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Abstract

Graph Neural Networks (GNNs) excel in handling graph-
structured data but often underperform in link prediction tasks
compared to classical methods, mainly due to the limitations
of the commonly used message-passing principle. Notably,
their ability to distinguish non-isomorphic graphs is limited
by the 1-dimensional Weisfeiler-Lehman test (WL). Our study
presents a novel method to enhance the expressivity of GNNs
by embedding induced subgraphs into the eigenbasis of the
graph Laplacian. We introduce a Learnable Lanczos algo-
rithm with Linear Constraints (LLwWLC), proposing two novel
subgraph extraction strategies: encoding vertex-deleted sub-
graphs and applying Neumann eigenvalue constraints. For the
former, we demonstrate the ability to distinguish graphs that
are indistinguishable by 2-WL, while maintaining efficiency.
The latter focuses on link representations enabling differen-
tiation between k-regular graphs and node automorphism, a
vital aspect for link prediction tasks. Our approach results in
a lightweight architecture, reducing the need for extensive
training datasets. Empirically, our method improves perfor-
mance in challenging link prediction tasks across benchmark
datasets, establishing its practical utility and supporting our
theoretical findings. Notably, LLWLC achieves 20x and 10x
speedups by requiring only 5% and 10% of the data from the
PubMed and OGBL-Vessel datasets, while comparing to the
state-of-the-art.

Code —
https://github.com/NiloofarAzizi/aaai-2026-LLwWLC

Extended version — https://arxiv.org/abs/2408.12334

Introduction

Graphs play a crucial role in various domains, represent-
ing linked data such as social networks (Adamic and Adar
2003), citation networks (Shibata, Kajikawa, and Sakata
2012), knowledge graphs (Nickel et al. 2015), metabolic
network reconstruction (Oyetunde et al. 2017), and user-item
graphs in recommender systems (Monti, Bronstein, and Bres-
son 2017). Graph Neural Networks (GNNs) have emerged
as state-of-the-art tools for processing graph-structured data.
Message Passing Neural Networks (MPNNs) are the most
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prevalent technique within GNNs, which, relying on neigh-
borhood aggregation, exhibit expressiveness no greater than
the first-order Weisfeiler-Leman (1-WL) test (Weisfeiler and
Leman 1968; Xu et al. 2019; Morris et al. 2019, 2023). There-
fore, MPNNs cannot distinguish specific graph structures,
e.g., k-regular graphs. Moreover, link prediction (LP) tasks
cannot always be answered reliably based on pairs of node
embeddings obtained from MPNNs. Specifically, the node
automorphism problem arises in instances where two nodes
possess identical local structures, resulting in equal embed-
dings and, consequently, identical predictions for both when
paired with the same third node. However, their relationships
to this node, e.g., in terms of distance, may differ (Zhang
et al. 2021; Chamberlain et al. 2023).

Efforts aimed at augmenting the expressiveness of MPNNs
have pursued four main directions: aligning with the k-
WL hierarchy (Morris et al. 2019; Maron et al. 2019b; Az-
izian and Lelarge 2021), enriching node features with iden-
tifiers, exploiting structural information that cannot be cap-
tured by the WL test (Bodnar et al. 2021b,a), and Subgraph
GNNs (SGNNs) (Bevilacqua et al. 2022; Guerra et al. 2022).
SGNNs are a recent class of expressive GNNs that model
graphs through a collection of subgraphs, extracted explicitly
or implicitly. Subgraph extraction can be achieved, e.g., by
removing or marking specific nodes or directly counting spe-
cific substructures (Papp and Wattenhofer 2022). However,
in the worst case, previous SGNNs involve computationally
intensive preprocessing steps or running a GNN many times.

To address these limitations, we propose a novel approach
grounded in graph signal processing (Ortega et al. 2018) and
spectral graph theory (Chung and Graham 1997). Specifically,
we introduce a new eigenbasis called Learnable Lanczos with
Linear Constraints (LLWLC), which explicitly incorporates
linear constraints—particularly those derived from induced
subgraphs—into the basis. Our method builds on a low-rank
approximation (Eckart and Young 1936) of the Laplacian
matrix, utilizing a constrained variant of the Lanczos algo-
rithm (Golub, Zhang, and Zha 2000). Similar to methods
such as BUDDY (Chamberlain et al. 2023), LLwLC operates
in two-hop neighborhoods. By learning expressive features, it
achieves state-of-the-art performance with less training data,
significantly reducing training time.

The LLWLC eigenbasis enhances feature expressiveness
by incorporating linear constraints derived from the graph
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Figure 1: The comprehensive workflow of LLwLC: We introduce a novel eigenbasis to boost the expressivity of GNNs by
introducing constraints. For the two 2-regular input graphs (first dotted block), the constraint matrix C (two columns shown
in the second dotted block) is derived. Specifically, as depicted, for the first Neumann eigenvalue constraint (focused on link
representation), we integrate the degrees of nodes into one column of the constraint matrix C such that CT f = 0 ensures
f(x) — f(y) = 0 for adjacent nodes = and y in the boundary. To predict the dotted link, nodes up to two hops away are
analyzed: one-hop in light blue and two-hop in dark blue, centered on yellow query nodes. We address an eigenvalue problem
based on the input graph Laplacian matrix L under the linear constraints encoded by the matrix C using the Lanczos algorithm
with the linear constraint consisting of an outer loop (Lanczos algorithm) and an inner loop (P(v) to A(C) with LSQR
algorithm) resulting in the eigenpairs V. = QB and R. The third block demonstrates constructing eigenbases for the two
2-regular graphs, ensuring features conform to constraints (indicated in blue). We stack multiple blocks; each block ¢ computes
X1 = o(Vfi(R)VTX,; W), where f; is an MLP on the eigenvalue matrix R.. The sequence ends with global pooling and a

fully connected layer predicting link probability g.

structure. We propose two novel subgraph extraction policies,
focusing on vertex-deleted subgraphs and Neumann eigen-
value constraints. By leveraging vertex-deleted subgraphs,
LLwLC can distinguish between graphs that are not separa-
ble using the 2-WL test, while Neumann constraints enable
the encoding of boundary conditions and link representations
between nodes, allowing differentiation of regular graphs that
are indistinguishable by the WL test. Intuitively, our Neu-
mann constraint represents the trapping of spectral energy by
enforcing zero variation at its boundaries. This enables the
grouping of graph edges at the boundary and facilitates the
capture of fine-grained patterns such as cycles. Furthermore,
the vertex-deleted subgraph constraint encodes global proper-
ties while remaining sensitive to vertex deletions, enhancing
expressivity. Theoretical analysis indicates that LLwLC can
be applied in various problem settings. We evaluate its effec-
tiveness in link prediction tasks, where expressivity and the
ability to distinguish automorphic nodes are pivotal.

Our research presents several key contributions: (i) We
develop a novel, efficient eigenbasis (LLWLC) for encoding
linear constraints, including induced subgraphs, using the
Lanczos algorithm with linear constraints. (ii) We explore
the application of Neumann eigenvalue constraints within
this eigenbasis, which encodes induced subgraphs and link
representations. (iii) We provide a comprehensive theoretical
analysis of LLWLC’s convergence. (iv) We investigate the
impact of vertex-deleted subgraphs on improving the expres-
siveness and scalability of LLWLC. (v) We evaluate LLwLC
on challenging link prediction tasks.
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Preliminaries

Notations An undirected graph G = (V, E, X) consists of
anode (or vertex) set V', edge set I/, and node features X €
R™*4 where n is the number of nodes. Each row x, € R
denotes node v’s features. A and D are the graph’s adjacency
and degree matrices, respectively. The graph Laplacian is
L =D — A and we denote by U and A its eigenvector and
eigenvalue matrices. The degree of a node v is d,,.

Spectral Graph Convolutional Networks For a graph sig-
nal £ € R”, Shuman et al. (2013) define the graph Fourier
transform, U Tz, and its inverse, Uz, based on the eigen-
basis of the graph Laplacian L. The graph convolution is
U(UTz + UTy) = Ug(A)U "z where y is the graph fil-
ter, g is the function applied over the eigenvalue matrix A
to encode the graph filter, and * is the elementwise multi-
plication. The seminal spectral GCN method (Bruna et al.
2013) is cubic in the number of nodes. To address this, dif-
ferent g functions were defined (Henaff, Bruna, and LeCun
2015; Azizi et al. 2022). LanczosNet (Liao et al. 2019) uses
the Lanczos algorithm for fast multi-scale computation with
learnable spectral filters. However, like prior GNNs, Lanczos-
Net has limited expressivity and cannot distinguish regular
graphs. To address this, we introduce a learnable spectral
basis that encodes subgraphs as linear constraints.

Lanczos with Linear Constraint Networks

This section outlines the Lanczos Algorithm with Linear
Constraints and the construction of a constraint matrix C



for subgraph embedding, followed by the development of
the complete LLWLC block and LLwLCNet pipeline. It also
includes a proof of convergence properties and explores sub-
graph extraction policies, focusing on Neumann eigenvalue
constraints and vertex-deleted subgraphs.

Lanczos Algorithm with Linear Constraints

For a given symmetric matrix L. € R™*" and a randomly ini-
tialized vector v € R", the k-step Lanczos algorithm (Lanc-
zos 1950) computes an orthogonal matrix Q € R™*™
and a symmetric tridiagonal matrix T € R"*™ such that
Q'LQ = T. We represent Qn = [qy, .. ., qn]| where the
column vector g; corresponds to the i Lanczos vector. The
matrices B € R™*™ and R € R™*™ represent the eigen-
vectors and eigenvalues of T, respectively. By investigating
the j™ column of the system LQ = QT and rearranging
terms, we obtain Lg; = (114541 + 5;q;-1 + ¢;q;.
Having the linear constraint changes the plain Lanczos
algorithm by replacing u; = Lg; — 8;g;—1 with u; =
P; — Bjq;—1 assuming the initial vector v is projected into
the null space of the constraints (Golub, Zhang, and Zha
2000). Please note that the orthogonal projector P can be
obtained through the QR decomposition of C when dealing
with a dense constraint matrix C. In situations where C
is sparse and dim(NV(C ")) =~ n, the projector is given by
P =1 — CCf, with C' being the Moore-Penrose inverse of
C. Assuming C has full column rank, CT can be computed as
(CTC)~ICT (Bjorck 1996). If we project the initial vector v
into null space of the constraint matrix v; = Pv € N(CT)
and notice the mathematical equivalence between computing
the smallest eigenvalue of the constraint A, = P'LP and
L then one step of the Lanczos algorithm with the linear
constraints is 8;41q;4+1 = PLPqg; — 8;Pg;—1 — o;Pg;
P(Lg; —8;9;—1 —a;q;). Algorithm 1 describes the steps of
the Lanczos Algorithm with the Linear Constraints in detail.
This algorithm is structured into two main components: the
“outer loop’, which is a straightforward Lanczos algorithm
iteration, and the “inner loop’, which focuses on resolving the
least squares problem expressed as P(b) = Hg@HCy — bl|2.
Yy

Here, y is defined as C'b, and b is Lg;.

LLwLCNet

In this part, we detail our approach to computing the eigen-
vectors of the graph Laplacian, ensuring they adhere to input
graph constraints. We construct our eigenbasis by addressing
a large, sparse, symmetric eigenvalue problem with homoge-
neous linear constraints. It requires minimizing

. f'Lf
min = ——-,
cTi=0.520 fTf
where C € R™*! with n >> [ is the constraint matrix.
To address the problem outlined in Equation 1, we utilize
the Lanczos algorithm with the linear constraints, detailed in
Algorithm 1. However, differing from the iterative approach

for the least square equation suggested in the Lanczos algo-
rithm with the linear constraints to solve Cy = b we utilize

ey
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Algorithm 1: Lanczos Algorithm with Linear Constraint (LL-
wLC)

1 INPUT:L, P =1 - C(CTC)flcT, v, steps K, tolerance €
2: INIT: vy = P(v), B1 = |lv1]l2, go =0
3: forj =1toxdo
a; = v;/B;
p; = P(Lg;)
u; =pj = Bigj-1
& = u;q]‘
Vitl = Uj — &;q;
Bi+1 = llvjtall2
if 8,41 < ethen
BREAK
end if
. end for
:Q=q1,-..,qx] construct T
: EVD(T) = BRB'
: RETURN: V = QB, R

Algorithm 2: LLWLCNet: Spectral Network Using LLWLC
Basis

. INPUT: LLWLC output V, R, signal X

D INIT: X = X

cfori =0tok — 1do

X1 =o(VA(R)VTX; W)

. end for

¢ = FC(GlobalPool(X))

: RETURN: §

the PyTorch framework (Paszke et al. 2017) for our computa-
tions. This choice is due to our sparse and not overly large
constraint matrix allowing for the direct QR factorization (An-
derson, Bai, and Dongarra 1992) within PyTorch, offering
numerical stability and the capability for backpropagation. In
the following, we describe constructing the constraint matrix
C, where we extract subgraphs first and derive the constraint
matrix accordingly.

Constraint Matrix C The matrix C allows us to specify
linear constraints that the graph Laplacian matrix’s eigen-
vectors must satisfy. Each column of the constraint matrix
represents a distinct constraint. We introduce two approaches
to define the constraint matrix C on the basis of specific sub-
graphs: vertex-deleted subgraphs and Neumann eigenvalue
constraints. A detailed explanation of how each column of
the constraint matrix is built for these methods can be found
in the next section.

Addressing the eigenvalue problem with linear constraints
yields a tridiagonal matrix, denoted as T, and an orthogonal
matrix Q. The decomposition of matrix T produces matri-
ces R and B. Here, R represents the Ritz eigenvalues, and
V = QB forms the eigenbasis that satisfies the constraints
imposed by matrix C. Forcing the eigenvectors to satisfy
appropriately defined constraints leads to having different
eigenbasis for graphs where the MPNN returns the same fea-
tures. This is exemplified in the case described in Figure 1,
where two 2-regular graphs yield two different eigenbases.

Full Block After determining the eigenbasis, we are ready
to establish the full block of the Lanczos Layer with Lin-



ear Constraint (LLwLC). In this new eigenbasis, we develop
spectral filters by applying a multilayer perceptron f to the
eigenvalue matrix R. With these learned filters, we recon-
struct our basis and transform the graph signals X € R"*"
into this basis to extract features that meet our specific con-

straints. L is the graph Laplacian matrix computed from the
low-rank approximation of the constrained eigenvalue prob-
lem. Each LLwWLCNet block is

c(VIR)VTXOW) = ¢(LXOW). 2)
Here, W € R"*™ is the learnable weight matrix and o is a
non-linearity (ReLU in our case).

Full Architecture As represented in Algorithm 2, we in-
crease the number of blocks to deepen our architecture and
capture more complex features. Each block reuses the initially
computed eigenbasis and applies a multi-layer perceptron
(MLP) to the eigenvalue matrix R to reconstruct its corre-
sponding L. Our complete pipeline concludes with a global
sort pooling (Zhang et al. 2018) and a fully connected block
in the last layer used to predict link existence, see Figure 1.

Subgraph Extraction Policy

A subgraph selection policy is a function 7: G — P(G) as-
signing to a graph a subset of its subgraphs (Bevilacqua et al.
2022). Here, G is the set of all graphs with at most n nodes
and P(G) is its power set. Although any linear constraint in
the input graph satisfying the full rank assumption can be
encoded in C, we propose the following policies.

Neumann Eigenvalue The Neumann eigenvalue (Chung

and Graham 1997) is Ag = inf g W subject

to Eyes,xgs, yNI(f(m) —f(y)) =0and}_, o f(z)ds

0. The function f: S U JS — R represents the Neumann
eigenvector satisfying the Neumann conditions. The vertex
boundary, 6.5, of an induced subgraph consists of all vertices
not in S but adjacent to at least one vertex in S. Specifically,
the first constraint encodes the link representation. Building
on previous link prediction research, we consider nodes that
are two hops away from the query nodes, where S represents
the one-hop-away nodes, and 4.5 denotes the boundary nodes
between one-hop and two-hop-away nodes. It ensures that
the aggregate of eigenvector differences across nodes equates
to zero, as expressed by > (f(x) — f(y)) = 0. The column
corresponding to the subgraph is constructed based on the
equation. The degrees of the nodes involved in the constraint
are entered into the column to satisfy the equation. Specifi-
cally, the degrees of nodes two hops away are negated, and
the degrees of nodes one hop away are included only if they
are connected to nodes two hops away. Entries for uninvolved
nodes are set to 0.

Example 1. Consider the graph I I3, where the query
nodes are , the nodes in S are blue, and the
boundary nodes 05 are green. The boundary constraint

> yes.ness, yw(f(:lc) — f(y)) = 0 is realized by the col-
umn [0,0,1,1,—1,-1,0,0,0,0] " of the matrix C.

For induced subgraphs, we populate its corresponding col-
umn in C with the degrees of each node (and fill the remain-

ing entries of the column with 0 for nodes not involved in
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the subgraph), ensuring that the derived eigenvectors fulfill
the condition > f(z)d, = 0 (see next paragraph for details).
This condition ensures that the features learned using this
eigenbasis reflect the imposed constraints.

Thus, the Neumann eigenvalue problem can be reformu-
lated as Equation 1 where L € R™*" is a symmetric and
large sparse matrix, and C € R™*! (with n >> [) is also
large, sparse, and of full column rank. The time complexity
involved in extracting subgraphs depends on the product of
the maximum degree of nodes and the count of nodes in the
boundary. When we enforce that the eigenvectors satisfy the
constraints related to induced subgraphs and link represen-
tation, we ensure that the corresponding features adhere to
these constraints.

Proposition 1. Applying Neumann eigenvalue constraints
to the eigenbasis (i) results in features with greater expres-
sivity than MPNNs (or 1-WL), (ii) addresses the node auto-
morphism problem, (iii) enables the distinction of specific
non-isomorphic k-regular graphs (Proof in extended version).

Vertex-deleted Subgraphs The second subgraph extrac-
tion policy we propose is based on vertex-deleted subgraphs.
Given that we can encode any subgraph into our eigenbasis,
we can examine whether a specific substructure collection
can completely characterize each graph. By the reconstruc-
tion conjecture (Ulam 1960), we assume we can reconstruct
the graph if we have all the n — 1 vertex-deleted subgraphs.
According to Koval and Kwan (2023), exponentially many
graphs are determined by their spectrum. Thus, we propose
that each column of the constraint matrix corresponds to a
vertex-deleted subgraph, and we include the degrees of the
nodes within the corresponding subgraph in each column,
representing deleted nodes by zero entries.

Example 2. Consider the graph ;Q,;,'I, where the red nodes are
deleted, and the nodes are contained in the subgraph.

The constraint is represented by the column
2,2,2,2,0,0,0,0,0,0]" in the matrix C.

We build the other columns of the constraint matrix accord-
ingly. The intuition behind defining such a constraint is that
it implicitly represents the vertex deleted subgraph. Learning
the filters over the eigenvalue matrix of the graph Laplacian
leads to defining an affinity matrix based on Gaussian func-
tions and driving the corresponding adjacency matrix based
on the threshold (Liao et al. 2019). Thus, L =1 -D~'W
where W is the affinity matrix (Coifman and Lafon 2006).
P = D~'W is the Markov transition matrix and its powers
P? are the probability of t-hop-away distance between the
nodes ¢ to node j. Thus, the diffusion map is defined based on
the right eigenvector and eigenvalues of the Markov transition
matrix P. If \; and 4); are the eigenpairs of the matrix P then
the eigenbasis of diffusion map after ¢-steps for the i value
is ®,(i) = (A4 (4) )\51/12 Q PrOJectmg to null space
of the constraint matrlx (CCT)~1C)) cancels out
the nodes with zero entr1es and con51ders the others based on
the degree we put in the constraint matrix. The diffusion map
embedding adapts to reflect diffusion patterns that are aware
of the vertex deletions.



In extracting vertex-deleted subgraphs from a dense graph,
the worst-case time complexity is O(n?) due to the high
number of edges in dense graphs, leading to increased com-
putational load. For sparse graphs with fewer edges, the com-
plexity is reduced by a factor of O(n). Our empirical results
show that applying a few constraints significantly improves
performance, making the practical overhead align linearly
with the number of nodes. This approach is similar to the
marker-based method (Papp and Wattenhofer 2022), as both
consider slightly perturbed input graphs.

Utilizing vertex-deleted subgraphs allows us to distinguish
graphs that the 2-WL method cannot distinguish. For in-
stance, although the 4 x 4 rook and Shirkhande graphs are
indistinguishable with 2-WL, their corresponding constraint
matrices—constructed from the vertex-deleted subgraphs—
lead to distinct eigenbases and diffusion behavior.

Stochastic Constraints C We discovered empirically that
effective outcomes can be attained with a limited number
of constraints, such as Neumann constraints, or in another
ablation study involving only ten vertex-deleted subgraphs.
This observation aligns with the findings of Bollobés (1990),
who demonstrated that almost all graphs can be reconstructed
using only three vertex-deleted subgraphs. Given the pro-
hibitive cost of considering all n vertex-deleted subgraphs,
our approach, inspired by Bevilacqua et al. (2022), involves
selecting a subset of constraints. At each epoch, we stochasti-
cally choose k vertex-deleted subgraphs for analysis.

Lanczos Algorithm with Linear Constraint
Convergence

In this section, we substantiate LLwLC eigenbasis’s con-
vergence properties by conducting an error analysis on per-
turbations and referencing Greenbaum’s findings to demon-
strate the existence of an exact Lanczos algorithm for any
perturbed version. By establishing the upper bound for the
Lanczos algorithm’s low-rank approximation, we affirm the
convergence of our LLwLC eigenbasis.

Perturbation and Error Study The accuracy of the linear
least square problem using QR factorization depends on the
precision of the QR factorization. As discussed by Zhang,
Baharlouei, and Wu (2020), two types of accuracy errors are
crucial in QR factorization when solving linear least square
problems: The backward error for a matrix Z is defined as
IZ-QR|

lzl
|IT-Q T Q||. Ideally, both numerical errors should be zero, but
due to roundoff errors and the potential loss of orthogonality
in the Gram-Schmidt QR process, the QR factorization might
not be sufficiently accurate for solving the linear least square
problem.

After examining the impact on accuracy, we analyze the
theoretical gap between the exact Lanczos algorithm and its
perturbed variant due to inexact QR factorization. The inex-
act QR factorization applied in the “inner loop’ will impact
the accuracy of both the Lanczos vectors and the tridiagonal
matrices produced. Consequently, the computed tridiagonal
matrix T; is a perturbed version of the theoretical tridiag-
onal matrix, denoted as T, that would be generated by an

and the orthogonality error of Q is measured by
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exact Lanczos iteration. This relationship can be expressed
as T; = T} + E;, where E; is the perturbation matrix after

the j*" step. The following theorem details the error bounds
of the perturbed tridiagonal matrix in comparison to the exact
solution of T after the j!" step of the Lanczos algorithm.

Theorem 1. Let U and U be the eigenspaces correspond-
ing to the smallest eigenvalues A\ and A of the symmetric
matrices L and L = L + E, respectively. Then for any
w € U and @ € U with ||uy = 1 and ||||2 = 1, we have

A—Ar ZJ:E]- (i,71)u(i)? + 232_:]3]»(@', i+ Du(i)u(i+ 1),

where Ej(s,t) is the (s,t) element of E;.

After exploring the theoretical gap between exact and per-
turbed Lanczos algorithms, we investigate Greenbaum’s re-
sult, which shows that each perturbed Lanczos corresponds
to an exact version.

Greenbaum’s Results (Greenbaum 1989) The tridiagonal
matrix T'; generated at the end of the 4™ finite precision Lanc-

zos process satisfying LQ; = Q;T; + 8+1qj4+1€ ' j + Fj,

where e;r is a vector with the j™ component one and all the

other components zero, F = (fi, ..., f;) is the perturbation
term with || f;]]2 < €||L||2, € < 1, is the same as that gener-
ated by an exact Lanczos process but with a different matrix
L. The matrices L and L are close in the sense that for any
eigenvalue A(L) of L, there is an eigenvalue A\(L) of L such
that [A(L) — A(L)| < ||F}||2. Therefore, in our case with
the constant accuracy of the QR factorization, we can show
PLPQ; = Q;T, + ,qu~j+16; + F;, where F; = O(n)
with 1) corresponds to the accuracy of the QR method.

Having established each perturbed Lanczos algorithm cor-
responds to an exact Lanczos algorithm, we demonstrate the
theorem below to bound the approximation error, as discussed
in (Liao et al. 2019).

Theorem 2. Let UAU" be the eigendecomposition of an
n x n symmetric matrix L with A; ; = i, \y > - > A,
and U = [uy,...,u,]. Let U; = span{ui,...,u;}. As-
sume k-step Lanczos algorithm starts with vector v and
outputs the orthogonal Q € R"*" and tridiagonal matrix

T € R¥*%. Forany j with1 < j < n and k > j, we have
2

- i e [(SnU)THI) 35N
HL - QTQ ||F < Zi:l )‘i cos(v,u;) T i (1427:) +
Zii i1 A2 where T,,_;(z) is the Chebyshev Polynomial of
degree k — i and v; = (Ai — Nix1)/(Nix1 — AN).

Based on Greenbaum’s results (Greenbaum 1989), for our
computed perturbed Lanczos algorithm, exists an exact Lanc-
zos algorithm but for a different matrix. Based on Theorem 2,
we also cognize the upper bound of the low-rank approxima-
tor of the Lanczos algorithm. Thus, the perturbed Lanczos
algorithm, caused by the inaccuracy of the QR method for
solving the least square equation, converges to the upper
bound of the low-rank approximation of the matrix of the
exact Lanczos algorithm.

Time Complexity LLwLCNet’s time complexity is
O(KE + k?n + k3) for the outer loop (Lanczos algorithm),



SEAL BUDDY NBFNet LLwLC k-IGN k-GNN LLwLC GSN (3-WL)
Preprocessing O(1) O(E(d+ h)) O(1) O(1) Preprocessing - - O(n®) O(nk)
Training (1 link)  O(Ed?) O(?h+1d?) O(Ed+nd?) O(kE + kn) Dense om*) om*) om?) O(n?)
Inference O(Ed?) O@(*h+1d%) O(Ed+nd?) O(KE+ k%n) Sparse omk)  om*) o) O(n)

(a) LP tasks: I: hops, h: BUDDY sketch, x: eigenvectors, k: constraints.

(b) Expressive models.

Table 1: Time complexity comparison.

the QR factorization, and computing the pseudo-inverse of
k x k matrix, respectively, where k < n is the number of
computed eigenvectors and £ < n is the number of linear
constraints. Table 1a compares LLwLCNet with other LP
methods. Aligned with (Barabasi and Albert 1999) research
and supported by our empirical experiments, it has been estab-
lished that graph reconstruction can be effectively achieved
with just a few constraints. This leads to time complexity lin-
ear to the number of nodes. Contrastingly, established k-WL
expressive models, such as k-IGNs (Maron et al. 2019a) and
k-GNNs (Morris et al. 2019), are known to have a higher
time complexity of O(nk).

Furthermore, we compare LLwLCNet’s time complexity
with GSN (Bouritsas et al. 2022), which improves expres-
sivity by counting specific substructures. However, it relies
on task-specific substructure selection to introduce a suit-
able inductive bias and deals with the subgraph isomorphism.
In GSN, the preprocessing step, in general, is O(n*) for a
generic substructure of size k. In contrast, our experimen-
tal results demonstrate that LLwWL.CNet can capture graph
properties without requiring task-specific prior knowledge.
Table 1b provides an overview of the time complexities.

Experiments

We evaluate LLWLCNet on link prediction to assess its abil-
ity to handle node automorphism and leverage subgraphs.
Comparisons are made against heuristics (CN, RA, AA),
vanilla GNNs (GCN, SAGE), models modifying message-
passing graphs (SEAL, NBFNet), and those using pairwise
features (Neo-GNN, BUDDY, NCNC). Baseline results fol-
low Chamberlain et al. (2023). We test on six benchmarks:
Cora, Citeseer, Pubmed, OGBL-Collab, OGBL-Vessel, and
OGBL-PPA; dataset details are in the extended version, and
OGBL baselines follow the leaderboard.

Setup We train LLWLCNet using binary cross-entropy loss
with a learning rate of 0.001 for 20 epochs. The model em-
ploys two 32-channel MLP layers with ReLU activations and
0.1 dropout per block, and caps the eigenpairs at 10 with zero
padding. We implement the model in PyTorch (Paszke et al.
2017) and PyTorch Geometric (Fey and Lenssen 2019), and
follow SEAL (Zhang and Chen 2018) with a 90/10 train—test
split. For OGBL-PPA, we use 1-hop neighborhoods, vertex-
deleted subgraph constraints, and four LLwLCNet blocks;
other datasets use a single block.

Link Prediction Results While LLWLC is broadly appli-
cable, we focus on link prediction (LP) to demonstrate its
ability to handle node automorphism and substructure aware-
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ness, improving expressivity. Prior work (Chamberlain et al.
2023) shows two-hop neighborhoods suffices for LP.

As shown in Table 2, LLwLC performs strongly across
benchmarks with few parameters. It outperforms prior meth-
ods on Planetoid with 0.02M parameters. On OGBL-Collab,
LLwWLC achieves SOTA with 0.02M, exceeds BUDDY
(1.10M) and SEAL (0.50M), and reaches 67.50% HR @50
with 0.03M. On OGBL-Vessel, it matches strong base-
lines using 0.019M and 10% training data. On OGBL-
PPA, LLWLC uses 0.06M parameters and 0.2% training
data—25x less than 5%—while approaching the second-
best, BUDDY (Chamberlain et al. 2023).

Ablation Studies We assess the impact of applying Neu-
mann constraints C to the Laplacian L on three benchmarks
(Table 3a), showing that C consistently improves results.
Adding vertex-deleted subgraph constraints further boosts
performance (Table 3b): with ten constraints, HR@50 on
OGBL-Collab increases from 42.83 to 69.40, HR@ 100 on
Cora from 90.80 to 93.10, with similar gains on PubMed.
Constraint-count details are in the extended version.

Wall-time and Reduction Dataset Our study has shown
an enhancement in model expressivity, leading to a decrease
in the need for parameters. This results in less training data
being required. As shown in Table 4, on the PubMed dataset,
our model surpasses BUDDY (Chamberlain et al. 2023) and
SEAL (Zhang and Chen 2018) using merel 10% of the train-
ing data, which results in a training speed that is 20 times
faster than SEAL. Furthermore, it delivers performance on
par with BUDDY while using just 1% of the training data
within the same training duration and without requiring any
preprocessing steps. This enhanced efficiency reflects a more
efficient learning mechanism and significantly reduces train-
ing duration. Regarding the OGBL-Vessel dataset, our ap-
proach outperforms SEAL (Zhang and Chen 2018), demon-
strating a 10-fold increase in training speed. It achieves simi-
lar outcomes at a speed 90 times faster using only 1% of the
training data. These experiments were all carried out on a
GeForce GT1030 GPU (CUDA 11.6, PyTorch 1.13).

Related Work

MPNN Expressivity GNN expressivity is often measured
by their ability to distinguish non-isomorphic graphs. As
no polynomial-time algorithm for solving the graph isomor-
phism problem is known, developing GNNs that are both
expressive and efficient poses a major challenge. Xu et al.
(2019) showed MPNN s expressivity is limited to 1-WL test.
This limitation is crucial in real-world applications, as the
1-WL test cannot distinguish certain structures, e.g., regular



Cora Citeseer Pubmed Collab Vessel PPI

Method HR@100 HR@100 HR@100 HR@50 roc-auc HR@100
CN 33.92 4+ 0.46 29.794+0.90 23.13+£0.15 56.44 + 0.00 48.49 27.65 + 0.00
AA 39.85+1.34 35.194+1.33 27.38+0.11 64.35 + 0.00 48.49 32.45 + 0.00
RA 41.07 £0.48 33.56 +£0.17 27.03£0.35 64.00 £ 0.00 n.a. 49.33 + 0.00
GCN (Kipf and Welling 2017) 66.79 +1.65 67.08+£2.94 53.02+1.39 44.75+1.07 43.53 18.67 £ 1.32
SAGE (Hamilton, Ying, and Leskovec 2017)  55.02 + 4.03 57.01 £3.74 39.66 £0.72 48.10 + 0.81 49.89 16.55 + 2.40
Neo-GNN (Yun et al. 2021) 80.42+1.30 84.67 £2.16 73.93+1.19 57.52 n.a. 49.13 + 0.60
SEAL (Zhang and Chen 2018) 81.71 +1.30 83.89 +2.15 75.54+ 64.74+ 80.50 48.80 + 3.16
NBFnet (Zhu et al. 2021) 71.65 +£2.27 74.07+£1.75 58.73 +1.99 OOM n.a. OOM
Surel+ (Yin et al. 2023) N.A. N.A. N.A. 64.10 85.73 N.A.
BUDDY (Chamberlain et al. 2023) 88.00 + 0.44  92.93+0.27 74.10£0.78 65.94 + 0.58 55.14 49.85 + 0.20
NCNC (Wang, Yang, and Zhang 2024) 89.65+1.36  93.47+£0.95 81.29+0.95 66.61+0.71 N.A. 61.42 +0.73
LLwLCNet 91.44 + 0.50 93.4 + 1.50 83.10 £ 0.50  66.86 £0.70  81.60 £ 1.50 40.38

# Params. 0.019M 0.018M 0.024M 0.026M 0.036M 0.038M

Table 2: Results on LP benchmarks with LLWLCNet (Neumann Constraints). Red and blue indicate best and second-best.

LLwLCNet was trained on 10% of VESSEL and 0.2% of PPIL.

Method Cora (AUC) Citeseer (AUC) PubMed (AUC)
LanczosNet 94.5% 96.5% 97.2%
LLWwLC (w.L & C) 97.0% 98.1% 98.3%

(a) With/without Neumann constraints (using L).

Method Collab (HR@50) Cora (HR@100) PubMed (HR@100)
LanczosNet 42.58 90.80 77.18
LLwLCNet w. Neumann 66.86 91.44 83.10
LLwWLCNet w. 10 Const. 69.40 93.10 82.28

# Params. 0.026M 0.019M 0.021M

(b) Performance under different constraint settings.

Table 3: Impact of subgraph constraints on performance.

graphs, and does not capture several natural graph proper-
ties well, e.g., distances and cycle counts (Li and Leskovec
2022). Recent studies have addressed these limitations with
four approaches: adding random attributes to nodes (Sato,
Yamada, and Kashima 2021), using deterministic positional
features (Zhang and Chen 2018), developing higher-order
GNN s to surpass the 1-WL test’s expressivity limits (Maron
et al. 2019b), and subgraph GNNs applying markings, such
as the node-deletion approach of ESAN (Bevilacqua et al.
2022). See Morris et al. (2023) for a detailed survey. Our
method follows the subgraph GNN line of research.

Subgraph GNNs for Link Prediction SEAL enhances
WLNM (Zhang and Chen 2017), the first subgraph-based LP,
by using graph convolutional layers and encoding positional
features. SEAL demonstrates that information within two-
hop subgraphs is sufficient, aligning with classical methods.
Neo-GNN (Yun et al. 2021) and BUDDY decouple pairwise
representation from node representation learning to reduce
computational overhead but may oversimplify pairwise repre-
sentations. Recent LP methods like NCNC (Wang, Yang, and
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Dataset SEAL BUDDY GCN LLwLC LLwLC LLwLC
Pre-train (s) 0 5 0 0 0 0
Train (s) 81 1 66 7 4 1
PubMed Reduction 100 100 100 10 5 1
Accuracy 7554  74.10  53.02 80.15 78.20 70.84
#Params. 0.486M 1.565M 0.052M 0.024M 0.024M 0.024M
Train (s) 12600 N.A. 12600 1200 700 140
OGBL-Vessel Reduction 100 100 100 10 5 1
Accuracy  80.50  55.14 43,53  81.60 79.24 78.72
#Params. 0.042M N.A. 0.035M 0.036M 0.036M 0.036M

Table 4: Training time per epoch of LP models.

Zhang 2024) and LPFormer (Shomer et al. 2024) combine
GNNs with structural heuristics; in contrast, our approach
jointly models subgraphs via a spectral eigenbasis, enabling
richer interaction modeling with a lighter architecture.

Conclusion

In this work, we introduced LLWLC, a novel method de-
signed to enhance the expressivity of GNNs. Through the
incorporation of two novel subgraph extraction strategies, we
constructed a lightweight architecture that minimizes reliance
on extensive training datasets. Empirical results show that
our method significantly improves performance in link pre-
diction tasks across various benchmark datasets. Notably, the
LLwLC achieved 20x and 10x speedups, requiring only 5%
and 10% data from the PubMed and OGBL-Vessel datasets,
respectively, compared to the state-of-the-art methods. These
findings underscore the practical utility and theoretical ad-
vancement of our method, illustrating LLwLC’s potential to
exceed the expressivity of 2-WL and its ability to differen-
tiate between k-regular graphs. A promising direction for
future work is to explore the impact of learning linear con-
straints between nodes and edges within the input graph and
encoding them in the eigenbasis of the Laplacian.
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