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Abstract

Graph Neural Networks (GNNs) address two key challenges
in applying deep learning to graph-structured data: they han-
dle varying size input graphs and ensure invariance under
graph isomorphism. While GNNs have demonstrated broad
applicability, understanding their expressive power remains
an important question. In this paper, we propose GNN archi-
tectures that correspond precisely to prominent fragments of
first-order logic (FO), including various modal logics as well
as more expressive two-variable fragments. To establish these
results, we apply methods from finite model theory of first-
order and modal logics to the domain of graph representation
learning. Our results provide a unifying framework for under-
standing the logical expressiveness of GNNs within FO.

Extended version — https://arxiv.org/abs/2505.08021

1 Introduction
Learning on graphs or relational structures presents two fun-
damental challenges. First, neural networks require fixed
size inputs, making them ill-suited for graphs of varying
size. Second, predictions about graphs should not depend on
how the graph is represented, i.e., they should be invariant
under isomorphism (Hamilton 2020).

Graph Neural Networks (GNNs) (Gilmer et al. 2017)
overcome these limitations by operating natively on graph-
structured data, inherently handling variable sizes and en-
suring representation invariance. The flagship aggregate-
combine (AC) architecture can be viewed as a layered net-
work operating over an input graph. Each node maintains
a state (a real-valued vector) and, in each layer, a node’s
state is updated based on its current state and that of its
neighbours. This update mechanism is specified by an ag-
gregation function that takes the current states of the neigh-
bours and aggregates them into a vector, and a combina-
tion function that takes the aggregate value from the neigh-
bours and the current state of the node and computes the
updated state. Their aggregate-combine-readout (ACR) ex-
tension includes an additional readout function which ag-
gregates states across all nodes in the graph, rather than
just local neighbours (Barceló et al. 2020). GNNs have been
widely applied. They drive recommendation systems (Ying
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et al. 2018), predict molecular properties (Besharatifard and
Vafaee 2024), enhance traffic navigation (Derrow-Pinion
et al. 2021), interpret scenes in computer vision (Chen et al.
2022), and enable reasoning over incomplete knowledge
graphs (Tena Cucala et al. 2022; Zhang and Chen 2018;
Huang et al. 2024).

GNNs encompass many architectures and a central ques-
tion is understanding their expressive power—i.e., the
classes of functions they can compute. This has been ad-
dressed from multiple angles. Early works studied the dis-
criminative power of GNNs: given two graphs, can a GNN
from a given family yield distinct outputs for them? By de-
sign, no GNN can separate isomorphic graphs, but more
subtly, certain non-isomorphic graphs may remain indis-
tinguishable. In particular, if two graphs cannot be dis-
tinguished by the 1-dimensional Weisfeiler-Leman (WL)
graph isomorphism test, then no GNN can differentiate
them either (Morris et al. 2019; Xu et al. 2019). Gen-
eralised k-dimensional GNNs, which handle higher-order
graph structures, have also been connected to the WL hi-
erarchy of increasingly powerful isomorphism tests (Morris
et al. 2019). Through the correspondence between WL and
finite-variable logics (Cai, Fürer, and Immerman 1992), the
limitation extends to logical distinguishability.

The expressiveness of GNNs has also been studied
through the lenses of database query languages. As node
classifiers, GNNs compute a unary query—an isomorphism-
invariant function mapping each graph and node to a truth
value. For a family of GNN classifiers, what is the logic
expressing these unary queries? This is the logical expres-
siveness (or uniform expressiveness) of GNNs. The expres-
siveness of GNNs goes beyond first-order logic (FO) since
aggregation can only be captured using extensions such as
counting terms (Grohe 2024; Huang et al. 2023), Presburger
quantifiers (Benedikt et al. 2024), or linear programming
(Nunn et al. 2024). Other GNN variants, such as recursive
GNNs (Ahvonen et al. 2024; Pflueger, Cucala, and Kostylev
2024) require fixpoint operators.

A connection between GNNs and FO fragments has also
been established (Barceló et al. 2020). Graded modal logic
(GML) formulas, a.k.a. concepts in the description logic
ALCQ (Baader et al. 2003), can be captured by GNNs with-
out readout functions, just as FO formulas with two vari-
ables and counting quantifiers (C2) can be realised by a
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Figure 1: The landscape of our expressive power results

GNNs with readouts. This relationship is, however, asym-
metric: while any GML classifier can be expressed by an
AC GNN, the converse requires an assumption of FO ex-
pressibility, and in the case of case of ACR GNNs and C2

the converse does not hold even with this assumption (Hauke
and Wał ↪ega 2025). The conditions ensuring FO expressibil-
ity of a GNN remain largely unexplored: the only sufficient
condition known to us is that monotonic GNNs with max ag-
gregation precisely match unions of tree-shaped conjunctive
queries (Tena Cucala et al. 2023).

Contributions We introduce bounded GNNs with k-
bounded aggregation, where multiplicities greater than k in
a multiset are capped at k. If k = 1, the multiplicities do not
matter, and we speak of set-based aggregation. As we show,
bounded GNNs correspond to modal and two-variable FO
fragments as depicted in Figure 1.

We first establish that AC GNNs with set-based aggrega-
tion (GNNAC

s ) correspond to basic modal logic (ML) and
thus to concepts in the description logic ALC. This extends
to GNNs using bounded aggregation (GNNAC

b ), which cor-
respond to graded modal logic (GML), that is, concepts of
ALCQ. Readouts enable global quantification: GNNs with
set-based aggregation and readout (GNNACR

s ) capture modal
logic with the global modality (ML(E)), which corresponds
to ALC with the universal role (Baader et al. 2003), while
those with bounded aggregation and readouts (GNNACR

b )
match graded modal logic with counting (GMLC), which
corresponds to ALCQ equipped with the universal role.
While bounded readouts enable global quantification, they
cannot express certain first-order properties like “nodes with
exactly k non-neighbours”. To overcome this limitation, we
introduce GNNAC+

b : a family of bounded GNNs augmented
with an aggregation function over non-neighbours. We prove
that GNNAC+

b captures C2 (two-variable FO with counting),
while its set-based variant GNNAC+

s corresponds to the two-
variable FO fragment FO2.

2 Graphs and Classifiers
Graphs We consider (finite, undirected, simple, and node-
labelled) graphs G = (V,E, λ), where V is a finite set of
nodes, E a set of undirected edges with no self-loops, and
λ : V → {0, 1}d assigns to each node a binary vector1 of
dimension d. The dimension d of all vectors in G is the same,
and we refer to it as the dimension of G. A pointed graph is
a pair (G, v) of a graph and one of its nodes.
Node Classifiers A node classifier is a function mapping
pointed graphs to true or false. The classifier accepts the in-
put if it returns true and it rejects if it returns false. Two
classifiers are equivalent if they compute the same function.
A family F of classifiers is at most as expressive as F ′, writ-
ten F ≤ F ′, if each classifier in F has an equivalent one in
F ′. If F ≤ F ′ and F ′ ≤ F , we write F ≡ F ′, and say
that F and F ′ have the same expressiveness. Such uniform
expressiveness contrasts with other notions such as discrim-
inative power (Morris et al. 2019; Wang and Zhang 2022)
and non-uniform expressiveness (Grohe 2024).
GNN Classifiers We consider standard GNNs with
aggregate-combine (AC) and aggregate-combine-readout
(ACR) layers (Benedikt et al. 2024; Barceló et al. 2020),
and propose also extended aggregate-combine (AC+) layers
equipped with one aggregation over neighbours and another
over non-neighbours. An AC layer is a pair (agg, comb), an
ACR layer is a triple (agg, comb, read) and an AC+ layer
is a triple (agg, agg, comb), where agg and agg are aggre-
gation functions and read is a readout function, all map-
ping multisets of vectors into single vectors, whereas comb
is a combination function mapping vectors to vectors. An
application of a layer to a graph G = (V,E, λ) yields a
graph G′ = (V,E, λ′) with the same nodes and edges,
but with an updated labelling function λ′. For an AC layer,
vector λ′(v) is defined as follows for each node v, where
NG(v) = {w | {u,w} ∈ E} is the set of neighbours of v
and NG(v) = {w | {u,w} ̸∈ E}\{v} is the set of non-
neighbours of v excluding v itself (note that the graphs we
consider have no self loops).

comb
(
λ(v), agg({|λ(w)|}w∈NG(v))

)
. (1)

For an ACR layer, vector λ′(v) is defined as

comb
(
λ(v),agg({|λ(w)|}w∈NG(v)),

read({|λ(w)|}w∈V )
)
.

(2)

In turn, for an AC+ layer, vector λ′(v) is defined as

comb
(
λ(v),agg({|λ(w)|}w∈NG(v)),

agg({|λ(w)|}w∈NG(v))
)
.

(3)

Each agg, agg, comb, and read has domain and range of
some fixed dimension (but each can have a different dimen-
sion), which we refer to as input and output dimensions. For

1The assumption that node labels are binary, i.e., nodes are
coloured, is standard when studying logical characterisation of
GNNs (Barceló et al. 2020; Benedikt et al. 2024; Nunn et al. 2024)

19136



layer application to be meaningful, these dimensions need
to match: if in an AC layer agg has input dimension d and
output dimension d′, then the input dimension of comb is
d+ d′; in an ACR layer, if agg has dimensions d and d′, and
read has dimensions d and d′′ (note that input dimensions of
agg and read need to match), the input dimension of comb
is d + d′ + d′′; if in an AC+ layer, agg has input dimen-
sion d and output dimension d′, and agg has dimensions d
and d′′ , then the input dimension of comb is d + d′ + d′′.
A GNN classifier N of dimension d consists of L layers
and a classification function cls from vectors to truth val-
ues. The input dimension of the first layer is d and consecu-
tive layers have matching dimensions: the output dimension
of layer i matches the input dimension of layer i + 1. We
write λ(v)(ℓ) for the vector of node v upon application of
layer ℓ; λ(v)(0) is the initial label of v, and λ(v)(L) is its
final label. The application of N to (G, v) is the truth value
N (G, v) = cls(λ(v)(L)).

Logic Classifiers We consider formulas over finite signa-
tures consisting of a set PROP of propositions (unary pred-
icates) p1, p2, . . . for node colours. Formulas of the graded
modal logic of counting (GMLC) are defined as follows:

φ := p | ¬φ | φ ∧ φ | ♢kφ | ∃kφ,

where p ∈ PROP and, for each k ∈ N, ♢k and ∃k are
the k-graded modality and the k-counting modality, respec-
tively. The formula ♢kφ expresses that at least k accessi-
ble worlds satisfy φ, while ∃kφ states that at least k worlds
in total satisfy φ. Graded modal logic (GML) is obtained
from GMLC by disallowing counting modalities. Modal
logic with the global modality (ML(E)) is obtained from
GMLC by restricting both counting and graded modalities
to k = 1. Basic modal logic (ML) further restricts ML(E)
by disallowing counting modalities entirely. We also con-
sider the two-variable fragment of first-order logic with
counting quantifiers (C2), where ∃k denotes counting quan-
tifiers.2 The classical two-variable fragment (FO2) is ob-
tained from C2 by restricting counting quantifiers to k = 1.

The depth of formula φ the maximum nesting of modal
operators (♢k and ∃k) or quantifiers in it. The counting rank,
rk#(φ), is the maximal among numbers k occurring in its
graded and counting modalities (♢k and ∃k) or in counting
quantifiers, or 0 if the formula does not mention any modali-
ties or quantifiers. For L any of the logics defined above, we
denote as Lℓ,c the set of all L formulas of depth at most ℓ
and counting rank at most c.

Formulas are evaluated over pointed models (MG, v),
each corresponding to a pair of a (coloured) graph G =
(V,E, λ) of some dimension d and a node v ∈ V . In the
case of modal logics, model MG = (V,E, ν) has V as the
set of modal worlds, E as the symmetric accessibility rela-
tion, and the valuation function ν maps each pi ∈ PROP to
the subset of nodes in V whose vectors have 1 on the i-th

2We use the symbols ∃k for both counting quantifiers and
counting modalities.

position. Valuation ν extends to all modal formulas:

ν(¬φ) := V \ ν(φ), ν(φ1 ∧ φ2) := ν(φ1) ∩ ν(φ2),

ν(♢kφ) := {v | k ≤ |{w | {v, w} ∈ E and w ∈ ν(φ)}|},
ν(∃kφ) := V if k ≤ |ν(φ)|, and ∅ otherwise.

A pointed model (M, v), satisfies a formula φ, denoted
(M, v) |= φ, if v ∈ ν(φ). In the case of C2 formulas, we
treat MG as the corresponding FO structure, and evaluate
formulas using the standard FO semantics.

For a logic L, we write (M, w) ≡L (M′, w′) if (M, w)
and (M′, w′) satisfy the same formulas of L. A logic clas-
sifier of dimension d is a formula φ with at most d propo-
sitions (unary predicates) p1, . . . , pd. The application of φ
to (G, v) is true if (MG, v) |= φ and false otherwise. By
convention, we use the same symbol for a logic and its asso-
ciated classifier family.

3 Bounded GNN Classifiers
We next introduce bounded GNNs, which generalise max
GNNs (Tena Cucala and Cuenca Grau 2024) and max-sum
GNNs (Tena Cucala et al. 2023). Bounded GNNs restrict
aggregation and readout by requiring existence of a bound
k such that all multiplicities k′ > k in an input multiset are
replaced with k. Thus, multiplicities greater than k do not af-
fect the output of a k-bounded function. Set-based functions
ignore multiplicities altogether.

Definition 1. An aggregation (or readout) function f is k-
bounded, for k ∈ N, if f(M) = f(Mk) for each multiset
M in the domain of f , where Mk is the multiset obtained
from M by replacing all multiplicities greater than k with k.
Function f is set-based if it is 1-bounded, and it is bounded
if it is k-bounded for some k ∈ N.

Example 2. Consider the example functions below.

• The aggregation in max GNNs (Tena Cucala and Cuenca
Grau 2024) is set-based. It maps a multiset of vectors to a
vector being their componentwise maximum, for instance
{|(3, 2), (2, 4), (2, 4)|} 7→ (3, 4).

• The aggregation in max-k-sum GNNs (Tena Cucala et al.
2023) is k-bounded. It maps M to a vector whose ith
component is the sum of the k largest ith components in
M ; if k = 2, {|(3, 2), (2, 4), (2, 4)|} 7→ (5, 8).

• Examples of unbounded functions include component-
wise sum {|(3, 2), (2, 4), (2, 4)|} 7→ (7, 10) and the av-
erage mapping {|(3, 2), (2, 4), (2, 4)|} 7→ ( 73 ,

10
3 ).

Equipped with the notion of bounded aggregation and
readout functions, we are ready to define bounded GNNs.

Definition 3. We consider families of GNN classifiers,
GNNY

X , where X ∈ {s, b,m} indicates the type of aggrega-
tion and readout: set-based (s), bounded (b), or arbitrary—
also called multiset—(m), whereas Y ∈ {AC,ACR,AC+}
indicates whether the GNN uses only AC, ACR, or AC+ lay-
ers. Bounded GNN classifiers are those with bounded aggre-
gation and readout functions.

All GNNY
X classifiers, with X ∈ {s, b}, are bounded.

Family GNNAC
m corresponds to aggregate-combine GNNs,
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GNNACR
m to aggregate-combine-readout GNNs (Barceló

et al. 2020), GNNAC
b contains monotonic max-sum GNNs

(Tena Cucala et al. 2023), and GNNAC
s contains max GNNs

(Tena Cucala and Cuenca Grau 2024).
As shown later, the expressiveness of bounded GNN

classifiers falls within FO. This is intuitively so, because
bounded GNNs have finite spectra, as defined below.
Definition 4. (Benedikt et al. 2024) The spectrum, sp(N ), of
a GNN classifier N (of dimension d), is the set of all vectors
that can occur as node labels in any layer of N application
(to graphs of dimension d). For L the number of layers of
N and ℓ ≤ L, we let sp(N , ℓ) be the subset of the spectrum
consisting of the vectors that can occur upon application of
layer ℓ. By convention, we let sp(N , 0) be the set of Boolean
vectors of the classifier’s dimension.

Since sp(N , 0) is always finite and bounded functions ap-
plied to multisets with a bounded number of vectors yield
finitely many possible outcomes, the spectra of bounded
GNN classifiers are bounded. Using combinatorial argu-
ments we can obtain explicit bounds as below.
Proposition 5. Each bounded GNN classifier N has a finite
spectrum. In particular, if N has dimension d, L layers, and
k is the largest bound of its aggregation and readout func-
tions, then |sp(N , 0)| = 2d and |sp(N , ℓ + 1)| , for each
0 ≤ ℓ ≤ L− 1, is bounded by the following values:

|sp(N , ℓ)| · (k + 1)|sp(N ,ℓ)|, if N ∈ GNNAC
b ,

|sp(N , ℓ)| · (k + 1)2|sp(N ,ℓ)|, if N ∈ {GNNACR
b ,GNNAC+

b }.

4 Overview and Technical Approach
In what follows, we systematically establish the correspon-
dences between bounded GNNs and logic classifiers de-
picted in Figure 1. In Section 5, we show that bounded
aggregate-combine GNNs correspond precisely to the modal
logics without global counting (ML and GML). Next,
in Section 6, we show that bounded aggregate-combine-
readout GNNs capture the expressive power of modal log-
ics with global counting (ML(E) and GMLC). Finally, in
Section 7, we prove that extended aggregate-combine GNNs
are equivalent in expressive power to two-variable logics (C2

and FO2).
To characterise a family of GNN classifiers F via a logic

L we establish a bidirectional correspondence. We first show
that every formula of L can be simulated by a GNN in F . We
then show the converse: every GNN classifier in F admits an
equivalent L-classifier.

The second step builds on finite model theory characteri-
sations of L-equivalence through model comparison games
(independent of GNNs). The existence of a winning strategy
induces an equivalence relation ∼ on pointed models, which
extends to pointed coloured graphs: (G, v) ∼ (G′, v′) holds
precisely when (MG, v) ∼ (MG′ , v′). By limiting games to
a fixed number of rounds and bounded grading, and by con-
sidering finite signatures, we ensure that ∼-invariant classes
of models can be represented as a finite disjunction of char-
acteristic formulas of L (Otto 2019; Libkin 2004). Specifi-
cally, for modal logics and two-variable fragments we use

suitable variants of bisimulation and 2-pebble games, re-
spectively.

The final requirement to establish the connection to GNNs
is to show that each GNN classifier N in F is invariant
under ∼, i.e., (G1, v1) ∼ (G2, v2) implies N (G1, v1) =
N (G2, v2), for all pointed graphs (G1, v1) and (G2, v2).

5 Modal Logics Without Global Counting
We first study bounded aggregate-combine GNNs, and start
by showing that GML and ML formulas can be captured
by GNNAC

b and GNNAC
s classifiers, respectively. For this,

we adapt the construction simulating GML formulas with
GNNs which uses unbounded summation (Barceló et al.
2020). For GML, our GNN construction uses max-k-sum
aggregation, and for ML it uses max aggregation (which
coincides with max-k-sum, for k = 1).

Theorem 6. GML ≤ GNNAC
b and ML ≤ GNNAC

s .

Proof Sketch. Let φ ∈ GML be a logic classifier of di-
mension d with subformulas φ1, . . . , φL, such that k ≤ ℓ
if φk is a subformula of φℓ. We construct Nφ with layers
0, . . . , L and a classification function that maps a vector to
true iff its last element is 1. Layer 0 multiplies input vec-
tors by a matrix D ∈ Rd×L, namely λ(v)(1) = λ(v)(0)D,
where Dkℓ = 1 if the kth position of the input vectors cor-
responds to a proposition φℓ; other entries of D are 0. All
other layers are AC layers of dimension L using max-n-
sum, for n the counting rank of φ. The combination func-
tion is comb(x,y) = σ(xC + yA + b), where σ(x) =
min(max (0, x), 1) is the truncated ReLU and where entries
of matrices A,C ∈ RL×L and bias vector b ∈ RL depend
on the subformulas of φ as follows: (i) if φℓ is a proposition,
Cℓℓ = 1, (ii) if φℓ = φj ∧ φk, then Cjℓ = Ckℓ = 1 and
bℓ = −1; (iii) if φℓ = ¬φk, then Ckℓ = −1 and bℓ = 1, and
(iv) if φℓ = ♢cφk, then Akℓ = 1 and bℓ = −c+1. All other
entries are zero. Note that if φ ∈ ML, then Nφ ∈ GNNAC

s ,
as required.

We next show that every classifier in GNNAC
b admits an

equivalent GML classifier whereas each GNNAC
s classifier

admits an equivalent ML classifier. To this end, we first dis-
cuss the game-theoretic characterisations of logical indistin-
guishability for GML and ML.

The ℓ-round c-graded bisimulation game (Otto 2019)
is played by Spoiler (him) and Duplicator (her) on finite
pointed models (M, v) and (M′, v′). A configuration is a
tuple (M, w,M′, w′), stating that one pebble is placed on
world w in M, and the other on w′ in M′. The initial config-
uration is (M, v,M′, v′). Each round proceeds in the follow-
ing two steps, leading to the next configuration. (1) Spoiler
selects a pebble and a set U1 ̸= ∅ of at most c neighbours of
the world marked by this pebble. Duplicator responds with a
set U2 of neighbours of the world marked by the other peb-
ble, such that |U1| = |U2|. (2) Spoiler selects a world in U2

and Duplicator responds with a world in U1. If a player can-
not pick an appropriate set (U1 or U2), they lose. If in some
configuration worlds marked by pebbles do not satisfy the
same propositions, Duplicator loses. Hence, Duplicator wins
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if she has responses for all ℓ moves of Spoiler, or if Spoiler
cannot make a move in some round. Spoiler wins if Duplica-
tor loses. We write (M, v) ∼ℓ,c (M

′, v′) if Duplicator has a
winning strategy starting from configuration (M, v,M′, v′).
Importantly, ∼ℓ,c determines indistinguishability of pointed
models in GMLℓ,c and any class of pointed models closed
under ∼ℓ,c is definable by a GMLℓ,c formula.
Theorem 7. (Otto 2019) For any pointed models (M, v)
and (M′, v′), and any ℓ, c ∈ N: (M, v) ∼ℓ,c (M′, v′) iff
(M, v) ≡GMLℓ,c

(M′, v′) iff (M′, v′) |= φℓ,c
[M,v].

Here, the characteristic formula φℓ,c
[M,v] is defined induc-

tively on n ≥ 0 as follows, for p ∈ PROP and Un
v,w the set

of worlds u such that {v, u} ∈ E and (M, u) ∼n,c (M, w).

φ0,c
[M,v] :=

∧
{p : (M, v) |= p} ∧

∧
{¬p : (M, v) ̸|= p},

φn+1,c
[M,v] := φ0,c

[M,v] ∧∧{
♢kφ

n,c
[M,w] : {v, w} ∈ E, k ≤ min(|Un

v,w|, c)
}
∧∧{

¬♢kφ
n,c
[M,w] : {v, w} ∈ E and |Un

v,w| < k ≤ c
}
∧

¬♢1

∧
{v,w}∈E

¬φn,c
[M,w].

Moreover, any ∼ℓ,c-closed class C of pointed models is de-
finable by the formula

∨
(M,v)∈C φ

ℓ,c
[M,v].

We note two important observations regarding Theo-
rem 7. First, our construction of characteristic formulas cor-
rects an error of Otto (2019), by including a final conjunct
that is necessary for the theorem to hold. Second, we ob-
serve that the ℓ-round 1-graded bisimulation games coin-
cide with ℓ-round bisimulation games for ML (Goranko and
Otto 2007), and that the characteristic formulas φℓ,1

[M,v] are
characteristic formulas of ML.

We can now shift our attention to GNNs and show that
classifiers in GNNAC

b and GNNAC
s are invariant under the

bisimulation games for GML and ML, respectively.
Theorem 8. The following hold:

1. GNNAC
b classifiers with L layers and k-bounded aggre-

gation are ∼L,k-invariant;
2. GNNAC

s classifiers with L layers are ∼L,1-invariant.

Proof Sketch. We show by induction on ℓ ≤ L that, for
any pointed graphs satisfying (G1, v1) ∼ℓ,k (G2, v2), the
execution of a k-bounded GNN N ∈ GNNAC

b satisfies
λ1(v1)

(ℓ) = λ2(v2)
(ℓ), and thus N (G1, v1) = N (G2, v2).

If ℓ = 0, (G1, v1) ∼0,k (G2, v2) implies that v1 and v2
satisfy the same propositions, so λ1(v1)

(0) = λ2(v2)
(0). For

ℓ ≥ 1, (G1, v1) ∼ℓ,k (G2, v2) implies (G1, v1) ∼ℓ−1,k

(G2, v2), so λ1(v1)
(ℓ−1) = λ2(v2)

(ℓ−1) by induction. It
remains to show that agg({|λ1(w)

(ℓ−1)|}w∈NG1
(v1)) equals

agg({|λ2(w)
(ℓ−1)|}w∈NG2

(v2)), which subsequently implies
λ1(v1)

(ℓ) = λ2(v2)
(ℓ) by Equation (1). Suppose for the sake

of contradiction, and without loss of generality, that there is
a neighbour w2 of v2 such that λ2(w2)

(ℓ−1) occurs k2 < k

times in {|λ2(w)
(ℓ−1)|}w∈NG2

(v2) and k1 > k2 times in

{|λ(ℓ−1)
1 (w)|}w∈NG1

(v1). The strategy for Spoiler is to select
a set U1 of min(k, k1) elements of w ∈ NG1(v1) satisfying
λ1(w)

(ℓ−1) = λ1(w1)
(ℓ−1). Duplicator must respond with

a subset U2 of neighbours of v2 in G2 of the same cardinal-
ity. Any such U2 must contain w2 such that λ2(w2)

(ℓ−1) ̸=
λ1(w1)

(ℓ−1). In the second part of the round, Spoiler
chooses w2; then, whichever element w′

1 in U1 Duplicator
chooses, we have λ1(w

′
1)

(ℓ−1) ̸= λ
(ℓ−1)
2 (w2). Hence, by the

inductive hypothesis, (G1, w
′
1) ̸∼ℓ−1,k (G2, w2) and hence

(G1, v1) ̸∼ℓ,k (G2, v2), raising a contradiction. The proof
for N ∈ GNNAC

s is a particular case, where k = 1.

By Theorem 7, invariance under bisimulation games im-
plies that graphs accepted by a GNN can be characterised by
a disjunction of characteristic formulas.

Corollary 9. Let N be a GNN with L layers and C the
pointed models (M, v) accepted by N . If N ∈ GNNAC

b with
k-bounded aggregations, it is equivalent to the GML for-
mula

∨
(M,v)∈C φ

L,k
[M,v]. If N ∈ GNNAC

s , it is equivalent to

the ML formula
∨

(M,v)∈C φ
L,1
[M,v].

Therefore, GML ≥ GNNAC
b and ML ≥ GNNAC

s . By
combining these results with Theorem 6 we obtain the fol-
lowing exact correspondence.

Corollary 10. GML ≡ GNNAC
b and ML ≡ GNNAC

s .

6 Modal Logics with Global Counting
We now consider bounded GNNs with readouts. We first
show that GMLC is captured by GNNACR

b using max-k-sum
as aggregation, whereas ML(E) is captured by GNNACR

s us-
ing componentwise maximum aggregation.

Theorem 11. GMLC≤GNNACR
b and ML(E)≤GNNACR

s .

Proof Sketch. Let φ ∈ GMLC; we will construct a GNN by
modifying the construction from the proof of Theorem 6. We
now use ACR layers with comb(x,y, z) = σ(xC + yA +
zR+b), where R simulates global modalities. In particular,
for subformulas φℓ = ∃cφk, we set Rkℓ = 1 and bℓ =
−c + 1, whereas other entries are set to zeros. Moreover,
we let read (and agg) be the max-n-sum function where n
is the counting rank of φ. The remaining components are as
in the proof of Theorem 6. The construction for ML(E) is
obtained as a particular case by taking c = 1 and noting the
max-1-sum function corresponds to max aggregation.

We next show that GNNACR
b and GNNACR

s classifiers ad-
mit equivalent GMLC and ML(E) classifiers, respectively.
As a first step, our approach involves developing a new
game-theoretic characterisation of GMLC that naturally
covers ML(E) as a special case.

To this end, we introduce ℓ-round c-graded global bisim-
ulation games, by extending the games from Section 5. In
each round, Spoiler can now choose to play either a standard
(local) round as before, or a global round. Each global round
proceeds by Spoiler selecting a non-empty set U1 of worlds
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of size bounded by c in one of the models, and Duplicator
subsequently picking a set U2 of worlds of the same size in
the other model; Spoiler then places a pebble in a world u in
U2 and Duplicator responds by placing a pebble on a world
u′ in U1, leading to a new configuration (M, u,M′, u′). We
write (M, v) ∼∃

ℓ,c (M
′, v′) if Duplicator has a winning strat-

egy in the ℓ-round c-graded global bisimulation game start-
ing at (M, v,M′, v′). Similarly as in the case of non-global
games (Theorem 7), we can show the following characteri-
sation result.

Theorem 12. For any pointed models (M, v) and (M′, v′)
and ℓ, c ∈ N, (M, v) ∼∃

ℓ,c (M′, v′) iff (M, v) ≡GMLCℓ,c

(M′, v′) iff (M′, v′) |= φℓ,c
∃[M,v].

Here, the characteristic formulas are defined inductively
on n ≥ 0 as follow, where Un

v,w is the set of all u with
{v, u} ∈ E and (M, u) ∼∃

n,c (M, w), and Jn
w is the set

of all u ∈ V with (M, u) ∼∃
n,c (M, w).

φ0,c
∃[M,v] :=

∧
{p : (M, v) |= p} ∧

∧
{¬p : (M, v) ̸|= p},

φn+1,c
∃[M,v] := φ0,c

∃[M,v] ∧∧{
♢kφ

n,c
∃[M,w] : {v, w} ∈ E, k ≤ min(|Un

v,w|, c)
}
∧∧{

¬♢kφ
n,c
∃[M,w] : {v, w} ∈ E and |Un

v,w| < k ≤ c
}
∧∧{

∃kφn,c
∃[M,w] : w ∈ V, k ≤ |Jn

w|, and k ≤ c
}
∧∧

{¬∃kφn,c
∃[M,w] : w ∈ V and |Jn

w| < k ≤ c
}
∧

¬♢1

∧
{v,w}∈E

¬φn,c
∃[M,w] ∧ ¬∃1

∧
w∈V

¬φn,c
∃[M,w].

Moreover, any class C of pointed models closed under
∼∃

ℓ,c is definable by
∨

(M,v)∈C φ
ℓ,c
∃[M,v].

We can observe that if c = 1, then characteristic formulas
are in ML(E), and our games correspond to global bisim-
ulation games developed for ML(E) (Goranko and Otto
2007, Section 5.1).

We are now ready to show that classifiers in GNNACR
b

and GNNACR
s are invariant under the bisimulation games for

GMLC and ML(E), respectively.

Theorem 13. The following hold:

1. GNNACR
b classifiers with L layers and k-bounded aggre-

gations and readouts are ∼∃
L,k-invariant;

2. GNNACR
s classifiers with L layers are ∼∃

L,1-invariant.

Proof Sketch. The proof has the same structure as in The-
orem 8. The inductive hypothesis implies λ1(v1)

(ℓ−1) =
λ2(v2)

(ℓ−1) and min(k, {|λ1(w)
(ℓ−1)|}w∈NG1

(v1)
)

equals min(k, {|λ2(w)
(ℓ−1)|}w∈NG2

(v2)
). Addition-

ally we can show now that read({|λ1(w)
(ℓ−1)|}w∈V1

)
equals read({|λ2(w)

(ℓ−1)|}w∈V2), which then implies that
λ1(v1)

(ℓ) = λ2(v2)
(ℓ) by Equation (2). Indeed, if these

multisets were not equal, Spoiler could find (w.l.o.g.) a node
w2 ∈ V2 such that λ2(w2)

(ℓ−1) occurs k2 < k times in

{|λ2(w)
(ℓ−1)|}w∈V2

and k1 > k2 times in {|λ(ℓ−1)
1 (w)|}w∈V1

.
This would allow Spoiler to play a global round that wins
the game.

The proof for the set-based case can again be obtained as
a particular case, with c = 1.

As before, Theorems 12 and 13 imply the following.
Corollary 14. Let N be a GNN with L layers and C the
pointed models (M, v) accepted by N . If N ∈ GNNACR

b
with k-bounded aggregations, it is equivalent to the GMLC
formula

∨
(M,v)∈C φ

L,k
∃[M,v]. If N ∈ GNNACR

s , it is equivalent

to the ML(E) formula
∨

(M,v)∈C φ
L,1
∃[M,v].

Therefore, GMLC ≥ GNNACR
b and ML(E) ≥ GNNACR

s .
Combining these with Theorem 11 we have the following.
Corollary 15. The following equivalences hold: GMLC ≡
GNNACR

b and ML(E) ≡ GNNACR
s .

7 Two-Variable Fragments
Finally, we consider bounded GNNs with non-neighbour ag-
gregation. We show that GNNAC+

b and GNNAC+
s exactly cor-

respond to C2 and FO2, respectively.
We first show that each C2 classifier can be expressed

in GNNAC+
b using max-k-sum for neighbour and non-

neighbour aggregations, whereas each FO2 classifier can be
expressed in GNNAC+

s using componentwise max.

Theorem 16. C2 ≤ GNNAC+
b and FO2 ≤ GNNAC+

s .

Proof Sketch. Similarly to Barceló et al. (2020), we exploit
the fact that C2 has the same expressive power as the modal
logic EMLC with complex modalities (Lutz, Sattler, and
Wolter 2001, Theorem 1). We can show that EMLC classi-
fiers in normal form (Barceló et al. 2020, Lemma D.4) can
be captured by GNNAC+

b . The construction is similar to that
of Theorem 6, but using AC+ layers. We use max-n-sum
aggregations where n is the counting rank of the EMLC
formula. Then, comb(x,y, z) = σ(xC + yA + zA + b),
with matrix and vector entries depending on the subformu-
las φℓ. If φℓ is a proposition, conjunction, or negation, the
ℓth columns of A, C, and b are as in Theorem 6, and the ℓth
column of A has only 0s. For the remaining cases, the ℓth
columns of A, C, A, and b are defined as in the construc-
tion of (Barceló et al. 2020, Theorem 5.1), except that we
use combinations of bounded neighbour and non-neighbour
aggregation instead of combinations of unbounded aggrega-
tion and global readouts. The proof for FO2 is a particular
case, where operators in EMLC can count up to 1.

Games for two-variable logics (Libkin 2004) are similar
to bisimulation games, but they are now played with two
pairs of pebbles. In what follows we define a variant of the
game for C2 (Grädel and Otto 1999), obtained by imposing
restrictions on both the number of rounds and on the possi-
ble counting. We let the 2-pebble ℓ-round c-graded game be
played on two models M and M′ by Spoiler and Duplicator
with two pairs of pebbles: (p1M, p1M′) and (p2M, p2M′). After
each round, the pebble positions define a mapping π of two
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elements in M into two elements of M′. Duplicator has a
winning strategy if she can ensure that, after each round, π is
a partial isomorphism between the models. For node classi-
fication, we consider games in which the starting configura-
tion has p1M and p1M′ placed on some elements of M and M′,
respectively. Each round is played as follows: (1) Spoiler
chooses a model (say, M), one of pebble pairs i ∈ {1, 2},
and a non-empty subset U ⊆ V with |U | ≤ c. Duplica-
tor responds with a subset U ′ ⊆ V ′ such that |U ′| = |U |.
(2) Spoiler places pebble piM′ on some u′ ∈ U ′. Dupli-
cator responds by placing piM on some u ∈ U . We write
(M, a) ∼2

ℓ,c (M′, a′) if Duplicator has a winning strategy
when p1M and p1M′ are initially placed on elements a and a′,
respectively.

As we establish next, this game variant characterises in-
distinguishability in the logic C2

ℓ,c. What is crucial is that
we consider both bounded depth and counting rank. As
a result, formulas of C2

ℓ,c have finitely many equivalence
classes (with respect to the logical equivalence), and so, any
class of models closed under the equivalence in C2

ℓ,c is de-
finable by a (finite) C2

ℓ,c formula.

Theorem 17. For any pointed models (M, a) and (M′, a′)
and any ℓ, c ∈ N: (M, a) ∼2

ℓ,c (M′, a′) iff a in M and a′

in M′ satisfy the same C2
ℓ,c formulas with one free variable.

Furthermore, any class C of pointed models closed under
∼2

ℓ,c is definable by a C2
ℓ,c formula.

Proof Sketch. To show the equivalence, we prove a stronger
result, where a and a′ are vectors of length at most 2. We
show each implication by induction on ℓ. For the forward
implication, we show the contrapositive, namely that M |=
φ(a) and M′ ̸|= φ(a′), imply the existence of a winning
strategy for Spoiler. For the opposite direction, we show that
whenever M |= φ(a) iff M′ |= φ(a′), there is a winning
strategy for Duplicator.

The above shows that (M, a) ∼2
ℓ,c (M

′, a′) iff a in M and
a′ in M′ satisfy the same C2

ℓ,c formulas with one free vari-
able. Since, up to logical equivalence, there are finitely many
C2
ℓ,c formulas (Cai, Fürer, and Immerman 1992, Lemma

4.4), each ∼2
ℓ,c equivalence class can be expressed as a (fi-

nite) disjunction of (finite) C2
ℓ,c formulas.

Next, we show that bounded GNNs with non-neighbour
aggregation are invariant under our variant of the 2-pebble
games.

Theorem 18. The following hold:

1. GNNAC+
b classifiers with L layers and k-bounded aggre-

gations and readout are ∼2
L,k-invariant;

2. GNNAC+
s classifiers with L layers are ∼2

L,1-invariant.

Proof Sketch. The structure of the proof follows that of
Theorem 8, but now games use two pairs of pebbles
and GNNs have AC+ layers—with two types of ag-
gregation. The important part of the proof is in the
inductive step, where we show that (G1, v1) ∼2

ℓ,k

(G2, v2) implies that min(k, {|λ1(w)
(ℓ−1)|}w∈XG1

(v1)
)

equals min(k, {|λ2(w)
(ℓ−1)|}w∈XG2

(v2)
), for both X ∈

{N , N}. Towards a contradiction suppose that there
is u ∈ XG1(v1) such that λ1(u)

(ℓ−1) appears k1
times in {|λ1(w)

(ℓ−1)|}w∈XG1
(v1) and k2 < k1 times

in {|λ2(w)
(ℓ−1)|}w∈XG2

(v2), with k2 < k. The win-
ning strategy for Spoiler is to pick a set U1 of
min(k, k1) elements from {|λ1(w)

(ℓ−1)|}w∈XG1
(v1) with la-

bel λ1(u)
(ℓ−1). This allows Spoiler to get to a configuration

(MG, v1, u1,MG′ , v2, u2) with λ1(u)
(ℓ−1) ̸= λ2(u2)

(ℓ−1)

which, by the inductive hypothesis, implies (G1, v1) ̸∼2
ℓ,k

(G2, v2). The proof for the set-based case is a particular
case, with k = 1.

As before, Theorem 17 implies the following.

Corollary 19. Let N be a GNN with L layers and C the
pointed models (M, v) accepted by N . If N ∈ GNNAC+

b it is
equivalent to a C2 formula. If N ∈ GNNAC+

s , it is equivalent
to an FO2 formula.

Therefore, C2 ≥ GNNAC+
b and FO2 ≥ GNNAC+

s . Com-
bining these with Theorem 16 we have the following.

Corollary 20. The following equivalences hold: C2 ≡
GNNAC+

b and FO2 ≡ GNNAC+
s .

8 Conclusion and Future Work
We have introduced families of bounded GNNs, whose ex-
pressive power corresponds exactly to well-known modal
logics and 2-variable first-order logics. Among others, we
have showed that standard aggregate-combine GNNs with
bounded aggregation have the same expressive power as the
graded modal logic. This, together with the result of Bar-
celó et al. (2020), implies that an aggregate-combine GNN
classifier is FO-expressible if and only if it is equivalent to a
bounded aggregate-combine GNN classifier. The correspon-
dence between FO-expressibility and bounding aggregation
(and readout) occurs as an interesting phenomenon to study.
In particular, we find it interesting to determine for which
classes of GNNs classifiers, FO-expressibility is equivalent
to expressibility by bounded GNNs. Future work directions
we consider include also establishing tight bounds on the
size of logical formulas capturing GNNs and practical ex-
traction of logical formulas from GNNs.
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Barceló, P.; Kostylev, E. V.; Monet, M.; Pérez, J.; Reutter,
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