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Abstract

Higher-order Graph Neural Networks (HOGNNs) based on
the 2-FWL test achieve superior expressivity by modeling 2-
node and 3-node interactions, but incur cubic computational
cost. Existing efficiency methods typically reduce this bur-
den at the expense of expressivity. We propose Co-Sparsify, a
connectivity-aware sparsification framework that eliminates
provably redundant computations while preserving full 2-
FWL expressive power. Our key insight is that 3-node inter-
actions are expressively necessary only within biconnected
components, namely, maximal subgraphs where every node
pair lies on a cycle. Outside these components, structural
relationships are fully captured via 2-node message pass-
ing and graph readouts, rendering higher-order modeling
unnecessary. Co-Sparsify restricts 2-node message passing
to connected components and 3-node interactions to bicon-
nected components, eliminating redundant computation with-
out approximation or sampling. We prove that Co-Sparsified
GNNs match the expressivity of the 2-FWL test. Empiri-
cally, when applied to PPGN, Co-Sparsify matches or ex-
ceeds accuracy on synthetic substructure counting tasks and
achieves state-of-the-art performance on real-world bench-
marks (ZINC, QM9 and TUD). This study demonstrates that
high expressivity and scalability are not mutually exclusive:
principled, topology-guided sparsification enables powerful,
efficient GNNs with theoretical guarantees.

Code — https://github.com/RongqinChen/Co-Sparsify
Extended version — https://arxiv.org/abs/2511.12838

1 Introduction
Graph Neural Networks (GNNs) are the predominant frame-
work for learning on graph-structured data. A central chal-
lenge is enhancing their expressive power—the ability to
distinguish non-isomorphic graphs and detect fine-grained
structural patterns. Standard message-passing GNNs, such
as GCN (Kipf and Welling 2017), GIN (Xu et al. 2019), and
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Figure 1: Principle of connectivity-aware sparsification.
(a) Biconnected case: 3-node interactions are necessary to
distinguish paths differing in intermediate nodes. (b) Cut-
node case: When all u-v paths pass through a cut node t,
they decompose into t-u and t-v subpaths. Since 2-FWL
already captures all 2-node interactions, the 3-node inter-
action (u, t, v) provides no additional expressivity. (c) Dis-
connected case: Component-level structural properties (e.g.,
component size) are captured by component-level readout,
while global properties (e.g., component count) are captured
by graph-level readout, rendering explicit 2- or 3-node mod-
eling unnecessary.

GAT (Velickovic et al. 2018), are limited by the expressiv-
ity of the 1-WL test. Higher-order GNNs (HOGNNs), in-
spired by the k-dimensional Weisfeiler-Leman (k-WL) and
k-Folklore WL (k-FWL) hierarchies (Morris et al. 2019;
Maron et al. 2019), achieve greater expressivity by perform-
ing message passing over k-tuples of nodes. These models
strictly subsume classical GNNs and even recent architec-
tures like Graph Transformers (Rampásek et al. 2022) in ex-
pressive power.

However, HOGNNs suffer from combinatorial complex-
ity: time and memory scale exponentially with order k,
rendering higher orders impractical. Among these, 2-FWL
GNNs offer a practical trade-off, matching 3-WL expressiv-
ity while remaining tractable (Maron et al. 2019). Yet they
still require O(n3) memory for an n-node graph. Even opti-
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mized variants like PPGN (Maron et al. 2019), which lever-
age batched matrix operations, incur O(η2) per-graph mem-
ory due to padding to the largest graph size η in a batch. This
limits scalability on large or structurally diverse graphs.

Prior efficiency methods—such as subgraph sampling
(e.g., ESAN (Zhao et al. 2022)), set-based reduction (e.g.,
KCSetGNN (Zhao, Shah, and Akoglu 2022)), or localized
aggregation (e.g., 1-2-3-GNN (Morris et al. 2019))—trade
expressivity for efficiency through approximation, sampling,
or restricted neighborhoods. We ask instead: Can we im-
prove efficiency by eliminating only computations that
are provably redundant for expressivity, without sacri-
ficing expressive power?

We focus on 2-FWL GNNs, which update each node
pair (u, v) by aggregating messages from coupled pairs
((u, t), (t, v)) over all t ∈ V . When u, t, and v are distinct,
this forms a 3-node interaction—critical for capturing struc-
tures like two internally disjoint paths1, enabling cycle and
biconnectivity detection. When u = t or t = v, this interac-
tion reduces to a 2-node interaction, capturing only whether
paths exist between u and v.

Our key insight is that 3-node interactions are expres-
sively necessary only within biconnected components.
By Menger’s theorem (Göring 2000), any two nodes in the
same biconnected component are connected by at least two
internally disjoint paths (Figure 1(a)). Only in this case
does modeling triplets (u, t, v) provide additional expres-
sive power. Outside biconnected components, 3-node inter-
actions are redundant. First, all u-v paths must pass through
a cut node t, decomposing the connection into u-t and t-
v subpaths (Figure 1(b)). Since 2-FWL already captures all
pairwise interactions, aggregating over (u, t, v) yields no ex-
pressivity gain. Second, for disconnected node pairs, struc-
tural context—such as component count or size—can be en-
coded by readout functions, rendering explicit 2- or 3-node
modeling unnecessary (Figure 1(c)).

We propose Co-Sparsify, a connectivity-aware sparsifi-
cation scheme that preserves full 2-FWL expressivity by
eliminating only provably redundant computations. The
method restricts 2-node interactions to pairs within the same
connected component and 3-node interactions to triples
within the same biconnected component. These structural
constraints ensure that all removed operations are expres-
sively redundant. No sampling, approximation, or heuris-
tic pruning is used—sparsification is guided purely by exact
graph topology.

Co-Sparsify incurs negligible preprocessing overhead:
connected components are identified via breadth-first
search, and biconnected components via block-cut tree de-
composition (Hopcroft and Tarjan 1973), both running in
O(n+m) time.

We prove that 2-FWL GNNs implemented with Co-
Sparsify (Co-Sparsified GNNs) achieve expressivity equiva-
lent to 2-FWL under standard assumptions: injective aggre-
gation and consistent initialization. The framework gener-
alizes to any 2-FWL architecture, including PPGN (Maron

1u-v paths are internally disjoint if they share no intermediate
nodes—e.g., u → v, u → t1 → v, and u → t2 → v.

et al. 2019) and TGT (Hussain, Zaki, and Subramanian
2024). When applied to PPGN, Co-Sparsify accurately
counts paths and cycles, empirically confirming the preser-
vation of expressivity. On both synthetic tasks and real-
world benchmarks such as ZINC and QM9, it achieves per-
formance on par with or superior to the original model.

Our contributions include:
• We identify that 3-node interactions in 2-FWL GNNs

are expressively useful only within biconnected compo-
nents, and 2-node interactions matter only within con-
nected components.

• We propose a connectivity-aware message-passing
scheme—Co-Sparsify—that restricts 3-node interac-
tions to biconnected components and 2-node interac-
tions to connected components. Our method eliminates
provably redundant computations without approxima-
tion, sampling, or heuristic pruning.

• We prove that Co-Sparsified GNNs are as powerful as the
2-FWL test in distinguishing non-isomorphic graphs—
making it the first sparsification method for HOGNNs
with guaranteed expressivity preservation.

• We demonstrate that Co-Sparsify achieves preserved or
improved accuracy across synthetic substructure count-
ing tasks and real-world graph benchmarks.

Our work shows that high expressivity need not require
uniform, dense computation over all node tuples. Instead,
by aligning message passing with structural criticality—
here, connected and biconnected components—we achieve
efficiency through insight, not approximation. This opens
a principled path toward scalable, theoretically grounded
GNNs that preserve expressive power by design.

2 Preliminaries
This section introduces notation and background concepts
used throughout the paper.
Notation. We denote an undirected graph as G = (V,E),
where V is a set of n nodes and E ⊆ V × V is a set of
m edges. The adjacency matrix A ∈ {0, 1}n×n satisfies
A[u, v] = 1 if (u, v) ∈ E, and 0 otherwise. The degree
matrix D is diagonal, with D[v, v] =

∑
u A[v, u]. The ran-

dom walk probability matrix is computed as Â = D−1A.
We represent multisets using {{·}}.
Graph Connectivity. A connected component is a maximal
subgraph in which all node pairs are mutually reachable. A
biconnected component is a maximal subgraph (on at least
three nodes) that remains connected after removing any sin-
gle node. Cut nodes—whose removal increases the number
of connected components—are shared across biconnected
components and bridge edges. The block-cut tree decompo-
sition identifies these components efficiently in O(n + m)
time (Hopcroft and Tarjan 1973). This hierarchical structure
underpins our sparsification strategy.
Expressive Power. Two graphs G and H are isomorphic,
denoted G ≃ H , if there exists a bijection π : VG → VH

such that (u, v) ∈ EG if and only if (π(u), π(v)) ∈ EH .
A GNN distinguishes two non-isomorphic graphs if it pro-
duces different graph-level representations for them. It cap-
tures a substructure Q if its representations reliably differ
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between graphs that contain Q and those that do not. The
expressive power of a GNN is defined by its ability to distin-
guish non-isomorphic graphs and detect such substructures.
2-FWL GNNs. These models update node pair representa-
tions following the 2-FWL test. Let h(l)(u, v) be the rep-
resentation of pair (u, v) at layer l. Initial features combine
node, edge, and structural information:

h(0)(u, v) = (x(u),x(v), e(u, v),p(u, v)) , (1)

where x(·) are node features, e(u, v) is the edge feature
(zero if no edge), and p(u, v) is a structural encoding (SE).
A common SE is relative random walk probability (RRWP):

P [u, v, :] =
[
I, Â, Â2, . . .

]
[u, v, :].

It encodes self-pair status, direct connectivity, and multi-hop
reachability.

At layer l, each pair (u, v) aggregates messages over in-
termediate nodes t ∈ V :

t(l)(u, v) =
{{
ϕ(l)

(
h(l−1)(u, t),h(l−1)(t, v)

)
| t ∈ V

}}
,

h(l)(u, v) = Φ(l)
(
h(l−1)(u, v), AGG

(
t(l)(u, v)

))
,

(2)
where Φ(l) is learnable and AGG is injective (e.g., sum
or MLP-based). Full aggregation over all t leads to O(n3)
memory and computation per layer.

To improve efficiency, PPGN (Maron et al. 2019) uses
batched matrix operations. Let H(l) ∈ Rb×d×η×η be the
batched pair representations, where b is batch size, d feature
dimension, and η the maximum graph size after padding.
PPGN updates via:

H(l) = Φ(l)
(
H(l−1), H(l−1) ⊛H(l−1)

)
, (3)

where ⊛ denotes matrix multiplication along node dimen-
sions. For graph i, this computes:

H(l)[i, :, u, v] =

Φ(l)

(
H(l−1)[i, :, u, v],

∑
t∈V

H(l)[i, :, u, t]⊗H(l)[i, :, t, v]

)
(4)

where ⊗ denotes element-wise multiplication.
Despite avoiding explicit loops, PPGN still requires

O(η2) memory per graph due to padding—limiting scala-
bility on large or irregular graphs.
Problem Setup. We aim to design sparsified 2-FWL GNNs
that remove only computations provably redundant for ex-
pressivity. Our goal is to preserve full 2-FWL expressive
power while improving efficiency. We prove that the result-
ing model matches 2-FWL expressivity and evaluate its per-
formance on substructure counting and graph-level predic-
tion tasks.

3 Related Work
Expressive GNNs and the WL hierarchy. The expres-
sive power of GNNs is often bounded by the 1-WL test, lim-
iting their ability to distinguish non-isomorphic graphs (Xu

et al. 2019). Standard models like GCN (Kipf and Welling
2017), GAT (Velickovic et al. 2018), and Gated GCN (Li
et al. 2016) fall into this class. To surpass these limits,
HOGNNs based on the k-WL and k-Folklore WL (k-FWL)
hierarchies operate on k-tuples of nodes, achieving greater
expressivity at O(nk) cost (Morris et al. 2019; Maron et al.
2019). Recent works align GNNs with 2-FWL via low-rank
attention (Puny, Ben-Hamu, and Lipman 2020), often intro-
ducing architectural complexity to balance expressivity and
efficiency.

Efficient HOGNNs. To reduce the cost of HOmodels,
several directions have emerged. Set-based approaches re-
formulate k-tuple learning as k-set learning, reducing the
number of representations by exploiting permutation in-
variance (Zhao, Shah, and Akoglu 2022), while local
message-passing methods restrict aggregation to neighbor-
hoods (Morris, Rattan, and Mutzel 2020). Subgraph-based
methods enhance expressivity by lifting graphs into higher-
dimensional spaces (Bodnar et al. 2021; Bouritsas et al.
2023), though often without addressing scalability. Simpli-
fied spectral models achieve linear complexity (Wu et al.
2019), but may sacrifice structural fidelity through approxi-
mation.

Graph Sparsification. Sparsification reduces computa-
tional load by pruning non-essential edges or computations.
Learning-based methods train edge masks to improve gen-
eralization (Zheng et al. 2020; Rathee et al. 2021) or use
optimization frameworks like ADMM (Li et al. 2022). Oth-
ers sparsify model weights via pruning or sparse train-
ing (Peng et al. 2022). While effective, these approaches re-
quire additional training and offer no guarantees on expres-
sivity preservation. In contrast, our method, Co-Sparsify,
uses the graph’s connectivity structure—connected and bi-
connected components—to deterministically remove only
expressivity-redundant interactions, with provable 2-FWL
equivalence.

Hierarchical GNNs. Hierarchical models capture multi-
scale structure via pooling or auxiliary layers. DiffPool
learns soft cluster assignments for hierarchical representa-
tion (Ying et al. 2018), while HGNet organizes graphs into
layers for logarithmic message passing (Rampášek and Wolf
2021). These methods enhance expressivity but add archi-
tectural complexity. Our approach differs by simplifying
computation—leveraging structural hierarchies (e.g., block-
cut trees) to sparsify message passing without added param-
eters or layers.

Our Position in the Literature. While prior work has
made significant progress in improving the efficiency of
HOGNNs, most approaches either reduce expressivity or
still incur high computational costs. In contrast, we propose
a novel sparsification strategy for 2-FWL GNNs that pre-
serves full expressive power while reducing runtime. Our
method leverages insights into graph connectivity to iden-
tify and retain only the most structurally informative interac-
tions, achieving both theoretical guarantees and strong em-
pirical performance.
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Figure 2: Justification for connectivity-aware sparsifica-
tion. (a) Distinguishing graphs with different path multiplic-
ities (e.g., u → v vs. u → t → v) requires 3-node inter-
actions. (b) Cut node c separates u, t, and v into distinct
components; pairwise interactions (u, c), (t, c), (v, c) suf-
fice to determine the structure. (c) Cut node c separates t
from {u, v}, with u and v connected; structure is captured
by (u, c), (t, c), and (v, c). (d) Cut node t separates u and v;
interactions (u, t) and (v, t) fully determine the graph.

4 Method
We present Co-Sparsify, a connectivity-aware sparsification
framework for HOGNNs. It eliminates only expressivity-
redundant computations while preserving full 2-FWL ex-
pressive power, yielding Co-Sparsified GNNs. Leverag-
ing connected component and block-cut tree decomposi-
tions, Co-Sparsify restricts 3-node interactions to bicon-
nected components and 2-node modeling to connected
components—reducing computation without compromising
substructure detection.

4.1 Connectivity-Guided Sparsification Principle
The expressive power of 2-FWL GNNs stems from mod-
eling 2-node and 3-node interactions. However, we show
that such interactions are only expressively necessary within
connected and biconnected components, respectively. Out-
side these regions, higher-order interactions contribute no
additional discriminative power and can be provably re-
moved without loss of expressivity. This principle is formal-
ized in lemmas.
Lemma 1 (Necessity of 3-Node Interactions in Biconnected
Components). Let u and v be distinct nodes in a graph G.
If u and v lie in the same biconnected component, then there
are at least two internally disjoint paths between them. De-
tecting such configurations requires 3-node interactions and
cannot be captured by 2-node interactions alone.

Proof. By Menger’s theorem, biconnectedness implies mul-
tiple internally disjoint paths. A 3-node interaction (u, t, v)
indicates whether t lies on a path from u to v, and aggre-
gating over t allows the model to detect path multiplicity—
essential for detecting biconnectedness.

As shown in Figure 2(a), the node pairs (u, v) in G1

and G2 are connected by multiple internally disjoint paths.

While 1-WL cannot distinguish these graphs or pairs, 2-
FWL can, illustrating the necessity of 3-node interactions.

Lemma 2 (Redundancy of 3-Node Interactions Across Cut
Nodes). Let u, t, and v be distinct nodes in a connected
graph G. If every path from u to v through t passes through
a cut node separating t from {u, v}, then the 3-node inter-
action (u, t, v) is expressivity-redundant: its contribution to
h(u, v) is fully captured by 2-node interactions (u, t) and
(t, v), and removing it preserves 2-FWL expressivity.

Proof. Let c be a cut node separating t from {u, v}. After
removing c, either: (i) u, t, v are in three components: then
h(u, c), h(t, c), h(v, c) encode all structural roles; or (ii) u
and v remain connected: then u, v, c lie in one biconnected
component, and 3-node interactions within it (e.g., (u, c, v))
capture local structure, while (t, c) is updated separately. If
t is the cut node, h(u, t) and h(t, v) are computed inde-
pendently across blocks. In all cases, the interaction (u, t, v)
only combines precomputed, separable pairwise information
and contributes no new expressive power.

Lemma 3 (Irrelevance of Interactions Between Discon-
nected Components). Let u and v be nodes in different
connected components. Then no path exists between them,
and their structural independence is implicitly encoded. Ex-
plicit modeling of 2-node or 3-node interactions involv-
ing both components is unnecessary for substructure detec-
tion, provided that component-level readouts capture macro-
topological features.

Proof. Disconnected pairs have no shared paths. The
absence of interaction itself encodes disconnection.
Component-level readouts aggregate over intra-component
pairs, capturing local structure (e.g., cycles), while graph-
level aggregation detects global properties (e.g., number
of triangles). No inter-component interaction is needed to
detect any connected subgraph.

4.2 Co-Sparsified Neighborhood Construction
To implement our sparsification principle, we define a co-
sparsified neighbor set Nsp(u, v) for each node pair (u, v),
based on the graph’s connectivity structure. We first de-
compose G into connected components C and biconnected
components (blocks of at least three nodes) B using Tar-
jan’s algorithm (Hopcroft and Tarjan 1973), which runs in
O(n+m) time.

If u and v are in different connected components, we set
Nsp(u, v) = ∅, as they are structurally independent—this
disconnection is captured at the global level through readout.
Otherwise, for u, v in the same component C ∈ C, Nsp(u, v)
includes only interactions that are expressively necessary.

We include 3-node interactions
(
(u, t), (t, v)

)
only when

u, t, and v are distinct and lie within the same bicon-
nected block B ∈ B, ensuring aggregation occurs pre-
cisely where path multiplicity and cyclic structure must be
resolved (Lemma 1). For 2-node interactions, we include(
(u, u), (u, v)

)
and

(
(u, v), (v, v)

)
to propagate information

from self-pairs (i.e., nodes) to pairs. Additionally, for u ̸= v,
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we include
(
(v, u), (u, v)

)
in Nsp(v, v) to propagate mes-

sages from pairs back to nodes. Finally, for self-pairs (u, u),
we include

(
(u, u), (u, u)

)
to ensure non-empty neighbor-

hoods and stable updates.
This construction preserves all interactions needed for full

2-FWL expressivity, while eliminating only those proven re-
dundant.

4.3 Co-Sparsified Message Passing Scheme
Using Nsp(u, v), we define the sparse 2-FWL message pass-
ing update. Initial representations follow Section 2:

h(0)
sp (u, v) = (x(u),x(v), e(u, v),p(u, v)) .

At layer l, for (u, v) in the same connected component:

t(l)sp (u, v) =
{{
ϕ(l)

(
h(l−1)

sp (u, t),h(l−1)
sp (t, v)

)
|
(
(u, t), (t, v)

)
∈ Nsp(u, v)

}}
,

h(l)
sp (u, v) = Φ(l)

(
h(l−1)

sp (u, v), AGG
(
t(l)sp (u, v)

))
,

(5)

where AGG is an injective aggregation (e.g., sum, mean, or
MLP-based), and Φ(l) is a learnable function (e.g., MLP).
For disconnected pairs, no update is performed.

4.4 Node-Level and Graph-Level Readouts
For node-level tasks, the representation zv is computed via
readout over incoming pair representations within v’s con-
nected component C:

zv = Ψ
(

AGG
({{

h(L)
sp (u, v) | u ∈ C

}}))
.

For graph-level tasks, we first compute component-level rep-
resentations. For each connected component C, we apply
two parallel readouts over self-pairs and off-diagonal pairs:

zC = Φ
(

AGG
({{

h(L)
sp (u, u) | u ∈ C

}})
,

AGG
({{

h(L)
sp (u, v) | u, v ∈ C, u ̸= v

}}))
.

(6)
The final graph representation is:

zG = Ψ
(

AGG
({{

zC | C ∈ G
}}))

.

If G is connected, zG = zC for the single component.

4.5 Expressive Power Study
We prove that Co-Sparsified GNNs are as powerful as the
2-FWL GNNs in detecting substructures and distinguish-
ing non-isomorphic graphs. Since graph isomorphism is a
special case of substructure detection, this establishes full
2-FWL expressive power.

Theorem 4. Let Q be a query subgraph. A Co-Sparsified
2-FWL GNN can detect Q if and only if a standard 2-FWL
GNN can, under injective aggregation and consistent ini-
tialization. Thus, the two models are equally expressive in
substructure detection.

...

...... ...

...
...

Figure 3: Expressive power of Co-Sparsified GNNs. It dis-
tinguishes graphs G1 and G2—indistinguishable by 1-WL
but distinguishable by 2-FWL—by capturing structural dif-
ferences in node and pair representations, enabling correct
subgraph detection.

Proof. The expressive power of 2-FWL stems from its abil-
ity to model 2-node and 3-node interactions, enabling it
to count paths, cycles, and other symmetric patterns. Co-
Sparsify uses the same update rules but restricts 3-node in-
teractions to biconnected components and 2-node interac-
tions to connected components.

We show this sparsification preserves all essential struc-
tural information. When a subgraph Q—like a triangle or 4-
cycle—lies within a biconnected component, all required 3-
node interactions are retained, so Q is detected exactly as in
2-FWL. When Q spans multiple blocks (e.g., a path through
a cut node), its structure decomposes into segments (u, t)
and (t, v). Since 2-FWL already updates all such pairs, their
representations h(u, t) and h(t, v) fully encode the path—
aggregating over (u, t, v) adds no new information and can
be safely omitted.

For disconnected queries, global topology (e.g., com-
ponent count, size) is captured via unchanged readout
operations. Crucially, the ability to distinguish complex
patterns—such as two internally disjoint paths—depends on
biconnected structure, which our method fully preserves.

By induction on message-passing layers, and under in-
jective aggregation, Co-Sparsify computes pair representa-
tions that induce the same distinctions as 2-FWL. It detects
the same subgraphs and separates the same graph classes—
proving that only redundant computations are removed.

As shown in Figure 3, Co-Sparsified 2-FWL GNNs
achieve the same expressive power as standard 2-FWL
GNNs on G1 and G2.

4.6 Computational Efficiency
Standard 2-FWL GNNs update O(n2) 2-tuples using O(n3)
3-tuple interactions. Our method reduces this to O

(∑
i n

2
i

)
pairs (summing over connected components of size ni)
and O

(∑
j n

3
bj

)
triples (summing over biconnected com-

ponents of size nbj ). In graphs with sparse or fragmented
higher-order connectivity (e.g., molecular), this results in
significant reductions—from cubic to sub-quadratic or sub-
cubic complexity—without expressivity loss.
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Dataset Counting QM9 ZINC-12k ZINC-250k FRANK. NCI1 NCI109 ENZYMES

#Graphs 5,000 130,831 12,000 249,456 4,337 4,110 4,127 600
Avg. #Nodes 18.8 18.0 23.2 23.1 16.9 29.9 29.7 32.6
Avg. #Edges 31.3 18.7 24.9 24.9 17.9 32.3 32.1 62.1

Table 1: Dataset statistics.

Target DTNN MPNN PPGN NGNN KP-GIN′ I2-GNN N2-GNN PPGN+RRWP CoSp-PPGN+RRWP

µ 0.244 0.358 0.231 0.433 0.358 0.428 0.333 0.332 0.321
α 0.95 0.89 0.382 0.265 0.233 0.230 0.193 0.200 0.183

εHOMO 0.00388 0.00541 0.00276 0.00279 0.00240 0.00261 0.00217 0.00236 0.00214
εLUMO 0.00512 0.00623 0.00287 0.00276 0.00236 0.00267 0.00210 0.00231 0.00210
∆ε 0.0112 0.0066 0.00406 0.00390 0.00333 0.00380 0.00304 0.00327 0.00299
⟨R2⟩ 17.0 28.5 16.7 20.1 16.51 18.64 14.47 16.24 14.25
ZPVE 0.00172 0.00216 0.00064 0.00015 0.00017 0.00014 0.00013 0.00012 0.00012
U0 2.43 2.05 0.234 0.205 0.0682 0.211 0.0247 0.0111 0.0149
U 2.43 2.00 0.234 0.200 0.0696 0.206 0.0315 0.01175 0.01373
H 2.43 2.02 0.229 0.249 0.0641 0.269 0.0182 0.01266 0.01637
G 2.43 2.02 0.238 0.253 0.0484 0.261 0.0178 0.01278 0.01767
Cv 0.27 0.42 0.184 0.0811 0.0869 0.0730 0.0760 0.08589 0.07619

Table 2: MAE results on QM9 (top 2 results are bold).

Target NGNN GIN-AK+ I2-GNN N2-GNN PPGN Ours
Tailed
Triangle 0.1044 0.0043 0.0011 0.0025 0.0026 0.0016
Chordal
Cycle 0.0392 0.0112 0.0010 0.0019 0.0015 0.0014
4-Path 0.0244 0.0075 0.0041 0.0042 0.0041 0.0029
Tri.-Rec. 0.0729 0.1311 0.0013 0.0055 0.0144 0.0049
3-Cycles 0.0003 0.0004 0.0003 0.0002 0.0003 0.0004
4-Cycles 0.0013 0.0041 0.0016 0.0024 0.0009 0.0007
5-Cycles 0.0402 0.0133 0.0028 0.0039 0.0036 0.0032
6-Cycles 0.0439 0.0238 0.0082 0.0075 0.0071 0.0056

Table 3: Substructure counting results (normalized MAE;
lower is better).

5 Experiments
We evaluate Co-Sparsified 2-FWL GNNs on both syn-
thetic and real-world tasks. Our experiments focus on CoSp-
PPGN, the sparsified variant of PPGN (Maron et al. 2019).
Following the original PPGN formulation, CoSp-PPGN
adopts element-wise multiplication for ϕ(l) in Equation 5:

ϕ(l)
(
h(l−1)

sp (u, t),h(l−1)
sp (t, v)

)
= φ(l)

(
h(l−1)

sp (u, t)⊗ h(l−1)
sp (t, v)

)
.

(7)

5.1 Dataset statistics
We summarize the statistics of all datasets used in our ex-
periments in Table 1.

5.2 Experimental Setup
All experiments are conducted on a platform with
an NVIDIA GeForce RTX 4090 24GB GPU, Intel(R)
Core(TM) i7-14700K CPU, and 64GB RAM. We imple-
ment local connectivity computation using the Block-Cut

Model # Param ZINC-Subset ZINC-Full

CIN (2021) ∼100k 0.079 ± 0.006 0.022 ± 0.002
GPS (2022) 424k 0.070 ±0.004 -
Specformer (2023) ∼500k 0.066 ± 0.003 -
ESAN (2022) 446k 0.097 ± 0.006 0.025 ± 0.003
SUN (2022) 526k 0.083 ± 0.003 0.024 ± 0.003
KP-GIN′ (2022) 489k 0.093 ± 0.007 -
I2-GNN (2023) - 0.083 ± 0.001 0.023 ± 0.001
SSWL+ (2023a) 387k 0.070 ± 0.005 0.022 ± 0.002
GRIT (2023b) ∼500k 0.059 ± 0.002 0.023 ± 0.001
N2-GNN (2023) 316k/414k 0.059 ± 0.002 0.022 ± 0.002
Local 2-GNN (2024) - 0.069 ± 0.001 0.024 ± 0.002

PPGN+RRWP 478K 0.055 ± 0.002 0.020 ± 0.002
CoSp-PPGN+RRWP 478K 0.050 ± 0.001 0.018 ± 0.002

Table 4: MAE results on ZINC (top 2 results are bold).

Dataset FRANK. NCI1 NCI109 ENZYMES

3WL-GNN 58.68 ± 1.93 78.39 ± 1.54 77.97 ± 2.22 54.17 ± 6.25
UnionGNNs 68.02 ± 1.47 82.24 ± 1.24 82.34 ± 1.93 68.17 ± 5.70

CoSp-PPGN 77.65 ± 1.35 82.87 ± 1.87 82.91 ± 1.22 74.50 ± 6.45

Table 5: Classification accuracy (%) on TUD2 benchmarks.
Results are mean ± standard deviation over 10 runs. Best
results are in bold.

tree algorithm from SageMath 3. GNN modeling, training,
and evaluation are implemented using PyTorch 4 and Py-
Torch Geometric 5.

3https://www.sagemath.org
4https://pytorch.org
5https://pyg.org
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5.3 Substructure Counting
Task and Dataset. We evaluate CoSp-PPGN’s substructure
counting capability on the synthetic dataset from (Zhao et al.
2022; Huang et al. 2023), consisting of 5,000 randomly
generated graphs. Following standard protocols, we use a
0.3/0.2/0.5 train/validation/test split. The task involves node-
level regression to count various substructures: tailed trian-
gles, chordal cycles, 4-paths, triangle-rectangles, and cycles
of lengths 3–6.
Baselines. We compare against Identity-aware GNN (ID-
GNN) (You et al. 2021), Nested GNN (NGNN) (Zhang and
Li 2021), GNN-AK+ (Zhao et al. 2022), I2-GNN (Huang
et al. 2023), N2-GNN (Feng et al. 2023), and PPGN (Maron
et al. 2019). Baseline results are taken from (Chen et al.
2025; Feng et al. 2023).
Results. Table 3 presents the normalized test MAE averaged
over five runs with different random seeds. CoSp-PPGN
achieves state-of-the-art performance, matching or surpass-
ing PPGN across all substructure counting tasks.

5.4 Real-World Benchmarks
Datasets. We evaluate CoSp-PPGN on molecular graph
datasets QM9 (Wu et al. 2018; Ramakrishnan et al. 2014)
and ZINC (Dwivedi et al. 2023). QM9 contains 130K+
molecules with 12 molecular properties for regression
(0.8/0.1/0.1 train/val/test split). ZINC has two variants—
ZINC-subset (12K graphs) and ZINC-full (250K graphs)—
for graph-level regression. We additionally evaluate on
TUD6 graph classification benchmarks.
Baselines. For QM9, we compare against NGNN and KP-
GIN′ (Feng et al. 2022), DTNN and MPNN (Wu et al.
2018), I2-GNN (Huang et al. 2023), N2-GNN (Feng et al.
2023), and PPGN+RRWP (Chen et al. 2025). For ZINC,
baselines include CIN (Bodnar et al. 2021), GPS (Rampásek
et al. 2022), Specformer (Bo et al. 2023), ESAN (Bevilac-
qua et al. 2022), SUN (Frasca et al. 2022), KP-GIN′ (Feng
et al. 2022), I2-GNN (Huang et al. 2023), SSWL+ (Zhang
et al. 2023a), GRIT (Zhang et al. 2023b), N2-GNN (Feng
et al. 2023), and Local 2-GNN (Zhang et al. 2024). TUD
baselines are from UnionGNNs (Xu et al. 2024).
Results. Table 2 shows QM9 test MAE results. CoSp-
PPGN+RRWP achieves top-two performance on 10 out
of 12 targets, empirically validating that our sparsifica-
tion preserves the full 2-FWL expressivity of PPGN. Ta-
ble 4 reports average test MAE and standard deviation over
5 runs on ZINC (“-” indicates unreported values). CoSp-
PPGN+RRWP achieves state-of-the-art results, slightly out-
performing PPGN+RRWP. Table 5 demonstrates state-of-
the-art performance on TUD classification benchmarks.
Efficiency Analysis. CoSp-PPGN delivers substantial com-
putational improvements over PPGN. Runtime is reduced
by 13–60%: from 9.3s to 7.9s per epoch on ZINC-subset,
456.9s to 403.6s on ZINC-Full, and 97.1s to 60.7s on QM9.
Memory consumption decreases by 12–52%: from 3.7GB to
3.0GB on ZINC-subset, 17.4GB to 15.6GB on ZINC-Full,
and 6.4GB to 4.2GB on QM9. Block-cut tree preprocess-

6https://chrsmrrs.github.io/datasets/

ing incurs negligible overhead (∼1ms per graph on average),
confirming our theoretical O(n+m) complexity.

6 Limitations, Future Work, and
Conclusions

Limitations: While CoSp-PPGN can be applied to bench-
marks commonly used for 1-WL-equivalent GNNs and
Graph Transformers, we focus on datasets where expres-
sive power is the primary bottleneck—a common practice
for HOGNNs. The lack of results on tasks like Peptides-
struct (Dwivedi et al. 2022) reflects a broader challenge:
HOGNNs are more prone to over-squashing (Topping et al.
2022; Chen et al. 2022) due to combinatorial message ag-
gregation, wherein long-range dependencies are distorted
during message passing in deep architectures. On Peptides-
struct, standard CoSp-PPGN underperforms despite high ex-
pressivity. In contrast, a localized variant—restricting up-
dates and aggregation to pairs within shortest-path distance
≤ 4—achieves a state-of-the-art average MAE of 0.245,
outperforming Graph Transformers (Rampásek et al. 2022).
Peak performance occurs with only one message-passing
layer, and degrades with depth—indicating that the bottle-
neck is generalization, not expressivity. This limitation is
shared across HOGNNs, not unique to our method.
Future Work: The limitations highlights a key open prob-
lem: balancing expressivity and generalization. To address
this, we plan to explore adaptive receptive fields. Moreover,
since HOGNNs beyond 2-FWL face prohibitive computa-
tional complexity, we aim to extend our sparsification frame-
work to make them more scalable.
Conclusions: We propose Co-Sparsify, a connectivity-
aware sparsification for 2-FWL GNNs that removes only
expressivity-redundant computations. By restricting 3-node
interactions to biconnected components and 2-node model-
ing to connected components, it preserves full 2-FWL ex-
pressivity while greatly improving efficiency. We prove its
equivalence to 2-FWL and show that CoSp-PPGN achieves
state-of-the-art accuracy on key tasks. This study demon-
strates that efficiency in expressive GNNs can arise from
structural insight, not approximation—enabling scalable,
theoretically grounded models that preserve expressivity by
design.
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Rampášek, L.; and Wolf, G. 2021. Hierarchical graph neu-
ral nets can capture long-range interactions. In 2021 IEEE
31st International Workshop on Machine Learning for Sig-
nal Processing (MLSP), 1–6. IEEE.
Rathee, M.; Zhang, Z.; Funke, T.; Khosla, M.; and Anand,
A. 2021. Learnt sparsification for interpretable graph neural
networks. arXiv preprint arXiv:2106.12920.
Topping, J.; Giovanni, F. D.; Chamberlain, B. P.; Dong, X.;
and Bronstein, M. M. 2022. Understanding over-squashing
and bottlenecks on graphs via curvature. In International
Conference on Learning Representations (ICLR).
Velickovic, P.; Cucurull, G.; Casanova, A.; Romero, A.; Liò,
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