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Abstract

Markov games and robust MDPs are closely related models
that involve computing a pair of saddle point policies. As part
of the long-standing effort to develop efficient algorithms for
these models, the Filar-Tolwinski (FT) algorithm has shown
considerable promise. As our first contribution, we demon-
strate that FT may fail to converge to a saddle point and may
loop indefinitely, even in small games. This observation con-
tradicts the proof of FT’s convergence to a saddle point in
the original paper. As our second contribution, we propose
Residual Conditioned Policy Iteration (RCPI). RCPI builds on
FT, but is guaranteed to converge to a saddle point. Our nu-
merical results show that RCPI outperforms other convergent
algorithms by several orders of magnitude.

1 Introduction
Markov Games (MG) (Kallenberg 2022) and Robust
MDPs (RMDPs) (Iyengar 2005; Wiesemann, Kuhn, and
Rustem 2013; Ho, Petrik, and Wiesemann 2022) are two
important models that generalize Markov Decision Pro-
cesses (MDPs) (Puterman 2005). Markov games can model
strategic adversaries that can act to minimize the agent’s re-
turns and are a common model in multi-agent reinforcement
learning (Shou et al. 2022; Littman 1994). Similarly, RMDPs
can model an adversarial nature that can perturb transition
probabilities and rewards to minimize the agent’s returns and
are useful when making decisions with imperfect data-driven
models (Lobo et al. 2023; Behzadian et al. 2021). In recent
years, MGs and RMDPs have seen an increasing number of
applications in machine and reinforcement learning, which
has motivated the study of efficient algorithms for solving
them (Pérolat et al. 2016; Ho, Petrik, and Wiesemann 2021,
2022; Behzadian, Petrik, and Ho 2021; Kaufman and Schae-
fer 2013; Winnicki and Srikant 2023).

Although basic algorithms, like value and policy iteration,
adapt readily from MDPs to MGs and RMDPs, developing
more efficient algorithms has been challenging. The efforts
to adapt efficient optimistic policy iteration (OPI) algorithms,
such as modified or fitted policy iteration, have been difficult.
Many natural OPI algorithms proposed for MGs and RMDPs
cycle among suboptimal policies, alternatively improving the
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minimization or maximization sides of the saddle point equi-
librium. The lack of convergence is often counter-intuitive
and has led to several incorrect convergence proofs in the
literature (Condon 1993; Pérolat et al. 2016; Filar and Tol-
winski 1991). The overarching reason is that OPI in MG and
RMDPs do not monotonically improve the policy and its
value function as in MDPs.

We make two main contributions in this paper. First, we
show that a fast OPI method proposed in Filar and Tolwinski
(1991) can terminate with an arbitrarily suboptimal policy.
Pérolat et al. (2016) first identified a gap in the proof of
correctness in Filar and Tolwinski (1991) but hypothesized
the algorithm works nevertheless. In contrast, we show that
the algorithm is inherently suboptimal.

Second, we propose and analyze Residual Conditioned
Policy Iteration (RCPI). RCPI is a new, simple approximate
policy iteration algorithm for solving MGs and RMDPs that is
guaranteed to converge to optimal policies. It builds on earlier
efficient OPI algorithms (Filar and Tolwinski 1991; Pérolat
et al. 2016; Ho, Petrik, and Wiesemann 2021; Winnicki and
Srikant 2023) and combines them with an adaptive correction
step. Our theoretical analysis shows that RCPI matches the
worst-case computational complexity of value iteration. Our
numerical results show that on a wide range of problems,
RCPI outperforms other convergent algorithms by several
orders of magnitude, even in moderately sized problems.

In this paper, we restrict our focus to model-based algo-
rithms for MGs and RMDPs. It is important to note that
this setting differs from online algorithms for solving games
and multi-agent reinforcement learning problems, such as
in Zhang et al. (2022). Although some of the issues that need
to be overcome in online and model-based solvers are similar,
we leave the study of the exact relationship between online
and model-based algorithms for future work.

The remainder of the paper is organized as follows. Sec-
tion 2 positions our work in the context of prior algorithmic
developments for MGs and RMDPs. Then, Section 3 de-
scribes the formal framework for MGs and RMDPs. Section 4
describes our first contribution, which is to show that an exist-
ing OPI algorithm (Filar and Tolwinski 1991) may fail with
an arbitrarily suboptimal policy. Section 5 describes our sec-
ond and main contribution, the RCPI algorithm, along with
its convergence rate and computational complexity analysis.
Finally, our numerical results in Section 6 compare RCPI
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with existings algorithms for solving MGs and RMDPs.

2 Prior Work: Solving MGs and RMDPs
In this section, we summarize prior efforts on developing
OPI algorithms for MGs and RMDPs. We note that MG and
RMDP communities have been largely separate, though the
similarities between them have been noted and exploited
previously (Iyengar 2005; Grand-Clément and Petrik 2024;
Grand-Clément, Petrik, and Vieille 2025).

Value iteration is a simple convergent algorithm for solv-
ing MDPs, RMDPs, and MGs, but can be very slow in many
practical settings (Puterman 2005). Many faster convergent
algorithms for MDPs exist, such as policy iteration or mod-
ified policy iteration. Since the early days of MG (Condon
1993) and RMDPs (Iyengar 2005; Kaufman and Schaefer
2013), researchers have sought to generalize the ideas of
modified policy iteration from MDPs to MGs and RMDPs.
However, the attempts to speed up policy iteration while guar-
anteeing convergence have been largely unsuccessful (Pérolat
et al. 2016). Existing algorithms are either too slow for larger
problems or lack optimality guarantees.

Policy iteration (Puterman 2005), another basic MDP al-
gorithm, can dramatically reduce the number of Bellman op-
erator evaluations and compute the optimal policy in strongly
polynomial time in MDPs (Ye 2011). Hoffman-Karp algo-
rithm, also known as robust policy iteration (Iyengar 2005),
for MGs and RMDPs adapts policy iteration to MGs and
RMDPs. Although Hoffman-Karp has polynomial worst-case
time complexity (Hansen, Miltersen, and Zwick 2013), it can
be slower than value iteration in practice. Each Hoffman-
Karp policy evaluation requires computing the adversarial
agent’s optimal policy. That is a significant increase in the
complexity of the policy evaluation step in MDPs, which
entails solving a system of linear equations.

Optimistic policy iteration (OPI) methods, such as modi-
fied policy iteration, accelerate policy iteration by performing
the evaluation step approximately (Puterman 2005). In MDPs,
OPI algorithms dramatically improve empirical performance
while preserving the worst-case convergence rate of value
iteration. In MGs and RMDPs, many natural OPI algorithms
attain good empirical performance but fail to compute opti-
mal policies (Condon 1993). For instance, Pollatschek Avi-
Itzhak (PAI) algorithm holds the adversarial policy constant
in the policy evaluation step, which is quicker than Hoffman-
Karp, but may lead to infinitely looping over suboptimal
policies (Van der Wal 1978).

One well-known attempt to fix PAI’s non-convergence
is the Filar-Tolwinski (FT) algorithm (Filar and Tolwinski
1991). It leverages the observation that PAI can be seen as
Newton’s method on the L2 norm of the Bellman residual. FT
replaces the pure Newton’s method of PAI with the modified
Newton’s method, which uses Armijo’s rule when deciding
the step size in the value function update. While (Filar and
Tolwinski 1991) claims that this resolves the cycling issues
found with PAI, we show that FT may not converge. We
discuss this issue in more detail in Section 4.

Recent years have seen several notable attempts to de-
velop algorithms that match the empirical performance of

PAI while guaranteeing convergence to an optimal policy. Ro-
bust Modified Policy Iteration (RMPI) (Kaufman and Schae-
fer 2013) and Partial Policy Iteration (PPI) (Ho, Petrik, and
Wiesemann 2021) modify Hoffman-Karp to evaluate the ad-
versarial policy approximately. RMPI uses a fixed-precision
approximation, while PPI adapts the evaluation throughout
the algorithm’s execution. Numerical evidence suggests that
PPI outperforms RMPI (Ho, Petrik, and Wiesemann 2021).
The Winnicki-Srikant (WS) algorithm combines value itera-
tion steps with policy backup steps and proposes ratios that
guarantee the algorithm’s convergence (Winnicki and Srikant
2023).

3 Preliminaries: MGs and Robust MDPs
In this section, we define Markov games and robust Markov
Decision Processes formally and describe the properties we
use to derive our main results.

3.1 Notation
The symbols R and N denote the sets of real and natural
(including 0) numbers. Vectors are denoted with a lower-case
bold font, such as x ∈ Rn, and xi, i = 1, . . . , n is the i-th
element of the vector. Matrices are denoted in uppercase bold
font. Sets are denoted with calligraphic letters. We use the no-
tation RZ to denote the set of all functions f : R 7→ Z , and in-
terpret each f equivalently as a vector f such that fz = f(z).
The notation ∆Z :=

{
x ∈ RZ | 1Tx = 1,x ≥ 0

}
refers to

the set of probability distributions over the finite non-empty
set Z .

To streamline our notation, we define the ϵ-saddle-point
operator Sϵ : RX×Y → 2X×Y for any tolerance ϵ ≥ 0 and
an objective function f : X × Y → R as

Sϵ(f) :=
{
(x⋆, y⋆) ∈ X × Y |

f(x, y⋆)− ϵ ≤ f(x⋆, y⋆) ≤ f(x⋆, y) + ϵ,

∀x ∈ X , y ∈ Y
}
,

(1)

where X ,Y are arbitrary sets. Note that the first parameter
of f is maximized, and the second one is minimized. The
intuitive explanation of this definition is that x⋆ and y⋆ are ϵ-
optimal responses to each other. In the remainder of the paper,
we shorten S := S0. Note that if ϵ1 ≤ ϵ2 then Sϵ1(f) ⊆
Sϵ2(f). We also allow S0 to be used with objective function
f : X × Y → Z for some partially ordered set Z .

If the function f is real-valued and bi-linear, then an ele-
ment of S(f) can be computed using the standard linear prob-
lem formulation of matrix games, see for example (Kallen-
berg 2022, section 10.1.3).

3.2 Markov Games
Markov games extend Markov decision processes to a zero-
sum game-theoretic setting (Kallenberg 2022; Filar and
Vrieze 1997) and can model multi-agent reinforcement learn-
ing. An imperfect-information Markov game is defined as
(S,A,B, r, P, s0) where S = {1, . . . , S} is the finite non-
empty set of states that the agents share, A = {1, . . . , A} is
the finite non-empty set of actions for the primary agent, B =
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{1, . . . , B} is the finite non-empty set of actions for the ad-
versarial agent. The function r : S×A×B → [−rmax, rmax]
for rmax ∈ R represents the rewards the primary agent seeks
to maximize and the adversarial agent seeks to minimize. The
function P : S ×A× B → ∆S is the transition probability
function, where p(s, a, b, s′) is the probability of transition-
ing from state s to state s′ after the agents take actions action
a and b, respectively. Finally, s0 ∈ S is the initial state.

We consider infinite-horizon discounted rewards for a dis-
count factor γ ∈ (0, 1), and restrict attention to randomized
stationary policies Π := (∆A)S and Σ := (∆B)S for the
maximizing and minimizing agents, respectively. Note that
the restriction to randomized stationary policies is not lim-
iting, because neither of the players can benefit from using
Markov or history-dependent policies (Kallenberg 2022; Filar
and Vrieze 1997). The value function vπ,σ ∈ RS associated
with each π ∈ Π and σ ∈ Σ as (Filar and Vrieze 1997):

vπ,σ
s := Es

π,σ

[ ∞∑
t=0

γtr(s̃t, ãt, b̃t)

]
, ∀s ∈ S. (2)

The superscripts and subscripts of Es
π,σ indicate that the

probability measure is chosen such that s̃0 = s and that
ãt ∼ π(s̃t), b̃t ∼ σ(s̃t), and s̃t+1 ∼ P (s̃t, ãt, b̃t, ·) for all
t ∈ N. In general, we adorn random variables with a tilde.
The equilibrium value function v⋆ ∈ RS is defined as the
saddle point over policy pairs:

v⋆s := max
π∈Π

min
σ∈Σ

vπ,σ
s , ∀s ∈ S. (3)

That is, the agents seek to compute the saddle point of the
infinite-horizon discounted objective function ρG : S ×Π×
Σ→ R for some tolerance ϵ ≥ 0:

(π⋆,σ⋆) ∈ Sϵ(ρ), where ρG(s0,π,σ) := vπ,σ
s0 . (4)

Given any ϵ ≥ 0, the existence of an equilibrium pair
(π⋆,σ⋆) is guaranteed for discounted Markov games with
finite state and action sets (Kallenberg 2022, corollary 10.1).

Next, we describe the Bellman operator for Markov games.
For each π ∈ Π and σ ∈ Σ, we define the reward vector
rπ,σ ∈ RS and a transition matrix Pπ,σ ∈ RS×S

+ as

rπ,σ
s :=

∑
(a,b)∈A×B

πa(s) · σb(s) · r(s, a, b),

Pπ,σ
s,s′ :=

∑
(a,b)∈A×B

πa(s) · σb(s) · p(s, a, b, s′).

Then, the Bellman evaluation operator Tπ,σ : RS → RS is
defined for each v ∈ Rn and s ∈ S as

Tπ,σ
s v := rπ,σ

s + γ · Pπ,σ
s v . (5)

For all operators, we use the shorthand Tvs := (Tv)s. The
Bellman equilibrium operator T⋆ : RS → RS is defined as
T⋆
sv := maxπ∈Π minσ∈Σ Tπ,σ

s v. The Bellman policy oper-
ator B⋆ : RS → 2Π×Σ computes the saddle point policies
and is defined as

B⋆v := S((π,σ) 7→ Tπ,σv), (6)

where the partial order on the value functions is defined as
u ≤ v ⇔ us ≤ vs, ∀s ∈ S.

Bellman operators can be used to compute both vπ,σ for
any (π,σ) ∈ Π × Σ, as well as v⋆. These value functions
defined in (2) and (3) are the unique solutions for each π ∈ Π
and σ ∈ Σ to, respectively (Kallenberg 2022, corollary 10.1),

vπ,σ = Tπ,σvπ,σ, v⋆ = T⋆v⋆.

The Bellman operators Tπ,σ and T⋆ are monotone and γ-
contractive in the L∞ norm (Kallenberg 2022, theorem 10.5).
Because solutions to saddle points can be computed only ap-
proximately in polynomial time, we also define approximate
Bellman equilibrium operator Tδ : RS → RS which satisfies
that

∥Tδv − T⋆v∥∞ ≤ δ, ∀v ∈ RS , (7)
and the approximate Bellman policy operator Bδ : RS →
2Π×Σ which satisfies

Bδv ⊆ Sδ((π,σ) 7→ Tπ,σv).

The well-known value iteration is the simplest method for
computing v⋆ iteratively as vk+1 = T⋆vk, where it is well-
known that limk→∞ vk = v⋆. It’s worth noting that T⋆ is
typically replaced with Tδ which has similar convergence
properties.

Computing the exact equilibrium is often unnecessary. In-
stead, it may be sufficient to compute an ϵ-equilibrium for a
sufficiently small ϵ. To evaluate how close the value function
is to the equilibrium, it is convenient to define the Bellman
residual ψp : RS → R as

ψp(v) := ∥T⋆v − v∥p, p ∈ {1, 2,∞} ,

and the approximate Bellman residual as

ψδ
p(v) := ∥Tδv − v∥p.

The following proposition shows that we can obtain ϵ-
equilibrium policies from a value function that approximates
the equilibrium value function.
Proposition 3.1. For each v ∈ RS:

∅ ̸= B⋆v ⊆ Sϵ(ρG), where ϵ =
2γ

1− γ
ψ∞(v).

The proof, which we include in the appendix of Badger,
Huang, and Petrik (2025) for the sake of completeness, fol-
lows standard arguments; see, for example, (Kallenberg 2022,
theorem 10.11). We note that the bound in Proposition 3.1 is
tighter than the bounds given, for example, in Ho, Petrik, and
Wiesemann (2021, corollary A.4) and Williams and Baird
(1993, theorems 3.1, 3.2).

3.3 Robust MDPs
RMDPs generalize MDPs to allow for adversarial perturba-
tions to the transition probabilities. We consider s-rectangular
RMDPs (S,A, r,P, s0) where S and A are the finite non-
empty sets of states and actions, respectively (Wiesemann,
Kuhn, and Rustem 2013; Ho, Petrik, and Wiesemann 2021),
and r : S ×A → [−rmax, rmax] is the reward function. The
ambiguity set P := (Ps)s∈S , where Ps ⊆ ∆S is compact
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and non-empty for each s ∈ S , and determines the range of
possible adversarial transition probability functions. Finally,
the initial state is s0.

It is common to define the ambiguity sets in RMDPs as
bounded norm-balls around a given nominal transition func-
tion p̄ : S ×A → ∆S , such as (Ho, Petrik, and Wiesemann
2021, 2022; Behzadian et al. 2021; Behzadian, Petrik, and
Ho 2021)

Ps :=

{
p ∈ (∆S)A |

∑
a∈A
∥p(a)− p̄(s, a)∥ ≤ ξs

}
,

for some norm ∥ · ∥ and ξs ≥ 0, s ∈ S . In this work, we
focus on ambiguity sets defined by the L1-norm.

As with Markov games as defined above, we seek to com-
pute a stationary policy π ∈ Π that maximizes the expected
γ-discounted infinite-horizon robust return:

max
π∈Π

min
p∈P

ρR(π,p),

ρR(π,p) := Es0
π,p

[ ∞∑
t=0

γtr(s̃t, ãt)

]
,

(8)

where γ ∈ (0, 1). We emphasize that for each π ∈ Π, the
domain of ρR(π, ·) is the set of feasible transition probabili-
ties P , rather than the set of all transition probabilities. An
optimal policy π⋆ in (8) exists and can be computed by ro-
bust value or policy iteration (Wiesemann, Kuhn, and Rustem
2013; Iyengar 2005).

The following proposition shows that the concept of ap-
proximate optimality for RMDPs is closely related to the
concept of approximate saddle points in games.
Proposition 3.2. Suppose that (π̂, p̂) ∈ Sϵ(ρR) for some
ϵ ≥ 0. Then π̂ is 2ϵ-robust optimal in the sense that

min
p∈P

ρR(π̂,p) ≥ min
p∈P

ρR(π
⋆,p)− 2 · ϵ.

For RMDPs, value functions and Bellman operators are
defined analogously to how they are defined for MGs. For
more detail, please see Badger, Huang, and Petrik (2025). In
the remainder of the paper, we describe the algorithms for
MGs which generalize to RMDPs.

Computationally, the main difference between RMDPs and
MGs is in computing the Bellman operator. For most common
ambiguity sets P , the robust Bellman operator can be imple-
mented by solving a convex optimization problem (Wiese-
mann, Kuhn, and Rustem 2013). For the L1-bound ambiguity
sets, the robust Bellman operator can be implemented by
solving a linear program (Ho, Petrik, and Wiesemann 2021,
appendix C). Significantly more efficient methods exist for
ambiguity sets bounded by norms and φ-divergences (Ho,
Petrik, and Wiesemann 2021, 2022; Behzadian, Petrik, and
Ho 2021).

4 Filar-Tolwinski Algorithm
May Not Converge

Pollatschek and Avi-Itzhak (1969) proposed one of the first al-
ternatives to value iteration (Shapley 1953) for solving MGs.
This algorithm, which we refer to as the PAI algorithm, can

Algorithm 1: Filar-Tolwinski (FT) Algorithm

Input: Initial value v0, tolerance ϵ, backtracking line
search coefficients β ∈ (0, 1), δ ∈ (0, 1)

Output: (π,σ) ∈ Sϵ(ρG)
1 k ← 0;
2 repeat
3 k ← k + 1;
4 Select (πk,σk) ∈ B⋆vk−1;
5 dk ← (I − γPπk,σk

)−1rπ
k,σk − vk−1;

// Line search, Armijo’s rule:

// ∇ψ2(v)
2 = 2(γPπk,σk − I)T(T⋆v − v)

6 ik ← min{i ∈ N | ψ2(v
k−1 + βidk)2 ≤

7 ≤ ψ2(v
k−1)2 + δβi · (dk)T∇ψ2(v

k−1)2} ;
8 vk ← vk−1 + βik · dk;
9 until 2γ

1−γ · ψ∞(vk) ≤ ϵ;
10 return (vk,πk,σk);

be viewed as applying Newton’s method to the problem of
finding a zero of ψ2(v)

2. While PAI is known to converge to
the optimal value function v⋆ under certain restrictive con-
ditions (Pollatschek and Avi-Itzhak 1969, theorem 5), it is
also known to not converge at all for certain MGs (Van der
Wal 1978). Filar and Tolwinski (Filar and Tolwinski 1991)
proposed a modified Newton method intended to fix this
convergence issue. In this section, we provide a counterex-
ample to Filar and Tolwinski (1991, theorem 3.3), where it
is claimed that the modified Newton method converges from
some constant initial vector to v⋆. The Filar-Tolwinski (FT)
algorithm is described in Algorithm 1.

To derive the FT algorithm, one interprets PAI as the pure
Newton’s method for solving minv∈RS ψ2(v)

2 (Filar and
Tolwinski 1991; Filar and Vrieze 1997). Recall that the pure
Newton’s method direction dk in iteration k ∈ N is

dk := −(∇2ψ2(v
k−1)2)−1∇ψ2(v

k−1)2

=
(
I − γPπk,σk

)−1 (
T⋆vk−1 − vk−1

)
.

FT’s insight is to replace the pure Newton’s step size of 1
in PAI with a backtracking line search. Setting the step size in
Line 7 in Algorithm 1 to ik = 0 recovers PAI exactly. The use
of Armijo’s rule in determining FT ensures that the objective
function ψ2(v)

2 decreases in every step. Since ψ2(v
⋆) = 0

is the unique global minimum of v 7→ ψ2(v)
2 and each of

FT’s iterations decreases the objective function, FT cannot
cycle and does not terminate until reaching the optimal value
function v⋆.

Theorem 3.3 in (Filar and Tolwinski 1991) states that Al-
gorithm 1 is guaranteed to converge to the optimal value
function. However, there is a gap in the proof. In particular,
while each step of the iteration reduces the value function,
it is not guaranteed that a step size satisfying Armijo’s rule
exists. Since the gradient of v 7→ ψ2(v)

2 may be discontinu-
ous, it is possible that no i in Line 5 in Algorithm 1 satisfies
the inequality; leading to an infinite loop in the search for the
step size. We construct a simple MDP example demonstrating
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Figure 1: Plot of ψ2(v)
2 projected onto the plane that spans

the initial value function, optimal value function, and the step
direction.

s1
b1 b2

−
√
2/2 −

√
2/2

[0, 0, 1] [0, 1, 0]

s2
b1
−1/2
[0, 1, 0]

s3
b1
1/2

[0, 0, 1]

Figure 2: Rewards and transition probabilities of the Markov
game for states s1, s2, s3 from Example 4.1.

this behavior to show that this can happen.
Example 4.1. Consider a MG with S = {s1, s2, s3}, A =
{a1}, and B = {b1, b2}. The transition probabilities and re-
wards are defined in Figure 2. The columns represent actions.
When only one column exists in a state, all actions behave
identically. The top row of each cell represents the reward
associated with the action, and the bottom row represents the
transition probability function for that state and action. The
discount factor is γ = 0.6.

The following theorem formally states that Example 4.1 is
a counterexample to the optimality of FT.
Theorem 4.2. FT in Algorithm 1 initialized to v0 = 0 and
applied to the MG in Example 4.1 visits only suboptimal
policies and never terminates.

We note that Filar and Tolwinski (1991, theorem 3.3) as-
sumes that FT is initialized to a constant value determined by
the maximum reward instead of a zero vector. However, the
algorithm makes no progress even with such initialization as
shown in the appendix of Badger, Huang, and Petrik (2025).

We now discuss the gap in the proof of convergence in Fi-
lar and Tolwinski (1991, theorem 3.3) which Theorem 4.2
contradicts. As noted in Filar and Tolwinski (1991, theo-
rem 2.1) the function v 7→ ψ2(v)

2 is differentiable almost
everywhere. However, because the function is not differen-
tiable everywhere, Armijo’s rule fails to find a positive step
size. Example 4.1 initializes FT in exactly a point of non-
differentiability. One attempt to circumvent this problem
would be to argue that the probability of being at a point

Algorithm 2: RCPI: Residual Conditioned PI
Input: Initial value v0, tolerance ϵ, backup tolerance

δ < ϵ · (1−γ)2

2γ(3+γ) , max recovery steps m ∈ N
Output: (π,σ) ∈ Sϵ(ρG)

1 k ← 0;
2 repeat
3 k ← k + 1 ;
4 Select (πk,σk) ∈ Bδvk−1;
5 uk,0 ← (I − γPπk,σk

)−1rπ
k,σk

;
6 if γm−1ψδ

∞(uk,0) + 2(1+γ)δ
1−γ > ψδ

∞(vk−1) then
vk ← Tδvk−1 ;

7 else
8 l← 0;
9 while ψδ

∞(uk,l) > γψδ
∞(vk−1) + 2(1 + γ)δ

do uk,l+1 ← Tδuk,l; l← l + 1 ;
10 vk ← uk,l ;
11 until 2γ

1−γ

(
ψδ
∞(vk) + δ

)
≤ ϵ;

12 return (vk,πk,σk);

of non-differentiability is zero. However, it may be possi-
ble to modify our example so that the initialization does
not happen at a point of non-differentiability. Yet, the line
search method will take increasingly smaller steps, such that
it approaches the point of non-differentiability without ever
passing it. Because it is unclear how one may rectify the non-
differentiability to ensure Newton’s method’s convergence,
we propose an alternative approach in the following section.

5 RCPI: Residual Conditioned Policy
Iteration

In this section, we propose and analyze a new algorithm,
RCPI, for solving MGs and RMDPs. RCPI builds on the
strengths of PAI and FT but with convergence guarantees.
Our theoretical analysis demonstrates that RCPI is guaranteed
to converge to the optimal value function at a rate that at least
matches that of value iteration.

RCPI, summarized in Algorithm 2, can be viewed as a
direct modification of FT in Algorithm 1. The first two steps
of RCPI’s iteration are identical to FT. First, RCPI jointly up-
dates both the primary and adversarial policies to be greedy
with respect to the current value function. Second, RCPI
evaluates the value function for the updated policies. Simply
adopting this value function would lead to PAI (See the ap-
pendix of Badger, Huang, and Petrik (2025)), which is prone
to getting stuck in infinite cycles (Van der Wal 1978). Such
infinite cycles must involve steps that do not decrease the
residual. RCPI detects when the residual does not decrease
sufficiently and reverts to a value function update to guar-
antee its reduction. As a result, RCPI will never cycle or
terminate before reaching the optimal value function.

RCPI guarantees convergence to the optimal value func-
tion as follows. Each iteration of the outer loop guarantees
that the residual of the incumbent value function decreases
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at least by the factor γ. The parameter m determines how
reduction is achieved. If the residual of the proposed value
function can be reduced in at most m steps of value iteration,
then the Bellman operator is applied until the reduction is
achieved. Otherwise, the proposed value function is discarded
and replaced by a plain value iteration update.

We now turn to the proof of RCPI’s correctness and com-
putation complexity. First, we need to discuss the worst-case
runtime of the Bellman backups. For s-rectangular L1 robust
MDPs the runtime of computing Tδv and Bδv is (Ho, Petrik,
and Wiesemann 2021)

TR = O
(
S4.5A4.5

)
,

and, for MGs, it is given by Proposition 5.1.
Proposition 5.1. The runtime TG of computing Tδv and
Bδv for a Markov game satisfies that

TG = O
(
S2AB + S(A+B)1.5(A)2 log(δ−1)

)
, (9)

where, without loss of generality, A ≥ B.
We are now ready to state the central claim of this section,

which proves the correctness and computational complexity
of RCPI.
Theorem 5.2. Suppose that γ > 0, and ϵ > 0 satisfies that

ϵ >
2(1 + γ)δ

(1− γ)2
> 0.

for δ in (7). Then Algorithm 2 returns (π,σ) ∈ Sϵ(ρ) in
O
(
Z
(
T · (1 +m) + S2AB + S3

))
operations where

Z :=


log

(
1−γ
2γ ϵ−

3+γ
1−γ δ

)
− log(rmax + δ)

log(γ)

 , (10)

and T ∈ {TR, TG} is the complexity of computing Tδv and
Bδv for RMDP or MG, respectively.

The proof of Theorem 5.2 follows standard contraction
arguments and is deferred to the appendix of Badger, Huang,
and Petrik (2025). The main argument relies on the following
lemma, which bounds the computational time and establishes
the contraction property of each iteration of RCPI.
Lemma 5.3. Each loop of Algorithm 2 (Lines 3–10) runs in

O
(
(1 +m)T + S2AB + S3

)
(11)

operations for T ∈ {TR, TG} and (vk)k∈N satisfies that

ψδ
∞(vk+1) ≤ γ · ψδ

∞(vk) + 2 · (1 + γ) · δ . (12)

Note that the number of Bellman backups required for
RCPI to find (π,σ) ∈ Sϵ(ρ) shares the same upper bound
as robust VI for both games and robust MDPs if the maximum
number of recovery stepsm is set to 0. RCPI’s main attraction
is that it can leverage its exact policy evaluation to aid in
finding an optimal solution, while ignoring or correcting it
when issues arise. This gives it speeds that are close to, if
not faster than, PAI when solving problems in practice. As a
result, the worst-case time complexity of RCPI is no worse
than value iteration, but it offers significant possible speedup
due to the policy evaluation step.

Figure 3: The Bellman residual of each algorithm’s value
function plotted as a function of time for the large Markov
games (top) with 200 to 1000 states, and the large inventory
problems (bottom) with 40 to 200 states.

6 Numerical Results
To evaluate the effectiveness of RCPI a series of examples
were solved using a range of algorithms including PAI, Hoff-
man Karp (HK), Filar Tolwinski’s algorithm (FT), robust
value iteration (VI), a variation of Hoffman Karp (PPI) (Ho,
Petrik, and Wiesemann 2021), a variation on PAI (WS) (Win-
nicki and Srikant 2023), and our algorithm (RCPI). To sim-
plify comparison, RCPI’s hyperparameter m was either set
to 0, producing a method that never fixed its evaluation step,
called RCPI0, or m was left unbounded, making a method
that always fixed its evaluation step, called RCPI∞. The
full source code for the algorithms and domains is available
at https://github.com/keithbadger/Fast-Policy-Iteration-for-
Markov-Games-and-Robust-MDPs.

For each domain, there was a smaller set of problems
solved with γ set to 0.5, 0.75, 0.9, and 0.99, and a larger set of
problems where we set γ to 0.9, 0.99, and 0.999. We use the
smaller problems in order to evaluate the slower algorithms
in a reasonable time. The larger problems can only be solved
by the faster methods within our time limits. We allocated a
larger time budget to VI to establish a reference.

Examining Table 1, VI is the slowest algorithm tested for
games. Every other algorithm achieves a faster median solve
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Markov Games Inventory Gambler’s Ruin Gridworld

Algorithm Small Large Small Large Small Large Small Large

RCPI∞ 0.3 2.3 0.1 84.8 4.7 54.3 1.5 23.7
RCPI0 0.3 2.3 0.2 87.8 5.1 54.4 1.4 23.7
VI 3.4 253.0 2.4 23629.6 8.7 106.6 6.9 145.2
PAI 0.3 2.3 0.1 87.2 4.8 54.3 1.4 23.6
FT 0.3 2.4 0.2 86.9 5.6 77.1 1.4 23.3
HK 0.5 * 0.4 * 14.4 * 5.7 *
WS 1.0 * 0.8 * 5.2 * 3.2 *
PPI 0.6 * 0.4 * 10.6 * 4.9 *

Table 1: The median runtime of each algorithm’s in seconds for the small and large problem sets of every domain.

time. The difference in solution time is due to VI exclusively
using policy improvement steps to improve its estimated
value function, whereas other methods incorporate policy
evaluation steps, which are often more efficient.

WS is the closest method to VI conceptually, only adding a
fixed number of policy evaluation backups in between policy
improvement steps. The policy evaluation backups can signif-
icantly reduce the solve time of games, as shown in Table 1,
where all of WS’s median runtimes are below those of VI.

The remaining methods use exact policy evaluation steps.
HK and PPI’s evaluations differ from the others, as they
both evaluate the primary policy by holding it constant and
optimizing the adversary. In contrast, the other methods hold
both policies constant and find the stationary value function
v which satisfies Tv = v. Although HK and PPI’s policy
evaluation methods do improve upon VI’s solve time, they are
still cumbersome when compared to the closed-form methods
of PAI, FT, RCPI0, and RCPI∞, which evaluate both policies
simultaneously. As a result, HK and PPI are the next slowest
methods for games.

The median runtimes of the closed-form methods were ap-
proximately the same across all domains. RCPI0 and RCPI∞
were always within a few seconds of the fastest runtime. The
worst-case runtimes of the closed-form methods from Fig-
ure 3 were similarly close, with all of their Bellman residual
curves indicating a super-linear convergence rate.

Several domains were tested for robust MDPs including
gamblers ruin (Kallenberg 2022), gridworld (Sutton and
Barto 2018, section 6.5), and inventory management (Puter-
man 2005, section 3.2). From Table 1, each algorithm main-
tained the same relative performance from Markov games,
except that WS and VI did comparatively better in the gam-
bler’s ruin. WS and VI did well because the optimal betting
scheme in the non-robust version of gambler’s ruin is to bet
$1 if the win rate is greater than 50% and to bet all money
otherwise. The gambler repeats this action until reaching the
maximum capital, when it obtains the reward. The result is a
singular optimal state trajectory following the current state.
The reward from obtaining the maximum capital does not af-
fect the current state’s policy until there is a Bellman backup
for every state in the optimal trajectory following it. This
type of domain favors methods with inexpensive evaluations,
as only states that reward has been reached via policy im-

provement will be worth evaluating. Time spent doing exact
evaluations for the other states does not provide any benefit.

In Table 1, the closed evaluation methods have the lowest
median runtimes for the small and large inventory problem
sets. By examining the inventory problems in Figure 3, PAI
stops converging around 102, where it becomes stuck cycling
between suboptimal value function estimates, as described
in (Van der Wal 1978). At points, FT’s Bellman residual also
increases, which comes from using ψ2(v)

2 as an objective
instead of ψ∞(v). The larger number of available actions
and transitions stemming from those actions makes policy
improvement for inventory management more expensive than
for the other domains. As a result, methods that evaluate their
policies simultaneously benefit more heavily from limiting
the number of policy improvement steps needed to converge.

7 Conclusion
Historically, solving Markov games and robust MDPs has
involved choosing between a slow method that always con-
verges, or a fast method that may never finish. Attempts
have been made to provide a solution with both speed and
convergence guarantees, such as the algorithm of Filar and
Tolwinski, but such attempts have failed. RCPI is a simple
solution which provides the best possible worst-case conver-
gence rate, and empirically performs as fast if not faster than
any method proposed before it.

It remains to be seen if there is a way to fix the algorithm of
Filar and Tolwinski that keeps the Newtonian interpretation
of PAI with ψ2(v)

2 as the objective function. Such a solution
could provide insight into how to deal with discontinuities
caused by the min and max operations more generally. It is
not known how to optimize the hyperparameter of RCPI m
which could reduce the level of knowledge required to use
RCPI effectively.
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