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Abstract

We study Constrained Online Convex Optimization with
Memory (COCO-M), where both the loss and the con-
straints depend on a finite window of past decisions made
by the learner. This setting extends the previously studied
unconstrained online optimization with memory framework
and captures practical problems such as the control of con-
strained dynamical systems and scheduling with reconfigu-
ration budgets. For this problem, we propose the first algo-
rithms that achieve sublinear regret and sublinear cumulative
constraint violation under time-varying constraints, both with
and without predictions of future loss and constraint func-
tions. Without predictions, we introduce an adaptive penalty
approach that guarantees sublinear regret and constraint vi-
olation. When short-horizon and potentially unreliable pre-
dictions are available, we reinterpret the problem as online
learning with delayed feedback and design an optimistic al-
gorithm whose performance improves as prediction accuracy
improves, while remaining robust when predictions are in-
accurate. Our results bridge the gap between classical con-
strained online convex optimization and memory-dependent
settings, and provide a versatile learning toolbox with diverse
applications.

1 Introduction

Online Convex Optimization (OCO) is the workhorse model
for sequential decisions under adversarial uncertainty. In its
basic version, a learner picks an decision x; from a convex
set X at the start of each round ¢; an adversary then reveals
a convex loss function f; : X — R and the learner suffers
fi(x¢). The learning is assessed by the metric of regret R,
i.e., the distance of the accumulated loss from that of the
best-in-hindsight decision z* = argmingex 3., fi(),
and the goal is to ensure sublinear regret. Since its concep-
tion (Zinkevich 2003), OCO has been extended to an im-
pressive range of problems (Orabona 2025).

One of these extensions is OCO with memory (OCO-M),
where the loss at each round ¢ depends on the previous m de-
cisions of the learner x;_,,,, . . . , x;. Data caching with fetch-
ing costs, communication systems with reconfiguration de-
lays, user-engagement in recommender systems, investment
portfolio selection, and model training in continual learning,
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are only some of the problems that can be tackled with OCO-
M (Anava, Hazan, and Mannor 2015). Further, the recent on-
line non-stochastic control (NSC) framework owes its suc-
cess to OCO-M, as such stateful systems can be controlled
with memory-based functions (Hazan and Singh 2025).

Beyond minimizing losses, real-world systems must of-
ten satisfy average constraints of time-varying functions,
gt(x¢) <0. This constrained OCO (COCO) extension is at-
tracting growing interest and has several flavors. In some
cases the goal is to ensure sublinear long-term violation
(LTV), >, g¢(x), and in others to bound the cumulative
constraint violation (CCV), >, max{g:(x¢),0}; also, the
functions may be known when z; is decided or not, and they
might be static g; = g, stochastically-perturbed or selected
by an adversary. Importantly, similarly to losses, the con-
straints may exhibit memory and depend jointly on the m re-
cent decisions. Examples include energy budget constraints
over m-slot windows in smart grid, thermal envelopes that
integrate recent power inputs in processors, QoE user met-
rics capturing service volatility, and battery-health limits
tied to cumulative depth-of-discharge, to mention only few.
Apart from such operational or resource constraints, LTV
and CCV are also relevant for multi-criteria optimization.

It is clear from the above that COCO-M is an impor-
tant and practical extension of OCO which, nevertheless, re-
mains largely unexplored. This work contributes in address-
ing this gap by studying several instances of this problem.

Contributions. We study the most compounded version
of COCO-M where the constraints are unknown and adver-
sarially varying, and we are interested in CCV, which we
denote V. We consider two problems, one with memory ef-
fects on losses and constraints (COCO-M?), and another with
memory-less constraints (COCO-M). Following a penalty-
based relaxation analysis (Zangwill 1967) we design an al-
gorithm that achieves regret Ry = O(m3/ 2/Tlog T) , and
CCV Vr =0 (max{T3/*, m*2\/Tlog T}) for cOCO-M?,
improving upon the Ry, Vr = O(T?/310g>T) bounds of
(Liu, Yang, and Ying 2023) for 7' € [3,10%*], the only
prior work related to COCoO-M2. For COCO-M, we achieve
Vr = O(T3/*) which improves to V= O(m?/%v/T log T)
for short memory.

We take the next step and study, for the first time,
the problem through the lens of optimistic learning (OL),



(Rakhlin and Sridharan 2013b). That is, we assume the avail-
ability of untrusted predictions about the gradients of forth-
coming losses and constraints, and design an algorithm that,
under a more restrictive benchmark than in the no-prediction
setting, ensures

RT:O< 5T(f)>7VT:(9(< ET(gﬂer)logT),

where Er(f) and Er(g") denote the total prediction er-
rors for the loss and constraint functions over the 7' rounds.
These bounds diminish with the predictions’ accuracy, be-
coming Ry = O(log T'), Vrr = O(mlogT) for perfect pre-
dictions, and Ry = O(m?VT), Vr = O(m?VT log(T))
when the prediction fail maximally. These rates subsume
the optimistic COCO bounds without memory (Lekeufack
and Jordan 2024); and the optimistic unconstrained OCO-
M bounds (Mhaisen and Iosifidis 2024).

To streamline the presentation of the material, we defer all
proofs to the Appendix where, the interested reader, can also
find extensive discussion of related work, analysis of special
problem cases and numerical experiments.

2 Related work

COCO Bounds. The COCO literature falls in two strands.
First, works that assume constraints are static or known. The
earliest work here (Mahdavi, Jin, and Yang 2012), consid-
ers fixed affine constraints; (Chaudhary and Kalathil 2022)
study fixed but unknown constraints observed via stochastic
feedback; and (Qiu, Wei, and Kolar 2023), (Yu and Neely
2020) address static unknown constraints to get LTV O(1).
This regime is less relevant to our setting but provides use-
ful insights. The second strand considers constraints that are
both time-varying and unknown. Here, (Guo et al. 2022)
match the O(V'T) regret and obtain O(7/#) CCV. Other
papers, e.g., (Wang, Wan, and Zhang 2025) focused on pro-
jection free algorithms for this problem. (Sinha and Vaze
2024) achieve O(ﬁ ) regret with O(\/T log T) CCV. For
a dynamic benchmark, (Wang, Yan, and Liu 2025) provide
a bound of O(T(1+V=)/2) and O(T"#) violation, where V,
and V;; € [0,1] quantify the functions variability. However,
there are no OCO-M papers with either CCV or LTV.

COCO-M and Non-stochastic Control. Since their in-
troduction by (Agarwal, Hazan, and Singh 2019), NSC
methods have used disturbance—action (DAC) policies: the
control at round ¢ is a weighted sum of the last m distur-
bances, and these weights are learned through OCO-M. In
that sense NSC is relevant to our study. However, most NSC
papers impose deterministic constraints on the state and in-
put (Jiang, Hutchinson, and Alizadeh 2025; Li, Das, and
Li 2021; Nonhoff and Miiller 2021; Yan, Zhao, and Zhou
2023) or assume the constraint at ¢+1 is revealed one round
before (Zhou and Tzoumas 2023); in both cases the goal
is per—round feasibility rather than an average—sense guar-
antee. The sole exception is (Liu, Yang, and Ying 2023),
who analyze a fully adversarial setting and obtain regret and
CCYV bounds of O(T 2/3 Jog? T) when the memory length
is fixed to m = logT. Our work tightens these bounds to
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O(m3/2\/TTogT) regret and O(m3/2\/TlogT v T3/*)
CCV. Besides, our bounds hold for any memory length m.

Optimism. Look-ahead gradients can compress regret in
proportion to their prediction error. In OCO, this is well
studied (Rakhlin and Sridharan 2013a; Mohri and Yang
2016; Joulani, Gyorgy, and Szepesvari 2020; Flaspohler
et al. 2021). Extending optimism to OCO-M is harder be-
cause one must predict farther than the next round; (Mhaisen
and losifidis 2024) is the only work that tackles this chal-
lenge for linear losses in NSC under imperfect predictions.
In online control, perfect look-ahead predictions can yield
exponential improvements in dynamic regret. For example,
Yu et al. (Yu et al. 2020) analyze quadratic, time-invariant
losses with adversarial disturbances under model-predictive
control, and Li et al. (Li, Chen, and Li 2019) study time-
varying convex losses without disturbances. In both cases,
the dynamic-regret bound decreases exponentially with the
length of the prediction window. Predictions may also be
viewed through the lens of “context” (Li et al. 2022) in
stochastic MDPs with presume finite states and action sets.
Lastly, prior works (Yu et al. 2022; Zhang, Li, and Li 2021)
assume full-horizon predictions, blocking the learner from
using updates; we instead let it incorporate the latest fore-
casts each round.

Finally, OL in COCO remains surprisingly sparse. (An-
derson, losifidis, and Leith 2023) proposed a primal-dual
algorithm to achieve Ry = O(1) and LTV O(VT') under
perfect predictions; (Zhang, Guo, and Liu 2025) achieves
Rr = O(/Vr), where Vp captures the aggregate varia-
tion of successive gradients, and grantees LTV = O(1) un-
der the Slater condition, while (Lekeufack and Jordan 2024)

used instead a penalty method, attaining Ry = O(/Er(f))
and CCV O(log T(\/Er(9F) + 1)), where Er(f) and

Er(g™) denote the prediction errors. None of these works
consider memory in the objective or constraints.

Summary. OCO-M with adversarial time-varying cumu-
lative constraints has only been studied in NSC by (Liu,
Yang, and Ying 2023), which we strictly outperform for
T € [1,10%]. The optimistic version of the problem is intro-
duced by this work, and we obtain bounds which for m =0
match the OL COCO results (Lekeufack and Jordan 2024).
A summary of the most relevant COCO results is provided
in the appendix (Table ??).

3 Preliminaries
Notation. The diameter of a non-empty, closed and convex
. . d . N
decision set X' C R?, is defined as || X'[| = sup,, ,c x [|[7—y].
where || - || is the £5 norm. We write 7 :={m, ..., T} and
at each round ¢ € T the learner selects an decision z; € X.
The memory length is denoted with m, and we use:

t
Ty

b
—-m = (mt7m>"')xt) € X’m-‘rl, La:b :Zx’b
For a function f¢(Z¢—m,...,x:) we define its memory-less
version fi(x¢) = fi(xy, ..., x) with f; : X — R, and its pre-
diction is denoted by f;. We use f;" (z) = max { fy(z),0},



and abuse notation to denote V f;(z;) the gradient of f; at
x4 or its subgradient if it is non-differentiable.

Background. In OCO the learner selects an decision z; €
X before the convex loss f; : X — R is revealed. The per-
formance of the learner is measured with the regret:

T T
0CO : RTZth(xt)—gg;(lth(w% )]
t=1 T =1

and the learner wishes to achieve limr_, ., Rr/T = 0, for
any possible sequence of loss functions { f; }+.

In a more recent extension of this framework, the learner’s
decisions need additionally to satisfy a time-average (bud-
get) of constraints g; : X — R V¢. In this Constrained OCO
(COCO) formulation, the regret is defined as:

T T
RG = filx) = min Y fi(a), @)
t=1 reIT I
where the set of eligible decisions is modified to:
XT:{xEX‘gt(x)gO,VtGT}. 3)

Observe that we restrict the benchmark to satisfy the con-
straints at every round and not on average; a necessary
compromise to avoid the impossibility result of COCO, cf.
(Mannor, Tsitsiklis et al. 2009). The learner here aims to
achieve sublinear regret and constraint violation:

T
coco: R§=o(T), Vi< gf(z)=o(T). @
t=1

In this work we are interested in functions with m-length
memory where the loss f; : X™*! — R at each round t,
depends on the previous m >0 decisions of the learner. Fol-
lowing (Anava, Hazan, and Mannor 2015), the regret for this
OCO-M problem is defined as:

T T
0CO-M: R = Z ft(x§—7”)_£%i§(1;ft(x’ oox), (5)

t=m
where the benchmark is defined using the respective
memory-less functions f}(m) = fi(x,...,z) that are as-
sumed convex. In this work, we make a further step and in-
troduce the COCO-M? framework, where the constraints also
exhibit memory effects, g; : X m+1 5y R. We thus define:

T
> fila,..,x), (6)

t=m

— min
TeEXT

T
REC = filwi_m)

t=m
where the set of eligible decisions is:

Xﬁl:{xe)(’gt(m,...,x)g(),VtGT} @)

and, as in the typical COCO, the learner aims to achieve:

T
coco-M* : RE, Vi =Y gt (x)_,,) =o(T). (8)
t=1

19526

Lt—m> Lt—m+1,- - - s Lt—1 Memory

l Effect
Decide Observe Ca'ClIJ|ate Prediction
Tt ={>{ ft, 9t > gtg’:é*”‘)) | Oracle
1 2 t\Ly—m 4
Next
Round

Figure 1: decision stages of COCO-M (with predictions).

Finally, the COCO setting where only the loss functions
have memory while the constraints, g; : X — R, are mem-
oryless, is of independent interest. In this case, the defini-
tion of regret R’ remains the same, but the benchmark is
z* € X, and the constraint violation changes to:

T
COCO-M: RY®, Vi =Y gH () =o(T).  (9)
t=1

We denote this problem as COCO-M to distinguish it from
the above problem with double memory (M2).

Regarding the solution of COCO problems, the main tech-
niques use a simple idea: apply an OCO algorithm on some
type of (time-varying) Lagrange function, £, (-), that scalar-
izes the objective and constraints. These techniques can be
classified in two broad categories. Those that introduce ex-
plicit dual variables p and perform primal-dual iterations on
Li(x, p), i.e., employ coordinated learning in the primal and
dual space, e.g., see (Yuan and Lamperski 2018; Valls et al.
2020). And the second category that draws from penalty
methods (Zangwill 1967) and creates again a Lagrange-type
function, £;(x), where the constraint violation is penalized
with some parameter (Liakopoulos et al. 2019; Leith and
Tosifidis 2023; Lekeufack and Jordan 2024; Sinha and Vaze
2024). We follow this latter approach.

Learning Model & Assumptions. We consider the most
general COCO model where both the loss and the constraint
functions may change over time, and in each round they are
revealed after the learner commits its decision. Regarding
the adversary model, we follow (Anava, Hazan, and Mannor
2015; Merhav et al. 2002; Gyorgy and Neu 2014) and con-
sider an oblivious adversary which implies that these func-
tions are determined in advance (i.e., at t = 0) but, of course,
are not revealed. Finally, we consider full-information feed-
back for all the arguments of the memory functions; see Fig.
1. We also use the following standard OCO assumptions.

Assumption 1. X is closed and convex, with | X || < cc.

Assumption 2. For every t, functions fi(-) and g:(-) are
convex and F'-, G-bounded, respectively.
Assumption 3 (Lipschitz continuous ). For every time t €
T, let fi, g : X™ s Rand fy, g, : XM= R

All functions are Lipschitz continuous, i.e., there exist fi-
nite constants Ly ¢, Lt 4 > 0 such that, Vx,y € X™+1,

Fox) = )]s [fe00) = fuly)| < Ly lIx = v,

|9:(x) = 9: ()|, (%) = ()| < Lg I = y-

Finally, the following remark is without loss of generality.

)



Remark 1. If we have n constraints g, 3, withk =1,...,n,
we can follow the standard approach and define g,
maxy, gt k. Hence, to streamline the presentation, we con-

sider constraints that map to R, not to R™.

4 Algorithm Design & Analysis
Our method is closer to penalty COCO techniques, while the
memory effect is handled as in (Anava, Hazan, and Mannor
2015), i.e., we perform the analysis using the memory-less
functions and lift the results to the original problem. Namely,

we use the memory-less versions of f;,g; : X™t! — R,
which are defined on X’ as:
ft(m) = ft(xa LE’), gt(x) = gt(xa . 7.’1}),

and following (Lekeufack and Jordan 2024; Sinha and Vaze
2024), we define the (memory-less) surrogate function:

Lo(@) = filz) + (Vi) g/ (2), (10)
where @ : R, — R is a non-negative, convex monotonically

increasing penalty function with ®(0) =0, and @ its deriva-
tive. Observe that ® is applied to the cumulative memory-

less constraint violation which is denoted Vt and defined:
Vme, in COCO-M2,

B {Vtc, in COCO-M.

This quantity evolves with time as:

Vici + f];r(ft),

mz{ﬁ

szl + gj(xt)7

Vi

in COCO-M?,
in COCO-M.

The intuition of £, is that we penalize the violation of con-
straints at round ¢, with a penalty commensurate to the accu-
mulated constraint violation. Different from (Lekeufack and
Jordan 2024), (Sinha and Vaze 2024), we use:
d(V) = \V?,

with parameter A > 0 determined below. This penalty leads
to tighter bounds compared to the exponential function in
those prior works; we revisit this discussion later.

Now, focusing on the surrogate function, we observe that
it operates on decisions drawn from the convex set X', and
under Assumptions 1-3 it is convex with bounded gradients
for fixed 7T'. Namely, by the triangle inequality, we get:

sup||[VLi(z)|| < Ly+® (Vr)Ly = Ly +2\VrLg. (11)
t,x
Therefore, performing Online Gradient Descent (OGD), i.e.,

$t+1 = PX (It — ntVﬁt (l’t)>, (12)
where Py is the {5 projection on X, ensures sublinear regret
for these surrogate functions, which we denote Ry (L).

Lemma 1. Under Assumptions 1-3, performing OGD on
V2| Xl

10) with ste = . , we obtain:
(10 a 2\/23 IV EGOI?
T
ﬁ £ E (z¢) — min Li(z
Z (x¢) st 2= +(x)

T
< VRIIX || D IV L ()2
t=1
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Algorithm 1: Learning for COCO-M and COCO-M?

Require: initial history 2{' ' € X™; dual seed V'~ ' + 0
I: fort =mtoT — 1do

Play z; and observe f:(-), g:(-)

Calculate fi(zf_,,) and g (). // for cOCO-M

Calculate f;(zf_ m) gi(zt_). N for coco-M?

Vi +— Vt 1+ gt (xt) // dual update for COCO-M

Vi Vi1 4 g (@e,...,2) //for coco-M

Compute surrogate gradient VL (z;) via (10)

Ti4+1 < solution of (12) // devise next decision

2:
3
4
5:
6:
7.
8:
9: end for

where the benchmark set depends on the problem: X% =
X for cocO-M? and X» = Xr for COCO-M.

In the sequel, we explain how this result sets the basis for
tackling the COCO-M and COCO-M? problems.

Problem COCO-M?: Double Memory Effect

We start with the more compounded problem COCO-M?2 in
(8), having memory in losses and constraints. Without loss
of generality, we assume these effects are of the same length
m. The solution is summarized in Algorithm 1. In brief, in
each round ¢, the learner commits its decision x; € X, ob-
serves the current loss and constraint functions and calcu-
lates the loss and constraint violation. Then, it updates the
constraint violation, calculates the ¢-round gradient Vﬁt (x4)
and uses OGD to devise the next decision.

To characterize the performance of this algorithm, we
take two steps. First, we utilize the following regret de-
composition result, which links the regret of the memory-
less Lagranglan RT(ﬂ) to the regret of the memory—less

loss (denoted RT) and the constraint violation V ¢ over the
memory-less functions.

Lemma 2 (Regret decomposition (Sinha and Vaze 2024)).
For any OCO algorithm, if ® is a convex increasing function,
we have for any t > m and x* € X

RE + ®(Vp) —

®(V,) < Rr(L). (13)

And, secondly, we transfer these results to the original
problem with memory, by observing that we can write:

T
('1‘“: th(mi—m)_ft(xta"th) +R(‘T (14)
t=m
memory deviation
T
=D 9 (@) =g (@e, . w) + VP (15)
t=m

We bound this memory deviation by exploiting the functions
Lipschitz continuity together with the one-step OGD bound.
The following theorem summarizes the achieved bounds.

Theorem 1 (Regret and CCV for COCO-M?). Assume (i) As-
sumptions 1, 2, 3 hold; (ii) the constraint is g,(zt_,,), and

V2| x|
2¢/%0

1ii) we use the step n; =
(@) pine= 1 IVLi(=0)|I?

and the penalty




O(V)=AV?2 with A\= f Then, ¥ T >m it is:
Rme = O(m% Tlog(T)) (16)
vme = 0 (maX{T3/4, m# Tlog(T)) T
Discussion. In Theorem 1 we see the effect of m: longer

memory amplifies both the regret and CCYV, thus the per-
formance degrades as the window grows. The only directly
comparable study is (Liu, Yang, and Ying 2023), which as-
sumes m =log T and achieves strictly inferior bounds (Table
??) for any T € [3,10%°]. When memory vanishes (m = 0),
our bounds collapse to O(+/T) for the regret and O(T3/*)
for the CCV; which are looser than the bounds of (Sinha and
Vaze 2024). This gap arises because we employ a quadratic
penalty that yields sharper results for the memory problem,
whereas (Sinha and Vaze 2024) use an exponential penalty
in the memory—free setting. We will show later that, for
COCO-M and sufficiently short memory, this gap vanishes
as we also use there a different penalty function.

Problem COCO-M

We continue with the case where memory affects only the
losses, while the constraints are time-varying memory-less
functions. The goal is to ensure sublinear regret R7¢ and
constraint violation V7, see (9). The algorithm is identi-
cal to the one above, with only changes in the calcula-
tion of the constraint violation and the dual update. In par-
ticular, following the same steps, we first invoke the re-
gret—decomposition lemma and translate the bound back to
the original problem using solely (14), because, here, the
term Vi appearing in the lemma coincides with the cumula-
tive violation V7.. We thus get the next result.

Theorem 2 (Regret and CCV with memory-free constraint).
Given that (1) Assumptions 1, 2, and 3 hold, (ii) the con-
straint is memory-less (g¢ = (xy)), and (iii) we use the

V21X and the penal
2\/2 penatty

1 IV L ()2
AV2 with A\ = Then for any T >m we have:
Tlog(T)), Vs =0 (T3/4) .
Discussion Relatively to COCO-M? (Theorem 1), two
points stand out: (i) The CCV no longer depends on the
window m; it remains O(T/4) regardless of the loss func-
tions’ memory. (i) The regret retains the m3/2,/T log T fac-

tor. Compared to the regret bound O(m?/2v/T) of (Anava,
Hazan, and Mannor 2015), this carries an extra y/log T fac-
tor; this is the price of enforcing time—varying constraints.
Furthermore, it is important to stress that when the
memory length satisfies m < (Tl/G/ log T) 1/3, thus
m3/2\/Tlog T <T3/*, we can replace the quadratic penalty
with an exponential one with a tuned ), to achieve tighter

guarantees for CCV: R7¢ O(\/T +m3/2\/TTog T) and
Vs = O(VTlogT + m*?y/TlogT). While V5. depends
now on 1, this bound is smaller than O(73/%). In sev-
eral practical applications indeed m is a constant and much

adaptive step 1

(V) =
R7C = (’)(m2

(18)
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smaller than any expression of the growing 7". Hence, for all
these problems we can enable these improved rates. Finally,
we note that for m =0 the bounds reduce to those in (Sinha
and Vaze 2024). We provide the details for these cases in the
Appendix.

5 Benefiting from Predictions

We next study COCO-M? when predictions about forth-
coming loss and constraint functions are available see Fig-
ure 1 for the decision stages. We study problem COCO-M
in the Appendix. This form of learning, known as Op-
timistic Learning (OL), achieves bounds that shrink with
the initially-unknown predictions’ accuracy. Predictions are
widely studied in OCO (Rakhlin and Sridharan 2013a), less
so in COCO (Lekeufack and Jordan 2024), and only recently
in OCO-M (Mhaisen and losifidis 2024) — still, without con-
straints. In classical OCO, it suffices to predict the next gra-
dient; alas in the presence of memory the forecasting should
involve the gradients of the next m slots.

This compounded problem requires modifying the ap-
proach in Sec. 4. First, we use the memory-based surrogate:

‘ct (xtt—m) = ft(xtt—m,) + q)/(v;ffmfl) g:(l'tt—m)v (19)

with (V) exp(AV) — 1 that has delayed argument
Vi—m—1. We study the COCO-M? problem, where:

Vi=Vi_1+ gj(xttfm), ie, Vp =Vp°

Secondly, instead of performing OL on (19), we turn the
problem on its head and interpret the losses and constraints
as having delayed gradients instead of depending on past de-
cisions: at round ¢ the learner selects x; but is only able to
observe the gradient of this decision at the end of t +m, i.e.,
after all functions influenced by z; are revealed. This change
of vantage point allow us to replace the memory effect with
a delay effect, which then is handled through a particular
version of OL. Before we proceed, we need the following.

Assumption 4 (Separability). Every memory-based func-
tion can be decomposed into components, each depending
on a decision from a different round:

fo Tt— 2

where f}, gi are defined on X, and i marks that their argu-
ment was decided in round ¢ — 4.

m

> gl

=0

gt (Ii—m

)

xt m

Assumption 5 (Linearity). Every function f}(-) and gi(-) is
linear, forallt € T, i € [0, m)].

Now, the key idea for pivoting to delayed learning is in-
troducing a forward loss function to capture the influence of

each x; on the system operation, i.e., Z;(x;)=
m m
Z‘ct-i-z ) Z-ft—H )+ (Viem— 1+2)gt+z(xt)
i=0 i=0

Despite the similarities with £, (:rtf;m), Zy depends only
on round ¢ decision (is memory-less) and includes function
components from the next m rounds (has delayed gradient),



£t ('Tgfm)

L7 (T4—m) LY ()
‘Cfl,('rtfl) L}-H(xt)
Le) L) =17
Zi(re) Zip1(xi41)

Figure 2: Diagonal: Z;(x;) depends only on x;, but includes
loss/constraint components from next m rounds. Vertical:
Li(z%_, ) includes function components only from round ¢,
but depends on all past m decisions.

see Figure 2). Our strategy is to bound the regret of Z; and
translate that bound to the initial problem. A similar con-
struction was used for OCO in (Mhaisen and lIosifidis 2024).

The next new decomposition lemma ties the regret and
CCV to memory-based surrogate loss and forward function.

Lemma 3. For any valid penalty function ® and under As-
sumption' 4 it holds:

O(Vr) — ®(Vin—1) + RPC
< Re(L) + G(m+1) @(Vy)
< Rr(Z) + G(m+1)9'(Vy).
where the regret is defined for benchmarks in the set:
XpP = {xeX:gZ(aj) <0,VvVteT, igm}.

Equipped with this result, it suffices to bound R (Z), which
we achieve by utilizing predictions to cope with its de-
layed gradients. In particular, we leverage (Flaspohler et al.
2021) that proposed a suite of delayed—optimistic algorithms
(without memory or constraints), and adapt their Optimistic
Delayed AdaF (ODAF) algorithm, which has the tightest
guarantees, for our problem. ODAF relies on FTRL (McMa-
han 2011) which decides the next decision using all the
previous gradients. In the standard delayed-feedback OCO,
the entire gradient V f;(x;) is revealed in one shot, exactly
m rounds after z; is decided. With a memory window of
length m the situation is subtler: each decision x; affects
some of the components of the loss functions in rounds
t,...,t + m; hence, the gradient information arrives piece-
meal and may be delayed up to m rounds before fully re-
vealed. Specifically, at round ¢ the learner possesses:

(20)
2

v revealed gradients VZ (x,), fort =1,...,t —m —1
(coming from x1,...,Z¢—m—1);
o delayed gradients that still depend on x;_,, ..., T¢—1;
X unseen gradients that will depend on decision z;.
With this in mind, we perform OL using an oracle that
provides the next forward function gradient:
VZu(@e) = | VFiE0) + ¥ (Viemo14s) V3 (30)]
i=0

'We trivially set () = g¢(-) = 0fort < mort > T.
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Algorithm 2: Optimistic learning for COCO-M?

Require: initial history ' € X™"!; dual seed Vom_l «~0
I: fort =m+1toT — 1do
:  Play z; and observe f+(-), g:(-)
Calculate fi(xi_,,), ge(zi_,).
Vi Vioa + g:—(xg—m)
Compute the prediction error €;—, as in (22).
Compute the predictions h¢41
Decide decision: 2441 < ODAF (VZ1:t—m, ht+1, €t—m)-

2
3
4.
5:
6.
7
8: end for

as well as the missing past gradients, which we combine into
a single hint vector: hy =

—i—1

< Z |:vftj—m+i+j +q)/(‘/t+i+j*2m*1)v-gg’—tn-‘ri-i-j] +
7=0

m—1

=0

available at ¢

m

Z [vftj—mﬂﬂ‘ +&' (Vigigj—2m—1) vﬁgfmﬂﬂD +VZ,

=m-—1

J

future predictions

where we denote V.Z; (z;) with V.Z;, and VZ,(Z,) with VZ,.
Similarly to other OL algorithms (Rakhlin and Sridha-
ran 2013b), ODAF performs an update (here, using FTRL)
whose regularization is scaled by the prediction error. After
the decision is committed, the losses f; and g; are revealed,
rendering available the forward function Z;_,,(x¢—.,). At
the end of ¢, the learner therefore knows the gradients V2.
forall 7 = 1,...,t—m and can evaluate the error of the hint
ht—m, which covered the window 7 = (¢t — 2m)(:t — m),

t—m 2

> VZ—him

T=t—2m

€t—m(Z) = ; (22)

with Ep(Z) = ZtT:m €:(Z) denoting the cumulative pre-
diction error. The loss-function prediction error is then:

DS (VFi@) = Vi)

s=t—2m i=t—s

2

Et—m(f) =

)

where the outer sum runs over the last m decisions x,,s =
t — m,...,m, whose delayed contributions have not been
fully revealed at ¢t — m, and the inner sum selects only those
slices that arrive after t —m (i.e., delays i > t —s), and mea-
sures the difference between their predicted and true gra-
dients. Similarly, we can define the constraint-function er-

ror as €, (g9"), and we denote Er(f) = Zthm e:(f) and

Er(gt) =2, e/(g") the cumulative errors.

Having clarified the prediction and error calculations, we
proceed to present the learning mechanism, which is sum-
marized in Algorithm 2. At each round ¢ the learner chooses
an decision x;, observes the realized loss and constraint
functions (line 3 ), and updates the multiplier ®'(V;—,,—1)
for use at the next step. It then evaluates the prediction—error



(line 5) and predicts the forward loss h;y; for the next
round; finally, it feeds the ODAF routine (line 7) with the
cumulative revealed gradients VZ1.;_,,, the hinth; 1, and
the prediction error €;_,,, to find the next decision. Due to
lack of space, the details for ODAF are deferred to Appendix.
Essentially, using the hints and prediction errors designed
specifically for our problem, one can readily call the algo-
rithm from (Flaspohler et al. 2021). The next theorem estab-
lishes regret and CCV guarantees for this optimistic setting.

Theorem 3. Under the following conditions:
e Assumptions 1, 2, 3, 4 and 5 hold;

* The update rule is ODAF;
o d(V)=exp(AV)—1, with A =

1
Q(C\/ST(g+)+G(m+l)) ’
the following bounds hold:

R =0 (Ver(f), 23)
yme — © (( Er(gh) + m) logT> Y

Discussion. Let us start by noting that the value of A de-
pends on the (unknown) prediction error £r(g), but we can
adjust it online via a doubling trick that adds only an extra
log T to the bounds, similar in spirit to (Lekeufack and Jor-
dan 2024); the full analysis is in Appendix. As prediction
accuracy improves, the bounds tighten, where under perfect
prediction, they reach O(1) regret and O(mlogT) CCV.
On the other hand, even if the predictors fail com-
pletely, the algorithm guarantees regret O(m?+/T') and CCV
O(m?V/TlogT). These bounds are tighter than those of
Section 4, but they refer to a more restrictive benchmark
X7 C X7, What is more, the predictions accuracy does
not need to be known in advance, and, further, our solution
allows the oracle to update its forecast at every round and
benefit from more accurate information whenever available.
This flexibility is crucial as predictions can indeed improve
with time. Finally, we note that these bounds include as spe-
cial cases important prior works. When m = 0, the rates
coincide with those of (Lekeufack and Jordan 2024), who
study COCO with predictions but no memory. For OCO-
M, (Mhaisen and Iosifidis 2024) obtain O(1) regret under
perfect predictions, relying on the delayed-feedback frame-
work of (Flaspohler et al. 2021); our analysis yields the same
bound when constraints are omitted. Our work extends these
ideas to time-varying and memory-dependent constraints.

There are also some important notes in place regarding
the Assumptions. First, observe that the surrogate function
uses the delayed penalty V;_,,,_1 because at ¢ the freshest
known value is V;_1. Relying on V;_,,,_1 let us form VZ,
without forecasting the entire future constraint g;(z¢_,.),
and yet it does not affect the bound. Secondly, due to As-
sumption 5, the gradient of ftﬁ_i is the constant coefficient
vector (independent of z), and for the constraint gz_:rz (z) =
max{0, aj, ;& + b} ;}, we only need to predict the sign of
ai ;x1+b} ;. Thus the predictor only guesses the half-space
of x4, a far weaker requirement than guessing the exact .
However, this assumption can be lifted if a predictor is avail-
able that directly provides an estimate z; of x;.
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Finally, there is an interesting trade-off between the as-
sumptions about the predictions and the problem struc-
ture. In general, satisfying the memory-based constraints
gi(zt_, ) would require not only forecasting the future
loss and constraints, but also their dependence on the yet-
unknown decisions x¢y1, . . ., Lt4m, Which in turn demands
perfect predictions for a look-ahead horizon H = ©(logT')
as in (Yu et al. 2020). For shorter or imperfect forecasts, the
sublinear bounds are not guaranteed. To sidestep this, we in-
voke Assumption 4 and replace the comparator set X7 with
X", This relaxation allows us recasting it as a memory-
less problem with delayed gradients. Consequently, we re-
cover sublinear bounds on both regret an CCV, even under
untrusted predictions. The reader might recall that similar
concessions about the benchmark set are made in traditional
COCO, where X is reduced to Xt so as to avoid the im-
possibility result of (Mannor, Tsitsiklis et al. 2009). Making
bolder assumptions for the availability of more informative
predictions to learn against an expanded benchmark set is
certainly a direction where our framework can be extended.

6 Conclusions

As discussed, COCO-M? appears in many real sys-
tems, e.g., smart-grid energy budgets, battery-health lim-
its, etc., and directly captures the handling of con-
straints in NSC. Our penalty method tightens the only
prior COCO-M? rates of (Liu, Yang, and Ying 2023)
(O(T?310g®T)) to Ry = O(m?2y/TlogT) and Vr =
O(max{T%/*, m3/2\/TTogT}), and extends the analy-
sis to the COCO-M case. Moreover, this is the first
work to study untrusted gradient forecasts for time-
varying COCO problems with memory. The proposed op-
timistic algorithm achieves Ry = O(\/Ery) and Vp =
O(max{,/ETg log T, mlogT}), matching the results of
(Lekeufack and Jordan 2024) without memory and reduc-
ing to them when m = 0. Indeed, previous COCO, OCO-M
and optimistic OCO bounds emerge as special cases of our
framework. Finally, as future work, these techniques can be
extended to dynamic (adaptive) regret metrics via static-to-
dynamic reductions, and with the design of penalties that
react to time-varying windows and constraint hardness.
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