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Abstract

Best arm identification (BAI) aims to identify the highest-
performance arm among a set of K arms by collecting
stochastic samples from each arm. In real-world problems,
the best arm needs to satisfy additional feasibility constraints.
While there is limited prior work on BAI with feasibility
constraints, they typically assume the performance and con-
straints are observed simultaneously on each pull of an arm.
However, this assumption does not reflect most practical use
cases, e.g., in drug discovery, we wish to find the most potent
drug whose toxicity and solubility are below certain safety
thresholds. These safety experiments can be conducted sepa-
rately from the potency measurement. Thus, this requires de-
signing BAI algorithms that not only decide which arm to pull
but also decide whether to test for the arm’s performance or
feasibility. In this work, we study feasible BAI which allows
a decision-maker to choose a tuple (i, £), where i € [K] de-
notes an arm and ¢ denotes whether she wishes to test for its
performance (¢ = 0) or any of its N feasibility constraints
(¢ € [N]). We focus on the fixed confidence setting, which
is to identify the feasible arm with the highest performance,
with a probability of at least 1 — 6. We propose an efficient
algorithm and upper-bound its sample complexity, showing
our algorithm can naturally adapt to the problem’s difficulty
and eliminate arms by worse performance or infeasibility,
whichever is easier. We complement this upper bound with
a lower bound showing that our algorithm is asymptotically
(6 — 0) optimal. Finally, we empirically show that our al-
gorithm outperforms other state-of-the-art BAI algorithms in
both synthetic and real-world datasets.

Extended version — https://arxiv.org/abs/2511.09808

Introduction

Best arm identification (BAI) contains K arms that allow
a decision maker to repeatedly pull one of the arms and ob-
serves an i.i.d. sample drawn from the distribution associated
with that arm (Bechhofer 1958; Paulson 1964). In the fixed
confidence setting of BAI, given a target failure rate 6 > 0,
the decision-maker aims to identify the arm with the highest
expected performance, with probability at least 1 — ¢, while
keeping the number of pulls to a minimum. This problem has
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been widely applied in areas such as drug discovery, crowd-
sourcing, distributed systems, and A/B testing (Jun et al.
2016; Koenig and Law 1985; Schmidt, Branke, and Chick
2006; Van Aken et al. 2017; Zhou, Chen, and Li 2014).

In many real-world applications, we additionally wish to
find the optimal arm that satisfies feasibility constraints,
which cannot be modeled analytically and need to be evalu-
ated via costly experimentation. Moreover, these feasibility
experiments can usually be tested separately from the per-
formance evaluation. As a motivating example, in drug dis-
covery, we wish to find the most potent drug, but also need
to guarantee that the drug is soluble in the bloodstream, and
the risk of adverse side effects is small. Scientists have de-
veloped different experiments to measure the drug’s potency
(performance), solubility (feasibility), and toxicity (feasibil-
ity), which can be separately carried out independent of each
other (Thall and Russell 1998). Similarly, in database tun-
ing applications (Van Aken et al. 2017), we wish to mini-
mize the end-to-end latency, while guaranteeing the risk of
system-wide failures is small. The latency and robustness
can also be evaluated via separate tests (Kanellis, Alagap-
pan, and Venkataraman 2020).

Majority of the prior work on BAI does not study fea-
sibility constraints. The only work on feasible BAI (Katz-
Samuels and Scott 2018, 2019) assumes that the perfor-
mance and feasibility tests are all conducted simultaneously,
which does not hold in many real-world settings, such as
the examples highlighted above Often, we can conduct sep-
arate experiments and only observe the result of the exper-
iment conducted. Thus, applying methods in prior works to
our setting by naively pulling all arms simultaneously can
be unnecessarily expensive as it samples all performance
and feasibility distributions when testing one arm and does
not focus on the most important experiment to determine
an arm’s optimality and/or feasibility. Moreover, from a the-
oretical perspective, simultaneous pulls cannot capture the
actual complexity of the number of individual tests.

In our paper, we introduce a novel BAI formalism. Given
K arms, each arm is associated with N + 1 distributions.
Fori € [K]and ¢ € {0} U [N], u; ¢ € [0, 1] denotes the un-
known mean of arm i’s ¢*" distribution. On each round, the
decision-maker chooses a tuple (i, £) where i € [K] denotes
the arm and ¢ denotes whether she wishes to test for its per-
formance (¢ = 0) or its £*" feasibility constraint (¢ € [N]).



The thresholds for each feasibility constraint are given and
for simplicity!, we assume the thresholds are all % An arm
is said to be feasible if ;, < % for all ¢ € [N]. Given
d € (0,1), the goal of the decision-maker is to identify the
optimal arm, i.e. the feasible arm with the highest p; o, with
probability at least 1 — §, while minimizing the total number
of collected samples.

The key challenge to solve this problem is to balance
when to test for feasibility and when to test for performance
for different types of suboptimal arms at the same time. We
illustrate it using two naive algorithms:

First, consider a naive two-stage algorithm that identifies
all feasible arms first and then executes a BAI algorithm on
these arms. This algorithm is inefficient on suboptimal arms
whose feasibility means 1 ¢ for £ € [N] are close to § but
Wi0 value is much smaller compared to the optimal arm.
Because it will waste many samples” on testing feasibility
while these arms could have been eliminated faster if we
started by comparing performance.

Consider another algorithm that first tries to identify the
best-performance arm and then tests its feasibility. It will
eliminate the arm if it is infeasible and repeat with the re-
maining arms until it finds a feasible arm. This algorithm is
inefficient on another type of suboptimal arms, whose fi; o
values are slightly larger than the optimal arm but are clearly
infeasible, i.e., ;¢ > 3 for £ € [N]. Because it will waste
many samples to differentiate the performance of these arms
which could have been easily eliminated by feasibility. Note
that these two algorithms could indeed efficiently eliminate
the two types of suboptimal arms described for each other.

In summary, the main contributions of this paper are:

1. Problem formalism and lower bound: We define a novel
feasible BAI problem and first quantify the complexity of
the problem by developing a novel complexity term for each
type of arm, which captures the best way to eliminate each
type of suboptimal arm and the cost necessary to identify the
optimal arm. Leveraging the insights from the complexity
terms, we then provide a gap-dependent lower bound on the
total expected sample complexity.

2. Algorithm design and upper bound: We propose an
algorithm which tests performance and feasibility for each
arm simultaneously but only tests its performance and/or at
most one of its IV feasibility constraints, which can eliminate
all suboptimal arms in the easiest way. Moreover, the num-
ber of samples collected by the algorithm does not scale lin-
early with the number of feasibility constraints N. We then
provide the upper bound on the expected sample complex-
ity of the algorithm, which is shown to be asymptotically
(6 — 0) optimal compared with the lower bound.

3. Experiments: We empirically compare our algorithm
with other state-of-the-art algorithms on both synthetic and
real-world datasets from drug discovery. In all the experi-

Tt can be easily extended to different thresholds for different
constraints.

2Recall that, given two sub-Gaussian distributions with means
wand g1/, and a threshold £, we require O(( — p') ~2) samples to
decide if u < ' or > ', and O((p — €)™ 2) samples to decide
ifp<&orp>E.
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ments, our algorithm outperforms all other algorithms.

Related Work

The bandit framework is a popular paradigm to study
exploration-exploitation tradeoffs that occur in sequential
decision-making under uncertainty (Lai and Robbins 1985;
Thompson 1933). Here, a decision-maker adaptively sam-
ples one of K arms from a bandit model so as to achieve a
given objective. There is extensive prior work on develop-
ing algorithms for BAI, whose goal is to identify the arm
with the highest mean in the fixed confidence or fixed bud-
get setting (Bechhofer 1958; Bubeck, Munos, and Stoltz
2009; Even-Dar, Mannor, and Mansour 2002; Jamieson
et al. 2014; Kalyanakrishnan et al. 2012; Karnin, Koren, and
Somekh 2013; Paulson 1964). Several works have also de-
veloped hardness results for BAI (Kaufmann, Cappé, and
Garivier 2016; Mannor and Tsitsiklis 2004). Our algorithm
and theoretical results build on this rich line of work. In par-
ticular, our algorithm’s sampling strategy is inspired by the
LUCSB algorithm of (Kalyanakrishnan et al. 2012). However,
none of these work studies constrained BAI, where the fea-
sibility constraints need to be tested separately.

Our model for testing feasibility is closely related to
thresholding bandits, i.e., identify all arms whose mean is
larger than a given threshold (Katz-Samuels and Scott 2018;
Locatelli, Gutzeit, and Carpentier 2016; Mason et al. 2020).
In our work, however, it is sufficient to identify just one con-
straint that is larger than the threshold to determine if it is
infeasible. Another similar line of work is on finding if there
is any arm below a threshold (Degenne and Koolen 2019;
Kano et al. 2019; Katz-Samuels and Jamieson 2020; Kauf-
mann, Koolen, and Garivier 2018). While we use some ideas
from these works when testing the feasibility of an arm, their
algorithms and analysis cannot be directly applied to our set-
ting, since we need to determine if the most efficient way to
eliminate an arm is via its sub-optimality or infeasibility.

Perhaps the closest work to ours is (Katz-Samuels and
Scott 2019), who study identifying the best m arms that sat-
isfy the given feasibility constraints. They assume each arm
1 is associated with a D-dimensional distribution with mean
p; and aim to find the top m arms that maximize r " p; sub-
ject to the constraint p; € P. Here r is a given direction
for the reward and P is a subset of R” denoting the feasible
set. However, this is different from our setting, since we al-
low the objective and feasibility constraints to be tested sep-
arately. A naive application of their algorithm will require
testing an arm’s performance and all feasibility constraints
each time when we wish to test an arm, which is sample
inefficient in our setting. Chen et al. (2017) studies identify-
ing the best set in a family of feasible subsets. Our work is
different from theirs since they did not consider testing for
feasibility separately and they assume the feasible subsets
have various combinatorial structures.

Our work is also related to work in the Bayesian optimiza-
tion literature that studies zeroth order constrained optimiza-
tion and multi-objective optimization, where multiple per-
formance objectives and constraints can be evaluated sepa-
rately, similar to our setting (Gardner et al. 2014; Ungredda
and Branke 2021; Eriksson and Poloczek 2021; Kirschner



et al. 2022; Herndndez-Lobato et al. 2016; Berkenkamp,
Krause, and Schoellig 2021; Kirschner et al. 2019; Paria,
Kandasamy, and Péczos 2020; Hernandez-Lobato et al.
2016). These problem settings are distinctly different from
ours as we consider the /{—armed version of the problem.

Problem Setup

For a € N, we denote [a] = {1,...,a}. Given K arms.
each arm ¢ € [K] is associated with N + 1 distributions
{vi e}, which are all 1 sub-Gaussian for simplicity®. Let
tie = Ex~., ,[X] be the mean of distribution v; . We as-
sume w.l.o.g that yi; ¢ € [0, 1] for all ¢, £. For any arm ¢, v; o
is associated with its performance, and v; g, for £ € [N] is
associated with feasibility constraint £. The set of all feasible
arms F is defined as

1
F = {z € [K]; pie < 3 forall £ € [N]}
If 7 # (), we define the optimal arm ¢* as the feasible arm

with the highest expected performance. Otherwise, we de-
fine i* = K + 1 (indicates there is no feasible arm).

w _ Jargmaxier pio, if F #0 )
K +1, ifF =0
W.lo.g., we assume that (11 0 > pog > -+ > firo >

-+ > k0. For each arm i, we assume that the {14 ¢ } e[

are also not equal to each other and p; ¢ # % for all 4, ¢. Note
the mean values and the ordering are unknown.

An algorithm for this problem proceeds over a sequence
of rounds, terminates, and then recommends an arm as the
optimal feasible arm. On each round r, based on past ob-
servations, it chooses (i,,/,) that determines which dis-
tribution, i.e., arm i, € [K] and performance/feasibility
¢, € {0} U [N], to sample from. When it stops, it outputs
a € [K + 1]. If a € [K], then the decision-maker recom-
mends a as the optimal feasible arm, and if @ = K + 1, then
it declares that there is no feasible arm.

Lower Bound

In this section, we will first define the complexity of the fea-
sible BAI problem and then provide a lower bound for any 4-
correct algorithm. To motivate the ensuing discussion, con-
sider the bandit instance in Fig. 1, where we have K = 5
arms and N = 1 feasibility constraint. The optimal arm
is 4* = 2. Since p1,0 > f2,0, the only way to determine
i* # 1 s to verify arm 1 is infeasible, i.e. p1,1 > 1. Since
arm 4 is feasible 141 < % the only way to determine that
i* # 4 is to verify arm 4 has worse performance than i*,
i.e., f12,0 > ft4,0. Note that arms 3 and 5 are both infeasible
and have lower performance than ¢*, thus they can be elim-
inated via both ways. Of these, we may prefer to determine
i* # 3 based on feasibility since 1139 ~ fiz,0, but pz 1 > 3.
However, we may prefer to determine ¢* # 5 based on per-
formance since p5,1 ~ %, but ps 0 <K po,0.

3The variances can be easily extended to other numbers and we
will get the same result via scaling
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Figure 1: An example bandit instance when K = 5and N =
1. The optimal feasible arm is i* = 2.

For each arm ¢ € [K], we first define the complexity terms
to determine its feasibility (6;) and performance (¢;). We
will start with feasibility. To verify that an arm ¢ is feasible,
we have to check ;0 < % for all £ € [N]. But to verify
that an arm ¢ is infeasible, it is sufficient to check only one
constraint £ € [N] such that p1;, > 1. If there are several
such constraints, the easiest will be the constraint with the
largest p; ¢. Hence, we define 6; as:
(maxpe(ny pie — %)_2,

0; = _
{z?_m,e -5

We then define the complexity term ¢; to differentiate the
performance between arm ¢ and ¢*. Recall that arms are
arranged in decreasing order of expected performance. For
arms ¢ < 1%, i.e. those have better performance but are infea-
sible, the only way to determine ¢ # ¢* is to test for their fea-
sibility; hence, we define ¢; = oo for all ¢ < ¢*. For ¢ > i*,
we let ¢; = (i o — i,0) " 2. Finally, for i*, we set ¢;= = 0
if there are no other feasible arms since it is unnecessary to
verify that its performance is better than other arms; other-
wise, we set it to the inverse squared gap between ¢* and the
feasible arm with the second-highest performance. Putting
this all together, we have:

ifi ¢ T,

ifi e F. @

0, if i < i*,
(’[,Li*’o — /,LZ"O)727 lfl > i*,

¢ =10, ifi =i, |F| =1,
(:ui*,O — 1nax Mj,o)_za ifi = Z.*’ |f‘ > 17

jeF\{i*}

3)

which stands true when there is no feasible arm, i.e. i* =
K +1. Now, we define two sets Z and VV using the complex-
ity terms in (2) and (3). Intuitively, Z are the arms that are
easier to eliminate due to infeasibility, and V¥ are the arms
that are easier to eliminate due to their worse performance
than 7*. We have,

T=[*-1]U ({i*—kL...,K}ﬂ{i € F0; < @-}),
W={i*+1,...,K}n (]—"U{ie]-"cz 0; ng,;}).
Observe that [K] = ZUWU{i*}. This leads to the following

definition of the complexity of an arm H,; and the complexity
of the problem H which is the sum of the arm complexities.

9;, ificT,
0; + ¢;, ifi=i4i"andi* < K,



K
H=> M )

i=1
It suggests that for all suboptimal arms, we only need to ver-
ify either they are infeasible or have worse performance than
1*. For ¢*, we need to verify that it is both feasible and that its
mean [u;« o is larger than the feasible arm with the second-
highest performance. Next, we show the lower bound of the
expected sample complexity for any d-correct algorithms.

Theorem 1. Let v denote a bandit instance with Gaussian
observations satisfying assumptions in §PROBLEM SETUP.
Let 6 € (0,1) and H defined in (4). Any algorithm A that is
d-correct has a stopping time T on v that satisfies

1
E,[r ]>2?—llog245

The lower bound in Theorem 1 has an expected sample
complexity aligning with the complexity terms in (4). The
main challenge in proving the lower bound is to construct
alternate bandit instances that match the complexity terms.
All proofs are in the Appendix of the extended version.

Algorithm and Upper Bound

We now present our algorithm and its upper bound of the
expected sample complexity. Our algorithm, outlined in Al-
gorithm 1, proceeds over a series of epochs, indexed by t.
At each epoch, it will choose up to two arms a;, b; € [K].
For each arm, it will test the performance and/or one of its
feasibility constraints.

To describe our algorithm in detail, we first define some
quantities. Foralli € [K], ¢ € {0}U[N], N; ,(t) denotes the
number of times the tuple (4, £) has been sampled and M;(t)
denotes the total number of times arm ¢ has been tested for
feasibility up to epoch t:

t
(t) = Z 1[(4, £) is sampled on epoch s],

s=1

N
(1) =3 Nus(t)
=1

Next, we define the upper and lower confidence bounds for
each mean value. Let X; o ; be the sample collected from
arm 7’s (' distribution when it is sampled for the s'" time.
1;,¢(t) denotes the empirical mean of the distribution up to
epoch t. Let D(n, ) denote the uncertainty term, the upper
and lower confidence bounds 7; ,(t), p1, ,(¢) for ju; ¢ are:

Nie

Nie(t) 4
) = =5 Dnd) =\ 2 os T )
sz( ) Mz@( )+ ( i,Z(t)’(S/(K(N+1))>
#y () = i e(t) = D(Nio(t), 6/ (K(N +1))).
For all i € [K],£ € [N] at epoch ¢, we define f; ¢(t) as

follows which will help us to determine which constraint to
test when we wish to test the feasibility of arm :

2log M;(t)

6
0 (6)

fie(t) = Hie(t) +
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At each epoch, Algorithm 1 samples arms that are most
probable to be ¢* and simultaneously eliminate suboptimal
arms, which are either determined to be infeasible or have
worse performance than an arm that has been determined to
be feasible. It maintains a few sets of arms that are updated
at the end of each epoch. First, S denotes the set of surviv-
ing arms, i.e. arms that are not eliminated. Second, we form
a focus set P, which contains arms in .S that have high per-
formance based on the samples collected so far, see line 18.
Next, we have F' (and ) which are arms determined to be
feasible (infeasible) with probability at least 1 — § based on
the samples collected so far. Finally, for each arm i € [K],
we maintains set H; C [N] which contains the feasibility
constraints of ¢ that have not yet been determined to be fea-
sible. We initialize our algorithm by pulling each arm and
each distribution once.

We first describe the main sampling rule in each epoch
in lines 6-11, and then describe lines 2—4. On each epoch,
we choose up to two arms a; and by, and evaluate their per-
formance. This sampling rule, which is adapted from the
LUCB algorithm (Kalyanakrishnan et al. 2012), chooses
a to be the arm with the highest sample mean in P, and
b; to be the arm with the highest upper confidence bound
on performance in P\{a:}. Intuitively, this choice of a;
and b; focuses on the arms that are most likely to be opti-
mal, but are hardest to distinguish. After testing for perfor-
mance, if a; or b; have not been determined to be feasible
yet, i.e. if they are not in F', then they are tested for ex-
actly one feasibility constraint as suggested by the subrou-
tine SAMPLE-FEASIBILITY. The case where P contains
only one arm ¢ (lines 3—4), indicates that its performance has
been deemed to be clearly higher than the rest of the arms in
S. Hence, if it is feasible, it will clearly be the optimal arm.
Thus, if it is already guaranteed to be feasible, we can stop
and return this arm (line 3), but otherwise, we should keep
testing if it is feasible (line 4) until it is clear as to whether it
is feasible or not. Finally, if S = , this is because all arms
have been deemed infeasible, so we return K + 1 (line 2).

Inspired from Kano et al. (2019), we design the subrou-
tine SAMPLE-FEASIBILITY, which recommends one con-
straint to test when we wish to test the feasibility of an arm.
Each time we invoke it with an arm ¢ € [K], it chooses
the constraint in H; that maximizes [i; ¢(t), as in (6). Intu-
itively, via this choice, we are sampling the constraint that is
most likely to be larger than the threshold % After sampling,
if the lower conﬁdence bound for the sampled constraint is
larger than 1 5, We deem it to be infeasible so we add 7 to
I; then ¢ will be eliminated from S shortly. otherwise, if its
upper confidence bound is smaller than %, we have verified
that the sampled constraint is not in violation and remove
it from H;. In the event that H; is empty, then none of the
constraints are in violation, and hence we add i to F' as we
have verified that ¢ is feasible.

At the end of each epoch, we update S and P as fol-
lows (lines 14—18). First, we eliminate all determined infea-
sible arms in I from S (line 14). Then, to eliminate worse-
performance arms, .S is updated to contain arms whose up-
per confidence bounds for performance are larger than the
smallest lower confidence bounds in F'. Intuitively, if arm ¢



Algorithm 1

Input: [K] arms, ¢ € (0,1).
Parameter: S < [K|,P <+ [K],F «+ 0,1 + 0, H; < [N]

Vi € [K].
1: fort=1,2,--- do
2: if S = () then
3: Return K + 1.
4: elseif P = {i} is a singleton and i € F' then
5: Return ¢
6: elseif P = {i} is asingleton and i ¢ F' then
7: SAMPLE-FEASIBILITY (¢)
8: else

9: a; <— argmax;e p fi o(t)
10: by = argmax;c p\ (4,1 H;,0(t)
11: Sample performance of a; and b;.
12: if a; ¢ F then
13: SAMPLE-FEASIBILITY (a+)
14: end if
15: if b; ¢ F then
16: SAMPLE-FEASIBILITY (b;)
17: end if
18:  end if
19: S+ S\I
20:  if F # () then
21: S {ie€S:mt)> manGFHj70(t)}
22:  endif
23: P+ {i€S:(t) > maxjes quo(t)}
24: end for '

Function: SAMPLE-FEASIBILITY (7)
Uy < argmaxye g, i (t)

Sample constraint ¢, of arm ¢

1fu ( ) > 1/2 then

I e Tu{:}
else if 7z, , (t) < 1/2 then
if ; = () then
F + FU{i}
end if
end if

25:
26:
27:
28:
29:
30:
31:
32:
33:
34:

has been found to be feasible, and another arm j has a perfor-
mance guaranteed to be lower than ¢, then we can eliminate
j regardless its feasibility. Finally, we update P to be the
arms in S whose upper confidence bounds for performance
are larger than the smallest lower confidence bounds in S.
Intuitively, P is the set of arms in .S which have high perfor-
mance, so our sampling in the next the round will focus on
P. The benefit of forming the focus set P is if i* € P, we
do not need to spend extra samples on testing the feasibility
of arms in S\ P; however, if i* ¢ P, all arms in P would
belong to Z with high probability and since we need to test
their feasibility anyway, it is harmless to focus on P first.

Upper bound

We will now state our main theoretical result, which shows
that Algorithm 1 is §-correct and upper bounds its expected

19812

sample complexity on the number of epochs, which is at
most four times the number of rounds. To state this, we de-
fine the following terms, which are related to the gaps be-
tween different performance means and feasibility means to
the threshold and will be useful in Theorem 2,

Ai,j = M40

— 145,05 Lie= (pie — 5)72,
§ =6/(K(N +1))3.

Theorem 2. Given 6 € (0,1), for any bandit instance sat-
isfying the assumptions in §PROBLEM SETUP, Algorithm 1
is 0-correct. If i* < K, the stopping time T satisfies,

1
1< 2320 log (9 9 959 )

5
€L
+ 292 <Z @) log ﬁ

i¢T

N
+ Z 321—‘1‘*7@ IOg (
(=1

+G1+ G2+ Gs.

91T 4
6/

951«
5

log

,z)
Ifi* = K + 1, i.e. if no feasible arm exists, T satisfies

1
Z 326, log (9 i 959

o'
The quantities G+, ..., G5 are lower order terms which do
not have a leading log(1/8) term or a leading § term, which
can be ignored when 6 — 0, see their definition in Appendix.

)

>+G4+G5 3

The following corollary, which is straightforward to ver-
ify by comparing the terms in Theorem 2 with a leading
log(1/d) term to H in (4), shows that our algorithm matches
the lower bound as § — 0.

Corollary 2.1. Let § € (0,1). Let H be defined as in Equa-
tion (4). Algorithm 1 satisfies*,

Elr]
log(1/3)

The upper bound in Theorem 2 has a very similar struc-
ture to the lower bound in Theorem 1. It indicates that Algo-
rithm 1 finds the easiest way to eliminate all non-optimal
arms either by feasibility or worse performance. Corol-
lary 2.1 shows that Algorithm 1 achieves the optimal sample
complexity when 6 — 0.

Gap between the lower and upper bound when § — 0:
Itis easy to verify that the sample complexity of Algorithm 1
matches the lower bound in Theorem 1 when N = 1 for any
6 € (0,1). However, when N > 1, Algorithm 1 can still
match the lower bound for any § on all arms except for arms
in Z. This mismatch is due to that Theorem 1 can only be
achieved by an oracle who already knows the structure and

€ O(H)

lim sup
5—0

*O denotes up to constants and logarithmic factors. We believe
the logarithmic factors could be reduced by adopting a tighter con-
fidence bound as in (Jamieson et al. 2014).



the means of all arms and samples just to verify that i* is
the optimal arm. Theorem 1 suggests that we should only
sample the constraint that has the highest mean for arms in
7. However, since we assume the decision-maker does not
have all the additional information, it is expected to invest
in samples on other constraints (not the highest one) for ex-
ploration. This also explains why in Thoerem 2, we have the
lower order terms (G, - - - , G5), as they account for the cost
for exploration. Previous works (Simchowitz, Jamieson, and
Recht 2017; Karnin 2016) have discussed the difference be-
tween verification and exploration but their tools cannot be
directly applied to our problem due to the definition of fea-
sibility. Kaufmann, Koolen, and Garivier (2018) provides a
tighter lower bound when the distributions of the arms come
from an exponential family, however, it still has a large gap
between their upper bound. It remains an open question to
lower bound the sample complexity any algorithm need to
spend on the cost for exploration.

Proof Sketch of Theorem 2:

Our key contribution in the upper bound is to take a multi-
level decomposition on the stopping time 7 based on differ-
ent combinations of the two elimination criteria and differ-
ent selection rules in Algorithm 1. The decomposition also
helps us to bound the cost of exploration for the arms in Z.
The full proofs of Theorem 2 and Corollary 2.1 are in the
Appendix. Here we provide the proof sketch for Theorem 2.
Based on the elimination criteria, we first decompose 7 into
two parts based on whether a; and b; are in Z, which is 7 =

Z]l[th,atorbt€I}+Z]l[t§7,at and b; ¢ 7].

t=1 t=1

A1 A2

For A;, we decompose each arm i € 7 into two cases
based on whether ¢’s feasibility has been determined or not.
When it is not determined, we upper-bound the case by the
sample complexity to determine its feasibility. When deter-
mined, it is still chosen indicating it was incorrectly identi-
fied as a feasible arm, which will only happen with proba-
bility less than § since Algorithm 1 is d-correct. We upper
bound it by ¢ times the sample complexity to differentiate
the performance of each arm in Z with all other arms.

For A5, we decompose it into two cases where b, € P
orb; ¢ P.b. ¢ P indicates P = {a:} is a singleton.
P = {i*} can be upper bounded by the sample complex-
ity to determine arm i*’s feasibility. P = {a;} fora; € W
will only happen with probability less than ¢, since this indi-
cates an arm in WV is wrongly identified as better than ¢* or
arm 7* has been wrongly eliminated. Second, b; € P can be
decomposed to whether arm a;’s and/or b;’s feasibility has
been determined and can be bounded similarly. In the case
that the decision-maker chooses two arms a; and b; and the
arms in VV and arm ¢* are not wrongly identified as infeasi-
ble arms, it is similar to a standard BAI problem.

Experiments
We now empirically compare our algorithm against the fol-
lowing four methods. For all approaches, we use the same
confidence bound as in Equation (5).
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ours | F-first | P-first | TF-LUCB-C | Naive
a| 1.0 0.58 3.09 1.77 1.81
b |10 3.13 0.84 1.98 4.75
c| 10 | 4.00 3.47 2.78 4.06

Table 1: Results for Experiment 1: number of samples re-
quired relative to Algrithm 1, averaged over 10 runs. The
standard deviations are reported in the Appendix.

. Feasibility-First (F-first): for each arm ¢, we first use
the subroutine SAMPLE-FEASIBILITY, which samples
one constraint at each round, to determine whether it is
feasible. Then, we apply LUCB algorithm (Kalyanakr-
ishnan et al. 2012) to find the best arm in the feasible set.

. Performance-First (P-first): We first run LUCB algo-
rithm (Kalyanakrishnan et al. 2012) on all arms’ perfor-
mance and then test the best arm’s feasibility using the
subroutine SAMPLE-FEASIBILITY. If the best arm is
feasible, it stops, otherwise it eliminates this arm and re-
peats the same procedure on the remaining arms.

. TF-LUCB-C (Katz-Samuels and Scott 2019): This pro-
cedure was developed for feasible BAI, but assume the
performance and feasibility constraints can be sampled
together. We implement the most natural adaptation of it
to our setting: pull all performance and feasibility distri-
butions together using NV + 1 samples.

. Naive BAI (Naive): It adapts from the Racing algo-
rithm (Even-Dar, Mannor, and Mansour 2002), which is
optimal for BAIL. On each round, it eliminates the arms
that are considered infeasible or have lower performance
than arms that are already considered feasible. It repeat-
edly tests the performance and all feasibility constraints
of all survival arms. It stops when only one feasible arm
is left or no arm is considered feasible.

Experiment 1: We conduct a series of experiments to
demonstrate our algorithm can naturally adapt to the diffi-
culty of the problem. We consider a setting where K = 5
and N = 3 and all distributions to be Gaussian with vari-
ance 1. We set 6 = 0.1 and change the means of these dis-
tributions to construct three types of problem instances. The
settings are as follows:

1. ¢* = 5 and all other arms have a higher reward but are in-
feasible. The performance means of all arms are linearly
spaced in [0, 1] and the means of the feasibility distribu-
tions are [0.75, 0.25, 0.25] for infeasible arms and [0.25]3
for ¢*. In this setting, we expect F'-first to perform well
and P-first to perform poorly because P-first will spend
unnecessary samples on comparing the performances be-
tween each arm while the F'-first algorithm directly elim-
inates the non-optimal arms by infeasibility.

. %* = 1 and all other arms are feasible but have a lower
reward. For all arms, the performance means are linearly
spaced in [1,0] and the feasibility constraints are [0.4]3.

We consider a problem between the two extremes and
contains multiple types of suboptimal arms. We set
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Figure 2: Results for Experiment 2. Results are averaged over 10 runs and the error bars are standard deviations.

1* = 2 and only arms 2 and 5 are feasible. The per-

formance means are [1,0.9,0.5,0.25,0]7. The feasi-
bility constraints are: [0.65,0.4,0.4]7 for arms 1,3, 4;
[0.3,0.4,0.4) for arm 2; [0.45,0.45,0.45]T for arm 5.

Synopsis for Experiment 1: Recall the key challenges,
we expect F-first to perform the best on instance (a) but
poorly on instance (b); and the opposite for P-first. The re-
sults in Table 1 match our expectations. Note that Algo-
rithm 1 only performs slightly worse than the best algorithm
on instances (a) and (b). Moreover, on instance (c) which
contains multiple types of suboptimal arms, Algorithm 1
outperforms all other methods, showing that it can adapt to
the difficulty of the problem.

Experiment 2: We compare the five methods when the
number of arms, constraints, and § change. We assume the
distributions are Gaussian with variance 1. First, we set
K = 10, = 0.1, and increase N from 2 to 64. The per-
formance means of all arms are linearly spaced in [2,0].
Arms 4-7 are feasible arms and have feasibility constraints
means to be [0.25]"V. The other arms are infeasible arms and
have feasibility constraints to be [0.75] x [0.25]¥ 1. Sec-
ond, we set N = 5, § = 0.1, and increase K from 4 to 64.
The performance means of all arms are linearly spaced in
[10,0]. Arms indexes from | % | to [ 2K | are feasible arms

whose feasibility constraints means are set to [0.25]". The
other arms are infeasible arms and have feasibility constraint
means to be [0.75] x [0.25]V 1. Third, we set K = 10,
N = 5, and decrease ¢ from 10~ to 10~2. The mean val-
ues are set to the same when we change K. The results are
given in Fig. 2. We see that our method achieves the best
performance when compared to all other methods.

Drug Discovery: We investigate finding the most effec-
tive drug satisfying different feasibility constraints. The data
comes from Tables 2 & 3 in Genovese et al. (2013). Each
arm corresponds to a dosage level (in mg): [25, 75, 150, 300,
Placebo] and has 3 attributes: probability of being effective
14i,0, probability of any adverse event 1i; 1, and probability
of causing an infection or infestation fi; 5. The threshold for
constraint 1 is 0.5 and for constraint 2 is 0.25. We manually
increase 0.25 to all rewards received from constraint 2 to
make the thresholds equal. The means for different arms are
(.34,.519,.259)T, (.469,.612,.184)T, (.465,.465,.209)7,
(.537,.61,.293)T, and (.36,.58,.16)”7. We use Gaussian
distribution with variance 1. Fig. 3 shows that our algorithm
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1e4 Drug Discovery Application
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Figure 3: Drug discovery application: we exclude P-first due
to poor performance. Results are averaged over 10 runs and

the error bars are the standard deviations.

outperforms all other methods.

In all the experiments, all methods can find ¢* correctly.
Moreover, Algorithm 1, P-first, and F-first, which all use
SAMPLE-FEASIBILITY, generally perform better than the
other two methods which sample all constraints simultane-
ously, demonstrating that we should test each constraint in-
dividually. Since different confidence bounds will affect the
performance of the algorithm (Jamieson et al. 2014), for a
fair comparison, we use (5) on all methods. In the appendix,
we compare Algorithm 1 and TF-LUCB-C with two differ-
ent confidence bounds to see the influence of different confi-
dence bounds. It shows that our algorithm outperforms TF-
LUCB-C in both bounds and even when only TF-LUCB-C
uses a tighter confidence bound.

Conclusion

In this work, we consider a new formalism for best arm
identification (BAI) in the fixed confidence setting when the
optimal arm needs to satisfy multiple given feasibility con-
straints, and the feasibility constraints can be tested sepa-
rately. We quantify the complexity of this problem by con-
sidering the relative difficulty of deciding if a suboptimal
arm is easier to eliminate via its performance or its feasi-
bility. We propose a J-correct algorithm and upper bound
its expected sample complexity, showing that it is asymp-
totically optimal compared to the lower bound. Finally, we
conduct empirical experiments showing our algorithm out-
performs other natural baselines for this problem.
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