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Abstract

The Weighted First-Order Model Counting Problem
(WFOMC) asks to compute the weighted sum of models
of a given first-order logic sentence over a given domain.
Conditioning WFOMC on evidence—fixing the truth values
of a set of ground literals—has been shown impossible
in time polynomial in the domain size (unless #P C FP)
even for fragments of logic that are otherwise tractable for
WFOMC without evidence. In this work, we address the
barrier by restricting the binary evidence to the case where
the underlying Gaifman graph has bounded treewidth. We
present a polynomial-time algorithm in the domain size for
computing WFOMC for the two-variable fragments FO?
and C? conditioned on such binary evidence. Furthermore,
we show the applicability of our algorithm in combinatorial
problems by solving the stable seating arrangement problem
on bounded-treewidth graphs of bounded degree, which was
an open problem. We also conducted experiments to show
the scalability of our algorithm compared to the existing
model counting solvers.

Code —
https://github.com/kulavacl/WFOMC---binary-evidence

1 Introduction

The Weighted First-Order Model Counting Problem
(WFOMC) asks to compute the weighted sum of models for
a given first-order logic sentence over a specified domain,
alongside a pair of weighting functions that assign a weight
to each model of the sentence. WFOMC serves as a fun-
damental problem in Statistical Relational Learning (Getoor
and Taskar 2007) where applications such as Markov Logic
Networks (Van den Broeck 2011), parfactor graphs (Poole
2003), probabilistic logic programs (Van den Broeck, Meert,
and Darwiche 2014) and probabilistic databases (Van den
Broeck 2013) can be reduced to WFOMC. Recent work also
reveals the potential of WFOMC to contribute to enumera-
tive combinatorics by providing a general framework for en-
coding counting problems (Malhotra, Bizzaro, and Serafini
2025), integer sequences (Svatos et al. 2023), and computing
graph polynomials on specific graphs (Kuang et al. 2024).
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In WFOMC we usually measure the time complexity in
terms of the domain size. The fragments enjoying polyno-
mial time complexity in the domain size are called domain-
liftable (Van den Broeck 2011). Previous results have shown
that the two-variable fragment (FO?) possibly with count-
ing quantifiers (C?) and cardinality constraints is domain-
liftable (Van den Broeck 2011; Van den Broeck, Meert, and
Darwiche 2014; Kuzelka 2021).

We consider the task of computing WFOMC for FO? and
C? with evidence, the interpretation of certain predicates.
For example, consider the sentence

U =VaVy: B(e,y) > (<I(@)V-I(y) (D)

over the domain A {1,2,3,4}. An evidence can
be the specification that E(1,2), E(1,3), E(2,3), E(1,4)
and their reverse atoms are true and other atoms of E
are false. In this case, each model is an assignment of
I(1),---,I(4) satisfying ¥, which represents an indepen-
dent set of the graph with vertices {1, 2, 3,4} and undirected
edges (1,2),(1,3),(2,3),(1,4). The WFOMC of ¥ with
the above evidence over A with unit weight for each model
equals to the number of independent sets on the graph.

It has been shown that FO? and C? remain domain-liftable
when conditioned on unary evidence (i.e., interpretation of
unary predicates) (Van den Broeck and Davis 2012; Wang
et al. 2024). In the contrary, conditioning on binary evi-
dence (i.e., interpretation of binary predicates) is #P-hard,
even for the universally quantified FO? sentences (Van den
Broeck and Davis 2012). An intuition of this phenomenon
is that the binary evidence breaks the symmetry of domain
elements. Without binary evidence, domain elements can be
partitioned into a fixed number of classes, where elements
within the same class are indistinguishable. For example,
for the sentence in Eq. (1) conjuncted with Va : —E(z, z),
elements can be classified based on whether I(z) holds.
This symmetry is crucial for current algorithms comput-
ing WFOMC of domain-liftable fragments. Unary evidence
does not break the symmetry of elements, as they can be
eliminated using the technique proposed by Wang et al.
(2024, Appendix A), allowing WFOMC to be computed on
a first-order sentence without unary evidence.

Little progress has been made to deal with the binary ev-
idence. Van den Broeck and Darwiche (2013) showed that



if the binary evidence can be represented by a binary matrix
with low boolean rank, then a boolean matrix factorization
(Miettinen 2009) transfers the binary evidence to unary evi-
dence. However, as stated by the authors, real-world binary
matrices are likely to have large boolean rank, thus the use
of this approach is limited in reality.

1.1 Our Contributions

We propose an algorithm to compute WFOMC for an FO? or
C? sentence with cardinality constraints, unary evidence and
binary evidence whose Gaifman graph, the undirected graph
with vertices corresponding to domain elements in which
two vertices a and b are connected if and only if there is a
binary predicate P such that the truth value of P(a,b) or
P(b,a) is specified in the binary evidence, is of bounded
treewidth. The algorithm runs in time polynomial in the do-
main size. This offers a new approach to overcome the sym-
metry limitation in lifted inference, and expands the expres-
sive power and applicability of WFOMC. The key idea of
our algorithm is the dynamic programming for computing
WFOMC for the universally quantified FO? sentence with
evidence on the tree decomposition of the underlying Gaif-
man graph. Existing techniques help to extend the result to
FO? and C? with cardinality constraints.

Experiments are conducted to test the performance of
our algorithm compared to two existing model counters on
two problems, the friends and smokers problem and the in-
ference on Watts-Strogatz graphs. Results indicate the effi-
ciency and scalability of our algorithm.

Finally, our approach applies to combinatorial problems
on bounded treewidth graphs by solving an open problem
(Berriaud, Constantinescu, and Wattenhofer 2023): the sta-
ble seating arrangement problem of fixed number of classes
on graphs of bounded treewidth and bounded degree. We
show that counting the number of stable seating arrange-
ments in such case is in time polynomial in the number of
agents.

Remark 1.1. A similar result is Courcelle’s theorem (Cour-
celle 1990) which states that the model checking problem of
monadic second order logic on a bounded treewidth graph
is in polynomial time. We remark that our result and Cour-
celle’s theorem are incomparable. First, as Courcelle’s the-
orem works with monadic second order logic of graphs, it
is required that the interpretation to all but unary predicates
should be given. In contrast, we allow binary predicates to
remain uninterpreted. Second, our result is restricted to the
two-variable fragment, which is a necessary consequence of
the negative result showing intractability of WFOMC for
FO? (Beame et al. 2015), while Courcelle’s theorem can in-
volve arbitrary number of variables because it works in a
different setting.

2 Preliminaries
2.1 First-Order Logic

We work with the function-free fragments of first-order logic
(FOL). Let P be the vocabulary of predicates (also called
relations). An atom has the form P(t1,to,--- ,t;) where
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P € P is a predicate and ¢; is a logical variable or a con-
stant. A literal is an atom or its negation. A formula is a lit-
eral, or created by connecting formulas using negation, con-
junction or disjunction, or by quantifying a formula using a
universal quantifier Vo or an existential quantifier 3z where
x is a logical variable. A ground formula is a formula con-
taining no variables. A variable in a formula is called free if
there is no quantification over that variable. A sentence is a
formula with no free variables.

A possible world w interprets each relation in a sentence
over a finite domain, represented by a set of ground literals.
We write w |= « to denote that the formula « is true in w
following the standard FOL semantics. The possible world
w is a model of a sentence ¥ if w = ¥. We denote the set of
all models of a sentence ¥ over the domain A by Mg A.

In this paper, we are specially interested in the following
syntactic fragments of FOL. A sentence with at most two
logical variables is called an FO? sentence. An FO? sen-
tence with only universal quantifiers is called a UFO? sen-
tence. An FO? sentence with counting quantifiers 3—p, J<k
and 3>, is called a C? sentence, restricting that the num-
ber of assignments of the quantified variable satisfying the
subsequent formula is exactly &, at most & or at least &, re-
spectively. A sentence can be possibly augmented with car-
dinality constraints, which are expressions of the form of
|P| > k where P is a predicate and 1 is a comparison
operator {<,<,=,>,>}. We view cardinality constraints
as atomic formulas that are satisfied if the number of true
ground atoms of P in a possible world meets the constraint.

2.2 Weighted First-Order Model Counting

The weighted first-order model counting (WFOMC) prob-
lem takes the input consisting of a first-order sentence W, a
domain A of size n, and a pair of weighting functions (w, W)
that both map P to real weights. Given a set L of literals
whose relations are in W, the weight of L is defined as

H w(pred (1)) - H w(pred (1))

leLr lELR

W (L,w,w)

where L7 (resp. L) denotes the set of positive (resp. neg-
ative) literals in L, and pred () maps a literal [ to its cor-
responding relation name. We omit the symbols w,w and
write W (L) in short when the weighting functions are clear
in the text.

Example 2.1. Let P = {R,S}. Consider the weighting
functions w(R) = 2, w(S) = 3, w(R) = w(S) = 1.
The weight of the literal set
L= {R(l)a _'R(2)a 5(17 1)7 _‘S(]-? 2)7 S(Qa 1)> S(Qv 2)}
is )
w(R) - (w(9)) - W(R) - wW(S) = 54.

Definition 2.1 (Weighted First Order Model Counting). The
WFOMC of a first-order sentence ¥ over a finite domain A
under weighting functions w, w is

Z W (p,w,w)

HEMy A

WFOMC(T, A, w, W)



We remark that as the weighting functions are defined in
terms of relations, all positive ground literals of the same re-
lation get the same weights, and so do all negative ground
literals of the same relation, i.e., the weights are symmet-
ric w.r.t. domain elements. The symmetries of weights are
crucial for efficient model counting as we shown later. For
asymmetric WFOMC where each ground literal can have
its own weight, we refer the reader to Beame et al. (2015),
where it was shown that asymmetric WFOMC is #P-hard
even for UFO? sentences.

Example 2.2. Consider the sentence ¥ = VaVy : R(z) V
S(z,y) and the weighting functions in Example 2.1 over the
domain A = {1,2,--- ;n}. Then

WFOMC (¥, A, w, @) = (22" +3™)".

In fact, for each domain element ¢ € A, either R(¢) is true
S(4, 7) is not limited for any j € A which contributes weight
2 (34 1)", or R(3) is false and S(3, ) is true for all j €
A which contributes weight 3". Multiplying the contributed
weight of each element, we get the above value.

2.3 1-Types and 2-Tables

We will need the following notions to describe the algo-
rithms.

A set of literals is maximally consistent if it does not con-
tain both an atom and its negation at the same time, and can-
not be extended to a larger consistent set.

Definition 2.2 (1-Type). A 1-type of a first-order sentence
W is a maximally consistent set of literals formed from pred-
icates in U where each literal contains a single variable z.

Definition 2.3 (2-Table). A 2-table of a first-order sentence
W is a maximally consistent set of literals formed from pred-
icates in U where each literal uses both the variables x, y.

We alternatively write a 1-type (and a 2-table) as a con-
junction of literals that it contains. For example, ¥ =
VaVy : S(z,y) V R(y) has four 1-types: S(x,x) A R( ),
S(x,x) A—R(x), ~S(x,z) A R(x) and =S (z, ) A ~R(x),
and four 2-tables: S(z,y) A S(y,z), S(z,y) A —|S(y, )
=S(x,y) A S(y,x) and =S (z,y) A =S(y, x). Intuitively, a
1-type interprets unary and reflexive binary relations for a
single domain element, and a 2-table interprets binary rela-
tions for a pair of distinct domain elements.
Definition 2.4 (1-Type Configuration). Let C =
{C1,Cs,--- ,C,} be the set of possible I-types of a
sentence W.! A 1-type configuration w.rt. W is a vector
¢(A) = (1,0 ,Cp) indicating the number of elements
partitioned to each I-type over the domain A.

We often omit A for simplicity if it is clear in the context.

2.4 Data Complexity of WFOMC

We consider the data complexity, which measures the run-
time of WFOMC in terms of the size of the domain, regard-
ing the sentence and the weighting functions as fixed. The

"'We call a 1-type possible in W if it can be instantiated in some
model of W, which was also called valid in literatures (van Bremen
and Kuzelka 2021; T6th and Kuzelka 2024).
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fragments whose WFOMC have polynomial time data com-
plexity are called domain-liftable.

The fragment UFO? was shown to be domain-liftable by
Van den Broeck (2011) and Beame et al. (2015). We briefly
introduce the latter algorithm whose notations will be used
in the rest of the paper.

Consider WFOMC(¥, A, w,w) for a UFO? sentence
in the prenex normal form ¥ VaVy (x,y) where
¥ (z,v) is a quantifier-free FO? sentence. Suppose that A =
{1,2,--+ ,n}. Let Yref(x,y) = ¥(x,y) A (y,z). Then ¥
can be expanded as conjunction of ground formulae over A:

(Ares)

)\ w(i,i

Let C = {C1,Cs,--- ,C,} be the set of possible 1-types
of W. Suppose that the 1-type of element ¢ is determined
as 7; (7, € (). After substituting unary and reflexive bi-
nary literals in (4, j) with true or false according to 7;
and 7;, the formula for a pair of elements (i, j) does not
have common ground literals with any other pair, hence the
2-tables between each pair of elements can be selected in-
dependently. Let D be the set of 2-tables of ¥, and define
D,y = {m € D : s(a) ANt(b) Am(a,b) = Yrs(a,b)} for
each s,t € C'. The WFOMC can be computed as:

2. IIwe 11

Th€C 1€EA 1,JEAL]

Tst = Z W(ﬂ—)

€D ¢

/\ ’(/}ref(iaj)

i,jEA<]

2)

rTi,‘f'j7

3)

.....

where

“4)

Furthermore, from Eq. (3) we know that the computation
of WFOMC(¥, A, w,w) only depends on the numbers of
elements assigned to each 1-type. Therefore, we compute
Eq. (3) in time polynomial in 7 by enumerating the 1-type
configuration instead of the 1-types for each element:

n!
> (ot

Gte+lp=n

) H (ri’j)CiCy‘
1<i<j<p
Recently, Téth and Kuzelka (2023) proposed a dynamic pro-
gramming version of this approach, which partially inspires
our dynamic programming algorithm.

WFOMC (T, A, w, @) =
(5

P

LW (@) raa)t

i=1

Ci
2

2.5 Evidence

In real-world applications, we often care about WFOMC
conditioned on some set of ground literals, called evidence.
Evidence can be in either the open-world or the closed-
world form.

Definition 2.5 (Open-World Evidence). The open-world ev-
idence is a consistent set of ground literals £, where the truth
of each ground atom is restricted by its positivity or negativ-
ity in €. Ground atoms not in £ are considered unknown
(i.e., the truth is not restricted).



Definition 2.6 (Closed-World Evidence). The closed-world
evidence of a set of predicates P' C P is a set of ground
atoms & formed from P’. Ground atoms of the predicates in
P’ appearing in € are supposed to be true, while those not
appearing in £ are supposed to be false.

Remark 2.1. The closed-world notion differs from the
closed-world assumption in probabilistic databases (Suciu
2018), where all ground atoms not appearing in the database
are assumed to be false. In our case, only the ground atoms
of the predicates in the evidence are assumed to be false,
while those of other predicates are not restricted.

The two forms of the evidence can be transformed
to each other. Transforming the closed-world representa-
tion to the open-world representation is straightforward
by adding the default negative ground literals to the ev-
idence set. For instance, the closed-world evidence £ =
{R(1,2),R(2,2)} of the predicate set P’ = {R} over
the domain A {1,2} corresponds to the open-world
evidence &' = {-R(1,1), R(1,2),—~R(2,1), R(2,2)}. On
the other hand, for example, consider the open-world ev-
idence & {R(1,2),R(2,3),—~R(3,4)}. To transform
£ to the closed-world form, we introduce two fresh bi-
nary predicates R' and R, add the sentence VaVy :
(R"(z,y) — R(z,y) A (R (z.y) —~ -R(z,y)) and
write & = {R"(1,2), R7(2,3), R*(3,4)} which is in the
closed-world form.

The data complexity of WFOMC is extended to the case
with evidence, where the evidence is treated as another input
(besides the domain size) of the problem. Note that the num-
ber of ground literals in the evidence is polynomial in the
domain size. Given a class € of evidence, we say that a first-
order fragment £ with € is domain-liftable if the WFOMC
conditioned on any evidence in €&, i.e., WFOMC of ¥ A £
for every ¥ € £ and every £ € €, can be computed in time
polynomial in the domain size.

Unary and binary evidence are two particular classes of
evidence, where unary evidence consists of ground literals
(or atoms) containing a single element in the domain, and
binary evidence consists of ground literals (or atoms) con-
taining two distinct elements. For example, unary evidence
can contain R(1, 1) though R is a binary predicate.

In this paper, we push the boundaries of data-liftability to
the case where the underlying Gaifman graph of the binary
evidence has bounded treewidth.

Definition 2.7 (Gaifman Graph). The Gaifman graph with
respect to the domain A and the closed-world binary evi-
dence & is an undirected graph G a ¢ of n vertices, in which
there is an edge between a and b if and only if £ contains
P(a,b) or P(b,a) for some P € P.

Figure 1 shows an example of the Gaifman graph of
the closed-world binary evidence { R(a,b), R(a,c), R(b, c),
R(c,d), R(c,e), R(d, g), R(e,g)}.

For ease of presentation, we will alternatively write the
evidence £ as a conjunction of ground literals according to
its semantics, i.e., £ = /\z ce | for open-world evidence and
€ = Nice LN Nige prea(yep L for closed-world evidence,
where pred(l) maps a literal [ to its corresponding relation
name.
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Figure 1: An example of the Gaifman graph (top) of closed-
world binary evidence and its nice tree decomposition (bot-
tom). The leaf, introduce, forget and join nodes are colored
in white, blue, green and orange respectively. The last forget
nodes are omitted for simplicity.

2.6 Treewidth and Tree Decompositions

We refer to the common definition of tree decomposition
(e.g., Cygan et al. 2015).

Definition 2.8 (Tree Decomposition). A tree decomposition

of a graph G(Vg, Eq) is a tree TV, Ex) where each node

u € Vp holds a bag B, C Vg and the tree satisfies the

following conditions:

¢ UuEVT Bu = VG'

o For each edge (a,b) € Eg, there is a tree node u € Vr
such that a,b € B,,.

o For each vertex a € Vg, the nodes u’s with a € B,, form
a connected component inT'.

The width of a tree decomposition is max,e7r{|Bu|} — 1.
The treewidth of a graph G is the lowest width among its
possible tree decompositions.

The following form of tree decomposition will be used to
simplify the description of the algorithm.

Definition 2.9 (Nice Tree Decomposition). For a graph of
treewidth k, its tree decomposition T (Vr, ET) of width k is
nice if a root node root € Vi can be chosen such that the
tree rooted at root satisfies:

Each node has at most two children.
Broot = 0 and By = 0 for every leaf .
Each non-leaf node is of one of the following three types:

— An introduce node u has exactly one child v such that
B, = B, U{a} for some a ¢ B,,.

— A forget node u has exactly one child v such that B,, =
B, \ {a} for some a € B,,.

— A join node u has exactly two children vy, vs such that
B, = B,, = B,,.

An example of the nice tree decomposition is shown in
Figure 1, where the treewidth is 2. Together with Bodlaen-
der’s work (1993), it was shown that such a tree decomposi-
tion can be computed efficiently.

Lemma 2.1. (Cygan et al. 2015; Bodlaender 1993) For a
graph G(Vg, Eq) of treewidth k, its nice tree decomposition
of size O(k - |Vl|) can be computed in time linear in |Vg|.



2.7 Markov Logic Networks

Markov Logic Networks (MLNs) (Richardson and Domin-
gos 2006) is a model used in the area of statistical relational
learning. We will use MLNs to encode the Watts-Strogatz
model later in the experiments.

An MLN & is a set of weighted quantifier-free first-order
logic formulas «y, - - - , g with weights wq, - - - , wy, taking
on values from the real domain or infinity:

¢ = {(w17al); (w2;a2)a T 7<wk7ak)}'

Given a domain A, the MLN defines a probability distri-
bution over possible worlds such that

P (S an) ety N (@0)
A b

ifwpE &
otherwise

P¢7A(w) = {0

where ®p denote the real-valued (soft) weight-formula
pairs, @, the co-valued (hard) weight-formula pairs, Z is
the normalization constant ensuring valid probability values,
and N («;,w) is the number of substitutions for variables in
«; by constants that produce a ground formula satisfied in
the world w. The distribution formula is equivalent to the
one of a Markov Random Field (Koller and Friedman 2009).
Hence, an MLN, along with a domain, defines a probabilistic
graphical model, and inference in the MLN is thus inference
over that model.

Inference (and also learning) in MLNSs is reducible to
WFOMC (Van den Broeck, Meert, and Darwiche 2014). For
each (w;, a;(x;)) € Pg, where x; is the free variables, in-
troduce a new formula Vx; : &(x;) ¢ «;(x;), where &;
is a fresh predicate, w(&;) = exp(w;) and W(;) = 1. Let
w(Q) = w(Q) = 1 for all other predicates Q). Consider sen-
tence I created by the above procedure, with hard formulas
added to I as they are. We can then compute the probability

WFOMC(TAG, A, w,T ]
of a query ¢ as Pp a(¢) = WFOM(C(QZ’J%“), where ¢ is

a set of constraints that can be both hard and soft.

3 Approach

We describe a novel algorithm that given a sentence W
in the two-variable fragment, a finite domain A of size
n, the weighting functions w,w, the closed-world unary
evidence U and binary evidence £ whose Gaifman graph
G ¢ has treewidth k for some constant k£ (which we re-
fer to as bounded-treewidth binary evidence), it computes
WFOMC(¥ AU AE, A, w, W) in time polynomial in n. The
open-world evidence is handled by transforming it to the
closed-world form as described in Section 2.5.

We start by providing an algorithm for the universally
quantified two-variable fragment UFO?. At the end of the
section, we use existing reduction techniques to extend the
result to FO? and C? with cardinality constraints.

We assume that the nice tree decomposition 7'(Vr, Er)
of the Gaifman graph Ga ¢ is given, which has a root
root € Vr and size O(kn). By Lemma 2.1, such a tree de-
composition can be computed in time linear in n.

Let C = {C1,Cy,--- ,C,} be the set of possible 1-types
of W, and let D be the set of 2-tables of W. Define D; ; for
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each s,t € C as in Section 2.4. When we talk about the
satisfaction of evidence with respect to a subset A’ C A,
we only consider the truth of ground atoms that only contain
constants in A’.

3.1 The Recursion Framework

In this subsection, we present the algorithm for the UFO?
fragment with unary evidence ¢/ and binary evidence &.

For anode u € Vp, B, C A is the set of elements in the
bag of u. Let B denote the union of B, for all nodes v in the
subtree rooted at u, and let S,, denote B;; \ B,,. Given the 1-
types 7 = A\ ¢ B, Ta Of elements in B, satisfying ¢ and the
1-type configuration ¢ = (5, ) for elements in S,,, define
a partial model of u as a set of ground literals consisting of
the followings:

* The model of ¥ over S, satisfying ¢/ and £ and consis-
tent with ¢ (i.e., there are (; elements having the 1-type
C; foreach 1 < i < p), and

* The 2-tables between B,, and S, satisfying £.

Let L, ¢ be the set of possible partial models
u with respect to 7,¢{. Define f(u,7,¢) as the sum
weights of partial models in L, ¢, ie., f(u,, ()
ZLGﬁu,J—,g W (L). Then our target is to compute

2.

GibrtGp=n

This is because B,oor = () and S;.00¢ = A, in which it holds
that U<1+...+4p:n Loroot, T,¢c = Muwrune,a-

Next we compute f(u, T, ) by recursion on the tree de-
composition. The computation depends on the type of wu.
Recall that in Section 2.4 we write U as VaVy ¥(z,y)
for some quantifier-free formula ¢ and write ¥r(x,y) =
Y(x,y) A(y, x). As € is in the close-world representation
w.r.t. a set of predicates P’, all atoms of P’ not in £ are sup-
posed to be false. We refine the definition of r, ; in Eq. (4)
to align with £ for element pairs notin &, i.e.,

>

mE€Ds 11 m(a,b)EN e pr ~P(ab)A=p(b,a)

of
of

WFOMC(U AUNE, A, w, W) = f(root, T,¢).

W(r)

Tst =

for every pair of 1-types s,t € C. The original definition of
rs,t in Eq. (4) can be regarded as in the case of P’ = ().

The Leaf Node. If u is a leaf, we have B, = ) by Defini-
tion 2.9. In this case, the only valid pair of (7,¢) is (T, 0).
We assign 1 to the f value:

f(u, T,0)=1. (6)

The Introduce Node. Let v be the child node of u, and a
be the unique element in B,, \ B,. Each partial model L €
Ly,,¢ can be decomposed to the following three parts:

* A model it € Myaune,s, consistent with ;
* The 2-tables 71 between By, \ {a} and S,;
e The 2-tables 75 between a and .S,,.
Let 7, be the 1-type of a. Since S, = S,,, /ATy is a partial

model L' € L, -\ -, ¢ Where 7\ 7, means 7 removing 7.
Therefore, each L € L, . ¢ where a has 1-type 7, can be



regarded as augmenting 7o to a partial model in £, 1\, ¢
We then have

f(u77—7<) = (

p

H(TTG,Ci)Ci> 'f(va T\Tcn C) (7)
i=1

Here, we use the property that a does not connect to any
element in .S, in the Gaifman graph, i.e., all ground atoms
containing a and elements in .S, should be false in the evi-
dence £. For example, the element d in the introduce node cd
in Figure 1 does not connect to any element in S.q = {a, b},
hence R(a,d), R(d,a), R(b,d), R(d,b) are all false in the
evidence.

The Forget Node. Let v be the child node of u, and a be
the unique element in B, \ B,,. Note that S,, = S, U {a}.
Each partial model L € L, ;¢ can be decomposed to the
following five parts:

* The 1-type 7, of a satisfying U;
* A model ;t € Myaune,s, consistent with {7+, where
¢~ means ¢ subtracting 1 at the position of 7,;
¢ The 2-tables m; between a and S,,;
¢ The 2-tables 7 between B, and a;
¢ The 2-tables w3 between B,, and S,,.
As B, = B, U{a}, we know that y A m1 A 73 is a par-
tial model L' € L, ;ar, ¢-a. Therefore, each L € L, ¢
where a has 1-type 7, can be regarded as augmenting 7,

and 7y to a partial model in L, ,r., ¢-+o. Let By
{b1,- -+ ,bm}. We can then compute f(u, 7, ¢) as follows:

far= Y > >

TE£C:TEU WbleDa,bl,Ta,Tbl TomEDa by 70
( H W (mp ) (0,7 A Tay, €77),
3

bEB,
where D, ;, ;¢ is the set of the 2-tables between the elements
a and b having the 1-types s and ¢, respectively that satisfy
Eie,Dypst={m € Ds;:m(a,b) =E}.
The Join Node. Let v, v be the children nodes of u. Note
that S, = Sy, US,,. Foreach L € L, ; ¢, it can be decom-
posed to the following three parts:

* Apartial model Ly € Ly, 72,5

"Thm

* A partial model Ly € L,, ; », Where (z1); + (22)i =
foreach1 < i < p;
* The 2-tables between S, and S, .
Therefore, we have
fu,m¢) = > flor,7,21) - f(v2,7, 22)
z1+22=(¢
)
H H (21) (22);
i=1j=1

where z1 + z2 denotes the element-wise addition of the two
vectors. In the above equation, we use the same idea as hand-
ing the introduce node to compute the weights of 2-tables
between .S,, and S,,.

19203

Remark 3.1. In the computation of Egs. (6) to (9) we might
encounter invalid tuples of (u, 7, ¢), e.g., T not satisfying I
or the tuples where > %, (; # |Sy|. The f-values of these
tuples are set to 0 and thus do not affect the computation
with valid tuples.

3.2 Time Complexity

We show that computing the recursion of f by Egs. (6) to (9)
takes time polynomial in n. Let p be the number of 1-types
of U and ¢ be the number of 2-tables of W. Recall that by
Definition 2.8, for every node u € V, we have | B, | < k+1.

* For a leaf node, it takes O(1) time since there is only one
valid tuple of (7, ).

* For a non-leaf node, the number of valid tuples of (7, {)
is O (p"?+1 -nP ) The time of computing Egs. (7) to (9)
is as follows:

— For an introduce node, computing the weights of 2-
tables between a and S, takes O(p) time, so the total
time on the node is O (p*2 - n?).

For a forget node, enumerating 7, and 7, for all b €

B, takes O (p - ¢**!) time and the computation after

the enumeration takes O(k) time, so the total time on

the node is O (p*+2 - ¢* 1 - k- nP).

For a join node, enumerating z1, 22 takes O(nP) time

and computing the weights of 2-tables between S,,

and S, takes O(p?) times, so the total time on the

node is O (p**+3 - n?r).

By Lemma 2.1, the number of nodes on a tree is O(kn)
and the tree can be computed in time O(n). Therefore, the
total time is O(n+kn-pF+3.¢*+1.k.n?P). As the sentence
¥ is fixed when we consider data complexity, p and q are
also fixed. We then obtain the following theorem.

Theorem 3.1. UFO? with unary evidence and bounded-
treewidth binary evidence is domain-liftable.

3.3 Implications of the Result

Beside UFO?, our algorithm also works for other domain-
liftable two-variable fragments which have a modular trans-
formation to UFO? defined by Van den Broeck, Meert, and
Darwiche (2014). The property says that for any sentence
in such fragment, its WFOMC can be obtained from the
WFOMC of a UFO? sentence over any finite domain. It was
shown that there are modular transformations to UFO? for
FO? (Van den Broeck, Meert, and Darwiche 2014) and Cc?
(Kuzelka 2021, Theorem 4) possibly with cardinality con-
straints (Kuzelka 2021, Proposition 5), hence we obtain the
following theorem:

Theorem 3.2. FO? and C?, possibly with cardinality con-
straints, unary evidence and bounded-treewidth binary evi-
dence are domain-liftable.

3.4 Asymmetric Weights for Binary Predicates

Recall that for symmetric weights, we compute the weight
of a set of literals as W (L, w,w) := [[;c;,. w(pred (1)) -
[I;cr, @(pred (1)). Suppose that there is a set of literals L,



with asymmetric weights w, : L, - Rand w, : L, — R
that may differ from w(pred (1)) or w(pred (1)). We can now
compute the weight of a set of literals as

W(Lww) =[] wpred@)- ][] w(pred(1))

gLy leLp gLy l€LFR
I wo- J[ @0
leLy,leLy leLy,leLp

To ensure that our algorithm works with this modification
correctly, we need to add an edge (i, j) to the Gaifman graph
for each literal P(i,j) € Lo or =P(i,j) € L, if the edge
does not exist originally.

Then we can use the same techniques as in the symmetric
case to compute asymmetric WFOMC. The data complexity
is still polynomial in the domain size, as long as the Gaifman
graph of L, has bounded treewidth.

4 Experiments

We evaluated the performance of our algorithm on several
examples and compared it with two other model counting
algorithms, d4 (Jean-Marie 2017), Forclift (Van den Broeck
et al. 2017), and Crane2 (Dilkas, Kidambi, and Singh 2025).
d4 is a propositional model counter that compiles a formula
in conjunctive normal form to deterministic decomposable
negation normal form (d-DNNF). It generally performs well
when compared to other model counters, but it cannot lever-
age lifted methods. Forclift is a model counter similarly to
our algorithm that computes lifted inference and accepts bi-
nary evidence. Crane2 is a model counter based on Forclift,
which performs very well on a limited set of problems, but
does not support full range of FO? sentences yet. For this
reason, Crane?2 is only used for friends and smokers exper-
iments. All experiments were run on a laptop with Intel i7-
10510U CPU and 32GB of RAM.

4.1 Friends and Smokers

The first problem we chose is a variant of the often used
friends and smokers problem with the following sentence:

Va : ~friends(z, x)
AVaVy : friends(z,y) — friends(y, )
AYaVy : (smokes(z) A friends(z,y)) — smokes(y).

In our experiments, we provide open-world evidence that
corresponds to the persons coming in cliques of 3 (i.e., due
to the open-world nature of the evidence, they may also have
other friends beyond the cliques), and suppose |A| = 3 - k
(k > 1). We compared the runtime of our algorithm (labeled
TD-WFOMC), d4, Forclift, and Crane2. Figure 2 shows that
our algorithm runs significantly faster than the other three,
and scales well to large domain size. We forgo the symmetry
of friendships for Crane2 as symmetry is not supported. In
Figure 3, we report the runtime of our algorithm for fixed
domain size of 60 while varying the sizes of friend cliques.

4.2 Watts-Strogatz Model

Another interesting problem we can tackle using WFOMC is
performing inference on Watts-Strogatz (WS) model (Watts
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Figure 2: Time to compute the model count of friends and
smokers problem with binary evidence
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Figure 3: Time to count models of friends and smokers prob-
lem with fixed |A| = 60 for varying size of friend cliques.

and Strogatz 1998), which is a random graph model widely
used in network science to generate small-world networks.
The generation process of a random graph starts with a regu-
lar ring lattice with N nodes, where each node is connected
to exactly K other nodes (assuming K is an even integer),
K /2 on each side, warping over the end. To generate the ran-
dom graph, each edge (i, j) is rewired with probability S in
some order, meaning that edge (i, ) is replaced with edge
(i,k) (¢ # k) such that edge (i, k) does not exist already.
The Watts-Strogatz model can be encoded as an MLN W:

00, Va : = WiredEdge(zx,x)
oo, VaVy:-WiredEdge(x,y)V —-WiredEdge(y, x)
0, Va3_k oy : WiredEdge(z,y)
wy, WiredEdge(x,y) A ~Evidence Edge(x, y)
wa, WiredEdge(z,y) A Evidence Edge(x,y)
00, VaVy : Edge(z,y) <

(WiredEdge(z,y) V WiredEdge(y, x)),

where FvidenceFEdge is interpreted as the starting regular
ring lattice with binary evidence (in which each vertex has
outgoing edges to only its right neighbors), Edge(x, y) rep-
resents the rewired edges, and w; and wy depend on 3. We
use wired edge to keep track of what edges are kept the same
and what edges were changed, as well as to enforce that each
node has degree > K /2, which holds in the Watts-Strogatz
model.

Our algorithm can also handle random graphs created by



Inference on Watts Strogatz Graphs
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Figure 4: Inference times on Watts-Strogatz model, K = 2

and the simplified model, K = 2and M = LWTHJ . We use
full line for a ring lattice starting graph and dashed line for
cliques starting graph.

this procedure regardless of what the starting graph is, as
long as all the vertices share the same degree d (which is
also expected in the original model) and the starting graph
has bounded treewidth, i.e., the Gaifman graph of binary ev-
idence of FvidenceFEdge has bounded treewidth. In our ex-
periments, we show this by considering the starting graph,
where each node belongs to exactly one clique of size 3. This
also requires us to modify the rewiring procedure, which we
change accordingly.

We then build the MLN used in our experiments by
adding the following weighted formulas to W:

VaVy : friends(z,y) <> Edge(z,y)
smokes(x) A friend(x,y) — smokes(y),

OO)
(10)

w7
where the wired edges in the Watts-Strogatz model forms a
friendship network.

We also consider a simplified version of the Watts-
Strogatz model, where we start with a ring lattice (or a dif-
ferent graph as above) and instead of rewiring edges, we in-
troduce M new edges, creating shortcuts in the graph. Its
MLN is

00, VaVy:-WiredEdge(x,y)V -WiredEdge(y, z)
EvidenceEdge(z,y) — WiredEdge(x,y)

oo,

with the cardinality constraint |WiredEdge| = 2-|A|+ M.
The results of our experiments can be seen in Figure 4.

S New Results on the Stable Seating
Arrangement Problem

In the stable seating arrangement problem we have a group
of agents A = [n] and a seating graph G = (Vz, Eg). In
this and the following section, we use [n] as a shorthand for
{1,--- ,n}. Let d be the maximum degree of G. We use
N¢(v) to denote the neighborhood of v € V. Each agent
needs to be assigned a different seat (a vertex of graph G)
and we assume n = |Vg|.

Each agent a € A has a preference p, : A\ {a} — R of
all other agents. The preference p, (b) represents how much
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utility agent a gets by sitting next to agent b. A preference
profile is a collection of agent preferences, denoted by P =
(Pa)aca- A class of agents is a subset of agents K C A
such that all agents in it share a common preference function
prx : A — R and no agent distinguishes between others
in the class. A preference profile P is k-class if it can be
partitioned into k classes Ki, Ko, ..., K} such that A =
KiUKsU---UKj. We denote the set of all classes by K =
{Kl|i € [k]}. We also use the notation £* = ICU Ky, where
K is a special class such that it holds that pg, (Ky) = 0 for
all i € [k]. We use class K to mark missing neighbors for
seats in the seating graph that have fewer than d neighbors.

An arrangement is a bijection m : A +— Vg which as-
signs each agent a seat in the seating graph G. Given an
arrangement 7, the utility of each agent a € A is U,(7) =
> veNg(n(a)) Pa(m ! (v)). Anagent a envies another agent b
ifU,(m) < Uy (n") where 7’ is obtained from 7 by swapping
the positions of agents ¢ and b. An arrangement is called
envy-free if no agent envies another agent, and called stable
if no two agents envy each other.

Definition 5.1 (Stable and Envy-Free Seating Arrange-
ments). A k-class stable dinner seating arrangement prob-
lem SSA(A,P,G,K) is a problem of finding a stable seat-
ing arrangement w. #SSA(A, P, G, K) is the correspond-
ing problem of counting the number of stable arrangements
of SSA(A, P,G,K).

#EFSA(A,P,G,K) is defined analogously with re-
spect to envy-free seating arrangements.

The complexity of finding stable seating arrangements
in various settings has been studied (Bullinger and Suk-
sompong 2023; Bodlaender et al. 2020; Berriaud, Constan-
tinescu, and Wattenhofer 2023). Berriaud, Constantinescu,
and Wattenhofer (2023) uses the notion of k-class stable
seating arrangement, where each agent belongs to one of &
classes, and each class is a group of agents that share the
same utility function and are also indistinguishable to each
other in the group. As established by Berriaud, Constanti-
nescu, and Wattenhofer (2023), finding a stable or envy-free
seating arrangement for cyclic or path-shaped tables is solv-
able in polynomial time when the number of classes is fixed.

In Theorem 5.1 below, we extend this positive result
to counting problems and more complex table configura-
tions. Specifically, we show that counting the number of sta-
ble seating arrangements is tractable on seating graphs of
bounded treewidth and bounded degree—conditions that in-
clude cycles and paths—provided the number of classes is
fixed. This result also answers the open question posed in
(Berriaud, Constantinescu, and Wattenhofer 2023) concern-
ing the 2 x n grid table, whose seating graph has treewidth
2, and further generalizes the tractability to a broader class
of table structures.

Theorem 5.1. Counting the number of stable (or envy-free)
seating arrangements is in time polynomial in the number of
agents, if the problem is k-class and the seating graph has
bounded treewidth and degree.

Proof. Let #SSA(A,P,G,K) and #EFSA(A,P,G,K)
be the counting version of the stable and envy-free seat-



ing arrangements problems respectively. We first show that
there is an FO? sentence W, unary evidence U, binary ev-
idence &£, and a set of cardinality constraints C, such that
#SSA(A, P, G, K) can be obtained from WFOMC(¥AUA
ENC, Vg, w,w) in time polynomial in |Vg|.

For a predicate P, we use P/k to indicate that the arity of
P is k. The predicates in the formula ¥ are:

* neighbor_i/2 (i € [d]), which are used to encode the
seating graph. The neighbor i predicates are fully spec-
ified using closed-world evidence. For each vertex u €
Ve, we arbitrarily label all its outgoing edges so that no
two edges share the same label 7. This is useful when we
later distinguish the individual neighbors of w.
class_s/1 (s € K), where class_s(x) indicates that the
class of the agent sitting at vertex x is s.
neighbor_iis_s/1 (i € [d], s € K*), where
neighbor_i_is_s(x) denotes that the i-th neighbor of the
vertex x is of class s. Recall that £* = K U Ky where
K is a special class such that ps(Ky) = 0 forall s € K.
We use neighbor_i_is_Ky(x) in case the degree d,, of =
is less than the maximum degree d of G.

envies/2, where envies(z,y) indicates that the agent at
seat x envies the agent at seat y.

We encode the seating graph to closed-world binary evi-
dence €. Let

&= U {neighbor_i(a,b;) | i € [d4], (a,b;) € Eg},
a€Vg

where d, is the degree of a. Recall that we label the out-
going edges of a in such a way that a is connected to each
of its neighbors using a differently labeled edge. The unary
evidence U is only necessary for seating graphs with at least
one vertex a with degree d, < d. In such case, we define

U= U {neighbor_i_is_Ko(a) | d, < i < d}.
ac€Vg

Let ® be a first-order sentence

b =V : \/ class_s(x) (11)
seEX
AV /\ —class_s(x) V —classt(x)  (12)
SEK,tEK, st
d
AV /\ \/ neighbor_i_is_s(x) (13)
i=1sck*
d
AV /\ /\ (ﬁnez’ghbor,i,is,s(x)
i=1 s,tekC*,s#t
Y ﬂneighbor,i,is,t(ac)) (14)

A /\ VaVy : (class-s(y) A neighbor_i(z,y))
i€[d],sek

— neighbor_i_is_s(x).  (15)

Let C = {|class_s| = |s||s € K} be a set of cardinality
constraints and let w(P) = w(P) = 1 for all predicates P
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in ®. Then WFOMC(® AUANENC, Vo, w, @) - [] i |5]!
counts the number of possible seating arrangements (possi-
bly unstable or not envy-free) for the set of agents A at a
table given by the seating graph G'. Here, the term [ ], |s|!
counts for each class the number of arrangements of the
agents to the vertices of the class.
Next, let
A

i€[d],t; X*

F= {class,s(x) A neighbor_i_is_t;(x)

A

1€ [d],u; EL*

’S S ]C, Zps(tl) < Z ps(uz)}

1€[d] 1€[d]

A neighbor_i_is_u;(y)

and

' = VaVy : —envies(x,y) V —envies(z,y)

AYzVy : envies(x,y) <>

\ f@,y)

fer

Since I filters out all unstable seating arrangements, we
can see that if U = ® AT, then

#SSA(A,P,G.K)

=WFOMC(¥ AU AEAC, Vg, w,m) - [] Is]"
seEX

Since the formula W is fixed and depends only on the
number of classes and the maximum degree of the seating
graph, we can say that due to results in Section 3.2, we prove
that #SSA(A, P, G, K) can be computed in time polyno-
mial in the number of agents if the maximum degree d of
the seating graph GG and the treewidth ¢ of GG are fixed.

We can use the same proof for computing the number of
envy-free seating arrangements #FEFSA(A, P, G, K) if in-
stead of VaVy : —envies(x,y) V —envies(y, x) we require
only VaVy : menvies(z,y). O

6 Conclusion

We provide a novel approach to tackle the symmetry limi-
tation in WFOMC by introducing an algorithm to compute
WFOMC of FO? and C? with cardinality constraints, unary
evidence and binary evidence where the underlying Gaif-
man graph is of bounded treewidth in time polynomial in
the domain size. The algorithm applies to the counting prob-
lem in combinatorics that can be encoded by WFOMC of
such fragment, e.g., the stable seating arrangement problem.
We hope this work inspires further advances to asymmetric
lifted inference, and establishes a general counting method
on bounded-treewidth graphs.
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