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Abstract

‘We make three novel contributions to parameter learning and
inference in probabilistic sentential decision diagrams (PS-
DDs). First, rather than traversing the entire PSDD during
parameter learning for each dataset example, we pioneer the
use of determinism to focus only on the activated partition.
Second, we demonstrate how to prune deterministic compu-
tation in inference, thereby eliminating the need to propagate
probability over every node in the network for each query.
Third, we introduce a technique that parallelizes a single cir-
cuit evaluation, rather than parallelizing individual multipli-
cations or layer-wise inference. For both learning and infer-
ence, experimental results on benchmark PSDDs from vari-
ous application domains demonstrate state-of-the-art perfor-
mance.

Code — https://github.com/Santocoyo/Paths
Datasets — https://github.com/Santocoyo/Paths

Introduction

Probabilistic sentential decision diagrams (PSDDs) (Kisa
et al. 2014) are an elegant framework for learning from and
reasoning about data. They are tractable representations of
discrete probability distributions over structured spaces de-
fined by massive logical constraints. The effectiveness of
PSDDs has been demonstrated in numerous real-world ap-
plications. For example, a traditional Naive Bayes classifier
of a board game trace requires 362,879 parameters, whereas
a PSDD only needs 1,793 parameters (Choi, Tavabi, and
Darwiche 2016). Other successful applications of PSDDs in-
clude learning user preferences (Choi, Van den Broeck, and
Darwiche 2015), anomaly detection (Choi, Tavabi, and Dar-
wiche 2016), and route distribution modelling (Choi, Shen,
and Darwiche 2017; Shen, Choi, and Darwiche 2018).
PSDDs can be learned from complete (Kisa et al. 2014)
and incomplete (Choi, Van den Broeck, and Darwiche 2015)
datasets. For complete datasets, the maximum likelihood
PSDD parameters in closed form are unique. PSDDs pro-
vide a tractable representation of probability distributions
because they are based on sentential decision diagrams
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(SDDs) (Darwiche 2011), which are a sophisticated repre-
sentation of logical constraints in the form of a Boolean cir-
cuit. A PSDD is an SDD annotated with probabilistic param-
eters. PSDDs can also be compiled from graphical models
such as Bayesian networks (BNs) (Pearl 1988).

As a PSDD can be written as an arithmetic circuit
(AC) (Darwiche 2003), with and-gates and or-gates respec-
tively replaced by multiplication and weighted summation
operations, the terms PSDD, AC, and circuit may be used
interchangeably. Even though AC inference is linear in the
number of edges (Darwiche 2003), it has been argued that
ACs cannot be efficiently implemented in GPUs. This is due
to their sparseness (Shah et al. 2020) and high demands on
memory bandwidth (Vasimuddin, Chockalingam, and Aluru
2018). Specialized hardware can be developed to cope with
circuit irregularity (Shah et al. 2020, 2021), making these so-
lutions cost-prohibitive. While utilizing field-programmable
gate arrays alleviates the need for customized hardware,
communication overhead persists as an obstacle to be over-
come, as evidenced by its remaining as future work in a
recent attempt to accelerate PSDD inference (Choi et al.
2023). A highly successful solution, called knowledge lay-
ers (KLay), for implementing sparse AC inference on GPUs
that is independent of hardware, was presented in (Maene,
Derkinderen, and Zuidberg Dos Martires 2025). However, it
was stated that their solution is less effective on dense cir-
cuits, such as some of the PSDDs considered here that are
compiled from BNs.

In this paper, we make three novel contributions to PSDD
learning and exact inference. We pioneer the exploitation of
determinism when learning the PSDD maximum likelihood
parameters from complete datasets. By mapping prime liter-
als a priori to their respective activated partitions, we focus
learning on activated partitions rather than traversing the en-
tire PSDD for each example, as is currently done. Second,
this is the first work to put forth structure-based pruning
of deterministic computation in AC inference. Here, prun-
ing refers to pre-compiling a static schedule for a portion of
the PSDD that can answer a substantial number of queries
later at runtime, in stark contrast to answering every query
by propagating probability over every node in the circuit.
Lastly, we propose parallelization of evaluating a single cir-
cuit, whether full or partial, exploiting both cluster-wise and
layer-wise parallelization. By introducing cluster-wise par-
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Table 1: A student enrolment dataset (Kisa et al. 2014).
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Figure 1: One SDD for the complete dataset in Table 1.

allelization in ACs, we extend this technique beyond models
amenable to traditional join tree propagation to those that
are not. For both learning and inference, experimental re-
sults on benchmark PSDDs, which span a range of densities
and application domains, consistently demonstrate runtime
improvements over the state of the art. All reported results
are statistically significant under the Wilcoxon signed-rank
test with p-value < 0.05 (Wilcoxon 1945).

Background Knowledge

Here, we review PSDD parameter learning and inference.

A sentential decision diagram (SDD) (Darwiche 2011)
can be defined as follows (Kisa et al. 2014). An SDD is ei-
ther a decision node or a terminal node. A terminal node
is a literal, the constant T (true), or the constant L (false).
A decision node is a disjunction of the form (p; A s1)
V-V (pn A sp), where each pair (p;, s;) is called an el-
ement. An or-gate depicts a decision node, and and-gates
depict its elements. Here, py, ..., p, are called primes and
$1,...,8y are called subs. The primes of a decision node
are always mutually exclusive, exhaustive, and consistent.
And-gates will always have exactly two inputs.

For example (Kisa et al. 2014), consider a computer sci-
ence department with four courses: Logic (L), Knowledge
Representation (K), Probability (P), and Artificial Intel-
ligence (A). Students enroll under the following three re-
strictions: a student must take at least one of Probability or
Logic; Probability is a prerequisite for Al; and the prereq-
uisite for Knowledge Representation is either Al or Logic.
Given the dataset in Table 1, one SDD is shown in Figure 1.

A probabilistic sentential decision diagram (PSDD) (Kisa
et al. 2014) is a parameterized SDD, i.e., the inputs into
each or-gate are probabilities that sum to one. One PSDD for
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Figure 2: The PSDD showing maximum likelihood parame-
ters for the the SDD in Figure 1 and the dataset in Table 1.

Algorithm 1: Parameter Learn (PL)

Input: An SDD, a dataset D
Output: A parameterized PSDD

: Initialize the PSDD from the SDD
Initialize all PSDD parameters to zero
for each row r in D do
for each partition do
if partition is activated then
Add row count to appropriate primes
Add row count to appropriate subs
end if
end for
end for
: Determine counts of the PSDD root or-gate
: Normalize all or-gate counts as PSDD parameters
: return parameterized PSDD
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the SDD in Figure 1 is shown in Figure 2. PSDDs possess
several favourable properties. The decomposability prop-
erty prohibits inputs to every and-gate from sharing vari-
ables (Darwiche 2001a). Smoothness ensures that or-gate
inputs involve the same variables (Darwiche 2001b). De-
terminism guarantees that at most one input for an or-gate
can be high under any circuit input (Darwiche 2001b). This
property corresponds to mutual exclusiveness when an or-
gate is viewed as a disjunction of its inputs (Darwiche 2021).
Here, a partition is defined as a sub-circuit rooted at any
child node of the PSDD root.

The PSDD maximum likelihood parameters can be
learned from complete datasets using the method in (Kisa
et al. 2014). Algorithm 1 follows its implementation in the
PyPSDD package (Choi, Arthur 2018).

Example 1 Let us run Algorithm 1 to learn the PSDD pa-
rameters in Figure 2 from the student enrolment dataset in
Table 1. Consider the last row (1,1,1,1,3) in the dataset.
Concerning the node numbers in Figure 2, Algorithm 1 vis-
its nodes N1, No, N5, and N5 to determine that L = 0
and K = 1, indicating that this partition is not activated.
It then visits nodes N3, N7, and N1g, where L = 0 and
K = 0, again showing the partition is inactive. Finally, it
visits nodes Ny, No, and N9, confirming that the right par-



tition is activated. It adds the row count 3 to the high wires
of the prime or-gates Ng and Noy in this partition. The subs
are then traversed with the row count 3 added to the high
wires for or-gates N1g and Nos. After repeating this process
for the other dataset rows, the counts for the root or-gate
are determined, and then the counts are normalized for each
or-gate, yielding the maximum likelihood parameters illus-
trated in Figure 2.

Exact probabilistic inference P(X = x) in a PSDD over
variables U, where z is an instantiation of X C U, can
be conducted linearly with one upward pass over the cir-
cuit by instantiating the leaves accordingly and propagating
upwards to the root (Kisa et al. 2014).

Learning Exploiting PSDD Determinism

We suggest the first PSDD parameter learning algorithm ex-
ploiting determinism.

We begin by motivating our approach. The learning tech-
nique discussed in the previous section does not utilize
PSDD properties and can be considered a brute-force ap-
proach. As determinism is satisfied, every dataset element
will activate precisely one partition. For example, the first
row (0,0,1,0,6) in Table 1 activates the middle partition
in Figure 2. Thus, PSDD parameter learning can be focused
locally rather than needlessly traversing paths over the en-
tire PSDD. This suggestion relies on dataset elements being
quickly assigned to the proper partition, which can be ac-
complished in two phases by using a pre-compiled mapping
of elements to partitions and bitwise checking at runtime.

In the first phase, we formally describe the offline pre-
compilation of PSDD parameter learning as Algorithm 2.
One traversal of the PSDD constructs a mapping of possible
dataset elements to prime nodes in the activated partition.
The restriction of dataset element e onto the prime variables
X is denoted by et . In addition, for a node N with k in-
puts, we use N’ to denote input ¢, fori =1,... k.

Example 2 Let us run Algorithm 2 given the SDD in Fig-
ure 1. The set of all variables {L, K, P, A} and the set of
prime variables { L, K} can be obtained from the SDD. The
initial PSDD in Figure 2 is constructed, and all parame-
ters are initialized to zero. Consider literals - K and K in
the right partition of Figure 2. Specify the mapping with the

key-value pair
1
{(ko) = [Nayl},
and another mapping with one key-value pair

{(ky) = [N3,]}.

Next, consider the or-gate, node Noy. The union of its two
input mappings is computed as:

{(ko) = [Naa], (k1) = [N3,]}.
Now consider the and-gate node N1g. The left input is:
{(0) = [Ng]},

while the right input is the mapping in Equation (1). Thus,
Algorithm 2 computes the Cartesian-product:

{(llako) = [N917N214]a (llakl) = [N917N224]}7

ey
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Algorithm 2: Pre-compile PSDD Parameter Learn

Input: An SDD
Output: A map m of PSDD prime configurations to or-gate
inputs in the activated partition

1: Determine the set of all variables from the SDD

2: Determine the set of prime variables from the SDD

3: Initialize a PSDD from the SDD

4: Initialize all PSDD parameters to zero

5: for each PSDD partition do

6:  Bottom-up traversal of prime nodes in this partition
7:  Let N be the next node to be processed
8: ifnode N is literal [ then
9: Map [ to the wire feeding into the nearest or-gate
10:  else if node N is an or-gate then
11: Let mq, ..., mg be disjoint input mappings of N
12: m = Ule m;, where m(z) = m;(z) for i =
1,...,
13:  elseif node N is an and-gate then
14: Let m, and ms be the two input mappings of N
15: m=my X mg: (1, 22) = (my1(x1), ma(z2))
16:  end if
17: end for

18: Process the root or-gate, yielding the final mapping m
19: return m

Algorithm 3: Deterministic Parameter Learn (Det-PL)

Input: A mapping m, a dataset D, prime variables X
Output: A parameterized PSDD

1: for each element e in D do

2:  Add element count to primes cached in m(e*X)

3:  Add element count to subs following Algorithm 1
4: end for
5
6
7

: Determine counts of the PSDD root or-gate
: Normalize all or-gate counts as PSDD parameters
: return parameterized PSDD

which is the mapping for the right partition with L being 1
and K being either 0 or 1. Similarly, the respective map-
pings for the left and middle partitions are:

{(lo, k) = [NZ]},
and
{(lo, ko) > [N71}.
Lastly, Algorithm 2 returns the PSDD mapping m:
m = { (lo, ko) = [N7], (lo, k1) = [NZ],
(I, o) = [Ny, Nay], (i, k1) = [Ng, N3] }.

In the second phase, runtime PSDD parameter learning is
formally given as Algorithm 3.

Example 3 Let us run Algorithm 3 to learn the PSDD
parameters given the pre-compiled mapping m in Exam-
ple 2, the complete dataset in Table 1, and prime variables
{L, K}. Consider the last row e in the dataset. Algorithm 3



extracts the values e"'""5) = (1,1) of the prime variables.
Using this as the key for the mapping m in Example 2, the
row count 3 is immediately added to the high wires Ng and
N2, of the prime or-gate nodes Ny and Nay. Next, the row
count 3 is added to high wires for sub or-gates following Al-
gorithm 1 as in Example 1. The rest of the example follows
a similar pattern.

The important point in Example 3 is that Algorithm 3 did
not needlessly traverse PSDD paths. By exploiting determin-
ism, only paths within the activated partition for each dataset
element are explored during PSDD parameter learning.

Theorem 1 Given an SDD for a complete dataset, Algo-
rithms 2 and 3 correctly learn the PSDD maximum likeli-
hood parameters.

Proof. Since Algorithm 1 is known to learn the PSDD max-
imum likelihood parameters, it only needs to be shown that
Algorithms 2 and 3 add a row count to a PSDD node if
and only if Algorithm 1 does. By line 3 in Algorithm 3,
row counts are added to the subs of the activated partition
in the exact same manner. Algorithm 1 will traverse parti-
tions that are not activated by the dataset row currently un-
der consideration. Since the row count will not be added to
any of the nodes in non-active partitions, it is only necessary
to demonstrate that the algorithms perform the same work
within the prime nodes of the activated partition. In lines 8
and 9 of Algorithm 2, the literal value of every leaf in each
PSDD sub-circuit is mapped to its truth value. As the inputs
to an or-gate are mutually exclusive and exhaustive, there
can be no conflict between the keys of the mappings of the
two inputs. Thus, lines 10 to 12 of Algorithm 2 correctly
record activated or-gates given a dataset element. Similarly,
since PSDD and-gates are decomposable, the Boolean vari-
ables of the left input are disjoint from those of the right
input. Hence, the Cartesian-product of the key-value pairs in
lines 13 to 15 of Algorithm 2 correctly record activated and-
gates. Consequently, during runtime, line 2 in Algorithm 3
adds the row count precisely to the necessary prime nodes
of the activated partition. Thereby, Algorithms 2 and 3 are
equivalent to Algorithm 1. |

Inference Exploiting Determinism

Here, we cluster AC nodes to avoid deterministic computa-
tion and show how clustering facilitates parallelization.

AC indicators are binary leaf nodes corresponding to
PSDD literals and are set to zero or one for each query. A
zero means an indicator is incompatible with the query, and
aone means it is compatible. Although every AC node is rel-
evant to at least one query, its numeric value is deterministic
whenever all descendant indicators are set to one.

Definition 1 In an AC, let N be a non-leaf node and I be
the set of all descendant indicators of N. N is called deter-
ministic whenever all indicators in I are set to 1.

A deterministic node separates all possible AC queries
into two halves: one in which the node is deterministic and
one in which it is not. Discussion of determinism at the level
of one AC node is too fine-grained to be useful in practice.
Thereby, we group together AC nodes into clusters.
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Our clustering procedure follows a fixed node evaluation
order used by the Arithmetic Circuit Evaluator (ACE) soft-
ware package (UCLA Automated Reasoning Group 2015).
While AC inference proceeds bottom-up from leaves to the
root, the traversal order is not uniquely determined by the
circuit structure. We therefore adopt one node evaluation se-
quence in which each step corresponds to a literal, multipli-
cation, or summation operation in one circuit evaluation.

Definition 2 Given the AC inference sequence generated by
ACE for a PSDD, a cluster is a consecutive sequence of one
or more multiplication operations. This sequence must be
immediately preceded by either a literal statement or a sum-
mation operation. If the sequence is followed by a summa-
tion operation, the cluster includes all subsequent consecu-
tive summation operations as well.

This notion of a cluster seems to be a natural pattern in AC
inference conducted by ACE. Note, however, that a cluster
does not necessarily correspond to classical variable elim-
ination in a BN, since ACE employs a logical optimization
approach to compile a BN when its treewidth is high (UCLA
Automated Reasoning Group 2015).

Algorithm 4 first groups the nodes of the AC compiled
by ACE into clusters, producing the full clustered AC Cyy;.
Here, Cyyy; (line 3) is a directed acyclic graph whose nodes
are the clusters ci,...,cg, and a directed edge (c;,c;) is
added whenever cluster ¢; depends on the numeric out-
put produced by c;. The algorithm then prunes determin-
istic computation to obtain the partial clustered AC Cpqrtial,
where I- denotes the set of indicator variables appearing
in a given set of clusters C. Line 12 performs a disjointness
check to ensure that a cluster and its descendants share no in-
dicator variables with the rest of Cpqytiq. Provided that the
rest of Cpariiar has more than half of the original variables,
line 14 prunes away these clusters from Cportiqi-

Example 4 Given the PSDD for the real-world BN
Mildew (Jensen and Jensen 1996) over U with 35 variables,
we apply Algorithm 4 to compute the clustered ACs C
and Cpartial- The full clustered AC Cyyy is formed as a di-
rected acyclic graph with 34 clusters, as illustrated in Fig-
ure 3. A copy Cpartial is then initialized from Cy,y in line 4,
and the pruning loop begins in line 5.

Consider cluster c3g during the top-down traversal. In
line 9, Csq is defined as cluster c3 together with its fifteen
descendant clusters shown in Figure 3. The set Cpqrtiai \ C30
therefore contains all clusters in the smaller rectangle of
Figure 3, as well as cluster c12. The corresponding indicator
sets Icy, and Ic,, ... \Cs, are disjoint, satisfying the con-
dition in line 12 (indicators are not depicted in Figure 3).

Since |Ic,,, ,,.\Cso| > |U|/2 in line 13, C3 is pruned from
partial-
The next interesting cluster is c13. Here, C13 = ci3,

but the indicator sets are not disjoint because one vari-
able has indicators appearing in both ci13 and ci4. Thus,
the disjointness condition in line 12 fails. Next, for cluster
c12, C12 = c19, and the indicator sets are disjoint. Since
|ICpm~mz\Cm| > |U|/2, c12 is pruned from Cpartiai.

No further pruning applies, and Algorithm 4 returns both
the clustered ACs C ¢yy; and Cpqrtial, as depicted in Figure 3.



Algorithm 4: Compile Clustered ACs from a PSDD

Input: A PSDD P over variables U
Output: Cs,y; and Cpartial

1: Let A be the AC compiled by ACE for P

2: Letey, ..., ¢k be A’s clusters according to Definition 2
3: Let Cyyy be the directed acyclic graph whose nodes are
{c1,...,cx}, with a directed edge (c;, ¢;) iff cluster ¢;

depends on numeric output from c;
Cpartial — Cfull
forj=k,...,1do
if Cj ¢ Cpartial then
continue
end if
Let C; be the subgraph induced by cluster c; and all
its descendants in Cpgrtial
10:  Let I, be the set of indicator variables in C;
11:  LetIc,, ... \c, be the set of indicator variables over
clusters in Cpariiar \ Cj
12: lf IC]. n ICpa7‘tial\Cj = @ then

R AN AN

13: if |ICpa7'tia.l\Cj | > |U‘/2 then
14: Cpa'r‘tial — Cpartial \ Oj
15: end if

16:  end if

17: end for

18: return clustered ACs Cyyy; and Cpartial

We now turn our attention from pruning to paralleliza-
tion. Layer-based parallelization of probabilistic inference
was suggested as long ago as (Kozlov and Singh 1994)
and is still used today (Maene, Derkinderen, and Zuid-
berg Dos Martires 2025). We use layer-based parallelization
when scheduling for clustered ACs Cpariar and Cypoy.

Example 5 Consider exploiting layer-based parallelization
when performing a single circuit evaluation on the partial
clustered AC Cpqrtiqi in Figure 3. The leaf clusters cy, cg, c7,
and c13 form the first layer of the parallel schedule. These
four clusters can be processed concurrently since each is
independent of the others. Once this layer has been com-
pleted, the next layer, consisting of cg, c14, c17, and co1, can
be started. In the next round, each of these four clusters can
be processed in parallel, and so on.

Experience has shown that layer-wise parallelization is
not as effective as parallelism within clusters (Kozlov and
Singh 1994; Madsen and Jensen 1999) when inference is
implemented using join tree propagation. ACs, however, al-
low inference to scale sometimes to models with very high
treewidth, which are beyond the scope of classical inference
algorithms such as variable elimination and join tree propa-
gation (Shen, Choi, and Darwiche 2016). For instance, ACE
was the only system to exactly solve all 251 relational net-
works in the UAI’08 inference competition (Darwiche et al.
2008). Thus, we propose integrating layer-wise parallelism
with cluster-wise parallelism for AC inference.

The computation within each cluster is partitioned into at
most one serial block and zero or more parallel blocks.

Partial clustered AC ?

Falie

C) Ce)
Full clustered AC @ @

Figure 3: Given the Mildew PSDD, Algorithm 4 computes
the full and partial clustered ACs C 1 and Cpartial-

Definition 3 Given ACE’s node evaluation sequence, we
define the following within each cluster. The serial block is
the set of all nodes that are referenced more than once dur-
ing evaluation, along with all their descendant nodes. For
each root node in the cluster, a parallel block is defined as
the root node together with all of its descendant nodes that
are not part of the serial block.

For example, the cluster c; in Figure 4 has 15 numeric op-
erations, partitioned into one serial and two parallel blocks,
respectively.

Better load balancing can be achieved only by dividing the
calculation inside a given cluster between different proces-
sors (Kozlov and Singh 1994). In our case, scheduling within
clusters will be done by blocks, with all parallel blocks wait-
ing until the serial block has completed.

Algorithm 5, called Parallelized Circuit Evaluation
(PCE), constructs a static time-ordered schedule for evalu-
ating a clustered AC in parallel. Each cluster is decomposed
into one serial block and zero or more parallel blocks, which
are assigned to jobs according to a fixed-capacity constraint.
The parameter J,.x denotes the job limit, i.e., the maxi-
mum number of numeric operations (additions and multipli-
cations) that may be included in a single job. A job thus rep-
resents a bounded-capacity container of operations sched-
uled for concurrent execution within one time unit. Within
each time unit, jobs are indexed sequentially, e.g., S[t, j] de-
notes job j in time unit ¢. Thus, we may write S[t,j] as
S[t] with the job number j understood, since job numbers
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Figure 4: Illustrating PCE’s integration of cluster- and layer-
based parallelization to help cope with circuit irregularity.

are unique in each time unit. For every cluster, the serial
block must complete before any parallel blocks can start. For
each serial block, up to the first J,,,, numeric operations
are scheduled in the current time unit, with consecutive time
units used to schedule jobs for any remaining operations.
Each parallel block of this cluster is scheduled either in the
same job as the last operation of the serial block in time unit
t or in the current or a new job of time unit ¢ + 1. In our ex-
perience, each parallel block fit entirely within a single job.
Note that PCE checks whether a new block fits only within
the most recently created job in each time unit, not in earlier
jobs of that time unit.

Example 6 Consider how Algorithm 5 schedules evalua-
tion over a clustered AC C, where the bottom layer has two
clusters, c1 and co, with a parent cluster cs in the next layer,
as depicted in Figure 4. Let ¢c; = [8,[2, 5], c2 = [3,[2,4, 3]],
and c3 = [3,[2,4, 1,5, 2]], where the first value denotes the
number of numeric operations in the serial block, and the
list specifies the sizes of its parallel blocks. Assume a job
limit of Jmax = 6, meaning that each job can contain at
most six numeric operations. By line 2, scheduling proceeds
in a bottom-up, layer-wise manner.

Consider cluster cq in line 4, and then set t1 = 1. The
serial block of c1 contains 8 operations. By line 6, PCE
first creates job S[1,1] (job 1 in time unit 1) and assigns
six operations, filling its capacity. The remaining two oper-
ations are placed in §[2,1] (job 1 in time unit 2), by line 9.
Next, the first parallel block of size 2 is considered in line 12.
By line 13, since it can fit within the remaining capacity of
S[2,1] (2 < 4), it is scheduled there, leaving room for two
additional operations. However, the second parallel block of
size 5 does not fit in S[2,1] (5 > 2). By line 17, PCE creates
S[3, 1] and schedules it there. Cluster cy is now complete.

Now consider cluster cs in line 4. By line 5, to = 1. The
serial block of co (3 operations) is scheduled in a new job
S[1, 2], leaving space for three more operations (6 —3 = 3).
The first parallel block (size 2) is placed in S[1, 2], reducing
the remaining space to one. The second parallel block (size
4) does not fit in S[1, 2] or in §[2, 1], so PCE creates S[2, 2]
for it. The third parallel block (size 3) similarly requires a
new job, S[2, 3|. At this point, both ¢; and ¢y are scheduled,
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Algorithm 5: Parallelized Circuit Evaluation (PCE)

Input: Layered clusters {L, ..., L}, each cluster ¢; has a
serial block s; and zero or more parallel blocks [p;o, - - . , pik]
Parameter: Job limit Jpax // maximum ops per job
Output: Parallel schedule S

1: Initialize empty schedule S and time unit ¢

2: for each layer £, from bottom to top do

3:  t < the next time unit having no scheduled jobs
4:  for each cluster ¢; € L, do
5: t; <t
6: Schedule min(Jpax, $;) numeric operations of s;
in S[ti]
7: while s; > 0 do
8: t; < t; + 1 // continue serial in next time unit
9: Schedule min(Jyax, $;) remaining operations
of S in S[tz]
10: end while
11: remaining < available space in S[t;]
12: for each parallel block p;; of ¢; do
13: if p;; < remaining then
14: Schedule p;; in S[t;]
15: remaining <— remaining — p;;
16: else
17: Schedule p;; in S[t; + 1]
18: end if
19: end for
20:  end for
21: end for

22: return cluster- and layer-wise parallel schedule S

completing the bottom layer.

A new layer begins in line 2. For cluster cs, the time unit
is set as t3 = 4. The serial block (size 3) is scheduled in
S[4,1), leaving three remaining operations (6 — 3 = 3).
The first parallel block (size 2) is scheduled in the same job,
leaving one slot. The second parallel block (size 4) exceeds
this remaining capacity, so PCE creates S[5, 1] for it, leav-
ing two available operations. The third parallel block (size
1) fits in S[4, 1]. The fourth (size 5) and fifth (size 2) paral-
lel blocks are scheduled as S[5,2] and S[5, 3], respectively.
Cluster c3 is now fully scheduled, completing the schedule
S to this point.

PCE is a static approach to scheduling and is an offline
compilation prior to runtime inference, as done in (Choi
et al. 2023). Offline compilation exploits the fact that the
PSDD structure of a dataset is fixed, even for different
queries. Then, at runtime, simply execute the corresponding
pre-compiled PCE schedule for either C ¢y or Cpartial-

Example 7 Consider an input query P(X = x) posed
to the Mildew PSDD. The partial clustered AC Cpartial
in Figure 3 for Mildew contains the following 18 vari-
ables: dmy, dms, dmy, foto,, fotos, foto,, lais, lais, lais,
meldugs, meldug,, middels, mikros, straalings, straaling,,
temps, temp ,, udbytte. If X is a subset of these 18 variables,
execute the pre-compiled PCE schedule for Cpariial in Fig-
ure 3; otherwise, execute the pre-compiled PCE schedule for

Crull-



Theorem 2 Given a PSDD defining a joint distribution
P(U) and X C U, PCE correctly answers exact inference
queries of the form P(X = x).

Proof. The claim holds whenever an input query is pro-
cessed in C .y, since PCE is faithful to a bottom-up traversal
of the underlying AC with children evaluated before their
parents. Thus, consider the case where P(X = z) is pro-
cessed in the partial clustered AC Cpqyrtiqi- All indicators in
U\ X are set to 1 by definition. Thus, all subsequent nu-
meric computations based on these indicators are determin-
istic. Hence, the same numeric values are obtained regard-
less of whether the computation is performed at runtime or
in a clustered, pre-compiled environment. |

Experimental Results

We present experimental results aimed at evaluating the ef-
fectiveness of exploiting determinism in PSDD parameter
learning and inference.

The empirical evaluation was conducted on a laptop run-
ning Windows 11 Pro (version 23H2), equipped with a 3.3
GHz AMD Ryzen 5 5600H processor (six physical cores,
twelve logical cores), integrated with an NVIDIA GeForce
GTX 1650 (G6) GPU, and 64 GB of RAM. Software used
includes KLay (v0.0.2), ACE (v3.0), PyPSDD (v0.1) and
PyPy (v2.7) as the recommended interpreter. KLay inference
is conducted in Python (v3.12). The schedule output by PCE
is written in C++23 and compiled using G++ (v14.2).

Table 2 describes five PSDDs for learning user prefer-
ences used in our experiments. For context, the benchmark
Sushi dataset (Kamishima 2003) contains the preference
rankings for ten types of sushi by 5,000 people. As total
rankings correspond to complete datasets, PyPSDD (Choi,
Arthur 2018) was used to learn PSDDs as in (Choi, Van den
Broeck, and Darwiche 2015). The average running times and
standard deviations to learn the PSDD maximum likelihood
parameters by PL and Det-PL are reported in seconds, where
10 runs were performed for each dataset size. To evaluate
scalability, we use three synthetic datasets that span three
orders of magnitude.

Table 2 shows that Det-PL was always faster than PL re-
gardless of the number of elements in the dataset and the
number of PSDD partitions. All boldface winners are statis-
tically significant under the Wilcoxon signed-rank test with
p-value < 0.05. This empirically demonstrates the effective-
ness of exploiting determinism when learning the maximum
likelihood PSDD parameters.

The PSDDs in Table 3 used to evaluate inference perfor-
mance were compiled from benchmark BNs (Scutari, Marco
2007), with AC sizes ranging from 627,098 to over 18 mil-
lion nodes. PCE was compared with ACE, a well-established
AC evaluator that remains state-of-the-art according to a re-
cent empirical study (Agrawal, Pote, and Meel 2021), and
with KLay (Maene, Derkinderen, and Zuidberg Dos Mar-
tires 2025), a recent GPU-accelerated evaluator showing
competitive performance. Each experiment involved ten ran-
domly generated queries, where the query scope was set to
5% of the network variables. Each query was executed ten
times using the three approaches. To isolate the effects of
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pruning and parallelism, we conducted evaluations of (i) par-
allel inference over the full clustered AC (no pruning) and
(ii) serial inference over the partial clustered AC (no paral-
lelism). In our experiments, a job limit of Jy,,x = 20,000
operations provided a good balance between load granular-
ity and scheduling overhead. Reported results represent av-
erages over 100 runs, with standard deviations provided as
customary. All boldface winners are statistically significant
under the Wilcoxon signed-rank test with p-value < 0.05,
where only the top two methods per benchmark were com-
pared to reduce the likelihood of spurious conclusions.

The final line of Table 3 indicates that PCE attains the
state-of-the-art, as it is faster than both ACE and KLay on
four of the five PSDDs. KLay was the fastest on one PSDD.
These results emphasize the worthiness of exploiting a fixed
structure to pre-compile a static parallelized schedule.

(Maene, Derkinderen, and Zuidberg Dos Martires 2025)
demonstrated that sparse ACs can be executed efficiently on
GPUgs, yielding brilliant results. However, it was acknowl-
edged that their approach is less effective on dense circuits.
The results in Table 3 show that KLay is not as effective
on ACs compiled from benchmark BNs. PCE is also faster
than ACE because ACE evaluates every node one by one,
whereas PCE clusters nodes to exploit layer- and cluster-
wise parallelization.

Restricting attention to cases where a query can be evalu-
ated in a pruned AC, a serial execution was faster than PCE
in two of the networks, while PCE was faster in the other
three networks. A serial execution can be faster on smaller
networks, as the overhead of parallelization may outweigh
its benefits. These results show that structure-based pruning
of deterministic computation is significant in its own right,
and that it further complements PCE.

Our static scheduling approach requires the identifica-
tion of the computation per task, the sets of parallelizable
tasks, and the job limit hyperparameter. We reuse shared
arrays since traversal is fully known in advance. While
this approach avoids explicit handling of memory manage-
ment, data locality, and thread synchronization, future work
could investigate cache-aware array partitioning and adapt-
ing cluster- and layer-based parallelization to GPUs.

Lastly, it is worth noting that gquery-based pruning tech-
niques applied during runtime have been developed for
BNs (Zhang and Poole 1994) and for sum—product net-
works (Butz et al. 2018), whereas the work here intro-
duces a structure-based pruning technique utilized in a pre-
compilation step. Rather than pruning dynamically for a sin-
gle query, the partial clustered AC Cpqrtiq; in Figure 3 can
be reused across an enormous family of queries. Specifi-
cally, Cpartiar contains 18 observable variables whose dis-
crete domains range in cardinality from 4 up to 100. Con-
sidering all possible non-empty subsets of these 18 variables
and all combinations of their domain values yields approx-
imately 6.4 x 1020 distinct instantiations, i.e., more than
640 quintillion unique queries P(X = x). Thus, the pre-
compiled Cpariiar can correctly answer every one of these
queries without recompilation, demonstrating the scalability
and generality of the proposed pruning method.



Rank-16 Rank-12 Rank-11 Rank-10 Rank-9

# vars 256 144 121 100 81

# nodes 331,430 22,258 11,660 6,230 3,405
PL on 10,000 rows 4.49 +0.08 1.64 +0.02 1.37 +£0.03 1.19+0.01 0.97+0.03
Det-PL on 10,000 rows 2.74 £ 0.16 0.94 = 0.01 0.78 £ 0.02 0.58+0.01 0.39 +0.01
PL on 100,000 rows 26.31+0.83 10.09+0.11 7.27 £0.05 456+0.12 236+0.04
Det-PL on 100,000 rows 23.65 = 1.30 9.19 = 0.10 6.12 £ 0.03 3.39+£0.07 1.56 =0.02
PL on 1,000,000 rows 248.07+694 7653 +1.11 45.64+336 1824+0.18 5.34+0.12
Det-PL on 1,000,000 rows 216.91 £4.35 74.76 £2.75 42.02+3.66 16.62+0.17 4.24+0.04

Table 2: PSDD learning times (in seconds) by PL and Det-PL for user preference total rankings. Boldface indicates the best-
performing method with statistical significance based on the Wilcoxon signed-rank test with p-value < 0.05.

Pigs Andes Mildew Munin Barley

Full AC nodes 627,098 725,333 1,109,622 2,036,422 18,174,464
Partial AC nodes 239,948 711,335 446,562 1,915,257 17,174,174
Full AC clusters 441 223 35 1,041 48
Partial AC clusters 219 108 17 619 20
Serial execution on partial AC ~ 2.85 £ 0.19 5.75 +£0.55 6.17+0.17 20.85+2.22  199.93 +24.19
PCE on partial AC 3.97+0.19 6.05 +0.36 5.29+0.17 10.93 £ 1.05 59.14 £7.31
KLay (CPU) on full AC 55.60+3.46 20.61+£551 167.60+13.09 251.16+13.61 31623 +£27.43
KLay (GPU) on full AC 2446753 2957+£11.22 14.05+441 32.96 +10.47 23.43+7.14
ACE on full AC 7.27+£0.84 8.56 £0.94 13.78 + 1.12 26.67+293 22221 +28.09
PCE on full AC 6.69 + 0.18 7.63 = 0.34 8.81 + 0.22 13.16 = 0.49 69.93 + 6.30

Table 3: AC inference times (in milliseconds) for KLay, ACE, and PCE on benchmark networks. Boldface indicates the best-
performing method with statistical significance based on the Wilcoxon signed-rank test with p-value < 0.05.

Conclusion

To the best of our knowledge, this is the first work to acceler-
ate PSDD maximum likelihood parameter learning, opening
the door to further improvement. The results in Table 2 sug-
gest that exploiting PSDD determinism to focus parameter
learning on the activated partition is better than needlessly
exploring unnecessary paths across the entire PSDD. Since
pre-compilation is only done once, future work will look at
online learning applications where concept drift occurs, ne-
cessitating the relearning of parameters over the same fixed
structure due to shifts in the distribution (Li et al. 2021). In-
vestigating how the SDD topology affects Det-PL is left for
future work.

Our PSDD inference algorithm, called Parallelized Cir-
cuit Evaluation (PCE), integrates cluster- and layer-based
parallelism to reach state-of-the-art results, as shown in the
final line of Table 3. PCE can run on a full clustered AC or on
a partial clustered AC obtained via structure-based pruning
of deterministic computation. For both learning and infer-
ence, all boldface winners are statistically significant under
the Wilcoxon signed-rank test with p-value < 0.05. Addi-
tional studies are needed to compare PCE with a broader
suite of related works (Gala et al. 2024; Liu, Ahmed, and
Van den Broeck 2024). Future work can also investigate the
role of cluster formation in Definition 2.
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