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Abstract

One of the most important queries in knowledge compila-
tion is weighted model counting (WMC), which has been ap-
plied to probabilistic inference on various models, such as
Bayesian networks. In practical situations on inference tasks,
the model’s parameters have uncertainty because they are of-
ten learned from data, and thus we want to compute the de-
gree of uncertainty in the inference outcome. One possible
approach is to regard the inference outcome as a random vari-
able by introducing distributions for the parameters and eval-
uate the variance of the outcome. Unfortunately, the tractabil-
ity of computing such a variance is hardly known. Motivated
by this, we consider the problem of computing the variance of
WMC and investigate this problem’s tractability. First, we de-
rive a polynomial time algorithm to evaluate the WMC vari-
ance when the input is given as a structured d-DNNF. Second,
we prove the hardness of this problem for structured DNNFs,
d-DNNFs, and FBDDs, which is intriguing because the lat-
ter two allow polynomial time WMC algorithms. Finally, we
show an application that measures the uncertainty in the in-
ference of Bayesian networks. We empirically show that our
algorithm can evaluate the variance of the marginal probabil-
ity on real-world Bayesian networks and analyze the impact
of the variances of parameters on the variance of the marginal.

Code — https://github.com/nttcslab/variance-wmc

Introduction

Knowledge compilation is a technique that represents a
propositional formula, a.k.a., a Boolean function, as a com-
pressed and tractable form. Once Boolean functions are
compiled into certain representations, we can solve various
queries in polynomial time in the sizes of the representa-
tions (Darwiche and Marquis 2002). Among various queries,
the most prominent one is weighted model counting (WMC),
which is the problem of counting the (weighted) number
of satisfying assignments of a Boolean function. WMC has
been applied to various probabilistic inference tasks on, e.g.,
Bayesian networks (Chavira and Darwiche 2008; Dilkas and
Belle 2021), factor graphs (Choi, Kisa, and Darwiche 2013),
and probabilistic programming (Fierens et al. 2011; Holtzen,
Van den Broeck, and Millstein 2020).
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Figure 1: (a) A Bayesian network. (b) Example of ordinal
inference, where parameters are fixed. (c) Example of our
situation where parameters have variances.

In practical situations, the parameters of such probabilis-
tic models are often obtained by learning from data (Coz-
man 2000; Heckerman 2008). When we lack sufficient data,
they may suffer from uncertainty. Perhaps such an uncer-
tainty leads to unreliable inference results. However, ordinal
inference methods (including methods using WMC) disre-
gard uncertainty in parameters. Thus, we want to compute
the degree of uncertainty in the inference outcome when the
parameters are imprecise. A Bayesian statistical approach
regards the inference outcome as a random variable by con-
sidering the distributions for the parameters and computes
the variance of the outcome. For example, for the Bayesian
network in Fig. 1(a), we consider the variance of the out-
come when parameters follow distributions, as in Fig. 1(c).
By introducing the expectation and variance of parameters,
the outcome’s expectation equals the marginal, and we can
also obtain its variance. The computed variance affects the
decision-making that depends on the inference outcome;
when the computed variance is too large, we should regard
the inference result as unreliable. However, the tractability
of computing the variance of the inference outcome remains
unknown; although the variance computation is expected to
be at least as difficult as the ordinal inference, we do not
know the extent of its difficulty.

In the applications of inference, the WMC value typically
equals the inference outcome. Thus, motivated by the vari-
ance computation of the inference outcome, we consider the
query of computing the variance of WMC value when the
weights associated with Boolean variables have variances.
As explained later, a previous study (Nakamura et al. 2022)
treated the variance of WMC value with knowledge compi-
lation in a special case of network analysis. However, this
work is specialized to network analysis and does not con-



sider general WMC tasks. Moreover, it only uses ordered
binary decision diagrams (OBDDs) (Bryant 1986), one of
the most restricted representations in knowledge compila-
tion. Therefore, this work hardly reveals the tractability of
variance computation including inference tasks. Thus, we
formalize variance computation query for the WMC of gen-
eral Boolean function and investigate the tractability of it
with various knowledge compilation representations.

Our contributions are three-fold. First, we propose a
polynomial time algorithm that computes the variance of
WMC of a Boolean function represented as a structured d-
DNNF (Pipatsrisawat and Darwiche 2008). This result is
meaningful since structured d-DNNFs subsume sentential
decision diagrams (SDDs) (Darwiche 2011), which have
been widely used in many applications, as a subset. Second,
we prove that we cannot compute the WMC'’s variance in
polynomial time unless P=NP when the Boolean function
is represented as a structured DNNF, a d-DNNF (Darwiche
2001), or an FBDD (Gergov and Meinel 1994), all of which
are strict supersets of structured d-DNNFs. The results for
d-DNNFs and FBDDs are interesting because the WMC it-
self can be computed in polynomial time for these repre-
sentations. Third, we present an application for the infer-
ence of Bayesian networks and show that the variance of the
marginal probability can be obtained in polynomial time for
a Bayesian network with a constant treewidth. We also em-
pirically demonstrate the tractability of the proposed algo-
rithm with real-world Bayesian networks and showcase an
example of uncertainty analysis on Bayesian networks with
variance computation. Particularly, we demonstrated that we
can find parameters of a Bayesian network whose variances
have greater impact on the variance of the marginal probabil-
ity, a useful result for the additional learning of parameters
that effectively reduce the uncertainty of the inference.

The URL of the full version of this paper is announced on
https://github.com/nttcslab/variance-wmec.

Related Work

Knowledge compilation is regarded as a key technique
for tackling computationally difficult propositional reason-
ing tasks. Thus, as well as the succinctness of represen-
tations, the tractability for various operations is the cen-
tral research subject. Knowledge compilation map (Dar-
wiche and Marquis 2002), which summarizes the succinct-
ness and tractability of various representations, have been
extended by subsequent studies. For example, the tractabil-
ity of standard operations has been studied for recently pro-
posed representations (Illner 2025; Onaka et al. 2025) and
the tractability of the generalization of WMC such as alge-
braic model counting (AMC) and two-level AMC (2AMC)
was recently investigated (Kiesel, Totis, and Kimmig 2022;
Wang et al. 2024). Our study broadens the application of
knowledge compilation by proposing a new query related
to probabilistic inference, which is a major application of
knowledge compilation, and investigating this query’s posi-
tion on the knowledge compilation map.

In probabilistic inference, it is crucial to deal with un-
certainty in parameters. A typical approach to incorporate
uncertainty is a fully Bayesian approach, where we regard
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every parameter as drawn from a distribution, as in the In-
troduction. However, to the best of our knowledge, no study
has considered the variance of the marginal in a Bayesian
network with this approach. Another line of research for in-
corporating uncertainty in Bayesian networks is credal net-
works (Cozman 2000), where imprecise probabilities are
modeled as sets of distributions called credal sets. Credal
networks enable robust inferences by computing the bounds
of the marginal probability when the parameters have fluctu-
ated within given bounds. However, marginal inference for
credal networks is NP-hard even for networks with constant
treewidth (De Campos and Cozman 2005). In contrast, our
approach can compute the variance of the marginal in poly-
nomial time for networks with constant treewidth.

WMC has also been applied to the reliability analy-
sis on communication networks where links are stochasti-
cally failed (Duenas-Osorio et al. 2017). For this purpose,
Boolean function f’, which indicates the connectivity in
sub-networks, is considered and the reliability equals the
WMC of f’ (Hardy, Lucet, and Limnios 2007). Nakamura
et al. (2022) proposed an algorithm that computes the vari-
ance of reliability in polynomial time in the size of the
OBDD (Bryant 1986) representing f’ when the existential
probability of each link in the network has variance. We ex-
tend their problem setting and algorithm to handle WMC'’s
variance computation of a general Boolean function. More-
over, we extended their algorithm to work on structured d-
DNNFs, a strict superset of OBDDs; here, our algorithm’s
key technical difference is its management of variable sets
and variable decompositions guided by a vtree, as described
later. As a byproduct, we can prove that the variance of net-
work reliability on networks with constant treewidth can be
computed in polynomial time. This theoretically improves
the previous result (Nakamura et al. 2022) stating that it can
be computed in polynomial time for networks with constant
pathwidth, since the treewidth subsumes the pathwidth but
not vice versa; details are in the full version.

There exist studies to represent a probability distribution
of a random variable X as a tractable circuit in a spirit
of knowledge compilation: probabilistic circuits (Choi, Ver-
gari, and Van den Broeck 2020) represent probability mass
functions, while probabilistic generating circuits (Zhang,
Juba, and Van den Broeck 2021) and characteristic cir-
cuits (Yu, Trapp, and Kersting 2023) represent probability
generating and characteristic functions. These circuits admit
polytime moment computation, including the variance, of
the random variable X under certain structural restrictions.
In contrast, our work regards the probability Pr(X = a) as
arandom variable and computes the variance of it, where X
is a random variable appearing in, e.g., Bayesian networks.
To derive the variance of the inference outcome, our work
is needed because we currently have no approach to com-
pute the variance of the probability value seen as a random
variable with probabilistic circuits.

Preliminaries
A Boolean function takes a set of Boolean variables each
valued true or false as an input and outputs either true or
false. An assignment a on variable set V is a mapping V —



{true, false}. Assignment a is called a model of Boolean
function f if f is evaluated to true under a.

A rooted directed acyclic graph is called a negation nor-
mal form (NNF) if the leaf nodes are labeled with true, false,
x, or —x, where x is a Boolean variable, and the internal
nodes are labeled with either A or V. The size of the NNF
is defined as the number of arcs. For node o of an NNF,
Boolean function f, represented by « is defined as follows.
For leaf node «, f, = «; true and false stand for identity
functions that always evaluate to true and false. For internal
node a, let aq, ..., ax be the child nodes of «. If v is a A-
node, f, = /\j fa;- If ais a V-node, f, = \/j fa,- The
Boolean function represented by an NNF is that represented
by its root node. We often abuse a symbol for NNF node o
to represent the whole NNF rooted at .

Next, we define several restrictions on NNFs, which in-
duce subsets of NNFs. For NNF node «, let Var(«) be the
set of Boolean variables that appear as the labels of the de-
scendant nodes of «, called the scope of a. In the following,
let a1, ..., oy be the child nodes of internal node .

Definition 1. An NNF is called decomposable if every N-
node « satisfies Var(c;) N Var(a;) = @ for any i # j. An
NNF is called deterministic if every VV-node « satisfies f,, A
fa; = false for any i # j. An NNF is called decision if
every V-node only appears in the form: (x A ) V (mz A B),
where x, ~x are leaf nodes.

A d-DNNF is a decomposable and deterministic NNF, and
FBDD is a decomposable and decision NNF with the fol-
lowing additional restriction; for every V-node, «, 8 in the
decision property must be either a leaf node or a V-node.
We also define structured decomposability as follows.

Definition 2. A vtree T on variable set V is a rooted binary
tree, where each leaf node is labeled with a Boolean variable
1n V and each internal node v has exactly two child nodes
vl,v". Here, any Boolean variable 2 € )} must appear as
a label exactly once. To distinguish them from NNF nodes,
we call the nodes of a vtree a vnode. The scope Var(v) of
vnode v is the set of the labels of the descendants of v. For
NNF node «, its decomposition vnode d(«) of vtree T is the
deepest vnode v in T satisfying Var(a)) C Var(v).

Definition 3. We say an NNF respects viree T if every A-
node o has exactly two child nodes o, a” and they satisfy
Var(a!) C Var(v!) and Var(a”) C Var(v") for some vn-
ode v of T. An NNF is called structured decomposable if it
respects some vtree.

A structured DNNF (st-DNNF) is a structured decompos-

able NNF. A structured d-DNNF (st-d-DNNF) is a struc-
tured decomposable and deterministic NNF.
Example 4. Let f = (ma AbA=-cAd)V (aANbDA=cAd)V
(a Ab A cA—d). Fig. 2(a) depicts an st-d-DNNF of f and
the respected vtree. Fig. 2(b) is a d-DNNF of f; however, it
is not structured decomposable because the left child of the
root decomposes the variables into {a,d} and {b, c} while
the right child decomposes them into {a, b} and {c, d}.

Here, we assume that, for any A-node « of an st-d-DNNF
with child nodes o!,a”, Var(a!) # @ and Var(a”) # 0.
We can easily transform an st-d-DNNF to satisfy the above
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Figure 2: (a) A vtree and an st-d-DNNF. (b) A d-DNNF that
is not structured decomposable.

assumption. If Var(a!) = 0, f. is either true or false.
When f,: = true, we can replace « with a”; i.e., we elim-
inate « and redirect the incoming arcs of o to a”. Oth-
erwise, we can replace a with false. We can perform the
same transformation when Var(a”) = (). Under this assump-
tion, the vnode v appeared in Definition 3 is determined as
v=d goz). This can be proved as follows. We have Var(«) =
Var(a') U Var( ") C Var( ) U Var(v") = Var(v). Also, we
have Var(a) ¢ Var(v followmg from Var( )\ Var(v!)
Var(a™) 7& 0. Slmllarly, Var(a) ¢ Var(v"). Therefore, v is
the deepest vnode such that Var( ) C Var( ).

Variance of Weighted Model Counting

We first define the WMC. We denote the set of models of
f on variable set VV by A}’. For each variable = in variable

set )V, we assign positive weight P, and negative weight N,.
Then we define the WMC W}) of f on variable set V by

Vo= wy HP HN

cAY
“= a(a)=

Note that the value of W}’ changes by modifying V. Thus,
when considering the WMC, we must care about the variable
set. If V is clear from the context, we omit the superscripts.

In existing studies, P, and N, are given as real values
without uncertainty. In this paper, for every variable z € V),
P, and N, are regarded as random variables with bounded
expectation and variance. Then, WMC W, defined by (1),
is also a random variable with bounded expectation and vari-
ance. This virtually considers the variance of the inference
outcome in the applications since the WMC value typically
equals the outcome, as described in Introduction.

We assume that (P,, N;) and (P, N,) are independent
for ¢ # y, while P, and N, for the same x are not nec-
essarily independent. Then the expectation E[W] is equiv-
alent to the ordinal WMC: E[W}; | = D ac AY E[WY]

ZaEA\f) H.’IJEV:(L(.’C):WML’ E[Pm] ’ HmEV:a(:c):false E[Nx] This

assumption is reasonable for some applications, and later we
slightly relax it for a specific application; see the Application
section. Now we formally define the variance computation
queries.

)

true a(m) false

Problem 5. We are given expectations jp,, (¢, and vari-
ances 0, , 0% of P, N, and covariance op, y, of P, and
N, for every x € V. We define variance computation query
VC as the computation of variance V[W}’ ] of WMC of input
Boolean function f. As a related one, we define covariance
computation query CVC as the computation of covariance
COV[W}) , W;/ ] of WMCs of input Boolean functions f, g.



We have Cov[Wy, W] = ZaeAf > vea, Cov[Wa, W],

each term of which can be computed in O(]V|) time. Thus, if
the models of Boolean functions are explicitly enumerated,
we can compute V[W¢] = Cov[Ws, Wy] in O(|V||Af]?)
time and Cov[Wy, W] in O(|V||A||A4]) time.
Example 6. Let f be the Boolean function in Example 4.
Let up, = pm pn, = 1 —p, 0p = o3, = o
and op,y, = —o? forany z € V = {a,b,c,d}. Then
Wy = NoP,N.Py + P,P,N.P; + P,P,P.Ng, and thus
E[W¢] = p? — p*. Similarly, V[W;] = (202 —2p% — 2u* +
44)0? + (1 —2p + 2p2 + 6pt)ot + (2 + 4u?)o® + o5,

However, since |Ay| and |.A, | are generally exponential in
[V|, this solution causes a prohibitively long running time.
Therefore, we consider how to solve these queries when
Boolean functions are represented as NNFs.

Tractability Results
The goal of this section is to prove the following theorem.

Theorem 7. When f,g are given as st-d-DNNFs «, 3 re-
specting the same viree, CVC can be solved in O(|a||8] +
|V|?) time. Thus, when f is given as an st-d-DNNF «, VC
can be solved in O(|a|? + |V|?) time.

We first introduce some fundamental formulas that are
frequently used. Given random variables A, B,C, XY,
suppose that (A, B) and (X,Y") are independent. Then,

Cov[A + B, C] = Cov[A, C] 4+ Cov[B, C], ()
Cov[AX, BY] = Cov[A, B]Cov[X,Y]
+Cov[4, BIE[X]E[Y] + E[4]E[B]Cov[X,Y]. (3)

Eq. (2) is a well-known formula derived from the linearity
of covariances. Eq. (3) is analogous to the formula for the
variance of the product of independent random variables; the
proof of (3) can be found in (Nakamura et al. 2022).

Using these formulas, we design an algorithm to com-
pute Cov[Wy, ,W;,] for given st-d-DNNFs «, (8 respect-
ing the same vtree. The proposed algorithm computes
Cov([Wy, , Wy,| by recursively decomposing it into the sums
and products of Cov[Wfa,,Wfﬁ,]s, where o/, 3" are the
child nodes of «, 8. To avoid redundant recursive calls, the
value of Cov[Wy_,, Wy, ] is cached once it is computed.
However, since WMC value W}’ is altered by changing vari-
able set V, we must track the variable set in decomposing
the covariance. We manage the variable set by fully using
the vtree. More specifically, let anc = LCA(d(a),d(53))
be the lowest common ancestor (LCA) of d(«) and d(5),
which is the deepest vnode v such that it is the ancestor
of both d(«) and d(3). Our algorithm recursively computes
Cov[WY , W} ], where V = Var(anc). In the following, for
convenience, we define d(true) = d(false) = L, which is an
imaginary vnode satisfying Var(L) = @, LCA(L, 1) = 1,
and LCA(v, L) = v for any other vnode v. In other words,
L is a vnode that is a descendant of any other vnodes.

Decomposition Lemmas

To derive the algorithm, we must determine how the co-
variance is decomposed into the covariances of child nodes.
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We derive decomposition formulas by conducting a compre-
hensive case analysis: (I) d(«) and d(/3) have no ancestor-
descendant relation, (II) d(«) is an ancestor of d(5) and «
is a V-node, and (IIT) d(«) is an ancestor of d(3) and « is
a A-node. Here, (II) and (IIT) allow d(«) = d(83). Note that
when d(/3) is an ancestor of d(«), we can swap « and 3 to
satisfy (II) or (IIT). In the following, we derive decomposi-
tion formulas for each case.

In case (I), i.e., both anc # d(«) and anc # d(8) hold,
the following decomposition holds by considering how f,
and fg can be represented on variable set Var(anc).

Lemma 8. In case (I), by letting V = Var(anc), Yl
Var(anc!), and V" := Var(anc”), we have

Cov[WY.,W})] = Cov[W} , Wi, Cov|

yr
true true’

o
szs ]
WY JEWYIEWY] @)

+ Cov[VV}i l,
1 l I8 T
+E[WY JE[W,, |Cov[Wy,., Wi ].
Proof. Since Var(a) € VL, V'U V" =V, and V' N V"
0, fo on variable set V can be represented as f, A true¥”,
where frueV’ is a true function on variable set V". Thus,
l r . . L r

we have I/Vlfa = lW}i Wiy Similarly, Wy = Wy, Wy
Since (W‘i ,W)Y,) and (WY, W}; ") are independent, the
lemma follows from (3). O]

In case (IT), we have the following decomposition.

Lemma 9. In case (Il), by letting V = Var(anc) and
a1, ... ,ax be the child nodes of a, we have

Cov[WY , WY ] = 3", Cov[W}, SWEL )

O

\/;?:1 fa;» we have W}i
Z?Zl W}ij . Eq. (5) follows by recursively applying (2).

Proof. By determinism of f,

In case (IIT), two child nodes o, a” satisfy Var(a!) C
Var(anc') and Var(a™) C Var(anc”) by structured decom-
posability. This leads to the following decomposition.

Lemma 10. In case (11l), suppose fz can be decomposed as
[ N f4, where Var(ff) C Var(anc') = V' and Var(ff) C
Var(anc”) =: V". Then, by letting V := Var(anc),

l l r r
Cov[W},,W}] = Cov[Wy W‘Z JCov[Wy ., Wiy
1 1 r r
+Cov[W}il,W‘2]E[W}iT]E[W}Z,] (6)
+EWY, ]E[W}Z]COV[WKT Y.

vV _wY wy Vv _wVYwYr
Proof. We have W = Wfaz Wy, and Wy = Wf[; ng ,
where (W}i LL,W}Z) and (W}’ :,W}?) are independent.
The lemma follows from (3). O

We can decompose fs5 = f5 A f5 for the following cases.
If anc # d(B), either Var(d(8)) C V' or Var(d(3)) C V"
holds. We can take (f3, f5) = (fs, true) for the former and
(f5, f5) = (true, fg) for the latter. If anc = d(3) and 8
is a A-node, child nodes 3', 3" satisfy Var(3') C V' and
Var(3") C V" by structured decomposability.



Procedure and Complexity

We can recursively decompose Cov[Wy, , Wy, ] into the co-
variances and expectations of the WMCs of child nodes with
Lemmas 8-10. The base cases of the recursion, e.g., the case
where both are literals with the same Boolean variable, can
be resolved using the input (co)variances 01237 , 0’12VT ,OP,N,
of weights. Also, we pre-compute E[W}_ | for every node
v in st-d-DNNFs «;, 3. Since this procedure is identical to
a standard one for computing WMC with st-d-DNNFs, the
details of computing expectations are in the full version.
Algorithm 1 is the proposed covariance computation algo-
rithm. This algorithm outputs a pair (anc, Cov[Wy , W}; s
where V = Var(anc). We cache the output for Cov|a, 4] in
c[a, B] once computed. e[y] stores a pair of v = d(v) and

E[W}Iﬁr(v)} As stated above, these can be pre-computed with

a standard WMC algorithm; we defer the details to the full
version. Lines 3 and 4 deal with the base cases and lines 5—
10 use Lemma 8. Lines 11-16 deal with the remaining base
cases involving literals. Lines 19 and 20 use Lemma 9 and
lines 21-31 use Lemma 10. To ensure that fz can be de-
composed into fj A f as in Lemma 10, o, 3 are swapped
in line 18, if needed.

We must care about the variable set during the compu-
tation. For this purpose, we implement two auxiliary func-
tions ADJEXP and ADJCOV. ADJEXP receives vnode w and
e[a/], where Var(d(a)) C Var(w), and returns E[ij(w)].
ADJCOV receives vnode w, the output of COV(a/, §'), e[d/],
and e[3'], where Var(LCA(d(a/),d(5"))) C Var( ), and re-

Var(w) WVdr(w)

turns Cov[W, ", Far ]. Using these functions, we ad-

just the variable sets. With a preprocessing taking O(|V|?)
time, these functions can be computed in constant time; see
the full version. The correctness of Algorithm 1, i.e., that
Cav(a, B) returns Cov[W} , W], follows from the fact

that cases (I), (I), and (III) are comprehensive and recur-
sive decomposition follows Lemmas 8—10 for each case. We
now move to the proof of Theorem 7.

Proof of Theorem 7. Preprocessing requires O(|V|?) time,
and computing expectations takes O(|a| + |3]) time. Com-
puting the LCA (line 2) needs O(1) time with a data struc-
ture that is built in O(|V|) time (Bender and Farach-Colton
2000). Thus, other than recursion, COV(c’, ') requires at
most O(kq kg/) time, where k., kg are the number of
child nodes of o/, 3’. Since the answer is cached in c[o/, ']
once COV(a/,f’) is computed, the overall complexity of
COV(a, B) is bounded by O(|«||5]). O

We finally give a brief note on the assumption that two st-
d-DNNFs share the same vtree in solving CVC query. Such
an assumption is also imposed on some queries that take
multiple st-d-DNNFs as an input (Pipatsrisawat and Dar-
wiche 2008); e.g., sentential entailment and bounded con-
junction defined in (Darwiche and Marquis 2002). Although
we do not prove the tractability of CVC for the case where
two st-d-DNNFs do not respect the same vtree, we believe
it is intractable because st-d-DNNFs do not admit polytime
sentential entailment unless P=NP when they do not share

Algorithm 1: COV(«, 3): computing Cov[W;_ , Wy, ]
Input : Two st-d-DNNFs «, 3 respecting the same vtree
Output : Pair of anc = LCA(d(«), d(8)) and

Cov[WY,, W};] (V = Var(anc))
if c[a, 8] # null then return c[o, 3] // Cache for COV(«, [3)
anc + LCA(d(a),d(B))
if o = false or B = false then return (anc, 0)
if & = true and 8 = true then return (_L, 0)
if anc # d(«a) and anc # d() then // Let Var(a) C Var(anc')
and Var(3) C Var(anc”)
el < ADJEXP(anc',e[a]) - ADJEXP(anc', e[true])
er « ADJEXP(anc”, e[true]) - ADJEXP(anc”, e[])
cl < ADJCOV(anc, COV(a, true), elal, e[true])
cr < ADJCOV(anc”, COV(true, ), e[true], e[3])
10 | r<cl-cr+cl-er+el-cr
u else if o, 8 are both leaf nodes then
v | if (o, B) = (true, ), (z,true) thenr < 0%+ op, N,
13 | elseif (o, 8) = (true, x), (—z, true) then r < o3, +0p, N,
14 | elseif o :ﬂ:xthenreaiz
15 | elseif a = 8 = -z thenr « 012\,%
16 | elser < op, N, /(a,B) =
17 else
18 | Swap a, B if (i) anc = d(B) # d(«) or (ii) d(c)
only /3 is a V-node
19 | if o is a V-node then /a1, ..., «ap: the child nodes of o
w | | T X%, ADICOV(anc, COV(as, B), e[ai], e[B]) // Eq. (5)
21 | else // ais a N\-node
2 a',a” <« (child nodes of ) s.t. Var(a') C Var(anc') and
Var(a™) C Var(anc”)
23 if Var(d()) C Var(anc') then ' «+ 3, B + true
24 else if Var(d(3)) C Var(anc”) then 8' < true, 8" <+

NOR W N =

e ® 9

// Eq. (4)

(z,—x), (—x,x)
=d(B) and

25 else //d(a) = d(B); thus B is a A-node due to line 18
26 B, " < (child nodes of 3) s.t. Var(8') C Var(anc')
and Var(g") C Var(ancT)

27 el « ADJEXP(anc',e[a!]) - ADJEXP(anc!, e[5'])
28 er < ADJEXP(anc’, ea T]) ADJEXP(anc”,e[8"])
29 cl < ADJcov(anc', cov(at, 8Y), e[a], e[m)

30 cr < ADJCOV(anc”,COV(a™, B7),ela"],e[8"])

31 r<cl-cr+cl-er+el-cr
32 return cla, 8] < (anc, )

// Eq. (6)

the vtree. Note that, for VC, such an assumption is not im-
posed because we have a single input st-d-DNNF for VC.

Intractability Results
The goal of this section is to prove the following result.

Theorem 11. When f, g are given as st-DNNFs, d-DNNFs,
or FBDDs, CVC is intractable, i.e., it cannot be solved in
polynomial time unless P=NP. When f is given as an st-
DNNEF, a d-DNNF, or an FBDD, VC is intractable.

We prove this by first introducing some queries from the
knowledge compilation map (Darwiche and Marquis 2002).

Problem 12. Given Boolean function f, model counting
query CT computes the number of models of f, i.e., |A};|

Given Boolean functions f, g, sentential entailment query
SE asks whether f | g, i.e., A}j - AZ.



We now show a polynomial time reduction from the CT
and SE queries to the VC and CVC queries. It is known
that CT is intractable when f is given as an st-DNNF (Pi-
patsrisawat and Darwiche 2008). It is also known that SE
is intractable when f,g are given as d-DNNFs or FB-
DDs (Darwiche and Marquis 2002). Thus, the existence of
the above reduction indicates the intractability of VC and
CVC queries with such representations.

Let n := |V|. The key lemmas are as follows.

Lemma 13. Let up, = pun, = 1, 0% = O'JZVI = 3, and

op,N, = —1 for every variable x € V. Then, for any as-
signment a of V, VIW,] = 4™ — 1. In addition, for any
assignments a,b (a # b) of V, Cov[W,, W] = —1.

Proof. We can decompose W) = QgW;} Mo where Qe
P, if a(z) = true or Q% = N, otherwise. Similar decom-
position can be derived for le . Thus, by (3),

Cov[WY W) =
(Cov[Q%, Q] + E[QUE[QL]) Cov[wy Mt M wh
+ Cov[QC, QUIE[W X\ HEWY ). o

Here, E[Q2] = E[Q2] = EWJ )] = M) = 1
because pp, = pn, = 1 forany x € V. Whena = b, (7)
becomes V[IWY] = 4V[Wy ™3] + 3 because V[Q?] = 3

regardless of whether Q)% equals P, or N,. By applying this
formula recursively for every Boolean variable x, we have
VWY =3(1+4+---+4""1) =47 — 1. When a # b, by
letting « be a Boolean variable satisfying a(z) # b(x), we
have Cov[Q%, Q%] = Cov[P,, N,] = —1. By substituting
Cov]Q2, Q] in (7), Cov[WY , W)] = —1. O

Lemma 14. Let f,g be Boolean functions on variable
set V. Then, under identical settings of expectations and
(cojvariances as Lemma 13, |AY| = [VIW}]/(4" — 1)]

and | A%, | = [Cov[WY, W)]/(4" = 1)].
Proof. By recursively applying (2), we have
Cov[W} Wyl =Y ueay ey CovlWy, W]
= ZaeA\;mAg V(W]
+ 2 (a,b)e AV x AV atd Cov[Wy, Wy,

The first term is (4" — 1)\A¥Ag\ and the second term is
—{(a,b) € AY x AY | a # b}| by Lemma 13. The lat-
ter can be lower bounded by —|{(a,b) € AY,, x AV, | a #
b} =—2"(2" —1) = —(4" — 2") > —(4" — 1). Thus, we
have

(4" =1)(|AY pg| =1) < Cov[W} , W] < (4" —1)|AY
indicating |A3{Ag\ = [COV[W}j, WY]/(4™ —1)]. By setting
g = f,wehave |A}| = [V[W})]/(4" = 1)]. O

Lemma 14 indicates the reductions from CT to VC and
from SE to CVC. Given Boolean function f, we can answer
CT by computing V[W/] under the settings of Lemma 13.
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Query st-d-DNNF  st-DNNF d-DNNF FBDD
VC (Thm.7) o(Thm.11) o (Thm.11) o (Thm. 11)
CVC v* (Thm.7) o(Thm.11) o (Thm. 11) o (Thm. 11)
CT v o v v

SE Ve o o o

* Assuming that two st-d-DNNFs respect the same vtree.

Table 1: Tractability of queries. v~ indicates that this query
can be answered in polynomial time in the sizes of NNFs,
and o indicates that it cannot be answered in polynomial
time unless P=NP.

Given Boolean functions f, g, we can answer SE as follows.
We compute V[IW] and Cov[W, W,] under the settings of
Lemma 13 and obtain [A¥| and |.AY, | by Lemma 14. Then
[ | g if and only if |A}| = |A¥, | Combined with the
intractability results of CT and SE, the intractability of VC
for st-DNNFs and that of CVC for d-DNNFs and FBDDs
follow. Note that CVC is also intractable for st-DNNFs since
VC can be reduced to CVC with g = f.

The remaining is to show the intractability of VC for d-
DNNFs and FBDDs. We use the following lemma.

Lemma 15. Let f, g be Boolean functions on variable set
V, z ¢ V be a Boolean variable, and h = (z A\ f)V (mz A g).
We set up, = pun, = 1 and 01232 = 012\,2 = —0Op,N, =
3, and N, and P, (x € V) have identical settings as
Lemma 13. Then, Cov[WY , W)| = VIWY] + V[W)] —

VWY /a4 3EWY] - EWY))? /4.

Proof. Since W:U{Z} = P.Wy + N.W/, V[W:U{Z}] =
V[PZW}’] +V[NZWgV] +2Cov[P, WY, NZWgV] by (2). We
have V[PZW}’] = 4V[W}’] + 3(E[W}’])2, V[NZW;’] =
AVIWY] + BEWY]% and Cov[P.WY,N.W/|

—2Cov[WfV7 W;’] — 3E[W}’]E[WQV] by using (3). Substi-
tuting each term leads to the equation in Lemma 15. O

Lemma 15 demonstrates that we can obtain Cov[W ¢, W]
by computing the variances of Wy,W,, and W}, and the ex-
pectations of Wy and W,. If f, g are given as FBDDs, we
can easily construct the FBDD of h by simply adding deci-
sion node V at the root: (z A f) V (=2 A g), which does
not break the restrictions of FBDDs. This construction is
also valid for d-DNNFs when f, g are given as d-DNNFs,
Thus, CVC can be answered by solving VC when f, g are
given as d-DNNFs or FBDDs; they also admit the expecta-
tion computation because it amounts to ordinal WMC. This
indicates the intractability of VC for d-DNNFs and FBDDs,
proving Theorem 11. Table 1 summarizes the tractability of
the queries.

Application for Bayesian Networks

We introduce an application that considers the uncertainty in
the inference of Bayesian networks. A discrete Bayesian net-
work represents a joint distribution over categorical random
variables X = {X;,...,X,}, where the range of X; is



{zi1,..., Tk, }. Each random variable X; has parents ; C
X, and the dependence structure is assumed to be acyclic.
The joint probability that X; takes value z; fori =1,....n
is described as Pr(z1,...,x,) = [, Pr(z;|u;), where
u; = {u;1,...,uy, } is the set of values of parent variables
U;. A marginal inference for a Bayesian network is to com-
pute the marginal probability of partial assignments that are
the values of some random variables.

In an ordinal setting, every conditional distribution is
characterized by a set of fixed parameters. More specifi-
cally, distribution Pr(z;|u;) for given parent values u; is a
Bernoulli (for a binary-valued X;) or a categorical (for a
general X;) distribution with fixed parameters. Since these
parameters are often learned from data, they may have un-
certainty. As explained in the Introduction, a Bayesian sta-
tistical approach to model the uncertainty is to introduce dis-
tributions, e.g., beta or Dirichlet distributions, for the param-
eters and regard the marginal probability as a random vari-
able. With our method, we can compute the variance of the
marginal probability. Our main result here is as follows.

Theorem 16. Given a Bayesian network with a constant
treewidth, we can compute the variance of a marginal prob-
ability in polynomial time.

This theorem can be proved by using the existing WMC
encoding of Bayesian networks (Chavira and Darwiche
2008) and then compute the marginal probability’s variance
by our proposed algorithm. Since the method for the general
case is complicated, as it requires the slight relaxation of the
independence assumption, we defer the details of the general
method and the proof of Theorem 16 to the full version. In-
stead, we here explain a simpler method for the case where
every random variable is binary-valued, i.e., k; = 2 for every
X;. We use the encoding of Sang, Bearne, and Kautz (2005),
referred to as ENC2 by Chavira and Darwiche (2008).

Before incorporating uncertainty, we explain the method
for ordinal marginal inference. For every random variable

X, we prepare indicator variables Ay, , Ag,n; Ag,; = frue
when X; = x;;. We set the following clauses:
Az V Aziyy Ay V DA, (®)

We also prepare parameter variable p,, |, for every pattern
on parent values u; and set the following clauses:

A A
Ausy Ao

A )\uili A Pziilu; = )‘11‘,17

9
AN, ©)

/\_‘pmil‘ui = )‘11‘2’

In addition, we set P, = 1 — N, = Pr(z;1|u;) for every
P = Pz, |u,- Let f be a Boolean function that is a con-
junction of all the clauses in (8) and (9). Then the marginal
probability given partial assignment x can be obtained in
two ways: (i) To prepare Boolean function g, which is a
conjunction of indicator variables corresponding to x, and
compute the WMC of f A gx with Py = N, = 1 for every
A = Ayj. (i) To set Py = 0 for A = A;,; such that x contains
x5 (§ # 7), set all the other weights of the indicator vari-
ables to 1, and then compute the WMC of f. For example,
when x = {x11, 32}, method (i) prepares gx = Az,; AA
while method (ii) sets Py = 0 for A = A

xr32°

129 M L31°
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To incorporate uncertainty, we regard P, and N, as ran-
dom variables. Expectations up,, ptn, are set to the origi-
nal weight values. Since the weights of indicator variables

A = Ay, are determined regardless of the probability val-
ues, we set 0'123>\ = UJQ\,A = op,N, = 0. For parame-

. o . . 2
ter variables p = Pxiylu;>» WE consider variance O s of

probability parameter Pr(z;1|u;). Since P, + N, = 1, we
set U%,p = a?\,p —op,N, = Uiillui' By computing
the variance of the WMC under this setting, we can com-
pute the variance of the marginal. Note that we here assume
that each parameter is independent of the others because
(Py, N;) and (Py, Ny) (x # y) are independent, which is
justified by the widely-adopted parameter independence as-
sumption (Spiegelhalter and Lauritzen 1990) when parame-
ters are learned from data; see also (Heckerman 2008). In the
following experiments, we empirically validate the tractabil-
ity of the proposed algorithm and showcase the usage of
variance computation with this encoding.

We finally mention that the variance of the conditional
probability of a Bayesian network can be approximately
obtained by using the CVC query. The conditional proba-
bility of x given condition ¢ equals Wy, /W, with A’ =
fANge Nge and h = f A gc using method (i), i.e.,
to prepare Boolean function gy. Although we cannot pre-
cisely determine V[Wj,/W},], by Taylor expansion (van
Kempen and van Vliet 2000) we have V[Wp /W]

VWi | [{E[Wa]}* — 2Cov[Wiy, Wi E[Wi ]/ {E[WA]}® +

VWL H{E[W ]} /H{EW,]}.

~
~

Experiments

In our experiment, we first confirmed the practical tractabil-
ity of the proposed algorithm for st-d-DNNFs with an ap-
plication for computing the variance of the marginal of
Bayesian networks. We used Bayesian networks from bn-
Rep (Leonelli 2025), which collects networks from recent
academic literature in various areas. We retrieved all 70 bi-
nary Bayesian networks from bnRep. The number of ran-
dom variables ranges from 3 to 122. We derived the CNF of
f with ENC2 by Ace v3.0 (http://reasoning.cs.ucla.edu/ace/)
and compiled every CNF into a SDD, which is a subset of
an st-d-DNNF, by the SDD package (Choi and Darwiche
2013). Given p = Pr(z;1|u;) in the data, we set o2 i lus

p(1 — p)/0, which virtually considered Pr(z;1|u;) follows
Beta((60 — 1)p, (6 — 1)(1 — p)). We set 6 = 10; note that the
value of 6 does not affect the computatlonal time. For pa-
rameters where p = 0 or 1, we set % Jug = = 0 because

Pr(z;1|u;) should take a value within [O 1], and thus the
variance must be 0 when the expectation is 0 or 1. We chose
one random variable from a Bayesian network as a partial
assignment and computed the variance of the marginal by
method (ii). Note that the choices of the partial assignment
and the expectations and (co)variances of weights do not af-
fect the computational time since the size of the SDD rep-
resenting f remains unchanged. The proposed method was
implemented in C++ and compiled with g++-11.4.0. All ex-
periments were performed on a single thread of a Linux
server with AMD EPYC 7763 CPU and 2048 GB RAM,;



Name #rv |SDD| Compile (s) Variance (s)
projectmanagement 26 3888 0.500 0.025
GDIpathway?2 28 2755 0.784 0.021
grounding 36 3397 2.387 0.017
engines 12 1804 0.240 0.011
windturbine 122 2043 1.380 0.009

Table 2: Top-5 (out of 70) time-consuming networks. “#rv”’
is the number of random variables. “|SDD|” is the size of
compiled SDD. “Compile” and “Variance” indicate the time
required to compile SDD and compute variance.

Parameter Variance
DO|pH,, Teo 0.002887
Chl_a|Cy,DOg, No, Te; 0.003532
Te|Po 0.003554
pH|Teo 0.003592
Chl.a|Cy,DO1, Ny, Teo 0.003674
(none) 0.003904

Table 3: Variance of Pr(Chl.a =
0) when one parameter’s vari-
ance is reduced to one-tenth.
Top-5 parameters in ascending
order of variance was exhibited.

Figure 3: The “algalac-
tivity2” network.

note that we used less than 4 GB of memory during the ex-
periments. We reported the average consumed time for SDD
compilation and variance computation over 10 runs for each
network.

As a result, after the SDD was compiled, the variance
computation only took 0.025 sec at maximum, recorded for
“projectmanagement” network whose SDD size was 3,888.
Even if the SDD compilation is added to the computational
time, it took only 10 sec to process the most time-consuming
“propellant” network. Table 2 shows the top-5 networks in
descending order of the variance computation times. This in-
dicates the practical tractability of the proposed algorithm.
More detailed results can be found in the full version.

Next, we showcased the usage of variance computations
with the “algalactivity2” network from bnRep (Fig. 3). Each
random variable in Fig. 3 is valued either 0 or 1. With the
same setting as the above experiment, the mean and vari-
ance of Pr(Chl_a=0) are computed as 0.5281 and 0.003904.
Since the standard deviation is 0.06248, the variance will
affect the decision-making that depends on, e.g., whether
Pr(Chl.a = 0) < 0.55. To conduct more robust decision-
making, we want to reduce the variance of the marginal.
One approach is to decrease the variance of the parameters
by collecting more observations (data). However, since it is
costly to collect observations corresponding to all the pa-
rameters, we want to find parameters that are effective for
reducing the variance of the marginal. Thus, we addition-
ally demonstrated how much the variance of this marginal
is decreased by reducing the variance of one parameter to
one-tenth. We conducted the above demonstration for each
of the 43 parameters in the network. Table 3 shows the top-5

19319

parameters in the reduction of the variance of Pr(Chl_a=0).
In other words, it shows the top-5 parameters having greater
impact on the variance of the marginal. Here, RV ; stands for
RV = j; e.g., DO|pH,,, Te denotes parameter Pr(DO|pH =
0, Te=0). It is notable that, among the 43 parameters, those
having greater impact on the variance of Pr(Chl.a = 0) are
not only the conditional probabilities of Chl_a but also those
of the other random variables. We realized that reducing the
variance of the parameters in Table 3 efficiently decreased
the variance of the marginal. These results suggest us that
we cannot reveal what parameters have greater impact on
the variance of the inference result without actually com-
puting the variance. We give more examples of the variance
computation in the full version.

Conclusion

We defined a query for computing the WMC’s variance.
We proved that this query is tractable for st-d-DNNFs
and intractable for st-DNNFs, d-DNNFs, and FBDDs; the
tractability was shown by presenting an algorithm to solve
the query. We also showed an application for quantifying the
uncertainty in the inference on Bayesian networks. Future
directions include the computation of more involved WMC
statistics, such as higher-order moments. We should also in-
vestigate the tractability of VC and CVC queries for emerg-
ing classes of representations, such as and-sum circuits (On-
aka et al. 2025).
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