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Abstract

We consider the problem of modifying a description logic con-
cept in light of models represented as pointed interpretations.
We call this setting model change, and distinguish three main
kinds of changes: eviction, which consists of only removing
models; reception, which incorporates models; and revision,
which combines removal with incorporation of models in a
single operation. We introduce a formal notion of revision
and argue that it does not reduce to a simple combination of
eviction and reception, contrary to intuition. We provide posi-
tive and negative results on the compatibility of eviction and
reception for £, and ALC description logic concepts and on
the compatibility of revision for ALC concepts.

1 Introduction

Keeping beliefs updated is a central problem in knowledge
representation, that has been investigated in the context of
different logics and applications. In the main streams of be-
lief change research, the belief base is finite and the pieces
of information expressing how to modify it are expressed
as sets of formulae in the underlying logic (Hansson 1999;
Girdenfors 1988; Alchourrén, Girdenfors, and Makinson
1985). In many scenarios, however, using sets of models to
specify the observed change is more suitable than using for-
mulae. This is well studied in the context of learning from
interpretations (De Raedt 1997), where the goal is to find a
concise formula that is consistent with models labelled as pos-
itive or negative. In the context of description logic (DL), the
process of building an ontology usually goes through stages
where the person creating it studies possible models of world,
discarding models when they are proven false and adding
new models previously not considered. The next examples
illustrate model change operations for DL concepts.

Example 1. Araci is visiting a zoo in Australia and knows
little about Australian animals. She knows that a platypus is
a mammal that lays eggs, so her belief on platypus is

Platypus = Mammaln (Jlays.Egg).

She sees a platypus ‘d’ but knows nothing about their diet.
So, she entertains the two following possible worlds (Zy,d)
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and (I,,d) with {d,e} c AT' = AT2:

d € Mammal®2
e

d € Mammal®!

d ¢ Herbivore”!
(d,e) € lays”!

ec EggIl

I D
d € Herbivore
(d,e) € lays™

ec EggI2

She catches the platypus eating a small insect, which makes
Araci retract the pointed interpretation (I,,d). So, she
changes her conceptual beliefs about platypuses to

Platypus = Mammal r (3lays.Egg) m—-Herbivore.

Ex. 1 illustrates the process of removing a model from the
concept, producing a concept closer to the real world. This
change operation is called eviction (Guimaraes, Ozaki, and
Ribeiro 2023), and should minimally modify the concept.
The next example illustrates its dual: the process of adding a
model, called reception.

Example 2. Araci knows that kangaroos and koalas are
marsupials, but knows little about Tasmanian devils. So, her
beliefs about marsupials are Marsupial = Koalau Kangaroo.
In the Tasmanian devils section, she sees a devil ‘d"’ and
reads a sign with the information that tasmanian devils are
marsupials. So, she now admits a world (Z3,d") where

Zs:|d' € TasDevil®®, d’ € Carnivore®®, d’ ¢ Marsupial®3

She changes her conceptual beliefs to comply with (I3,d"):
Marsupial = Koala L Kangaroo L TasDevil.

In both examples, Araci minimally modified her concepts.
For platypus, she modified only concepts related to the diet,
while for the Tasmanian devil, she modified only concepts
related to marsupials and devils; no further changes relate
to kangaroos or koalas were carried out. Ensuring minimal
change in this setting is a challenge, as it is not always
possible to retract or incorporate the single input model
(Guimaraes, Ozaki, and Ribeiro 2023). A third and more
complex kind of operation is illustrated in Ex. 3, where one
must add and remove models in a single step.

Example 3. Araci believes that koalas are marsupial mam-
mals that are not placental. So her concept on koalas is:

Koala = Mammal m Marsupial m=Placental.



She sees a koala ‘d"” in the zoo, so she considers the model
(Z4,d"") possible, but not (Zs,d").

|I4 |IS

d" e Mamma

d" € Marsupial®s
%

d"” e Mamma
d" € Marsupial™*

d" ¢ Placental™

I4Z I5Z

d" e Placenta

She reads a sign informing that koalas are actually placen-
tal. So she is compelled to comply with (Zs,d"), whereas
retracting (Zy,d""). Therefore, she changes her belief to

Koala = Mammal m Marsupial mPlacental.

In Ex. 3, the model (Z4,d") had to be removed, while
(Zs,d"") is added. We call this more complex operation a
revision. After providing preliminaries (Sec. 2) and recalling
eviction and reception (Sec. 3), we present our main contri-
butions in this paper, which are:

* atheoretical study on eviction and reception for DL con-
cepts in ALC and EL, (Sec. 4); and

e the introduction of the notion of model revision (Sec. 5),
with some results for DL concepts (Sec. 6).

Contrary to intuition, revision does not correspond to a serial
combination of eviction and reception, as we show in this pa-
per. In general, it may well be impossible to add and remove
exactly and only the models of the input.

Related Work Our contribution is closest to the work by
(Guimaraes, Ozaki, and Ribeiro 2023), with the main dif-
ferences being that they neither consider revision nor DL
concepts. Although their results on eviction and reception
of DL ontologies inspired some of our proofs, the settings
are considerably different, with the DL concept case that
we present here being arguably more natural to the process
of modelling concepts, which is fundamental for building
ontologies. In this line, there has been work on computing
least common subsumers, which generalize a set of concepts
with minimal change (Baader, Sertkaya, and Turhan 2007).
Recent work considered learnability of DL concept expres-
sions with pointed interpretations labelled as positive and
negative (ten Cate, Koudijs, and Ozaki 2024). One can see
the positive and negative pointed interpretations in their work
as the sets of models to be added and removed in our setting.
The difference from their work to ours is that here we focus
on the existence of operators following minimal change ratio-
nality postulates, while they focus on the existence of sets of
labelled models that characterize a DL concept, that is, that
can be used to distinguish a particular concept from all the
others in a DL language for concepts. Ontology learning from
interpretations has been investigated by (Klarman and Britz
2015). Other works investigated learnability of DL concepts
in a data retrieval setting (Funk, Jung, and Lutz 2021; Funk
et al. 2019), using inductive logic programming (Lehmann
2009; Fanizzi, d’ Amato, and Esposito 2008; Lehmann and
Haase 2009; Lehmann and Hitzler 2010), and with counter-
factuals (Iannone, Palmisano, and Fanizzi 2007). We also
point out works relating learning, epistemic logic, and belief
revision (Baltag, Gierasimczuk, and Smets 2019; Baltag et al.
2019; Ozaki and Troquard 2019; Schwind et al. 2025).
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2 Preliminaries

The power set of a set A is denoted by £(A), while the set
of all finite subsets of A is denoted by £¢(A). Given a pre-
order <€D xD on a domain D, and a set A ¢ D, the set of
all maximal and minimal elements of A w.r.t. < are respec-
tively max¢(A) ={xeA| forally e Aif x <y, theny < x},
and ming(A) ={xeA| forallye A if y<x, then x<y}. We
write £*(A) to denote the non-empty subsets of A. Following
Aiguier et al. (2018); Delgrande, Peppas, and Woltran (2018),
and Guimarées, Ozaki, and Ribeiro (2023), we use satisfac-
tion systems to define logics. A satisfaction system is a triple
A=(L,M, E), where L is a non-empty (possibly countably
infinite) language , 91 is a set of models, and =< Mt x P(L)
is a relation, called the satisfaction relation, which relates
models to subsets of the language. We use the infix nota-
tion M = B as a shorthand for (M,B) € £ and say that M
satisfies B. Every subset of L is called a base (which can be
finite or infinite), denoted B. We denote by mod, (B3) the set
{M e | M = B}. We write mod(B) when the satisfaction
system is clear from the context. Satisfaction systems facili-
tate the generalisation of some results that do not depend on
certain properties of the consequence relation of the logic.
A set of models M € 9Jt within A is finitely representable iff
there is BB € £¢(L£) such that mod () =M. Let FR(A) denote
all finitely representable sets of models in A, i.e.,

FR(A) = {M c 0| 3B Pr(L) : mod(BB) = M}.

Given a set M of models, the greatest finitely-representable
subsets of M and the least finitely-representable supersets of
M are given respectively by

MaxFRSubs(M, A) = maxc({M’ e FR(A) | M’ c M}),
MinFRSups(M,A) = minc({M’ e FR(A) [M c M'}).

We say that a set of formulae 3 € £ is finitely representable
iff there is B’ € ¢(L) with mod(B) = mod(B’). We write x
for the Cartesian product of two sets. Also, we denote the
logical closure of a base in a satisfaction system A by Cny,
omitting the subscript when clear from the context.

DL Concepts Let Nc and Ng be countable and pairwise dis-
joint sets of concept names and role names, respectively. In
this work, N¢ and Ng can be finite or infinite. We explicitly
indicate when these sets, called signature, are finite (other-
wise, they are assumed to be infinite). £L concepts are built
according to the rule: C,D==T|A | (CnD) | (3r.C), where
A eNc and re Ng. EL, concepts extend EL by allowing 1L
(interpreted as the empty set). ALC concepts extend EL con-
cepts with the rule ~C (recall that Cn—C is equivalent to L,
so ALC extends EL£,). We may write 3r".T, with n e N, as
a shorthand for the nesting of n existential quantifiers (that is,
I+ 1=3r(37.7))and 30T = 7.

Semantics The semantics of E£, EL,, and ALC concepts is
defined using pointed interpretations (Baader et al. 2017; Agi
et al. 2003). An interpretation 7 is a pair (AZ,-Z), where AT
is a non-empty set, called the domain, and -~ is a function
that maps every A € N¢ to a subset of AZ and every r € Ng
to a subset of AT x AT 1t is finite if AT is finite. A pointed



interpretation is a pair (Z,d) where T = (-£,AT) is an inter-
pretation and d € AZ. A pointed interpretation (Z,d) satisfies
a concept C iff d e CZ. We define tree-shaped pointed in-
terpretations using the notion of unfolding (Dummett and
Lemmon 1959) (see also (Konev et al. 2016)). We say that
a concept C entails a concept D if for all pointed interpreta-
tions (Z,d) (over the signature), d € CT implies d € D*. Two
concepts C, D are equivalent, written C = D, iff C entails D
and D entails C. Given a fixed but arbitrary r € Ng, we de-
fine M" = (N,™") where " = {(i,i+1)]ieN,0<i<n} and
similarly M® = (N, "~ ) where M~ = {(i,i+1)]ieN}.

DL concepts in Satisfaction Systems In a satisfaction sys-
tem, we use the term ‘base’ for a subset of formulas in a logic
language. We treat a set of concepts and a concept formed
by the conjunction of the elements of the set interchangeably.
So we may refer to a base as a concept or as a finite set of
concepts (in the latter, we mean the concept formed by the
conjunction). The notion of a ‘model’ in a satisfaction system
corresponds to the notion of a pointed interpretation.

3 Model Reception and Eviction

This section addresses the problem of modifying a finite base
in light of a set of models, as illustrated in Ex. 1 and Ex. 2.
We call such kinds of operators model change operators.
Guimaraes, Ozaki, and Ribeiro (2023) distinguished two
main primitive kinds of model change operators:

eviction: remove a set M of models from a base B, that is,
turn B into a base 3’ whose models are not in M

reception: incorporate all models from the set M into a base
B, that is, turn B into a base B’ such that all models in M
satisfy B'.

In some scenarios, not all sets of models need to be taken
into account. For instance, some DLs have the finite model
property or the tree-shaped property. So, it makes sense to
also consider model change operators that only take into
account such classes of models. Formally, a class of models
on a satisfaction system A = (£,91,=) is aset C € £(IN) with
sets of interpretations. Model change operators are, therefore,
defined on a given class of models.

Definition 4. A model change operator in a class C of models
is a function o : P¢(L) xC — £¢(L), mapping each finite base
B into a finite base B’ in light of a set of models.

For conciseness, we may omit the reference to the class C
of models if C is clear from the context. The main challenge
of model change operators is to guarantee the finiteness of
the new base, which presents two main hurdles:

1. some sets of models cannot be uniquely added/removed
to/from some bases, as Ex. 5 below illustrates.

the simple addition/removal of a set of models might not
be finitely representable. This occurs because the language
of logic is not expressive enough to distinguish all the
models in a set from those which are not in the set. This
issue is illustrated at Ex. 6.

Example 5. Consider the EC concept 3r3.T, with Nc = @,
Ngr = {r}, and the pointed models (I,,d,) and (I,d;) with

2.
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domains AT' = {dy,d>} and A** = {d,d,d3}, where

= {(d1,da)}

A rIzz{(dlvdZ)v(dZadS)}

I:

Neither (Iy,d,) nor (I,dy) are models of 3r.7T. Suppose
that we want to add (I, ,d,) to the models of 3r3.7. In EL,,
however; every concept satisfied by (I,d; ) and mod(3r3.T)
is also satisfied by (I,,dy). There is no concept separating
(Tn,dy) from mod(3r3.T)U{(T1,d,)}.

Example 6. Let B = {3r.T} be an EL concept and let
the signature be Nc = {A},Ng = {r}. We want to evict the
pointed model (I,d) with AT = {d}, r* = {(d,d)}, and
AT = @. We have that (Z,d) satisfies B. The removal of (Z,d)
from mod(B) yields the base B' = {3r.A,3r* A,---, 3" A,---},
which is not finitely representable.

On both cases 1 and 2, as illustrated respectively on Ex. 5
and Ex. 6, extra models must be added/removed to achieve a
finite base. Such addition/removal should be minimised, so
only models that do contribute to reaching finiteness are con-
sidered. In this case, a “closest” finite base is produced. Such
minimality criteria are properly addressed in the form of ratio-
nality postulates. The appropriate class of all eviction/recep-
tion operators abiding by such postulates are identified. We
show that in several classes of models, the minimality princi-
ples cannot be guaranteed, which is due to the non-existence
of a “closest” finite base, known as the compatibility problem
(Guimaraes, Ozaki, and Ribeiro 2023). We briefly review
reception and eviction, respectively, on Sec. 3.1 and Sec. 3.2.

3.1 Reception

We denote belief change operators related to reception as
rcp. Guimardes, Ozaki, and Ribeiro (2023) proposed the
following rationality postulates to govern reception

(success) M < mod(rcp(B,M))

(persistence) mod(B) € mod(rcp(B,M))

(finite temperance) M’ ¢ FR(A), if mod(B)uM c M’ and
M’ c mod(rep(B,M))

(uniformity) mod(rcp(B,M)) = mod(rcp(B',M')), if
MinFRSups(mod(B) u M,A) = MinFRSups(mod(B’) u
M, A) .

Success ensures that each model from M must be incor-
porated. The purpose of reception is to accommodate new
models. Persistence ensures that no model is removed in the
process. Finite temperance ensures that the addition of extra
models is minimized, adding only models that contribute
to reaching a finite base. Uniformity ensures that reception
is neither syntax sensitive nor sensitive to model structure.
For instance, in Ex. 5, the pointed interpretation (Z;,d;)
cannot be separated from (Z,d;) in the presence of the
models of B, so reception, on B, of the sets {(Z;,d;)} and
{(Zy,d,),(Z,,dy)} must coincide.

A reception operator on a class C of models is a model
change operator rcp : £5( L) xC — £¢(L) that satisfies success.
A reception operator satisfying all rationality postulates is
called rational. When there is no finite base for mod(58) UM,
some further models must be added in favor of finiteness.



Such extra removal must be minimized as finite-temperance
demands. This corresponds to picking a least finitely repre-
sentable superset of mod(B) UM, that is, picking a set from
MinFRSups(mod(B) uM,A). However, for some classes
of models, such a least finitely representable superset does
not exists, that is, MinFRSups(mod(B) uM,A) is empty.
In such cases, therefore, finite-temperance cannot be satis-
fied, which implies in the inexistence of rational reception
operators. Classes of models in which such least finitely rep-
resentable supersets exist are called reception-compatible.

Definition 7. A class C of models on a satisfaction system A,
is reception-compatible iff for all M € C and base B € P¢(L),
MinFRSups(mod(B) UM, A) + .

Several classes of all models are not reception-compatible,
as we show in Sec. 4. For instance, in the DL £L , , the class of
all its models is not reception compatible, as Ex. 8 illustrates.

Example 8. Consider the concept 1 in EL, and a signature
with Ng = {r}. Suppose MI* = {(M*°,0)} (see def. in Sec. 2).
We would like to include an interpretation pointed at an
infinite chain but we are not asking the finite chains M" to be
included. There is no EL, concept that best represents adding
this set to 1. Given a concept 3r'".T one can always create
another concept 3r™*1.T that includes MI* but has strictly less
models: mod(3r.7) > mod(3r2.T) 5---2mod(37".T) o -,

Ex. 9 illustrates a reception operation.

Example 9. (continued from Ex. 5). Recall we want the
reception of 3r3.T with (Iy,d,). Both 3r*.T and 3r.T. are
more general than 373.7. From these, the closest that contains

(T1,dy) is Ir.T. So, rep({37°.7},{(Z1,d1)}) = {3rT}).

On reception-compatible classes of models, Guimaraes,
Ozaki, and Ribeiro (2023) have proposed the family of maxi-
choice reception operators, which chooses one finitely repre-
sentable base from MinFRSups. Maxichoice reception oper-
ators coincide with all rational reception operators.

3.2 Eviction

Eviction operators, denoted by evc, are governed by the fol-
lowing postulates:

(success) Mnmod(eve(B,M)) = @.

(inclusion) mod(evc(B,M)) € mod(B).

(finite retainment) M’ ¢ FR(A), if mod(evc(B,M)) c M/
and M’ € mod(B) \ M.

(uniformity) mod(evc(B,M)) = mod(eve(B',M")), if
MaxFRSubs(mod(B) ~ M,A) = MaxFRSubs(mod(B’) \
M, A)

Success ensures that each model from M must be relin-
quished. As the purpose of eviction is to remove models, in-
clusion ensures that no models are added. Uniformity, as for
reception, guarantees that eviction is neither syntax sensitive
nor sensitive to model structure. Finite retainment ensures
that the removal of extra models is minimized, retracting only
models that contribute to reaching a finite base. An eviction
operator on a class C of models is a model change operator
eve: Pr(L) xC — P(L) that satisfies success.

An eviction operator satisfying all rationality postulates is
called rational. In the best scenario, to evict a set of models
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M from a finite base B, one would simply identify a base
for the set mod(B) ~ M. However, as not all sets of models
are finitely representable, some further models must be min-
imally removed in favour of finiteness, as finite-retainment
demands. This corresponds to picking a greatest finitely rep-
resentable subset from mod(B) \ M, that is, picking a set
from MaxFRSubs(mod(B) \ M, A). This set, in general, is
not a singleton, and a choice must be made among the most
plausible candidates. The choice, as for reception, is realised
by a choice function. Similarly to reception, depending on the
underlying class C of models, MaxFRSubs(mod(B) \ M, A)
might be empty. In such a case, finite retainment cannot be
satisfied, which means that in such classes rational eviction
operators do not exist. Classes of models in which the great-
est finitely representable subsets exist are called eviction-
compatible.

Definition 10. A class C of models, on a satisfaction system
A, is eviction-compatible iff for all M € C and base B € ¢ (L),
MaxFRSubs(mod(B) \M,A) + @.

On eviction-compatible classes of models, Guimaraes,
Ozaki, and Ribeiro (2023) have proposed the family of maxi-
choice eviction operators, which chooses one finitely repre-
sentable base from FR. Maxihoicde reception operators are
characterised by all rationality postulates of reception.

4 Eviction and Reception: DL Concepts

Here we investigate eviction and reception on DL concepts,
focusing on the prototypical DLs ALC and £L. In the fol-
lowing, we denote by A(EL | concepts) and A(ALCconcepts) the
satisfaction systems for ££, and ALC concepts with pointed
interpretations as models. Table 1 summarises our results.

Sat. System | Eviction | Reception

A(EL con.) yes (Thm. 11) | no (Thm. 13)
A(EL . con)T | yes (Thm. 11) | yes (Thm. 14)
A(ALCcon) | no (Thm. 12) | no (Thm. 13)

A(ALCcon)* | yes (Thm. 16) | yes (Thm. 16)

Table 1: Eviction and reception-compatibility for DL con-
cepts. T is for the case pointed interpretations can only be
tree-shaped and i is for the case they can only be tree-shaped,
over finite signatures, and sets of models can only be finite.

Theorem 11. A(EL | concepis) is eviction-compatible.

Theorem 11 does not hold for £L (without 1) as any lan-
guage that cannot express inconsistencies is not eviction-
compatible (Guimaraes, Ozaki, and Ribeiro 2023). We also
do not have eviction-compatibility for ALC.

Theorem 12. A(ALC concepis) s not eviction-compatible.

The next theorem establishes that reception-compatibility
neither holds for ££, nor for ALC concepts.

Theorem 13. A(EL | concepis) and A(ALC concepis) are not
reception-compatible. This holds even if we restrict to the
class of (possibly infinite) sets of (possibly infinite) tree-
shaped pointed interpretations or if we restrict to the class of
sets of pointed interpretations over a unique finite signature.



We now concentrate on finding a restricted class of con-
cepts where reception-compatibility holds.

Theorem 14. A(EL  conceprs) is reception-compatible in the
class of (possibly infinite) sets of finite tree-shaped pointed
interpretations (over a possibly infinite signature).

Thm. 12 and Thm. 13 compel us to investigate more re-
stricted classes of models to obtain a positive result for ALC.
There are two natural ways of restricting this class: restrict-
ing to finite sets of finite tree-shaped interpretations or to
finite tree-shaped interpretations with finite signature. The
next theorem establishes that these restrictions alone are not
sufficient ALC reception-compatibility.

Theorem 15. A(ALCconcepss) is neither reception-
compatible in the class of finite sets of finite tree-shaped
pointed interpretations over a (possibly infinite) signature;
nor in the class of (possibly infinite) sets of finite tree-shaped
pointed interpretations over a (unique) finite signature.

Theorem 16. A(ALC conceprs) is reception-compatible and
eviction-compatible in the class of finite sets of finite tree-
shaped pointed interpretations over any finite signature.

5 Model Revision

In this section, we introduce a new kind of model change
operation, which we call model revision. Model revision
incorporates a set of models while also guaranteeing that
another set of models is removed. For instance, in Ex. 3,
(Z4,d"") had to be removed, while (Zs,d"") had to be added.
Revision cannot be defined by assembling reception and
eviction, as reception can add models required to be evicted
and vice versa. For revision, we consider change operators
defined on a class C € £(9) x (M) of pairs of models. A
class of pairs of models is called a binary class.

Example 17. Ler B={3r.T} be an EL, concept on the sig-
nature Nc = {A} and Ng = {r}. Let (Z1,dy) and (I,,d,) be
pointed models with AT = {dy,dy},AT2 = {d; ,d>,d3} and

I : AII = {dz}vrll = {(dladZ)}

To:| AT = {di},r"2 = {(dy,d2), (da,d3)}
We want to revise B with ({(Z1,d1) },{(Z2,d1)}), that is, re-
ceive (I,dy) and evict (I,d, ). Combining rational eviction
with rational reception, in any order, is not strong enough
to achieve revision. A rational eviction of B with (I,d})
is B = {3r°.T}. However, incorporating (I1,d ) to it yields
the base {3r.T} again, which contains (I,,d; ). On the other
hand, reception of B with (Z,,d,) does not change B, as
(Z1,dy) is a model of 3r.T. Eviction of B with (I,,d,) gives
3r3.1, which does not contain (Iy,d ).

Definition 18. A revision operator, on a binary class C, is
function rev : Rp(L) xC — £¢(L) which satisfies the postulate
success M~ n mod(rev(B,M* M™)) = @ and M* ¢
mod(rev(B,M*,M™)).
For clarity, we denote M~ as the set of models to be re-
moved, while M* denotes the set of models to be added.

19325

Success guarantees that all models in M~ are removed while
all models in M* are added. Clearly, one cannot demand to
add and remove the same model. Success cannot be satisfied
for (B,M*,M"), if M* and M~ are not disjoint. Unfortu-
nately, the possibility of success goes beyond identifying
whether or not M* and M~ are disjoint. It depends on the
logic’s underlying satisfaction system. For example, for ALC
concepts, models are closed under bisimulation (Goranko
and Otto 2007; Blackburn, van Benthem, and Wolter 2007),
which means that some distinct but bisimilar pointed inter-
pretations (Z;,d;) and (Z,,d,) satisfy precisely the same
formulae. Thus, a revision that demands incorporation of
(Z1,d;) and removal of (Z,d,) cannot occur. For success,
revision must at least be defined on classes of pairs of models
in which incorporating M* does not conflict with eliminating
M. We call such classes revision-realisable.

Definition 19. A binary class of models C is revision-
realisable iff for all (M* ,M™) € C, there is a finitely repre-
sentable set Ml of models such that MI* €M and M~ nM = @.

For conciseness, unless otherwise explicitly stated, we as-
sume that all binary classes of models are revision-realisable.
Success alone is not enough to bring rationality to revision.
We introduce other rationality postulates to capture the mini-
mal change principle for revision. We start with

vacuous-expansion: if M" ¢ mod (B)
mod(rev(B,M* ,M~)) c mod (B),

vacuous-removal: if M~ n mod (B) =@ then mod (B) €
mod(rev(B,M*,M™)).

If all models of M* are models of 13, one should only evict
M (vacuous expansion). On the other hand, if none of the
models in M~ satisfy B (vacuous removal), all we need to do
is to add models. If all models in M* satisfy B, and none of
M~ violate B, the base BB should be left untouched. We call
this lethargy.

lethargy: if M* ¢ mod(B) and M~ nmod(B) = @, then
rev(B,M*,M™) = mod(B).

Proposition 20. If a revision operator satisfies vacuous-
expansion and vacuous-removal then it satisfies lethargy.

then

These three postulates capture the most fundamental fea-
tures of revision. Yet, such postulates are not enough, as
they allow for drastic removal and addition of models. For
example, if some of the models in M* does not satisfy B
and some model in M~ violates 3 then vacuous-expansion
and vacuous-removal allow the removal of all models of .
However, ideally, changes should be minimised.

In the case that the trivial removal of M~ and the trivial
addition of M* reach a finitely representable set M, the revi-
sion should correspond to M as finiteness is trivially obtained.
However, if finiteness is not reached in this way, then one
must remove and add some extra interpretations in favour of
finiteness. Such additions and removals must be minimised.
Such a minimal change principle is conceptualised in the
form of the circumspection postulate.

circumspection: if X* X~ € C are disjoint sets and condi-
tions (1) to (3) below are jointly satisfied, then condition
(4) is satisfied:



1. X~ ¢ (mod(B) \ mod(rev(B,M*,M")), and M~ n
mod(B) c X~

2. M* N\ mod(B) ¢ X* ¢ (mod(rev(B,M*,M")) ~
mod(B) and

3. ((mod(B)~\X")uX*) #mod(rev(B,M*,M")
4. ((mod(B)\X")uX*) ¢ FR(A).

In circumspection above, the set X~ (condition 1) denotes
the extra interpretations to be removed, while X* (condition
2) denotes the extra interpretations to be added during revi-
sion. These extra additions and removals can only occur in
favour of finiteness, and all of them must be necessary to
achieve finiteness. Therefore, every smaller combination of
removals or additions to form a revision candidate (condi-
tion 3) does not reach finiteness (condition 4). The postulate
circumspection captures lethargy.

Proposition 21. If a revision operator satisfies circumspec-
tion then it satisfies lethargy.

Defining operators capable of satisfying principles of min-
imal change has been proved a challenge in the field of be-
lief change. In some logics, operators satisfying minimal
change principles cannot even be defined (Flouris 2006;
Ribeiro, Nayak, and Wassermann 2018; Guimaraes, Ozaki,
and Ribeiro 2023). This occurs due to the strong semantics
and properties of the logics. Guimaraes, Ozaki, and Ribeiro
(2023) have shown that in some logics satisfaction systems,
eviction and reception do not exist. For revision, this would
not be different. We shall direct the effort of defining revision
operators to classes of models that are compatible with such
rationality postulates.

Definition 22. A binary class C is revision-compatible iff
there is a revision operator on C satisfying success, vacuous-
expansion, vacuous-removal and circumspection.

Given that we are working on a binary class of models
that is revision-compatible, we would like to know how to
construct a revision operator satisfying all the rationality
postulates presented so far. We will frame the precise class
of operators that satisfy such postulates. For this, we need to
define some auxiliary tools. Let

AA(M*, M) = {¥ € FR(A) [M* €Y and M~ nY = &},

be the set which contains exactly all finite bases satisfied by
all models in a given set M* but violated by all models in
M. One can regard x5 (M™*,M™) as the set of all potential
candidates to revise a base with the pair (M*,M™).

Not all sets in x5 (M*,M™), however, are suitable to re-
vise a given base B, as some of them might add or remove
more than allowed by circumspection. If we could “mea-
sure” the changes incurred on mod() to achieve a finite
representable set of models, then we can just select the finite
representable sets with the minimal incurred changes. The
symmetric difference between two sets A and B provide ex-
actly the changes necessary to turn one set into another. To
turn a set A into a set B, we need only to add the elements
of B that are not in A, and remove the elements in A that are
not in B. We can, therefore, use the symmetric difference
to “measure” changes between sets of interpretations, and
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choose those that minimise the changes. On each set of in-
terpretations M, we define the relation <prC P(90) x £(MN),
such that M} <y M iff (Mo M;) c (MeM,).

Intuitively, M; <,y M, means that turning M into M,
incurs in at least as much change as turning M into M.
This means that turning M into M is equally cheap or
cheaper than turning M to M,. We can use this close-
ness relation to revise a base B by a pair (M*,M™). As
the revision must minimise the changes, we choose, from
xA(M*, M), one of the closest options to mod () that is,
one from ming__, . (xa(M*,M™)). To define a revision
function using this strategy, we need the condition that for
every base B8 and pair (M*,M™), there is at least one choice
on min<(xa(M*,M™)), that is, the symmetric difference in-
deed minimises the distance from the base to the revision can-
didates. This condition follows from revision-compatibility.

Theorem 23. If C is revision-compatible, then for all finite
base B and (M* ,M™) eC, min< s (xa(M* M7)) + 2.

We get revision operators from symmetric difference.

Definition 24. A naive relational revision operator, on a
binary class of models C, is a map rev® : (L) xC — P¢(L)
s.t. mod(rev® (M*,M"™)) € Min< gos (Xa(MF,M7)).

The naive operator minimises the distance between the
models of a base B’ to all bases satisfied by M™ and violated
by all models in M. Indeed, the naive revision operators is
strongly connected with circumspection.

Theorem 25. A revision operator satisfies circumspection
iff it is a naive relational revision operator.

Although naive revision operators capture circumspection,
they are too weak to satisfy vacuous-removal and vacuous-
expansion, as Ex. 26 illustrates.

Example 26. Let B=(BnC) be an EL concept and consider
the interpretations T; = (AT |- Ti), with i € {1,2,3,4}, where
ATi = {d}, and each T is as follows.

AT ={d} | AR=g | AB =g At =g
B' =g B2=g | BB=g BY ={d}
ch={d} | =g | CB={d} | C*={a}

By definition, (Z4,d) is a model of B = (BnC). Assume
we want to revise B with ({(Z,d)},{(Z»,d)}), that is, ac-
commodate (Iy,d) while relinquishing (I,d). Since d ¢
(BI‘IC)I2, according to vacuous-removal, we should only
add models to B. Adding only (I1,d) is not possible, be-
cause (Zy,d) is a model of B and every EL concept satis-
fied by both (Zy,d) and (Iy,d) is also satisfied by (I3,d).
So, every revision satisfying vacuous-removal contains the
set {(Z1,d),(Z3,d),(Z4,d)}. This corresponds to revising
B =(BnC) to C. If we want to avoid adding (I3,d), we
could remove (Z4,d), violating vacuous-removal, and stay-
ing only with (Z,d). So, a naive revision operator can output
(ANC) as a solution for revising (BnC).

In Ex. 26, vacuous-removal is violated, as the operator
removes further models from B when M~ does not violate 5.
Also, when M satisfies 3, the naive operator allows adding
further models. We strengthen the naive operator.



Definition 27. A symmetric-differential revision function
on a binary class C of models, is a function rev :
Pe(L) x C > Pe(L), such that for all (M* M) € C,
mod(rev(B,M* , M™)) = M where,

(i) if M" c mod(B), then
Meming (xAa(M* M~ u (9~ mod(B))))
(ii) if M* ¢ mod(B), but M~ nmod(B) = @, then

M € minx (xa(M* Umod(B),M"))

=mod(B)
(iii) otherwise, Mle ming ) (xa(M*,M")).

For case (i), when M™ satisfies the base, according to
vacuous-expansion, no interpretation can be incorporated.
This corresponds to enforcing all counter models of B to be
removed jointly with M™. For case (ii), analogous to case
(i), whenever all models of M~ violate B, as per vacuous-
removal, no model of B should be removed. This corre-
sponds to enforcing all models of mod(B) to be incorpo-
rated jointly with M*. As for case (iii), the cases (i) and
(ii) give enough protection to vacuous-removal and vacuous-
expansion. Hence, in any other case, we can just perform a
naive revision. The symmetric-differential revision operators
are characterised by the rationality postulates of revision.

Theorem 28. A revision operator rev satisfies success,
vacuous-expansion, vacuous-removal and circumspection
iff it is a symmetric differential revision operator.

Revision-compatibility is tightly connected to both
reception-compatibility and eviction-compatibility. In the
case that M~ is empty, revising a base with (M* , M™) intu-
itively corresponds to performing a reception, as vacuous-
removal would forbid removal of interpretations. Anal-
ogously, if M* is empty, then revising with (M* , M™~),
with a non-empty M, would correspond to evicting M,
as vacuous-expansion would forbid adding interpretations.
From this perspective, we can trace an important connection
between revision-compatibility with eviction-compatibility
and reception-compatibility. To establish this connection, the
underlying class of models must cover the cases that we can
perform revision of the kind (M™*, &) and (@, M™), that is,
cover the possibility of solely adding or removing interpreta-
tions. We call such classes decomposable classes of models.

Definition 29. A binary class of models C is decomposable
iff for all (M*,M™) eC, (M*,2) €C and (z,M™) €C.
Given a binary class of models C, let C* = {M* € 91 |
(M*M™)eC}, and, C™ = {M~ e M| (M*,M~) eC}. The
set C* is the greatest subclass of C with reception candidates,
whereas C™ is the largest subclass with eviction candidates.
Every rational revision operator induces an eviction and a
reception operator. Consequently, compatibility of revision
implies compatibility with both reception and eviction.

Theorem 30. Let C be a decomposable revision-compatible
binary class of models. The following hold for C.

1. C* is reception-compatible and C~ is eviction-compatible.

2. Ifevcis a eviction operator on C~, then there is a revision
operator rev on C satisfying all rationality postulates such
that eve(B,M™) = rev(B,2,M"™).
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3. If rcp is a reception operator on C*, then there is a revi-
sion operator rev on C satisfying all rationality postulates
such that rep(B,M™") = rev(B,M", @).

From Thm. 30, eviction and reception are special cases of
revision, whereas revision can only be performed in classes
of models compatible with both reception and eviction. This
connection between revision with eviction and reception al-
lows to translate (in)compatibility results from eviction and
reception to revision, as we see in Sec. 6.

6 Revision: DL Concepts

Here, we briefly consider the revision of DL concepts. It
follows from Thm. 30 and the results in Table 1 that neither
A(EL  concepts) NOr A(ALC concepts) are, in general, revision-
compatible. We establish that these satisfaction systems are
also not revision-compatible when we restrict to finite tree-
shaped pointed interpretations.

Theorem 31. A(EL  concepis) and A(ALC concepis) are not
revision-compatible in the binary class of finite tree-shaped
pointed interpretations. This also holds if we restrict to finite
sets of models and if we restrict to a finite signature.

So we restrict the binary class of models that we consider
even further. We consider the binary class of finite tree-shaped
pointed interpretations for finite sets of models union their
closure under bisimulation over a finite signature. We argue
that this class is revision-compatible. We say that two sets of
pointed interpretations are bisimulation disjoint iff there is
no pointed interpretation in one of the sets that is bisimilar to
a pointed interpretation in the other set.

Theorem 32. A(ALC oncepis) is revision-compatible in the
binary class of sets of pointed interpretations which are the
closure under bisimulation of finite sets of finite tree-shaped
pointed interpretations over a (unique) finite signature.

Regarding the case of ££,, we do not have the same ex-
pressivity we have in ALC for restricting the models that
are satisfied by a concept. We leave it as an open question.
From the positive results for eviction and reception for certain
classes of models for ££, and ALC in Table 1, we obtain the
existence of the revision operators in Thm. 30.

7 Conclusion

We investigated eviction and reception for DL concepts, es-
tablishing various results considering different classes of
models. We find classes of models where we obtain eviction
and reception compatibility for both ALC and £L£, concepts.
It turns out that the class of models where we obtain positive
results for ALC is much more restricted than the class for
EL . We also introduce the notion of model revision and re-
late various postulates with the revision operation. Revision
cannot be seen as a mere combination of eviction and recep-
tion, which is evidenced by negative results for DL concepts.
As future work, it would be interesting to investigate model
eviction, reception, and revision of DL concepts in a more
practical setting, expand our work to more expressive DLs.
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