum, IP-RFF-MKPKM consumes a time com-
plexity of O(n(k+d)DL) in each iteration, greatly reducing
the time complexity O(n2kL) of MKPKM.
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Experiment
In this section, we mainly discuss the experimental results
of the multi-view clustering method IP-RFF-MKPKM due
to space constraints. Single-view experiments and parameter
settings are provided in the Appendix.

Experimental Settings
Datasets To evaluate the effectiveness of the proposed RFF-
MKPKM, we employ six single-view datasets derived from
the first view of six multi-view datasets: Yale (Cai, He, and
Han 2005), Caltech101-20 (Li et al. 2015), 100leaves(Wang,
Yang, and Liu 2019), CIFAR10 (Krizhevsky, Hinton et al.
2009), YTF10 and YTF20 (Wolf, Hassner, and Maoz 2011).
To evaluate the effectiveness of the proposed IP-RFF-
MKPKM, we use seven widely used multi-view datasets:
LGG (Network 2015), Caltech101-7 (Li et al. 2015), HW2
(Kevin Bache 2013), NUS-WIDE-SCENE (Chua et al. 2009),
NUS-WIDE-OBJECT (Chua et al. 2009) and CIFAR10
(Krizhevsky, Hinton et al. 2009). Comprehensive details re-
garding these datasets are accessible in the appendix.

Compared Methods To contextualize the innovation of
RFF-KPKM, we compare the proposed RFF-KPKM against
four pivotal baselines: kernel k-means (Girolami 2002), spec-
tral clustering (Von Luxburg 2007), power k-means (Xu and
Lange 2019), and kernel power k-means (Paul et al. 2022).
The proposed IP-RFF-MKPKM is evaluated against eight
contemporary multi-view clustering (MVC) methods, includ-
ing: MVASM (Han et al. 2020), MKPKM (Paul et al. 2022),
OMVFC-LICAG (Zhang et al. 2024), LKRGDF (Chen et al.
2024), SVD-SMKKM (Liang et al. 2024b), INMKC (Feng
et al. 2025b), SMKKM-UGF (Yang et al. 2025), MVHBG
(Zhao et al. 2025).

Evaluation In all experiments, we use RFF of dimension
⌈4 log3(2k)⌉ according to Theorem 3. For statistical robust-
ness, every trial was repeated 20 times with average per-
formance metrics. Clustering quality was evaluated through
three standard criteria: Accuracy (ACC), Normalized Mutual
Information (NMI), and Purity. The computational environ-
ment comprised an Intel Core i9-10900X CPU, 64GB RAM,
and MATLAB 2020b (64-bit).

Experimental Results
Table 1 shows the clustering outcomes of IP-RFF-MKPKM
on the seven benchmark datasets, and Table 2 displays the re-
sults with and without the possibilistic method. Furthermore,
Fig. 3 compares the running time of IP-RFF-MKPKM with
other state-of-the-art methods. Analysis of the experimental
findings yields the following conclusions:
1. Our proposed IP-RFF-MKPKM algorithm generally out-

performs existing MKC methods on most datasets. In
terms of ACC, IP-RFF-MKPKM surpasses the second-
best algorithm on the LGG, Caltech101-7, HW2, NUS-
WIDE-OBJECT, and CIFAR10 datasets by margins of
9.74%, 8.32%, 3.61%, 7.02%, 2.42% respectively.

2. When compared to the original MKPKM method, our
approach generally achieves superior performance. On
the datasets LGG, Caltech101-7, HW2, Caltech101-20,

NUS-WIDE-SCENE, IP-RFF-MKPKM consistently out-
performs MKPKM by 22.85%, 21.92%, 3.61%, 9.68%,
and 10.47% in terms of ACC. To demonstrate the effec-
tiveness of the proposed possibilistic method, we con-
ducted experiments on RFF-MKPKM by replacing d̃ij
in IP-RFF-MKPKM with dij . As shown in Table 2, the
possibilistic method significantly improves the clustering
performance of RFF-MKPKM.

3. As shown in Fig. 3, IP-RFF-MKPKM can run on the
CIFAR dataset containing 60000 samples, while six meth-
ods cannot since memory limitation. When compared to
the powerful and efficient MVC method, INMKC, IP-
RFF-MKPKM surpasses it by 9.74%, 33.11%, 17.8%,
20.54%, 8.86%, and 7.27% in terms of ACC across all
datasets. The results demonstrate the superior scalability
and performance of our method.

Convergence and Sensitivity Analysis
We conduct an experimental series elucidating IP-RFF-
MKPKM’s convergence characteristics. As depicted in Fig.
1a, the objective function value monotonically decreases per
iteration, achieving convergence at approximately 30 itera-
tions on Caltech101-7. We also examine the sensitivity of
the parameters s0 and λ. As illustrated in Fig. 1b, the pro-
posed method is not significantly affected by λ within [1,
1000], and performs better when s0 is close to 15 on the
Caltech101-7 dataset. The results show that the addition of
an entropy regularization term facilitates learning smoother
combination coefficients, and the adjustment of s0 helps to
find the optimal global solution of IP-RFF-MKPKM.

0 10 20 30
Iteration

1.78

1.8

1.82

1.84

1.86

1.88

O
bj

ec
tiv

e 
fu

nc
tio

n 
va

lu
e

(a) Convergence study (b) Study for s0 and λ

Figure 1: Convergence analysis and sensitivity analysis of s0
and λ of IP-RFF-MKPKM on Caltech101-7 dataset. Conver-
gence and sensitivity studies on other benchmark datasets are
given in the Appendix.

Approximation Analysis
To evaluate the impact of RFF dimensions on clustering accu-
racy, we tested the performance of RFF-KPKM across dimen-
sions ranging from 5 to 100 on six datasets. As shown in Fig.
2, below 40 RFF dimensions, dimensionality significantly
impacts clustering accuracy (ACC); beyond 40 dimensions,
ACC gains diminish and gradually approach stability. An
RFF dimensionality of 20 to 40 represents the computational
sweet spot, delivering ≥ 85% of the maximum achievable
accuracy for the datasets.
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Dataset Metric MVASM MKPKM OMVFC- LKRGDF SVD-SMKKM SMKKM-UGF MVHBG INMKC ProposedLICAG
ACC 59.25 58.05 57.30 43.45 69.29 50.94 61.42 71.16 80.90
NMI 33.02 29.22 27.33 0.07 36.61 18.30 22.90 37.11 45.12LGG

Purity 51.23 62.17 59.93 50.19 69.29 55.81 61.80 71.16 80.90
ACC 61.29 47.69 41.99 52.17 51.42 44.52 52.24 36.50 69.61
NMI 50.54 45.74 39.58 36.65 36.37 50.48 43.88 28.85 51.63Caltech101-7

Purity 82.89 83.24 81.61 84.33 83.38 83.72 84.80 80.94 85.89
ACC 73.23 86.54 72.75 57.00 62.5 78.57 62.6 72.35 90.15
NMI 73.77 75.06 70.25 66.69 56.57 81.01 69.28 68.45 81.56HW2

Purity 65.03 85.12 74.70 64.45 65.90 81.37 67.50 74.80 90.15
ACC 34.93 44.51 38.60 39.10 43.42 37.21 58.42 33.65 54.19
NMI 43.56 61.11 47.71 39.99 43.87 55.36 60.64 40.25 61.61Caltech101-20

Purity 52.27 76.15 68.11 65.21 67.73 73.31 74.73 64.63 76.82
ACC 11.22 11.61 9.26 14.68 17.12 11.53 20.19 9.74 22.08NUS-WIDE- NMI 8.81 8.70 8.34 9.64 8.28 9.43 8.52 7.11 10.00SCENE Purity 17.15 28.89 30.60 33.11 33.80 34.13 30.60 32.94 31.99
ACC 13.47 - 11.17 - 14.10 - - 12.26 21.12NUS-WIDE- NMI 12.40 - 8.13 - 10.50 - - 9.27 13.53OBJECT Purity 9.80 - 21.02 - 22.54 - - 22.01 24.30
ACC - - - - 25.46 - - 20.61 27.88
NMI - - - - 12.32 - - 7.63 14.91CIFAR10

Purity - - - - 25.78 - - 21.88 28.56

Table 1: Clustering performance comparison of IP-RFF-MKPKM with eight baselines on seven benchmark datasets concerning
clustering accuracy (ACC), normalized mutual information (NMI), and Purity. Maximum values are highlighted in boldface; the
hyphen symbol (-) designates execution termination due to memory overallocation.

Metrics Method Datasets

LGG Caltech101-7 HW2 Caltech101-20 NUS-WIDE-SCENE NUS-WIDE-OBJECT CIFAR10

ACC RFF-MKPKM 62.55 61.67 83.00 53.39 12.41 13.95 26.08
IP-RFF-MKPKM 80.90 69.61 90.15 54.19 22.08 21.12 27.88

Table 2: ACC comparison with and without the possibilistic method.
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Figure 2: Impact of RFF dimension on RFF-KPKM cluster-
ing accuracy on six benchmark datasets. The RFF dimension
varies from 5 to 100.

Conclusion
This work utilizes random Fourier features (RFF) and a proba-
bilistic method to address the time complexity and noise issue
of KPKM. We demonstrate the effectiveness of RFF-KPKM
by establishing its excess risk bound, strong consistency, and
relative error, which establishes the first theoretical guaran-
tees for the combination of RFF and KPKM. Building on

Figure 3: Logarithmic running time comparison of IP-RFF-
MKPKM with eight benchmark methods on seven benchmark
datasets. Bar absence denotes an out-of-memory runtime
exception during method execution.

this, we design IP-RFF-MKPKM by integrating possibilistic
memberships and fuzzy memberships to redefine cluster affil-
iations, thereby eliminating outlier-induced centroid drift and
extending scalability to multi-view settings. We conduct ex-
periments on six benchmark single-view datasets and seven
benchmark multi-view datasets and compare the proposed
methods with state-of-the-art baseline methods. Experimen-
tal results demonstrate the effectiveness and efficiency of the
proposed RFF-KPKM and IP-RFF-MKPKM.
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