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Abstract

Stochastic approximation is a powerful class of algorithms
with celebrated success. However, a large body of previous
analysis focuses on stochastic approximations driven by con-
tractive operators, which is not applicable in some important
reinforcement learning settings like the average reward setting.
This work instead investigates stochastic approximations with
merely nonexpansive operators. In particular, we study non-
expansive stochastic approximations with Markovian noise,
providing both asymptotic and finite sample analysis. Key to
our analysis are novel bounds of noise terms resulting from
the Poisson equation. As an application, we prove for the first
time that classical tabular average reward temporal difference
learning converges to a sample-path dependent fixed point.

Extended version — https://arxiv.org/abs/2409.19546

1 Introduction

Stochastic approximation (SA) algorithms (Robbins and
Monro 1951; Kushner and Yin 2003; Borkar 2009) form
the foundation of many iterative optimization and learning
methods by updating a vector incrementally and stochasti-
cally. Prominent examples include stochastic gradient de-
scent (Kiefer and Wolfowitz 1952) and temporal difference
(TD) learning (Sutton 1988). These algorithms generate a se-
quence of iterates {x,,} starting from an initial point zy € R?
through the recursive update:

Tn+1 = Tn + an+1(H($n7 Yn+1) - xn) (SA)

where {a,} is a sequence of learning rates, {Y,,} is a
sequence of random noise in a space ), and a function
H:RExY -5 R maps the current iterate x,, and noise
Y41 to the actual incremental update. We use h to denote
the expected update, i.e., h(x) = E[H (z, y)], where the ex-
pectation will be formally defined shortly.

Despite the foundational role of SA in analyzing reinforce-
ment learning (RL, Sutton and Barto (2018)) algorithms,
most of the existing literature assumes that the expected
mapping h is a contraction. However, in many problems in
RL, particularly those involving average reward formulations
(Tsitsiklis and Roy 1999; Puterman 2014; Wan, Naik, and
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Sutton 2021b,a; He, Wan, and Mahmood 2022), h is only
guaranteed to be non-expansive, not contractive. Table 1 high-
lights the relative scarcity of results concerning nonexpansive
mappings. As a result, it is surprising that the convergence of
some of the simplest and most fundamental RL algorithms,
such as tabular average reward TD (Tsitsiklis and Roy 1999),
has not been fully settled, despite more than 25 years having
passed since its introduction.

One tool for analyzing (SA) with nonexpansive h, which
has recently gained renewed attention, is Krasnoselskii-Mann
(KM) iterations:

Tnt+1 = T + an+1(h(xn) - xn)- (KM)

Under some other restrictive conditions, Krasnosel’skii
(1955) first proves the convergence of (KM) to a fixed point
of h and this result is further generalized by Edelstein (1966);
Ishikawa (1976); Reich (1979); Liu (1995). More recently,
Cominetti, Soto, and Vaisman (2014) use a novel fox-and-
hare model to connect KM iterations with Bernoulli ran-
dom variables, providing a sharper convergence rate for
|lzn, — h(x,)]] — 0. Kim and Xu (2007); Cominetti, Soto,
and Vaisman (2014); Bravo, Cominetti, and Pavez-Signé
(2019) further consider (KM) with some deterministic addi-
tive noise.

However, practitioners usually do not have access to h
directly. Instead, they only have access to a noisy estimate
of h (cf. H in (SA)). As a result, the general SA update (SA)
is also called the Stochastic KM (SKM) iterations when h is
nonexpansive. Under mild conditions, Bravo and Cominetti
(2024) prove the almost sure convergence of SKM, together
with the convergence rates of E[||x,, — h(x,,)||]. However,
one significant limitation of Bravo and Cominetti (2024) is
that they assume {Y;} are i.i.d., which significantly restricts
their applications in RL because the corresponding {Y;}
in many RL algorithms (e.g., the aforementioned tabular
average reward TD) is a Markov chain. This is the second
gap that this work shall close.

To summarize, we make two contributions in this work
to close the two gaps. First, Theorem 2.6 proves that the
sequence {x,} generated by (SA) with Markovian {Y,,}
and nonexpansive h, converges almost surely to some ran-
dom point xz, € X, where X, is the set of fixed points
of h. Importantly, x, may depend on the entire sample-
path. Theorem 3.1 further provides the convergence rate
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Table 1: Overview of stochastic approximation methods, with a focus on those that consider non-expansive mappings. “Non-
expansive h” refers to works where the expected mapping is non-expansive, as opposed to strictly a contraction. “Markovian
{Y,,}” indicates cases where the noise term {Y, } is Markovian. “Asymptotic” refers to works that prove almost sure convergence,
which is not necessarily weaker than non-asymptotic convergence results. Note that we present only a representative subset of
results for SA with contractive mappings due to an abundance of literature in the area. For a more comprehensive treatment, see
Benveniste, Métivier, and Priouret (1990); Kushner and Yin (2003); Borkar (2009).

of the expected residuals E[||z,, — h(z,)||]. Both only as-
sume {Y;} is a Markov chain. Table 1 highlights the im-
provement of this work over those prior. The key idea of
our approach is to use Poisson’s equation to decompose the
error {H (2, Yn+1) — h(z,)} into boundable error terms
(Benveniste, Métivier, and Priouret 1990). While Poisson’s
equation has been previously used for handling Markovian
noise, our method departs from prior arts in how we bound
the resulting error terms. Specifically, Benveniste, Métivier,
and Priouret (1990) and Konda and Tsitsiklis (1999) use stop-
ping times, while Borkar et al. (2021) employ a Lyapunov
function and use the scaled iterates technique. By contrast,
we leverage a 1-Lipschitz continuity assumption on H to
directly control the growth of error terms. Second, Theorem
4.2 uses our novel SKM results to provide the first proof of
almost sure convergence of tabular average reward TD to a
possibly sample-path dependent fixed point.

Notations In this paper, all vectors are column. We use ||-||
to denote a generic operator norm. We use |||, and |||
to denote /5 norm and infinity norm respectively. We use
O(+) to hide deterministic constants for simplifying presenta-
tion, while the letter ( is reserved for sample-path dependent
constants.
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2 Asymptotic Analysis of SKM Iterations

To broaden the applicability of our result, we future al-
low (SA) to have additional additive noise. Namely, we con-
sider the following SKM updates

Tn+1 = xn+an+1 (H(:Lna Yn+1) — Ty + 6511421) 5 (SKM)

where {r,} are stochastic vectors evolving in R?, {Y,,}
is a Markov chain evolving in a finite state space ), H :

R? x Y — R? defines the update, {6511421

stochastic noise evolving in R, and {a,,} is a sequence of
deterministic learning rates. We make the following assump-
tions.

Assumption 2.1 (Ergodicity). The Markov chain {Y,,} is
irreducible and aperiodic.

} is a sequence of

The Markov chain {Y,,} thus adopts a unique invariant
distribution, denoted d,,. We use P to denote the transition
matrix of {Y,,}.

Assumption 2.2 (1-Lipschitz). The function H is 1-Lipschitz
continuous in its first argument w.r.t. some operator norm ||- |
and uniformly in its second argument, i.e., for any x, z’, v, it
holds that

|H(z,y) — H(@',y)l| < |z — 2|




This assumption has two important implications. First,
it implies that H(x,y) can grow at most linearly. Indeed,
leta’ = 0, we get ||H(x,y)]| < |[H(0,y)] + ||z]. Define
Cu = max, |[H(0,y)]|, we get

[H (2, y)|| < Cu + || M

Second, define the function A : R? — R? as the expectation
of H over the stationary distribution d,:

hz) = Ey~a, [H(2,y)]-
We then have that h is non-expansive. Namely,

1A(z) = h(z")| < 32, du(W)|| H (2, y) — H(2', )

<z —2/).

@
We need to assume that the problem is solvable.

Assumption 2.3 (Fixed Points). The non-expansive operator
h adopts at least one fixed point.

We use X, # () to denote the set of fixed points of h.

Assumption 2.4 (Learning Rate). The learning rate {c, }
has the form
= 0’

1
aTL = b7a0

(n+1)
where b € (1, 1].

The primary motivation for requiring b € (%, 1] is that
our learning rates «,, need to decrease quickly enough for
certain key terms in the proof to be finite. The specific need
for b > % can be seen in the proof of (30) in Lemma B.1. We
now impose assumptions on the additive noise.

Assumption 2.5 (Additive Noise).

oo
Do

k=1
E{ ﬂ —0(1/n).

The first part of Assumption 2.5 can be interpreted as a
requirement that the total amount of additive noise remains
finite. Additionally, we impose a condition on the second
moment of this noise, requiring it to converge at the rate

O(2). While these assumptions on L may seem restrictive,

it should be noted that even if e£}> were absent, our work

would still extend the results of Bravo and Cominetti (2024)
to cases involving Markovian noise, as the Markovian noise
component is already incorporated in Y,,, which represents
a significant result. For most RL applications involving al-
gorithms which have only one set of learnable weights, the
additional noise e,(cl) will simply be 0. We are now ready to
present the asymptotic analysis of (SKM).

Theorem 2.6. Let Assumptions 2.1 - 2.5 hold. Then the
iterates {x.,,} generated by
(SKM) satisfy

3

eg) H <oco  a.s.,

&

“

lim z, = x.
n— o0

a.s.,
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where x,. € X, is a possibly sample-path dependent fixed
point. Or more precisely speaking, let w denote a sample
path (wo,Yo,Y1,...) and write x,(w) to emphasize the
dependence of x,, on w. Then there exists a set ) of sam-
ple paths with Pr(Q) = 1 such that for any w € €, the
limit lim,,, oo ., (w) exists, denoted as x.(w), and satisfies
Zy(w) € X

Proof. We first define two useful shorthands,

n
67 %) = Qg H (1 - aj); Qpon = Qo

4)
J=k+1
o =Y ag(l— ag). (6)
k=1

We then start with a decomposition of the error H (x, Y;,41) —
h(z) using Poisson’s equation akin to Métivier and Priouret
(1987); Benveniste, Métivier, and Priouret (1990). Namely,
thanks to the finiteness of ), it is well known (see, e.g.,
Theorem 17.4.2 of Meyn and Tweedie (2012) or Theorem
8.2.6 of Puterman (2014)) that there exists a function v(z, y) :
R? x ) — R4 such that

H(z,y) — h(z) = v(z,y) — (Pv)(z,y). )

Here, we use Pv to denote the function (x,y) —
>y Py, y")v(x,y"). The error can then be decomposed as

(2) (3)

H(x, Y1) —h(x) = M1 + 6,0 + 6500, (8
where

M1 = v(2n, Yoi2) — (PV) (20, Yog1), ©)

&)y = v, Yos1) = V(g1 Yaga),  (10)

) = (a1, Yoga) = v(@n, Yaga). (1)

Here {M,,+1} is a Martingale difference sequence. We then
use

) (2) (3)

n+1 + 6n+1 + 6nJrlv (12)

€n+1 = €
to denote all the non-Martingale noise, yielding

Tn+1 = (1 - an+1)xn + a7z+1(h(xn) + Mn—i—l + £n+1)~

We now define an auxiliary sequence {U,, } to capture how
the noise evolves

Un-‘rl = (1 - a7z+1)U7L + O‘n-‘rl(Mn-‘rl + £n+1)7 UO = 0
(13)

If we can prove that the total noise is well controlled in the
following sense

o0
ZakHUk—lH < oo a.s.,
k=1
lim ||U,||=0 as.,
n—oo

(14)

15)

then a result from Bravo and Cominetti (2024) can be applied
on each sample path to complete the almost sure conver-
gence proof. The remainder of the proof is dedicated to the
verification of these two conditions.



Telescoping (13) yields

n n
U, = Z akyan + Z Oékvnel(cl) +
k=1 k=1

=(1)

€n

n
> onel? + Yo’
k=1 k=1

=(2)

€n

Mn

(16)

=(3)

€n

Then, we can upper-bound (14) as

" n n
> eltial < 3 oW + 3 e o2
k=1 k=1 1

:(1>

a3

&

‘e,(filH (17

e

Here we bound only e( ) to demonstrate the novelty of our ap-
proach to handling these error terms. The almost sure bounds

for My, and 27
and B.10 respectively. Starting with the definition of EEP

from (16), and substituting the definition of eg) from (10)
we have,

e

and €, ' are provided in Lemmas B.§, B.9,

_E akn
n

— Z anV(Th, Yit1) — Q1 oV (Tk—1, Y)
k=1

+ a1 (XK 1,Yk) -

(g, Yiq1) — v(zr—1,Y%)),

OV (Th—1, Yi),

= =V (Tn, Yni1) Z k-1, — )V (@h-1, Vi),
k=1

where the last equality holds because g = 0 and oy, 5, = vy
Taking the norm gives

|e2]| < anllv(@n, Yaro)l

+ ) ok-1m — apmllv(@e-1, Ya)ll,  (18)
k=1

<(ps(anT + Z |ok—1,m — Qn| Th—1)s
=1

< QCB 50nTn,
where the second inequality holds by Lemma B.5 with

(p.5 denoting a sample-path dependent constant defined in
Lemma B.5, and the last inequality holds because op = 0,
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and that «; ,, and 7; are monotonically increasing (Lemma
A2).

Then, from the definition of ?flz)

@ _ 2":%

in (14), we have

n
—(2 2
E’(“ﬂ—)lH <A Z%Tm

oIl
3

where the inequality holds because crg = 0 and «, is decreas-
ing. Then, by Lemma B.1, we have sup,, ZZ:1 a%m < 00,
which when combined with the monotone convergence theo-

rem proves that lim,,_, e( ) < 00, verifying (14).
We now Verlfy (15). ThlS time, rewrite U,, as

2)

U, = ZakUk 1+Oék<Mk-|—6()+6k

(3)).

Lemma B.ll, Assumption 2.5, and Lemmas B.12, B.13

prove that sup, ||>_7_; ax Myl < oo and
sup,, [|>r_; ake,(f)H < oo for j € {1,2,3} respec-
tively.

Together with (16), this means that sup,, ||Uy,| < co. In
other words, we have established the stability of (13). Then, it
can be shown (Lemma B.14), using an extension of Theorem
2.1 of Borkar (2009) (Lemma D.7), that {U,, } converges to
the globally asymptotically stable equilibrium of the ODE

UL — _U(t), which is 0. This verifies (15). Lemma B.15
then invokes a result from Bravo and Cominetti (2024) and

completes the proof. O

Remark 2.7. We want to highlight that the technical nov-
elty of our work comes from two sources. The first is that
while the use of Poisson’s equation for handling Markovian
noise is well-established, including the noise representation
in (8), previous works with such error decomposition (e.g.,
Benveniste, Métivier, and Priouret (1990); Konda and Tsitsik-
lis (1999); Borkar et al. (2025)) usually only need to bound

terms like >, ake,(gl) In contrast, our setup requires the
b = L0 n€;(€ ) and
6k71 H that appear novel and more challeng-

bounding of add1t10na1 terms such as €,

Egzl) =2

ing. Specifically, Benveniste, Métivier, and Priouret (1990);
Konda and Tsitsiklis (1999) consider the stopping time when
||z || first exceeds some threshold. Borkar et al. (2021) de-
velop a contractive and recursive bound for ||v(zk, Yit1)||-
Both are highly complicated and do not apply to our problem

of bounding . We instead leverage the 1-Lipschitzness
of H and use the sample-path dependent direct bound (cf.
Lemma B.5) for ||v(xy, Yi+1)||- Second, our work extends
Theorem 2.1 of Borkar (2009) by relaxing an assumption
on the convergence of the deterministic noise term. Instead
of requiring the noise to converge to 0, we only require a
more mild condition on the asymptotic rate of change of
this noise term. This extension, detailed in Appendix D, has
independent utility beyond this work.

3 Finite Sample Analysis of SKM Iterations
The previous analysis not only guarantees the almost sure
convergence of the iterates, but can also be used to obtain
estimates of the expected fixed-point residuals.



Theorem 3.1. Consider the iteration (SKM) and let Assump-
tions 2.1 — 2.5 hold. There exists a constant Cs 1 such that

Cs1  JO(1/vni=t)if2 <b<1,
E[Hxn _h(xn)”] S \/% - {O(l/\/@) lfl?: 1.

Proof. Considering the sequence z,, = x,, — U,, we have,

Zn — h(@n)|| < |20 — B(20)|l + 2[|2n — zal,
h(zn)| + 2(|Un]-

where the inequality holds due to the non-expansivity of h as
proven in (2). Then, our proof of Theorem 2.6 guarantees the
conditions under which the {z, } is bounded. Specifically, we
proved in Lemma B.15 that if >~ a||Us_1]| < oo (14)
and ||U, || — 0 (15) almost surely, then a result from Bravo
and Cominetti (2024) (included as Lemma A.1 for complete-
ness) can be invoked to bound ||z, — h(z,)]|. Specifically,
by identifying e;, = Ui_; in Lemma A.1, we get

[0 = h(zn)]]

= |lzn —

< Ca1o(m) + 3 2000 (1 — T)|| U || 44U
k=2

for (4.1 = 2dist(xo, Xi) + Y pe g k|| Uk—1||. However, (a1
is a sample-path dependent constant whose order is unknown,
and the random sequence ||U,, || may occasionally become
very large. Therefore, we compute the non-asymptotic error
bound of the expected residuals E [||z,, — h(x,,)]|], which
gives,
Elllzn — h(zn)[l] < E[Caa]o(mn)
————

Ry

n
+ > 20000 (o = T)E[|Ug—1 ] + 4E[||Un ] -
k=2 Ton

R2

Recalling that o (y) = min {1,1/,/7y}, we can see that if
there exists a deterministic constant C ; such that E[(4 1] <
(3.1, we obtain that Ry = O (1 / \/ﬁ) Therefore, in order
to prove the Theorem, it is sufficient to find such a constant
(3.1 such that E[C41] < C3.1, and prove that Ro, and R3

are also O(1//75).
We proceed by first upper-bounding R, i.e., E[||U,||]. Tak-
ing the expectation of (16), we have,

(||
{2 )+ =[]

<E[|[7.|] +E|
<CciTnv/Cny1 + Z ai,nE[HEEU H] + Ceoanm,
=1

e e e

+ Cosom Y a;7;  (Corollaries C.1, C.2,C.3)
=1
(19)

=Wy,
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It can be shown (Lemma C.4) that w,, O(Tn/Ont1)s
which is dominated by 1//7.

For Ry, Lemma C.5 proves, similarly to Theorems
2.11 and 3.1 of Bravo and Cominetti (2024), that Ry
O(1/\/Tn).

For R{. We first observe that

S QBT 1] < 3 anns = 0(2 a;;/zﬁ”)?
k=2 k=2 k=2

which is finite by Lemma B.1. It is then obvious to see
that there exists a C3 1 such that E[(4 1] = 2dist(x, Xx) +
> e axE[||Ug_1]|] < Cs.1, which completes the proof.

O

Remark 3.2. While the convergence rate is relatively slow,
especially compared to the discounted setting (e.g., Chen
et al. (2021)), it matches the rate in the i.i.d. noise case for
nonexpansive operators (Bravo and Cominetti 2024). This
slow rate is inherent due to the nonexpansive nature of h
(Cominetti, Soto, and Vaisman 2014) and is not a limitation
of our analysis.

4 Application in Average Reward Temporal
Difference Learning

In this section, we provide the first proof of almost sure
convergence to a fixed point for average reward TD in its sim-
plest tabular form. Remarkably, this convergence result has
remained unproven for over 25 years despite the algorithm’s
fundamental importance and simplicity.

4.1 Reinforcement Learning Background

In reinforcement learning (RL), we consider a Markov Deci-
sion Process (MDP; Bellman (1957); Puterman (2014)) with
a finite state space S, a finite action space 4, a reward func-
tionr : S x A — R, a transition functionp : S x S x 4 —
[0, 1], an initial distribution py : S — [0, 1]. At time step 0,
an initial state Sy is sampled from py. At time ¢, given the
state S;, the agent samples an action A; ~ (:|S;), where
m: A xS — [0,1] is the policy being followed by the agent.
A reward R;y; = r(S;, A;) is then emitted and the agent
proceeds to a successor state Sy+1 ~ p(-|St, A¢). In the rest
of the paper, we will assume the Markov chain {.S; } induced
by the policy = is irreducible and thus adopts a unique sta-
tionary distribution d,,. The average reward (a.k.a. gain, Put-
erman (2014)) is defined as J,; = limy_, o % Ethl E[R:].
Correspondingly, the differential value function (a.k.a. bias,
Puterman (2014)) is defined as

T

Z(RtJri —Jr) | Si=s

i=1

The corresponding Bellman equation (a.k.a. Poisson’s equa-
tion) is then

V=1 — Jre+ Prv, (20)

where v € RIS| is the free variable, e denotes an all-one
vector, 7, € RISl is the reward vector induced by the policy



T, i€, 7o(s) =Y, m(a|s)r(s,a), and P, € RISIXISig the
transition matrix induced by the policy 7, i.e., Py (s, s)
m(als)p(s’|s, a). It is known (Puterman 2014) that all solu-
tions to (20) form a set

Vi = {vz +ce|ce R} 21

The policy evaluation problem in average reward MDPs is
to estimate v, perhaps up to a constant offset ce.

4.2 Average Reward Temporal Difference
Learning

Temporal Difference learning (TD; Sutton (1988)) is a foun-
dational algorithm in RL (Sutton and Barto 2018). Inspired
by its success in the discounted setting, Tsitsiklis and Roy
(1999) proposed using the update rule (Average Reward TD)
to estimate v, (up to a constant offset) for average reward
MDPs. The updates are given by:

Jiv1=J¢ + Bey1(Rey1 — Ji), (Average Reward TD)
Vi11(St) = ve(St) ot a(Repr — Ji +ve(Sey1) — ve(St)),
where {Sy, Ry, S1,. .. } is a trajectory of states and rewards
from an MDP under a fixed policy in a finite state space
S, Ji € R is the scalar estimate of the average reward J .,
v; € RIS| is the tabular value estimate, and {as, Bt} are
learning rates.

To utilize Theorem 2.6 to prove the almost sure con-
vergence of (Average Reward TD), we first rewrite it in
a compact form to match that of (SKM). Define the
augmented Markov chain Yi11 = (S¢, Ay, Sep1). It is
easy to see that {Y;} evolves in the finite space J =
{(s,a,s') | w(a|s) > 0,p(s'|s,a) > 0}. We then define a
function H : RISl x Y — RIS by defining the s-th ele-
ment of H (v, (sg,ap,$1)) as

H(U, (807 ap, 81))[8]

H{S:SO}(T(S(),CLQ) — Jr +v(s1) —v(so)) + v(s).
Then, the update to {v;} in (Average Reward TD) can then
be expressed as

Ve1 = V¢ + o1 (H (04, Y1) — v + €441).

(22)

Here, €41 € RISI is the random noise vector defined as
er41(8) = I{s = S;} (Jy — Jr). This €4 is the current esti-
mate error of the average reward estimator .J;. Intuitively,
the indicator I{s = S;} reflects the asynchronous nature
of (Average Reward TD). For each ¢, only the S;-indexed
element in v; is updated.

Throughout the rest of the section, we utilize the following

assumption.

Assumption 4.1 (Ergodicity). Both S and A are finite. The
Markov chain {S;} induced by the policy = is aperiodic and
irreducible.

Theorem 4.2. Let Assumption 4.1 hold. Consider the learn-
ing rates in the form of oy = ﬁ, By = 1 withb € (%, 1].
Then the iterates {v;} generated by (Average Reward TD)
satisfy

lim vy = v,
t—o0

where v, € V, is a possibly sample-path dependent fixed
point.

a.s.,
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Proof. We proceed via verifying assumptions of Theorem 2.6.
In particular, we consider the compact form (22).

Under Assumption 4.1, it is obvious that {Y;} is irre-
ducible and aperiodic and adopts a unique stationary dis-
tribution.

To verify Assumption 2.2, we demonstrate that H is
1—Lipschitz in v w.r.t ||-|| .. For notation simplicity, let
y = (80, ag, $1). Separating by cases based on s, we have

H(v,y)ls] — B ,y)[s]] = {v<s> —V(s), s # s,

lv(s1) —v'(s1)|, s = so,

and in both cases the right side is at most ||v — v’|| . Thus,
1H (v, y) = H(v', y)ll oo = max|H (v, y)[s] = H(,y)[s]|

< o= ll-

It is well known that the set of solutions to Poisson’s equation
V. defined in (21) is non-empty (Puterman 2014), verifying
Assumption 2.3. Assumption 2.4 is directly met by the defi-
nition of «y.

To verify Assumption 2.5, we first notice that

V| = [Tl
It is well-known from the ergodic theorem that J; converges
to .J almost surely. Assumption 2.5, however, requires both

an almost sure convergence rate and an L? convergence rate.
To this end, we rewrite the update of {.J;} as

Jir1 = Ji + Brg1 (R +7J2d(Se1) — Jed(Se)) #(Se),

for (Average Reward TD), we have

where we define v = 0 and ¢(s) = 1Vs. It is now clear
that the update of {.J;} is a special case of linear TD in the
discounted setting (Sutton 1988). Given our choice of 8; = %,
the general result about the almost sure convergence rate of
linear TD (Theorem 1 of Tadic (2002)) ensures that

<4.2\/ hl ln t
Vit

where (4 o is a sample-path dependent constant. This imme-
diately verifies (3). We do note that this almost sure con-
vergence rate can also be obtained via a law of the iterated
logarithm for Markov chains (Theorem 17.0.1 of Meyn and
Tweedie (2012)). The general result about the L? conver-
gence rate of linear TD (Theorem 11 of Srikant and Ying
(2019)) ensures that

IE“Jt - J,ﬂ — 011

‘Jt - j7r| S

Dy

This immediately verifies (4) and completes the proof. [

Remark 4.3. The convergence rate we established
in Theorem 3.1 also applies directly to the update
in (Average Reward TD), and yields a bound on the expected
residuals. However, this rate does not improve upon the ex-
isting result in Zhang, Zhang, and Maguluri (2021), and thus
we omit it here. A further discussion on the significance of
Theorem 4.2 in comparison to the results in Zhang, Zhang,
and Maguluri (2021) is deferred to the subsequent section.



4.3 Significance of Theorem 4.2

Since (Average Reward TD) has been previously studied,
we highlight the significance of Theorem 4.2, which
provides the first proof of almost sure convergence of
(Average Reward TD) to a (possibly sample-path dependent)
fixed point in the tabular setting.

Tsitsiklis and Roy (1999) proves the almost sure conver-
gence for linear function approximation, where v(s) is ap-
proximated by ¢(s)w with feature matrix ® € RISIXK,
This setting reduces to the tabular case when & = I. However,
their result requires assumptions like linear independence of
®’s columns and ®w # ce for any scalar c. The latter un-
fortunately does not hold in the tabular case (e.g., Ie = e).
With a non-trivial construction of @, it is possible to adapt
their result to show that the {v;:} in (Average Reward TD)
converge almost surely to some (possibly sample-path depen-
dent) subset of V,. Even so, it is not clear whether {v; } itself
converges. It is possible that {v; } oscillates inside or around
V.. Our result rules out this possibility by showing that on
every sample-path {v; } must converge to a single fixed point,
although different sample-paths may converge to different
fixed points.

Zhang, Zhang, and Maguluri (2021) later established L?
convergence for the linear case without requiring ®w # ce,
and derived convergence rates. However, L? convergence
does not imply almost sure convergence, and even if one
could strengthen their result to almost sure convergence, it
would still only guarantee convergence to a set rather than a
fixed point.

Chen (2025) studies average reward TD using a seminorm
contraction argument and show that the seminorm distance of
the iterates to the fixed point set converges to zero. This does
not imply convergence of the iterates themselves, since dis-
tinct points can have zero seminorm distance, so oscillations
within V, are not ruled out. Theorem 4.2 provides a stronger
result by proving almost sure convergence of the iterates to a
fixed point.

5 Related Work

ODE and Lyapunov Methods for Asymptotic Conver-
gence A large body of research has employed ODE-based
methods to establish almost sure convergence of SA al-
gorithms (Benveniste, Métivier, and Priouret 1990; Kush-
ner and Yin 2003; Borkar 2009). These methods typically
begin by proving the stability of the iterates {z,} (i.e.,
sup,, ||zn|| < 00). Abounadi, Bertsekas, and Borkar (2002)
use this ODE method to study the convergence of SKM it-
erations, but they require the additive noise sequence to be
uniformly bounded, and that the set of fixed points of the
nonexpansive map be a singleton to prove the stability of the
iterates.

The ODE@ oo technique (Borkar and Meyn 2000; Borkar
et al. 2021; Meyn 2024; Liu, Chen, and Zhang 2025) is a pow-
erful stability technique in RL. If the so-called “ODE@ ¢ is
globally asymptotically stable, existing results such as Meyn
(2022); Borkar et al. (2021); Liu, Chen, and Zhang (2025) can
be used to establish the desired stability of {x; }. However, if
we consider a generic non-expansive operator i which may
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admit multiple fixed points or induce oscillatory behavior,
we cannot guarantee the global asymptotic stability of the
ODE@ oo without additional assumptions. This limits the
utility of the ODE@ 0o method in analyzing (SKM).

In addition to ODE methods, there are other works that
use Lyapunov methods such as (Bertsekas and Tsitsiklis
1996; Konda and Tsitsiklis 1999; Srikant and Ying 2019;
Borkar et al. 2021; Chen et al. 2021; Zhang, des Combes, and
Laroche 2022; Zhang, Des Combes, and Laroche 2023) to
provide asymptotic and non-asymptotic results of various RL
algorithms. Both the ODE and Lyapunov based methods are
distinct from the fox-and-hare based approach for (KM) with
additive noise introduced by (Cominetti, Soto, and Vaisman
2014) upon which our work is built.

Average Reward RL The (Average Reward TD) algo-
rithm introduced by Tsitsiklis and Roy (1999) is the most
fundamental policy evaluation algorithm in average reward
settings. In addition to the tabular setting we study here,
(Average Reward TD) has also been extended to linear func-
tion approximation (Tsitsiklis and Roy 1999; Konda and
Tsitsiklis 1999; Wu et al. 2020; Zhang, Zhang, and Maguluri
2021; Xie et al. 2025).

Furthermore, the (Average Reward TD) algorithm has in-
spired the design of many other TD algorithms for average re-
ward MDPs, for both policy evaluation and control, including
Konda and Tsitsiklis (1999); Yang et al. (2016); Wan, Naik,
and Sutton (2021a); Zhang and Ross (2021); Wan, Naik, and
Sutton (2021b); He, Wan, and Mahmood (2022); Saxena et al.
(2023). Because the operators in the average reward setting
are not contractive, we envision that our work will shed light
on the almost sure convergence of these algorithms.

6 Conclusion

In this work, we provide the first proof of almost sure con-
vergence as well as non-asymptotic finite sample analysis
of stochastic approximations under nonexpansive maps with
Markovian noise. As an application, we provide the first
proof of almost sure convergence of (Average Reward TD)
to a potentially sample-path dependent fixed point. This result
highlights the underappreciated strength of SKM iterations,
a tool whose potential is often overlooked in the RL com-
munity. Addressing several follow-up questions could open
the door to proving the convergence of many other RL algo-
rithms. Do SKM iterations converge in LP? Do they follow a
central limit theorem or a law of the iterated logarithm? Can
they be extended to two-timescale settings? Resolving these
questions could pave the way for significant advancements
in RL theory. We leave them for future investigation.
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