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Abstract

Definite descriptions are expressions of the form “the unique
x satisfying property C,” which allow reference to objects
through their distinguishing characteristics. They play a cru-
cial role in ontology and query languages, offering an alterna-
tive to proper names (IDs), which lack semantic content and
serve merely as placeholders.

In this paper, we introduce two extensions of the well-known
description logic ALC with local and global definite descrip-
tions, denoted ALCcr, and ALCtq, respectively. We define
appropriate bisimulation notions for these logics, enabling an
analysis of their expressiveness. We show that although both
logics share the same tight ExpTime complexity bounds for
concept and ontology satisfiability, ALCq is strictly more
expressive than ALC. 1. Moreover, we present tableau-based
decision procedures for satisfiability in both logics, provide
their implementation, and report on a series of experiments.
The empirical results demonstrate the practical utility of the
implementation and reveal interesting correlations between
performance and structural properties of the input formulas.

1 Introduction

Definite descriptions (DDs)—expressions of the form “the
unique z satisfying property C”’—serve as complex terms
identifying individuals via uniquely characterising proper-
ties. Their study originates in philosophical logic, where
the main focus has been on semantics (Russell 1905; Pel-
letier and Linsky 2005; Hilbert and Bernays 1968; Rosser
1978; Lambert 2001). In recent decades, DDs have drawn re-
newed interest in formal logic, including classical, intuition-
istic, and temporal systems (Fitting and Mendelsohn 2023;
Indrzejczak 2023a,b; Indrzejczak and Kiirbis 2023; Indrze-
jezak and Petrukhin 2024; Indrzejczak and Zawidzki 2021,
2023a,b; Kiirbis 2019a,b; Kiirbis 2025; Orlandelli 2021).
This line of research has also led to reasoning systems sup-
porting DDs, including KeYamera X (Bohrer, Ferndndez,
and Platzer 2019), PROVER9 (Oppenheimer and and 2011),
and Isabelle/HOL (Benzmiiller and Scott 2020).

Of particular relevance is the application of DDs in
Knowledge Representation and Reasoning (KRR), where
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they enable precise identification of individuals while en-
coding structural constraints—a capability surpassing that
of non-descriptive names such as opaque IDs (Borgida,
Toman, and Weddell 2016a,b, 2017; Toman and Weddell
2016, 2018, 2019a,b). Within description logics (DLs), this
has motivated the introduction of DD operators into the
logical language (Areces, Koller, and Striegnitz 2008; Ren,
van Deemter, and Pan 2010; Neuhaus, Kutz, and Righetti
2020; Toman and Weddell 2019a). In particular, Artale et al.
(2021) introduced concepts {¢C'}, denoting the singleton
containing the unique individual satisfying concept C, or
the empty set if no such individual exists. This allows for
succinct representation of concepts such as:

{¢(building M VtallThan.—building) },

which captures the expression “the tallest building.” We re-
fer to such constructs as local DDs.

We contrast local DDs with newly introduced global DDs
of the form «C.D, expressing that “the individual satisfying
C also satisfies D.” For example, the concept

¢(building M VtallThan.=building).3locIn.{ Dubai}

formalises the statement “the tallest building is located in
Dubai.” This type of DDs builds on recent developments
in modal and hybrid logics (Walega and Zawidzki 2023;
Walega 2024; Indrzejczak and Zawidzki 2023a).

Despite growing interest in DDs within DLs, key founda-
tional questions have remained open. In particular, the com-
putational complexity, expressive power, and reasoning pro-
cedures for ALC extended with local or global DDs have not
been systematically studied. While the complexity analysis
proves relatively straightforward, characterising expressive
power is significantly more challenging. Notably, devising
suitable bisimulations for such logics is non-trivial. Existing
bisimulations are for local DDs only and assume the pres-
ence of nominals and the universal role—features that sim-
plify the task (Artale et al. 2021). To the best of our knowl-
edge, bisimulations for ALC with DDs alone have not been
proposed. Moreover, no existing DL reasoning system ap-
pears to support DDs, despite their practical motivation.

This paper aims to address these gaps. Our main contri-
butions are as follows:

o We introduce three extensions of ALC with definite
descriptions: ALCcy, (local), ALCis (global), and ALC:
(both). These are formalised in Section 2.



« To analyse expressivity, we define bisimulations for each
logic in Section 3. They rely on novel, non-trivial conditions,
which we show can be reduced to standard ALC bisimula-
tion checks. We also provide algorithms for this reduction.

o Using these bisimulations, we study expressivity via
equivalence-preserving concept translations. We show that
ALCup, is strictly less expressive than ALCig, while
ALCic and ALC. are equally expressive. All three are
ExpTime-complete for concept and ontology satisfiability.

« In Section 4, we present tableau-based decision procedures
for all three logics. Despite differing semantics of the two
DD types, similar tableau rules suffice to handle both.

« We implement these procedures and evaluate them on cus-
tom benchmarks (Section 5). Results confirm their viability
and show links between structural features of DDs and rea-
soning performance.

2 Description Logics with Definite
Descriptions

Syntax Let N¢, Ng, and N; be countably infinite, pairwise
disjoint sets of atomic concept names, role names, and indi-
vidual names, respectively. ALCt concepts C are defined by
the following grammar:

C=A|-C|(CnNnC)|3Ir.C|{.C}|.CC,

where A € Nc and r € Ng. Standard abbreviations are
used for other logical constructs: | := AM—-A, T = -1,
CUD :=~(=Cmn-D),and Vr.C := =3r.=C. An ALC.
concept inclusion (CI) is a formula of the form C' T D,
where C' and D are ALC: concepts. We write C = D as
shorthand for C' © D and D T C. An assertion is either
a:Corr: (a1,as), where a,as,as € Ny, C is a concept,
and » € Ng. An ABox A is a finite set of assertions; a TBox
T is a finite set of concept inclusions. An ontology O con-
sists of a TBox and an ABox. Where clear from context, we
refer simply to atomic concepts, roles and individuals with-
out mentioning names explicitly.

The description logic ALC:y, is the fragment of ALCt
that includes local definite descriptions {¢C'} but excludes
global definite descriptions 1C.D. Conversely, ALCtc in-
cludes only global descriptions.

Semantics An interpretation is a pair T = (AT, -T) con-
sisting of a non-empty domain AZ and a function that maps:
(i) atomic concepts A € Nc to subsets of AZ, (ii) roles
r € Ng to subsets of AT x AZ, (iii) individuals a € N, to
elements of AZ. This function extends to complex concepts:

(-C)F = AT\ O, (cn D)t =c*nD?,
(3r.0)F == {d € AT | (d,e) € r* for some e € CT},
(D = {{d}, if C* = {d} for some d € AZ,
0, otherwise,

AT, if CT = {d} C DT fi AT

(1C.D)T = {@ , ifCt={d} C or some d € AL,

A concept C is satisfied in T if CT # (), and satisfiable if
such 7 exists. A pointed interpretation is a pair (Z,d) with

otherwise.

d € AT. We write (Z,d) =, (J,e) if for every concept C
from a logic £, we have d € C7 iff e € C7. Satisfaction of
axioms of ontology O in Z, written Z |= «, is defined as:

I=CCD iff ct c pt,

TkEa:C iff af € C7,

T Er:(a,as) iff (af,a) e rZ.
Interpretation Z is a model of an ontology O (written Z =
O)ifZ E aforall « € O. An ontology is satisfiable if it
has a model, and a concept C'is satisfiable w.r.t. an ontology
O if C is satisfied in a model of O.

We compare the expressive power of description logics
via equivalence-preserving translations between their con-
cepts. A logic L is not more expressive than L', denoted
L < L', if every L-concept has an equivalent £'-concept. It

is strictly less expressive if L < L' but L £ L, and equally
expressive if both £ < £ and £’ < L.

3 Expressiveness and Complexity

We analyse and compare the logics ALCip, ALCLq, and
ALC.. Although their expressive power differs, all three
have the same computational complexity.

Theorem 1. In ALCiy, ALCig, and ALCt, both concept
and ontology satisfiability are ExpTime-complete.

Proof sketch. For upper bounds, we reduce ALC: ontol-
ogy satisfiability to that of ALCQO;,, which is ExpTime-
complete (Artale et al. 2021, Thm. 2). Local DDs {.C'} are
allowed in ALCO;,, and each global DD {«C.D} is replaced
with Ju.({¢C}MD), where u is the universal role. This poly-
nomial reduction constructs an equivalent ontology.

For lower bounds, it suffices to show ExpTime-hardness
for concept satisfiability in ALCcy, and ALCiq. We give
logspace reductions from satisfiability of an ALC concept
C w.rt. a TBox T, known to be ExpTime-complete (Baader
2003, Thm. 3.27). For ALC.y,, we construct C” as:

CrilMipepyer (FDUE) T {e(~(=D U E) U ApcE)}),

where each Apcg is a fresh atomic concept. Then C’ is
satisfiable iff C is satisfiable w.r.t. 7. For ALC.q, we re-
place the above local definite descriptions with the follow-
ing: AD;EHL(ﬁ(‘\DuE) LlADEE)~T~ O]

Despite having the same complexity, the logics differ in
expressive power. We first observe that local descriptions
can be encoded using global ones:

Proposition 2. There is an exponential translation of
ALCLy, concepts into equivalent ALCie concepts, and a
polynomial translation of ALCvy, ontologies into conserva-
tive extensions in ALC.q.

Proof sketch. The exponential translation replaces {.C'}
with C'M¢C.T. The polynomial version replaces {.C'} with
Ac MitAc. T and adds axioms A¢c = C. O]

We conclude that ALCt;, < ALCig = ALCeu. Next,
we will introduce bisimulations and show that ALC.;, <
ALCuq. For this, we will exploit the following notion of
names of individuals in an interpretation:



Figure 1: Maximal ALC:y, bisimulation between Z and J

Definition 3. Let A’ C AZ. The set Names(A',T) consists
of all ALC concepts C, with CT = {d} for some d € A'.

Example 4. Let A’ {a,b} with AT 0, and
AY = {c,d,e} with A7 = {e} (see Figure 1). Then
Names({a,b},T) = Names({c,d}, ) = 0, since no ALC
concept uniquely identifies an individual in either set. How-
ever, Names({c,d, e}, J) is non-empty, as it contains for ex-
ample A, -—A, and A1 3r.T.

We now define bisimulations for ALC:;, and ALCuq.
Note that by Proposition 2, a separate definition for ALC.
is unnecessary.

Definition 5. An ALC.y, bisimulation between interpreta-
tions T and J is a relation Z C AT x A7 suchthat Z = ()
or, for all (d,e) € Z, every atomic concept A, and role r:

Atom d € AT iffe € A7,

Forth if (d,d’) € rZ, then there exists ¢’ such that (e,e') €
r7 and (d',e') € Z,

Back if (e,e') € r7, then there exists d’ such that (d,d') €
rZand (d',e') € Z,

Names; Names(Dom(Z),T) = Names(Rng(Z),J).

An ALCuq bisimulation is defined identically, except that
Names, is replaced with:

Namesg Names(AT,T) = Names(A7 | J).

We write (Z,d) ~r (J,e) if (d,e) € Z for some L-
bisimulation Z, where L € {ALC.p,, ALCi}.

Figure 1, presents the maximal ALC.y, bisimulation Z
between 7 and 7 It satisfies Namesy,, as Names(AZ, T)
Names(A7 | ) (. However, there is no ALC.q
bisimulation betwee Z and J, as Namesg fails: A €
Names(AY, J) but A ¢ Names(AZ,T).

It is worth observing that our bisimulations differ from
those used for ALCO;, by Artale et al. (2021), which rely
on totality and “counting up to one” via the universal role
and nominals. These conditions are too strong for ALC:y,
as illustrated in Figure 1. While our Names;, and Namesg
conditions are non-standard and appear to require quantifi-
cation over all concepts, we show in Algorithms 1 and 2 how
they can be verified procedurally. Before that, we prove that
our bisimulations preserve concept satisfiability, and that the
converse holds for w-saturated! interpretations.

Theorem 6. For all pointed interpretations (Z,d) and
(TJ,e), andboth L € {ALC.,, ALCLq} the following hold:

1. if (Z,d) ~¢ (T,e), then (Z,d) =, (T,e),

'See, e.g., Chang and Keisler (1992) for the definition.
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2. if (Z,d) =¢ (J,e) and T,J are w-saturated, then
(Ia d) ~L (j,(i).

Proof sketch. We first prove Statement 1 by induction on
the structure of L£-concepts C, showing d € C7 if and
only if e € CY7.If C is atomic, or of the form —D,
DM E, or dr.D, the result follows from conditions Atom,
Forth, and Back, as in the standard ALC case (Baader
etal. 2017). If C = {tD} and d € CZ, then DT = {d},
so D € Names(Dom(Z),T). By the inductive hypothe-
sis, e € DY, and by Namesy, D € Names(Rng(Z),J),
hence DY = {e}, and ¢ € ({tD})7. The converse di-
rection is analogous. If C = (D.E and d € CZ, then
{D,DNE} C Names(AT,T). By Names, these concepts
are also in Names(A7, J), implying e € (.D.E)7. The
converse again is similar.

For Statement 2, we begin with £ = ALCiq. Since
(Z,d) =accie (T,e) implies (Z,d) =arcc (J,e), and Z,
J are w-saturated, standard results for ALC (Baader et al.
2017) imply that there exists an ALC-bisimulation Z with
(d,e) € Z. To show that Z is an ALCig-bisimulation,
it remains to prove Namesg. If C € Names(AZ,T), then
d € (1C.T)E, hence e € (1C.T)7, s0 C € Names(A7,T).
The reverse direction is symmetric. For £ = ALC.p, we
define Z := {(k,l) € AT x AT | (Z,k) =acc., (T,1)},
so (d,e) € Z. Conditions Atom, Forth, and Back hold
by standard arguments for ALC bisimulations, extended
with a translation of ALC.y, into first-order logic. To show
Names;,, assume C' € Names(Dom(Z),Z). Then some
d' € Dom(Z) satisfies d € ({tC})%. Since (d',¢) €
Z for some ¢/ € A7, we conclude ¢/ € ({tC})7, so
C € Names(Rng(Z),J). Thus, Names(Dom(Z),T) C
Names(Rng(Z), J). The reverse inclusion follows analo-
gously, proving equality. O

We now apply our bisimulations to show that ALC.;, <
ALCug. Combined with Proposition 2, this yields the fol-
lowing expressiveness result.

Theorem 7. The following expressive power relations hold:

ALCup, < ALCLg = ALCu.

Proof. By Proposition 2, it suffices to show ALCig <«
ALCuy,. Assume, for contradiction, that tA. T is equivalent
to some ALCt, concept C. Consider the interpretations Z
and J from Example 4, with the maximal ALC¢y, bisimu-
lation Z shown in Figure 1. Since (Z,a) ~acc., (J,¢),
Theorem 6 gives a € C7 iff ¢ € C. However, by construc-
tion, Z £ tA.T(a) and J = tA.T(c), i.e., a ¢ C* and
¢ € CY—a contradiction. O

While our bisimulations accurately characterise concept
equivalence, we have not yet addressed how to decide bisim-
ilarity between two pointed interpretations. We now present
an algorithm for computing the maximal bisimulation be-
tween two finite interpretations, identifying all bisimilar
pairs. The following notion plays a central role:

Definition 8. Let A’ C AZ. The set NamedInd(A',T) of
named individuals comprises all d € A’ such that d € C*
for some C' € Names(A', T).



For instance, in the interpretations Z and J from
Example 4, we have Namedlnd(AT,I) = () and
NamedInd(A7 , J) = {e}.

In contrast to computing names, identifying named indi-
viduals is straightforward: they are exactly those not ALC-
bisimilar to any other individual in the interpretation. The
next theorem links named individuals to names, showing
that once the named individuals are known, one can deter-
mine whether two interpretations have the same names. Be-
low, we call relation Z fotal if it is both left- and right-total.

Theorem 9. Let 7 and J be finite interpretations and let
A C AT and A" C A7, If Names(A',I) # ) #
Names(A", T), then Names(A',T) = Names(A",T) if
and only if the maximal ALC-bisimulation Z between T
and J is a total relation and the restriction of Z to
Namedind(A',T) x NamedInd(A" , J) is also total.

Proof sketch. Assume  that  Names(A',T) =
Names(A",J) # (). To show that the restriction of Z
to NamedInd(A',T) x NamedInd(A", J) is total, suppose
for contradiction that some d € NamedInd(A',T) has no Z-
related counterpart in NamedInd(A"”, J). Then there exists
C € Names(A’,T) such that CT = {d} and CY = {e} for
some e € A”. Since (d,e) ¢ Z, there exists an ALC con-
cept D withd € D% bute ¢ D7, s0 CMD € Names(A',T)
but CM D ¢ Names(A", J)—a contradiction. To show that
Z is total, suppose some d € AT\ NamedInd(A’, T) has no
Z-related individual in AY. As Names(A", J) # 0, there
exists e* € NamedInd(A", J) with C7 = {e*} for some
C. For each e € A7\ {e*}, choose C, with e € C7 and
d ¢ CF,andlet D = CU[,,. =C.. Then DY = {e*}, s0
D € Names(A"”,J) = Names(A',T), and since d € DZ,
we get d € NamedInd(A', T)—a contradiction.

Assume Z and its restriction are total. Suppose, for con-
tradiction, that C' € Names(A',T) but C' ¢ Names(A", T).
Then CT = {d} for some d € NamedInd(A’,T), and there
exists e € NamedInd(A", J) with (d,e) € Z ande € C7.
Since C' ¢ Names(A”,J), there is ¢/ # e with ¢/ € C7.
By totality, there exists d’ € AT with (d’,¢') € Z.1f d’ # d,
then {d, d'} C C7 contradicts uniqueness. If d’ = d, and for
D € Names(A”,J), D7 = {e}, thend € D* bute ¢ D7,
so (d, ') € Z contradicts that Z is a bisimulation. O

In Algorithm 1, we wuse Theorem 9 to com-
pute the maximal ALC: bisimulation between fi-
nite interpretations Z and (J. The algorithm first
computes three maximal ALC bisimulations: Z,
Zz, and Z7, which are used to determine the sets
Nz = NamedInd(AZ,T) and N; = NamedInd(A7, T),
as well as NZ = NamedInd(Dom(Z),Z) and
NZ = NamedInd(Rng(Z),J). If both NZ and N%
are empty, then Names;, holds and the algorithm returns Z.
If only one is empty, then Names;, fails, and the algorithm
returns (). Otherwise, Theorem 9 provides an equivalent
condition for Names; : if it holds, the algorithm returns Z;
otherwise, it returns (). For example, when applied to Z and
J from Figure 1, the algorithm returns the bisimulation Z
shown therein.
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Algorithm 1: Maximal ALC.-bisimulation

Input: interpretations Z and J

Output: maximal ALC.y, bisimulation for Z and J

Z = MAXBSIMALC(Z, J);

Z71 = MAXBSIMALC(Z,Z);

Z 7 = MAXBSIMALC(J,J);

Nz :={de AT | (d,e) g Zz forall e # d in AT};

Ny :={de A7 |(d,e) ¢ Z7 foralle # din AT };

NZ := Nz N Dom(Z);

NZ := Nz N Rng(Z);

if N7 = ) = N7 then return Z;

if NZ =0 # N% or NZ # () = NZ then return ();

if Z is total over AT x AV and Z N (NZ x N%) is
total over Nf x N7 then return Z;

11 else return ();

o 0 N A N R W N -

—
>

To compute the maximal ALC: bisimulation, we intro-
duce Algorithm 2 which modifies Algorithm 1 by replacing
Lines 6 and 7 with the following:

GNIZ ::NI; 7N§ I:NJ;

We can show that both algorithms are correct:

Theorem 10. Algorithms I and 2 return, respectively, the
maximal ALC.y, and ALC. bisimulations for T and J.

Proof. The argumentation exploits Theorem 9, which pro-
vides the necessary condition for the bisimulation checks.
What remains is to justify that Nz = NamedInd(AZ,T)
and N; = Namedind(A7,7J). This follows from the
Hennessy-Milner property for ALC bisimulations and the
finiteness of Z and J. Specifically, if d € Nz, then for
every e # d, there exists an ALC concept C. such that
deClande ¢ CF. Let D =[], 4 Ce; then D* = {d},
so d € Namedind(AZ,T). Conversely, if d ¢ Nz, then
there exists e # d such that (Z,d) ~arc (Z,e), and
thus d satisfies exactly the same ALC concepts as e, im-
plying d ¢ NamedInd(AT,T). The argument for N; =
NamedInd(A7 , J) is analogous. O

4 Tableaux Systems

In this section, we present tableau calculi TAB.c,, .
TABarc.» and TAB 4.¢,, for all three logics. The first two
share rules for common constructs, but differ in handling lo-
cal and global definite descriptions, whereas TAB 4.¢, com-
bines these systems.

Rules Given a concept C (optionally with ontology O),
our calculi return sat if C is satisfiable (w.r.t. O), and
unsat otherwise. Rules are applied to assertions to incre-
mentally build a tableau tree. The root contains a : C', where
a is fresh and does not occur in O. A branch B is a path
from root to leaf; if B’ extends B, we write B C B'. If it
does not lead to confusion, we treat branches as sets of as-
sertions. For an individual a and branch B, the theory of a,
written Thi(a),is {C | a : C € B}; we say a satisfies C on



ABox rules:

a:C € ABox r(a,a’) € ABox

AB ABoz,
(ABoa) a:C (ABoz) r(a,a’)
TBox rule: Clash rule:
CCDeTBox,a: E a:C,a:—-C
(TBox) 2= S ox,a ()
a:—~(CMN-D) €1
Propositional rules:
a:--C a:CnND a:—~(CND)
(=) — (M — - M 5
a:C a:C,a:D a:-C|a:~D
Role rules:
: Ir.C :=3Ir.C,r: (a,a
(3r) a: 3r (=3r) a r.C,r: (a,a’)
b:C,r:(a,b) a’ : ~C

Global definite description rules:

a:tC.D a:1C.D,a’:C,a" :C,d : E

g : g
Wy e W ' E
:—C.D,a’ : E :1C.D,a’ : E
(=) a: -t ,a (cut?)a L a
a':=Cla’ :=D| b:C,b: AL, ““a':Cla :=C

b Cb AL

Local definite description rules:

¢ a: {C} oo a:{tC},a’: C,a" : C,a’ : D
(t1) w.C (¢3) @ - D
P a:—~{«C} o a:{tC},a’ : D
(=) (cut)) ——————
a:-C| a:-Ac, ““a :C|a:C
b:C,b: Ac

* b, b’ occurring in the conclusion of a rule are fresh.

Figure 2: Rules of TAB 4.¢,

Bifa : C € B. A rule has the form m’ with m

the branching factor. Rules are deterministic if m = 1, and
branching otherwise. The calculus’s branching factor is the
largest m among its rules. A rule (r) applies to premise Pr
if (i) it is not blocked, (ii) no conclusion already appears on
the branch, and (iii) the branch is open. A branch is closed
if a clash occurs; otherwise, it is open. It is saturated if open
and no rules are applicable.

Figure 2 lists the rules of TAB 4,¢,. Those for standard
ALC constructs are omitted here. We highlight the handling
of DDs and the blocking condition for (3r).

Blocking. Rule (3r) is blocked for a : Ir.C if:

(blocks) There exists an individual a’ on B such that a’ :
CeBanda' : —D € Bforall D witha : -3r.D € B.

In that case, a’ serves as a proxy r-successor of a. Blocking
can be lifted if new a : —3r.E assertions are added such
that ' : E ¢ B. This is known as pattern-based block-
ing (Kaminski and Smolka 2009).

Global DDs. Rule (1) introduces a fresh individual satisfy-
ing both C' and D, unless an existing one already satisfies
C, in which case only D is propagated (to the least such
individual w.r.t. lexicographic order, if needed). Rule (.§)
ensures uniqueness by merging the theories of any two indi-
viduals satisfying C. Rule (—¢9) enforces non-uniqueness:
for each individual a’, at least one of the following holds:
(1) @ : —C, (i) o : =D, or (iii) two distinct individ-
uals satisfy C. In the third case, further applications to
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a’ : —wC.E are blocked. Rule (cuty) ensures decisive-

ness: every individual satisfies either C' or =C for any pos-
itive DD «C.D. The rule is crucial for the completeness of
TAB 4 ¢, . For example, the tableau for the unsatisfiable con-
cept (¢—=(C' M D). T) N («C.~D) N (eD.—C) fails to close
without (cut?).

Local DDs. Local DDs are handled similarly, except for
negation. While —«C'.D enforces non-uniqueness globally,
—¢C' does so locally, i.e., relative to the current individual.
Rule (—*) ensures either the current individual does not
satisfy C' or some other individual does. The right branch
does not introduce new individuals when (—¢¢) is applied to
a' : ={tC}—only a’ : = Ac is added in the right conclusion.
In both negated-DD rules, A7, or A¢ is a fresh atom (not in
the input) determined by C.

Priorities and Confluence. Rules are applied in fixed order:
(L) has the highest, (3) the lowest priority. As formulas are
never removed, the calculus is cumulative; all rules are in-
vertible, ensuring confluence: rule order may affect deriva-
tion length but not outcome.

Correctness We prove that TAB,,c,—and so also
TABacc,. and TAB4.c,, —is sound, complete, and termi-
nating. Recall that TAB4.c, is sound if, for any ALCt-
concept C' (and ontology O), it returns unsat only if C is
unsatisfiable (w.r.t. O). It is complete if, whenever it returns
sat, C is indeed satisfiable (w.r.t. O). To establish sound-
ness, we show that rules of TAB 4 ¢, preserve satisfiability:

Lemma 11. Let (r) be a rule of TAB src, applied to a branch
B, and let By, . .., B, D B be the resulting branches. If B is
satisfiable, then so is some B; fori € {1,...,n}.

Proof sketch. The proof proceeds by case analysis on the
rules. We illustrate it using the most complex case, (—¢9).
Let Pr = {a : —~C.D,a’ : E} be satisfiable. Then
a € (~C.D)t and @’ € EZ, meaning no unique individual
satisfies both C and D. We have three cases: (i) a’ ¢ CZ, so
a’ € (-C)T and Pr U {a’ : ~C} is satisfiable. (i) a’ ¢ D7,
so a’ € (=D)f and Pr U {a’ : =D} is satisfiable. (iii)
a’ € CT N DT, and there exists ¥’ € AT,V # a/, such
that b’ € CT. Extend Z to Z' so that (A%)Y = {a’}. Then
a € (ALY, ¥ € (~AL)Y, hence PruU{b: C, b :
ALY - CLb = ALY is satisfiable. O

Theorem 12. For any ALCi-concept C' (and ontology O),
if TAB g ¢, returns unsat, then C is unsatisfiable (w.r.t. O).

Proof. If TAB 4.¢, returns unsat, then all branches of the
constructed tableau are closed—i.e., the clash rule has been
applied to each, indicating unsatisfiability. Since every asser-
tion in the tableau (except the root) results from rule appli-
cations, the contrapositive of Lemma 11 ensures that unsat-
isfiability propagates upward through the tableau, ultimately
reaching a : C' at the root. This implies that C' is unsatisfi-
able (w.r.t. O if ABox or TBox rules were applied). O

For completeness, we show that if TAB 4,¢, constructs a
tableau with an open and saturated branch B for input con-
cept C' (and ontology O), then C' is satisfiable (w.r.t. O),



as B provides sufficient information to construct a model
I = (A%5,.I5) of C (and O).

Let DD(B) ={C | a:«C.D € Bora : 1C € B} denote
the set of concepts that must have singleton extensions in
Ii. For each individual a on B, let the representative of a,
rep(a), be the least (w.r.t. lexicographic order) individual o’
such that both @ and &’ satisfy some C € DD(5) on B, or
a itself if no such C exists. If the application of (3r) to an
assertion a : dr.C' € B was blocked (and never unblocked),
then any individual a’ on B satisfying {C} U {-D | a :
—3r.D € B} C Thp(d')is called an (r, D)-proxy successor
of a. We define Zs = (AZ5, .15) as follows:

e A%s = {rep(a) | a occurs on B},
* a’8 = rep(a) for each individual a on B,
e C%5 = {rep(a) | a : C € B} for each concept C on B,

e 725 = {(rep(a),rep(a’)) | r : (a,a’) € Bord isan
(r, D)-proxy successor of a for some D} for each role r.

Lemma 13. For any assertion a : C € B, rep(a) € C75.

Proof sketch. By structural induction on C. We illustrate the
case C' = Ir.D. Assume a : Ir.D € B. Since B is satu-
rated, two cases arise: (i) If (3r) was applied, then B con-
tains b : D and 7 : (a,b). Thus (rep(a),rep(b)) € rZ5,
and by the induction hypothesis, rep(b) € D?*5, hence
rep(a) € (Ir.D)%5. (ii) If (3r) was blocked, then (blocks)
must be satisfied. Then there exists an (r, D)-proxy succes-
sor of a on B, say a’. By definition, ' : D € B. Thus
(rep(a),rep(a’)) € 775 and by the induction hypothesis,
rep(a’) € D5, so rep(a) € (Ir.D)%5. O

Theorem 14. If TAB 4,c, returns sat for input C' (and O),
then C'is satisfiable (w.r.t. O).

Proof. A sat output implies the existence of an open, satu-
rated branch 5. By Lemma 13, the constructed interpretation
Ip satisfies all a : D € B. Since a : C' € B for some a, we
have rep(a) € CZ5, so C is satisfiable. If O is part of the
input, saturation ensures all ABox rules were applied, so Zg
satisfies all ABox assertions. For TBox axioms C C D, ex-
haustive application of (T'Box) and Lemma 13 assure that
rep(a) € CZ& implies rep(a) € DT& for each individual a
on B. Hence, Zp satisfies O, and C'is satisfiable w.r.t. O. [

To prove that TAB 4,¢, terminates, we show that for any
input concept C' (and ontology ), the tableau 7 constructed
by applying the TAB 4.¢, rules is finite. Each concept ap-
pearing in 7 is of one of the forms D, =D, A%, —A%,
Ap, or mAp, where D, +E.G (for some concept ), and
tF are subconcepts of C' or of concepts in O. Hence, the
number of distinct concepts in 7 is bounded by 4 - |C| (or
4-(|C| +10])), where |C| denotes the number of symbols
in C (excluding parentheses), and |O] the total number of
symbols in the concepts from O (also excluding parenthe-
ses). Consequently, each individual on a branch B of 7 can
satisfy at most 4 - |C| (or 4 - (|C| 4 |O])) distinct concepts.
Lemma 15. Let T be a tableau for input C' (and O), and let
B be a branch of T. Then the number of distinct individuals
on B is bounded by 2*IC1 (or 24(CIHION 1 & where k is
the number of individuals occurring in the ABox).
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Proof sketch. New individuals may be introduced by the
rules (ABox), (ABox,.), (3r), (1), (—9), and (—¢*). Bv-
ery non-root individual must be introduced by one of these
rules. Define a function f that maps each individual a not
introduced by any of the ABox rules to a set of concepts:

» {D},if a is the root individual;

» {D, E}, if ais introduced by (¢) ona’ : 1D .E;

» {D,+A%}, if introduced by (—9) on @’ : ~D.E and
a:+A% € B;

» {D, Ap}, ifintroduced by (—¢*) on a’ : ={tD};

* {D}U{=FE | d' : =3r.E € B when a was introduced},
if introduced by (3r) on @’ : Ir.D;

where +AY, denotes either A%, or —AY,. By construction,
f(a) € Thg(a). Thus, the range of f is a subset of the
power set of the set of concepts on B, bounded by 2*1€! (or
24(IC1+10)), We can show that f is injective, so the bound
on the number of non-ABox individuals follows. Adding the
k individuals from the ABox yields the claimed result. [

The bound in Lemma 15 allows us to prove termination:

Theorem 16. The tableau system TAB 4rc, is terminating.

Proof. Let T be the tableau for C' (and O). Each branch B
of T has at most 2411 (or 24 (ICI+IOD 4 k. for k the number
of individuals in ABox) individuals, each satisfying at most
4-|C] (or 4 - (|C| + |O|)) concepts. Each rule application
(except (ABoz,.)) adds at least one concept to some individ-
ual’s theory. (ABox,.) applies at most as many times as there
are role assertions in the ABox, say n. Thus the length of B is
at most 4-|C|-2%1€1 (or 4-(|C|4]0])- (24 (CIHIOD L k) 4-n).
As the branching factor of TAB 4, is also finite, 7 is finite,
so TAB 4 ¢, terminates. O]

We conclude this section with a corollary following from
completeness and termination of TAB 4.¢,:

Theorem 17. Let C be a satisfiable ALCi-concept. There
exists a model T of C of size at most exponential in |C)|.

Proof. Let T be a tableau for input C'. Since TAB 4.¢, is
complete and C is satisfiable, 7 contains an open branch B.
Build an interpretation Tz = (AZ5,-Z5) as in the complete-
ness proof. By Lemma 13, rep(a) € CZ5, where a is the
root individual. The domain size is bounded by the number
m of individuals on B, which by Lemma 15 is exponential
in the size of C' (or C and O). O

5 Implementation and Experiments

In this section, we describe our implementation of the three
tableau calculi and present their evaluation. We have im-
plemented all three calculi in a single prover written in
Python. Our implementation takes as input an ALCt con-
cept, possibly together with an ABox and a TBox, however
our preliminary experiments consider satisfiability of con-
cepts without ontologies. The prover parses the input con-
cept using the Python library Lark, applies the tableau pro-
cedure, and outputs information about the satisfiability of
the concept. The code and instructions for using the prover



No. DDs in a concept: 01-k 03-k 05-k

runtime avg.: 0.239s  0.750s 0.777s
Global DDs runtime std.dev.: 0.879s  2.16s 1.81s
no. of time-outs: 21 31 42
runtime avg.: 0.371s  0.356s 0.411s
Local DDs  runtime std.dev.: 1.31s  0.92s 1.59s
no. of time-outs: 15 32 28

Table 1: Runtime for concepts with only GDs and only LDs;
k represents the number of binary operators in a concept

are available on https://github.com/ExtenDD/two-types-of-
DDs-AAAI-2026.

The primary aim of our experiment is to compare the ef-
ficiency of the prover depending on the amount of global
descriptions (GDs) and local descriptions (LDs) in the input
concepts. All the experiments were run on a machine with
the processor AMD Ryzen 5 PRO 7540U and 16GB RAM
under Windows 11.

Generator Our generator first builds a random binary syn-
tax tree containing a predefined number of nodes, each cor-
responding to a subconcept; then, atomic concepts are ran-
domly distributed among the leaves, binary operators (in-
cluding GDs) among the inner nodes, and unary operators
(including LDs) among all the nodes. The generator allows
to customise the number of different atoms occurring in a
concept, the number of GDs, LDs, and existential restric-
tions, as well as the chance for each subconcept to be pre-
ceded by negation.

Experiments and results In all experiments, the prover
was run 5 times for each concept and the minimum was
recorded as runtime, with the “time-out” limit set to 10s. The
reported average runtimes do not consider the “time-outs”,
as well as concepts of the form —3r.C', which turn out sat-
isfiable without applying any rule. To compare runtimes for
GDs and LDs we generated six datasets, each with 150 con-
cepts containing a random number of atoms between 10 and
200. First three datasets have concepts with GDs, but with
no LDs. The latter three datasest have concepts with LDs,
but with no GDs. For k being the number of binary oper-
ators in a concept, the first three datasets contain 0.1 - &,
0.3 - k, and 0.5 - k GDs, respectively, whereas the next three
datasets contain 0.1 - k, 0.3 - k, and 0.5 - k LDs. Other pa-
rameters are kept the same in all datasets: the number of
existential restrictions is 30% of the number of subconcepts,
and the number of different atoms is 50% of the number of
occurrences of atoms.

The runtimes for all six datasets are presented in Table 1.
We do not include the time required for concept genera-
tion and for their parsing, as our focus was on the perfor-
mance of the implemented tableau procedure.” Two obser-
vations can be made: runtime and the number of time-outs

The runtime for parsing and concept generation grow linearly
with concept size. For example, concepts with 100 atoms require
approx. 0.003s to be generated and approx. 0.5s to parse and con-
cepts with 200 atoms require 0.006s and 1s, respectively.

19377

10’ o © Og o o 84 °
° e o ] o % ep
of 0 © @ 8 o
10° e - d . = ‘
] i ® up T ® _
A m S T TR
S0
D © oooﬁé ° o_%??‘?&oc ° \.;"
~ o o8¢ ® e® > >
o 10 o 1 &oﬁ ® o | & PN %% o{ 0.03} o
£ o’ 920 o0 & 2, 20 e PEe
£ 3 s OOO/O%}J&’E’_ ’ 4 o0 ¥5, W o® 'ﬁg'@ &° 4
=] L ]
X 107 o &% og s Hoe® ) @ "G.Qg”“ @d‘bﬂeo% R @ 0w
LS {19 LR 0 oo™ om © 089
of 02'8@! oo @ 00s® @0 MO © o oo
b T
10° $Eee o*° ° a0 omP | °
o S e
® o ©
4

100 400 500

Concept size

600 700 800

© Local descriptions Global descriptions ® No descriptions

Figure 3: Runtimes for concepts with only GDs, only LDs,
and without DDs; dashed lines represent average runtimes

are proportional to the number of descriptions in a concept
(although this tendency is less visible for LDs), and greater
for GDs than for LDs. The fact that GDs are more challeng-
ing aligns with our theoretical findings, whereas the fact that
the growth of runtime is only linear, suggests practical fea-
sibility of reasoning with DDs.

In the next experiment we analysed the scalability of the
prover, by testing its performance on concepts of growing
size. Recall that we identify the size of a concept with the
number of symbols it uses, excluding parentheses. For this,
we grouped the previously generated concepts into a set with
LDs only and a set with GDs only. Additionally, we gener-
ated a set of 200 concepts without descriptions, leaving the
other parameters the same as in the case of the other datasets.
Results are depicted in Figure 3. We observe that in all three
cases, the runtime seems to grow polynomially with concept
size, even though computational complexity of the satisfi-
ability problem is ExpTime-complete. This may be due to
how we generate concepts or to insufficient data. Again, con-
cepts with GDs have higher runtimes than those with LDs,
whereas concepts without descriptions have clearly lower
runtime, with only two time-outs across the whole dataset.

6 Conclusions

In this paper, we introduced three extensions of the stan-
dard description logic ALC: ALC.y, with local definite de-
scriptions {¢C'}, ALC.q with global descriptions ¢C. D, and
ALC., which supports both. We showed that all three log-
ics are ExpTime-complete, but differ in expressive power:
ALCu;, < ALCi1g = ALCe. This expressiveness result is
established via tailored bisimulations developed and anal-
ysed in the paper. We also proposed tableau-based decision
procedures for all the logics and implemented them. Exper-
imental results show that definite descriptions increase rea-
soning time, with global descriptions incurring a higher cost
than local ones. Nonetheless, the overhead remains manage-
able, confirming the practical feasibility of our extensions.
In future work, our aim is to optimise both the algorithms
and their implementations.
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