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Abstract

Standpoint logics offer unified modal logic-based formalisms
for representing multiple heterogeneous viewpoints. At the
same time, many non-monotonic reasoning frameworks can
be naturally captured using modal logics — in particular using
the modal logic S4F. In this work, we propose a novel for-
malism called S4F Standpoint Logic, which generalises both
S4F and propositional standpoint logic and is therefore capa-
ble of expressing multi-viewpoint, non-monotonic semantic
commitments. We define its syntax and semantics and ana-
lyze its computational complexity, obtaining the result that
S4F Standpoint Logic is not computationally harder than its
constituent logics, whether in monotonic or non-monotonic
form. We also outline mechanisms for credulous and scepti-
cal acceptance and illustrate the framework with an example.

Code — https://github.com/cl-tud/nm-s4fsl-asp
Extended version — https://arxiv.org/abs/2511.10449

Introduction

Standpoint logic is a modal logic-based formalism for repre-
senting multiple diverse (and potentially conflicting) view-
points within a single framework. Its main appeal derives
from its conceptual simplicity and its attractive properties:
In the presence of conflicting information, standpoint logic
sacrifices neither consistency nor logical conclusions about
the shared understanding of common vocabulary (Gémez
Alvarez and Rudolph 2021). The underlying idea is to start
from a base logic (originally propositional logic; Gémez
Alvarez and Rudolph 2021) and to enhance it with two
modalities pertaining to what holds according to certain
standpoints. There, a standpoint is a specific point of view
that an agent or other entity can take, and that has a bearing
on how the entity understands and employs a given logical
vocabulary (that may at the same time be used by other en-
tities with a potentially different understanding). The two
modalities are, respectively: [s¢, expressing “it is unequiv-
ocal [from the point of view s] that ¢”; and its dual (¢,
where “it is conceivable [from the point of view s] that ¢”.
Standpoint logic escapes global inconsistency by keep-
ing conflicting pieces of knowledge separate, yet avoids du-
plication of vocabulary and in this way conveniently keeps
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portions of common understanding readily available. It has
historic roots within the philosophical theory of supervalua-
tionism (Bennett 2011), which explains semantic variability
“by the fact that natural language can be interpreted in many
different yet equally acceptable ways, commonly referred to
as precisifications” (Gémez Alvarez and Rudolph 2021).

In our work, such semantic commitments can be made
on the basis of incomplete knowledge using a form of de-
fault reasoning. Consequently, in our logic each standpoint
embodies a consistent (but possibly partial) point of view,
potentially using non-monotonic reasoning (NMR) to arrive
there. This entails that the overall formalism becomes non-
monotonic with respect to its logical conclusions.

Several non-monotonic formalisms that could be em-
ployed for default reasoning within standpoints come to
mind, and obvious criteria for selection among the candi-
dates are not immediate. We choose to employ the non-
monotonic modal logic S4F (Segerberg 1971; Schwarz and
Truszczynski 1994), which is a very general formalism that
subsumes several other NMR languages, decidedly allow-
ing the possibility for later specialisation via restricting to
proper fragments. In this way, we obtain standpoint versions
of default logic (Reiter 1980) (see also Example 1 below),
answer set programming (Gelfond and Lifschitz 1991), and
abstract argumentation (Dung 1995), all as corollaries of
our general approach. The usefulness of non-monotonic S4F
for knowledge representation and especially non-monotonic
reasoning has been aptly demonstrated by Schwarz and
Truszczynski (1994) (among others), but seems to be un-
derappreciated in the literature to this day.

We illustrate the logic we propose by showcasing a
worked example in standpoint default logic, a standpoint
variant of Reiter’s default logic (1980), where defaults and
definite knowledge can be annotated with standpoint modal-
ities. In Example 1, defaults are of the standard form, namely
@)1, . .., 0, /€ where (as usual) if the prerequisite ¢ is es-
tablished and there is no evidence to the contrary of the jus-
tifications 1, . . . , ¥, then the consequence ¢ is concluded.
An extension is a deductively closed set of formulas rep-
resenting one possible belief set derived by maximally ap-
plying the defaults. A sentence follows credulously if some
extension entails it, and sceptically if all extensions do.

Example 1. Ovulation disorders are among the leading
causes of female infertility. Their origins and diagnostics



vary, and medical communities do not agree on a unified di-
agnosis or treatment. For example, community D1 typically
attributes ovulation disorders to polycystic ovary syndrome
(PCOS), while community D2 often sees functional hypotha-
lamic amenorrhea (FHA) as their main source (unless the pa-
tient is pregnant, Preg). The initial treatment for PCOS, as
generally accepted in the overall medical community M —
including its subcommunities D1 and D2 — involves hormone
therapy (Horm); however, this should be avoided in FHA, as
it may be ineffective and could mask the underlying issue.'
This can be formalised as a standpoint default theory:

D° := {0 (OvuDis : PCOS/PCOS), D1 < M,
Ob2(0OvuDis : —Preg,FHA/FHA), D2 < M,
Ou(PCOS — Horm),  [Jw(FHA — —Horm)}

Now assume a patient is diagnosed with ovulation disorders,
DY .= D° U {0O.0vuDis}. The unique standpoint exten-
sion of DY yields [, (PCOS AHorm) and [, (FHAA —Horm),
so these conclusions follow sceptically. The patient or physi-
cian may choose a treatment based on the reputation and
trust attributed to the community from which the conclusion
derives. If it is later learned that the patient is in fact preg-
nant — DS := DY U {O.Preg} — then, Op,(FHA A —Horm)
is withdrawn, whereas [(p, (PCOS A Horm) remains.
Compare this with related logics: A plain default theory is
obtained by dropping the standpoint modalities. It yields two
extensions corresponding to the previous conclusions, which
follow credulously but not sceptically. Additionally, the in-
formation about which standpoint each conclusion derives
from is lost. Alternatively, propositional standpoint logic
with strict implications — e.g., Op;(OvuDis — PCOS) and
Op2((0vuDis A —Preg) — FHA) — does not support default
reasoning, as it lacks means of expressing non-monotonicity.

In this work, we introduce syntax and semantics of S4F
standpoint logic, a combination of S4F and standpoint logic
that generalises both, including a non-monotonic semantics
for default reasoning. We study the computational complex-
ity of the logic and observe that the extension of unimodal
S4F to multiple standpoint modalities does not incur any
additional computational cost. We conclude with an imple-
mentation of our logic in disjunctive answer set program-
ming and a discussion of avenues for future work.

Related Work. Several monotonic logics have been
“standpointified” so far: Apart from propositional logic in
the original work of Gémez Alvarez and Rudolph (2021),
also first-order logic and several description logics (Gémez
Alvarez, Rudolph, and Strass 2022, 2023b, 2023a), the tem-
poral logic LTL (Gigante, Gémez Alvarez, and Lyon 2023;
Demri and Watega 2024; Aghamov et al. 2025), and most
recently even monodic fragments of first-order logic with
counting (Gémez Alvarez and Rudolph 2024, 2025).

In previous, preliminary work (2024), we introduced a
different, more restrictive non-monotonic standpoint logic

"We show a simplified example of a real-world case where dif-
ferent bodies define PCOS by the presence or absence of certain
symptoms (Teede, Deeks, and Moran 2010, Table 1), showcasing
the standpoint non-monotonic reasoning captured by our logic.
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framework: a two-dimensional modal logic, a product
logic (Kurucz et al. 2003) of standpoint logic with S4F, how-
ever only considering a fragment of the language (where all
formulas are of the form [s¢ or {s¢ with ¢ not contain-
ing further standpoint modalities). Leisegang, Meyer, and
Rudolph (2024) integrated standpoint modalities into KLM
propositional logics (Kraus, Lehmann, and Magidor 1990)
in a restricted setting (disallowing negation or disjunction
of formulas with modalites). Leisegang, Meyer, and Varz-
inczak (2025) proposed a slightly different KLM-based de-
feasible standpoint logic offering standpoint modalities and
sharpenings that can both be defeasible, but where logi-
cal entailment is still monotonic and defeasible implica-
tion is among propositional formulas only. Regarding non-
monotonic multi-modal logics, Rosati (2006) generalised
the logic of GK (Lin and Shoham 1992) to the multi-agent
case, however with an explicit focus on epistemic interpreta-
tions of modalities and resulting introspection capabilities.

Background

All languages we henceforth consider build upon proposi-
tional logic, denoted L, built from a set .A of atoms accord-
ingto ¢ ::=p| | ¢ A p where p € A, allowing the usual
notational shorthands ¢ V ¢ and ¢ — ). Its model-theoretic
semantics is given by valuations £ C 4 containing exactly
the true atoms. We denote satisfaction of a formula ¢ by a
valuation E as E I ¢ and entailment of a formula ¢ by a
set T C L of formulas as T' = ¢. By Sub(p) we denote the
set of all subformulas of ¢ (also for logics introduced later
and similarly for theories T'). For functions f: A — B, we
denote f(C) :={f(a) |a € C}forC C A.

Standpoint Logic

Standpoint logic (SL) was introduced as a modal logic-based
formalism for representing multiple (potentially contradic-
tory) perspectives in a single framework (Gémez Alvarez
and Rudolph 2021). Building upon propositional logic, in
addition to a set A of propositional atoms, it uses a set S of
standpoint names, where a standpoint represents a point of
view an agent or other entity can take, with x € S being the
universal standpoint. Formally, the syntax of propositional
standpoint logic is given by ¢ ::= L|p|—¢|eAp|Tspls < u
where p € A, and s,u € S. An expression s < u is called a
sharpening statement and states that all semantic commit-
ments of standpoint u are inherited by standpoint s.

The semantics of standpoint logic is given by standpoint
structures 01 = (11, o, ), where I1 is a non-empty set of pre-
cisifications (i.e. worlds), o: S — 2" assigns a set of pre-
cisifications to each standpoint name (with o (%) = II fixed),
and ~: IT — 24 assigns a propositional valuation E C A to
each precisification. The satisfiaction relation 1, 7 I+ ¢ for
7 € Il is defined by structural induction as follows:

N, 7wlFp <= pey(n)

N, 7 - - <= N,7wlfp

N, 7mIE @1 A @ <= N, 7k ¢ and N, 7 IF o
N, 7 Ik Os = N, 7 - pforall v’ € o(s)
NrlFs<u <= o(s) Co(u)



Standpoint structures can be regarded as a restricted form of
ordinary (multi-modal) Kripke structures (IL, {Rs} 5. 7).
where the worlds are the precisifications 1I, the evaluation
function of worlds is =, and the reachability relation for a
standpoint name (i.e. modality) s € S is Rs = II X o (s).

Modal Logic S4F

The modal logic S4F is a unimodal logic extending the logic
S4 (characterised by axioms K, T, and 4) by axiom schema

(p A =K-Kv) = K(=K=p V) (F)

and was studied in depth by Segerberg (1971). We are
chiefly interested in its non-monotonic semantics and thus
approach the logic from its (more accessible) model theory.
The syntax of S4F Lk is given by ¢ :=p|—¢ |0 A |Kp
with p € A. The semantics of S4F is given by S4F struc-
tures, tuples M = (V, W, &) where V and W are disjoint
sets of worlds with W # (), and £: V. UW — 24 assigns to
each world w a valuation &(w) C A. The satisfaction rela-
tion 9, w IF ¢ for w € VU W is then defined by induction:

M, w - p <= p e &(w)

M, w -~ = Muwlfp

MwlE 1 Aps = Mwlk p;and M, w Ik oo

M, w - K =
Mouol-pforallve VUW ifweV,
{sm, viFpforallv e W otherwise.

An S4F structure M = (V, W, §) is a model of a formula
@ € Lk (theory A C L), written M I- o (M IF A) iff for
allw € VUW, we have MM, w I ¢ (for each p € A). A
theory A C Lk is satisfiable iff there is an S4F structure §
such that § IF A. A formula ¢ € Lk is entailed by a theory
A, written A |=s4r ¢, iff every model of A is a model of .
S4F structures can also be seen as a restricted form
of Kripke structures (V U W, R, &) with reachability rela-
tion R := (VxV) U (VxW)U (W xW), comprising two
clusters of worlds: outer worlds V' and inner worlds W. In-
tuitively, for an S4F structure (V, W, ¢) all worlds V U W
are globally possible, but there is an important distinc-
tion whether this possibility is known: All inner worlds are
known to be possible in any world, while this does not nec-
essarily hold for the outer worlds. Thus V' can possibly af-
fect what is known overall, but not what is known in W.
S4F has a small model propertys; its satisfiability problem is
NP-complete (Schwarz and Truszczynski 1993), entailment
“A Esar 9?7 is coNP-complete. An S4F structure (V, W, §)
with V' = Q is called an S5 structure and just denoted (W, £).

Non-Monotonic S4F A non-monotonic logic is obtained
by restricting attention to models where what is known is
minimal (Schwarz and Truszczynski 1994): Given an S5
structure X = (X, ), an S4F structure 9 = (V, W, &) is
strictly preferred over X iff W = X, &l = ¥, and there is
aw € V with &(w) ¢ x(X) (in other words {(V') € x(X)).
An S5 structure X = (X, x) is a minimal model of a theory
A C Lk iff X is a model for A and there is no S4F structure
M that is strictly preferred to X with 9t a model for A. In-
tuitively, if 91 is strictly preferred to X then in 2t we know
strictly less and the knowledge of X is thus not minimal.
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S4F in Knowledge Representation The logic S4F
is immensely useful for knowledge representation pur-
poses (Schwarz and Truszczyriski 1993, 1994), as it allows
to naturally embed several important logics and formalisms
for non-monotonic reasoning, including, but not limited to:

Default Logic. For a general default ¢ : ¢1, ..., ¥, /& (Re-
iter 1980), the corresponding S4F formula is given by
(Ko NK-K—1 A ... ANK=K—1),,) — KE.

Logic Programs. A given normal logic program rule
PO < D1y - -5 Pmy ~Dm+1s - - -5 ~Pm+n 1S translated into
(KpiA. . . AKpn AK=Kpp iAo AK=Kpian) — Kpo,
and similar translation results exist for extended and disjunc-
tive logic programs (Schwarz and Truszczyfiski 1994).

Argumentation Frameworks. An AF F' = (A, R) (under
stable semantics) is translated into the S4F theory 1w
{K-K-a—Kal|ac A} U {Ka— K-b| (a,b) € R},
which follows from Dung’s translation of AFs into normal
logic programs [Dung, 1995, Section 5; Strass, 2013].

The above formalisms can be modularly (piece by piece,
without looking at the entire theory) and faithfully (preserv-
ing the semantics one-to-one) embedded into S4F. Further
S4F embeddings are possible: e.g. the (bimodal) logic of GK
by Lin and Shoham (1992) as well as the (bimodal) logic of
MKNF by Lifschitz (1994), all with S4F being unimodal and
thus arguably offering a simpler semantics.

Among the non-monotonic modal logics capable of faith-
fully embedding the above formalisms, S4F stands out as a
prominent candidate for several reasons, including (but not
limited to) its intuitive model theory and its relative com-
putational easiness compared to other logics (e.g. S4, for
which satisfiability is PSpace-complete; Halpern and Moses
1992). Furthermore, other logics need not guarantee modu-
larity (e.g. KD45; Gottlob 1995; Moore 1985) or have issues
with explicit definitions (Schwarz and Truszczyniski 1994).

Complexity of Non-Monotonic S4F The decision prob-
lems associated with non-monotonic S4F were found to
reside on the second level of the polynomial hierar-
chy (Schwarz and Truszczyniski 1993). As we later gener-
alise it, below we sketch the procedure for deciding whether
a given S4F theory A C Lk has a minimal model. The
actual minimal model X cannot always be explicitly con-
structed due to potentially containing exponentially many
worlds (w.r.t. A), thus a “smaller” representation is required.
The idea for this — going back to Shvarts (1990) — is to rep-
resent X by giving all subformulas K¢ of A with X I- K¢.

More technically, denote AX := {¢ | Ky € Sub(A)}; a
partition (®,V) of AX then intuitively represents an S5
structure X in which all formulas in ¥ are known and all
formulas in ® are not known. Surprisingly, it can be de-
cided whether X is a minimal model of A by consulting only
(®, ¥): Formally, Schwarz and Truszczyriski (1993) define

O:=AU{-Kp|pedtU{Ky|ype T}UT

which is read as a theory of propositional logic with sub-
formulas K¢ regarded as atoms that are independent of ¢.
Now the pair (®, ¥) corresponds to a minimal S4F model
X of A iff (a) O is satisfiable in propositional logic, (b) for
each ¢ € @, we have O [~ ¢, and (c) for each ¢ € U, we



have AU {-K¢ | ¢ € D} |=sar 9. Since the number of NP
oracle calls to verify (a—c) is polynomial (actually linear) in
|AK | we get containment in 5 (Schwarz and Truszczyfiski
1993). A matching lower bound follows from the faithful
embedding of default logic (Reiter 1980) into S4F (Schwarz
and Truszczyniski 1994) and Gottlob’s result on the com-
plexity of extension existence in default logic (1992).

Non-Monotonic S4F Standpoint Logic

Herein, we propose non-monotonic multi-modal S4F with
modalities restricted as in standpoint logic. We proceed to
show that the combination of the two logics exhibits all
“nice” properties of the constituents. The syntax of the new
logic is almost the same as ordinary standpoint logic; we just
disallow to nest sharpening statements into formulas.?

Definition 2. The language Eg of S4F standpoint logic over
atoms A and standpoint names S contains expressions ¢
that are either sharpening statements s < u or formulas 1)
of propositional multi-modal logic with modalities S, i.e.,

prums<ulg with = p| 0| b Ay | O
where p € Aand s,u € S. A theory is a subset T C L3.

As usual, we require the universal standpoint x € S. By Lg
we denote the proper fragment that contains formulas only.

Thus in the actual syntax of our logic, a standpoint-an-
notated default (Os(¢ : ¢, ..., 1, /€) is syntactic sugar for
a formula (Os¢ A Os—0Os— 1 A .. AOs—0Osn) — OE.
For instance, [Jy(OvuDis:PC0S/PCOS) of Example 1
stands for (OJy0vuDis A Oy—Ou—PCOS) — [OyPCOS.

The major novel aspects of our logic are the new mono-
tonic and non-monotonic semantics. We start with introduc-
ing the structures that are used in both model theories.

Definition 3. Let A be a set of propositional atoms and S
be a set of standpoint names. An S4F standpoint structure
(over A and S) is a tuple § = (I1, 0, T,) where

* 11 is a non-empty set of precisifications,

e o,7: S — 2" are functions such that o(x) U 7(x) = 11
and for all s,u € S: o(s) # 0 and o(s) N 7(u) = 0;

o ~: IT — 24 maps every precisification © € 11 to a propo-
sitional valuation E C A.

S4F standpoint structures thus mainly comprise precisifi-
cations 7 € II that each have a propositional valuation ~y(7)
attached as before. Additionally, each standpoint s distin-
guishes inner precisifications o (s) and outer precisifications
7(s) that are disjoint across all standpoints, with « still being
universal. Intuitively, every standpoint s € S has “its own”
associated S4F structure (7(s),o(s), ). This insight moti-
vates the following definition of the satisfaction relation.

Definition 4. Let § = (Il,0,7,v) be an S4F standpoint

structure and p € £§ . For m € 11, the (pointed) satisfaction
relation §, w |- ¢ is defined by structural induction:

This is not a severe restriction; several standpoint logics or
precursors have similar conditions, with no known issues (Gémez
Alvarez 2019; Gémez Alvarez, Rudolph, and Strass 2023b,a).
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To(*)

7o(M)
m: 70(D2) To(D1)
{O,PI’,H,P,F} 3. T4
T2 {O,PI‘,F} {O,PI‘}
{0,Pr,H,F}
oo(*)

a0(M)
5! 70(D2) o0(D1)
{0, Pz, P} 7t Ta:
TR {0, Pr,H} {0,Pr,H,P}
{0,Pr,P,F}

Figure 1: An S4F standpoint structure Fo = (Ilo, 00, To, Vo)
that is a model of theory DS from Example 1. Precisifica-
tions I, = {7y, ..., g} within a box belong to the outer
(upper) or inner (lower) set of precisifications of the stand-
point labelling the box, e.g. g € 04(D1) C 0,(D2). (Satis-
faction §, IF D1 < D2 is coincidental and not required by
DS.) Precisification 7’s valuation is shown as a set v, ()
of atoms below 7. Atoms are abbreviated thus: OvuDis (0),
Preg (Pr), Horm (H), PCOS (P), and FHA (F). For example,
o IFO.(Pr A D) (as o, IFPr AD for all w € II,) and
o, 75 IF OwH (since §o, 7 IF H for all m € 04(M)), while
Fo,m Iff OuwH (as Fo, 73 I H with 73 € 76(M)), whence
o, m IF Oy —H. Intuitively, from the medical standpoint M,
—H is conceivable at 71, whereas H is unequivocal at 75.

S,ml-p = p e y(m)
S, mIF = = §, 7l
S, mlEp1 AN = F,mIFrand §, 7 Ys
§,m - Ot =
F, 7' - forall ' € o(s) ifm € o(x),
{3, 7'k forallm € o(s)UT(s) otherwise.

S,mlFs<u
§ ke

As usual, a structure § is a model of a theory T' C ,Cg iff
§ Ik ¢ forall p € T;atheory T C L3 is satisfiable iff there
exists a structure § such that § IF 7"; a formula ¢ € £§ is
entailed by a theory T C Lg, denoted T g ¢, iff every
model of T is a model of (. Again, S4F standpoint struc-
tures can be recast as ordinary (multi-modal) Kripke struc-
tures (I, { Rs} . 5 ,v) where each s € S has reachability re-
lation R := 7(x) x 7(s) UT(*) X o(s) Ua(x) x o(s). For
illustration, Figure 1 graphically depicts an S4F standpoint
structure for Example 1 along with some satisfied formulas.
The sharpening statements of a theory 7" form a hierarchy
of standpoints (with * at the top) that we sometimes need.

<= o(s) Co(u)and 7(s) C 7(u)
= §,mlkp forallm eIl

Definition 5. Ler T C L’§ be a theory over standpoint
names S. For s,u € S we say that s sharpens u and write
T s s < u, which is defined by induction as follows:
e Thrss=xuifs<uéeToru=sxors=u; (base cases)
e T ks s < uifthereis somet € S suchthats <t €T
and T Fst <5 u. (inductive case)



It is clear that for finite 7' C £§ and s,u € S, the question
whether 7" g s < u can be decided in deterministic poly-
nomial time by checking reachability in the directed graph
(S,{(s,u) | s < u e T}US x {x}). Furthermore, all sharp-
ening statements that we can establish via reachability are
correct with respect to the model theory, as this result shows.

Lemma 6. For any theory T C L3 ands,u € S,

1. Tkss < uimpliesT =s s < u, and
2. if T is satisfiable, then T Fs s S u iff T s s < u.

Non-Monotonic Semantics

In uni-modal S4F, the non-monotonic semantics seeks to
minimise the amount of knowledge contained in a structure
X. Similarly, in the non-monotonic semantics of S4F stand-
point logic we seek to minimise the amount of determination
contained in the structure of each standpoint. Intuitively, this
leads to standpoints making semantic commitments only in-
sofar it is absolutely necessitated by a given theory. To this
end, we firstly introduce a preference ordering on structures.

Definition 7. Consider the S4F standpoint structures
$1 = (Ily, 01, 71,7) and §2 = (Il2, 02, 72, 72) over stand-
point names S and s € S. We define the following orderings:

$1 Is 82 = 72(02(s)) = 71(0o1(s)) and

Y2(72(s)) € 71(01(s) UTi(s))
F19F2 <= F1 < Fo forall se S

$1 <482 = §1 IF2and F2 A1
§1=F2 = §1 IF2and T2 1§

Intuitively, §1 < §2 expresses that for all standpoints, §o
is at least as determined as §1, with respect to the struc-
tures’ semantic commitments. In our non-monotonic seman-
tics, we are interested in structures where such commitments
are minimal (subject to still satisfying a given theory). We
call an S4F standpoint structure an S5 standpoint structure
whenever for all s € S we have 7(s) = ().

Definition 8. Let T C L'g. An S5 standpoint structure § is a
minimal model of T" iff (1) § I+ T and (2) for all S4F stand-
point structures §' I Fwith§' |+ T, we find §' ~ §.
As usual, an expression ¢ € £§ is credulously (sceptically)
entailed by a theory T' C L3, denoted T' ke, .y ¢ (T R #)-
iff § IF ¢ for some (all) minimal model(s) § of 7. E.g. a min-
imal model §,, = (11, o, 7,7, of theory DS from Exam-
ple 1 is obtained from §, (see Figure 1) by moving all outer
precisifications into their respective inner sets (yielding e.g.
05(D2) = 70(D2) U 06(D2)) thus emptying the outer sets.
We observe that S4F standpoint logic generalises both
propositional standpoint logic (Gémez Alvarez and Rudolph
2021) (via S5 standpoint structures; only atomic sharpen-
ing statements) as well as unimodal S4F (Schwarz and
Truszczyriski 1994) (via S = {*} and replacing every oc-
currence of K in a theory T' by (., denoted T[K /[1.]).
Proposition 9. 1. For any theory T' of propositional stand-
point logic such that sharpening statements occur in'T" as
atoms only, there is a bijection between the set of stand-
point structures N that satisfy T and the set of S5 stand-
point structures § that satisfy T.
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2. For any theory T' C Ly of S4F, there is a bijection be-
tween the set of S4F structures IN that satisfy T and the
set of S4F standpoint structures § that satisfy T[K /O.].

Expansions

Historically, the semantics of non-monotonic reasoning for-
malisms was not formulated in terms of minimal models
from the start. A more common formulation employed de-
ductively closed sets where non-monotonic inferences have
been maximally applied. For example, Reiter (1980) defined
the semantics of default logic via so-called extensions; Mc-
Dermott and Doyle (1980) devised a scheme for obtaining
non-monotonic modal logics (of which unimodal S4F is an
instance) and defined the semantics based on expansions;
Moore (1985) gave an equally named concept for autoepis-
temic logic (a logic that can actually be cast into the scheme
of McDermott and Doyle as non-monotonic modal logic
KD45; Shvarts 1990). Our definition below is a generalisa-
tion of these notions to the multi-modal (standpoint) case.

Definition 10. Ler T C Ls. A set U C Lg is an expansion
of T' lﬁcU:{’l/) € Ls | Ty {_‘Ds¢ | Os¢ € ‘CS\U} ':S '(/J}

Intuitively, a theory U is an expansion of 7' if, by only using
the original theory 7" and negative introspection (w.r.t. U),
the expansion U can be reproduced exactly.

We can show that expansions are an alternative, but equiv-
alent way to define the non-monotonic semantics of S4F
standpoint logic. The fundamental insight that expansions in
the scheme of McDermott and Doyle (1980) can be equiv-
alently formulated in terms of S5 structures goes back to
Schwarz (1992); Marek, Shvarts, and Truszczynski (1993)
later extensively studied such correspondences for various
(non-monotonic) modal logics. Our main result on this topic
shows that the correspondence can be lifted from unimodal
to multi-modal non-monotonic (standpoint) logics.

Theorem 11. Let T' C Lg be a theory. An S5 standpoint
structure § is a minimal model of T iff the theory of §, the
set Th(F) := {¢ € Ls | F I}, is an expansion of T.

S4F Standpoint Logic: Complexity Analysis
Complexity of Monotonic S4F Standpoint Logic

Reasoning within monotonic S4F standpoint logic is inter-
esting in its own right, but also relevant for reasoning with
the non-monotonic minimal-model semantics. We start out
with model checking, that is, given a formula ¢ (finite theory
T) and a structure § = (I1, o, 7, v) (and possibly a precisifi-
cation 7 € II), does §, 7 IF ¥ (respectively § I T') hold?

Proposition 12. The model checking problem for S4F
standpoint logic (formulas and finite theories) is in P.

Proof (Sketch). We can check §, 7 IF v bottom-up by con-
sidering all subformulas in order of increasing size. There
are linearly many such checks, and each check in the worst
case (of 0.&) involves all (linearly many) precisifications.[]

As is the case for other standpoint logics (Gémez Alvarez,
Rudolph, and Strass 2022), one useful aspect of (mono-
tonic) S4F standpoint logic is that satisfiable theories al-
ways have small models, where “small” here means linear



in the size of the theory. The size of a (finite) theory 7' is
[T := > er lloll with the size of a formula ¢ defined as
the number of its subformulas, ||| := |[Sub(p)|, and the
size of a sharpening statement being ||s < u|| := 2.

Theorem 13. Let T' C L3 be finite. If T is satisfiable, then
there exists a model of T with at most ||T'|| precisifications.

Proof (Sketch). We employ a standard idea (Halpern and
Moses 1992; Schwarz and Truszczynski 1993; Goémez
Alvarez, Rudolph, and Strass 2022): Each 0,¢ € Sub(T)
with § ¥ O,& has a witness precisification 7 € o(u) U 7(u)
with §, 7 I £. We keep one such witness for each dissatis-
fied Ou& € Sub(T) to obtain a model of size at most || T'||.C]

We next address the satisfiability problem of S4F stand-
point logic, that is, given a finite theory 7' C L3, does there
exist a structure § that is a model of T? To decide it, we
use the small model property as expected. The proposi-
tion below generalises the known results on unimodal S4F
(Schwarz and Truszczynski 1993) and multi-modal proposi-
tional standpoint logic (Gémez Alvarez and Rudolph 2021).

Proposition 14. The satisfiability problem for S4F stand-
point logic is NP-complete.

Proof. NP-hardness carries over from the proper fragment
of propositional logic, so it remains to show membership.
Given a theory T' C Lg, we guess an S4F standpoint struc-
ture § with at most ||T'|| many precisifications and then
check whether § IF ¢ for all ¢ € T The latter check can be
done in deterministic polynomial time by Proposition 12. [

Note that theory satisfiability cannot be reduced to for-
mula satisfiability, as formulas lack sharpening statements.

Characterising Minimal Models

In this section, we show how the minimal models of a theory
T C L3 can be parsimoniously represented, which paves the
way for subsequent complexity analyses. For the purposes of
our constructions, we consider (w.l.0.g.) the vocabulary A of
T to consist only of those atoms that actually occur in 7.
The main idea of our syntactic characterisation of min-
imal models follows Shvarts (1990) in that we reduce to
propositional logic over the extended vocabulary AT O A
where subformulas of the form s (and sharpening state-
ments) are regarded as propositional atoms. The major nov-
elty of our construction is the incorporation of sharpening
statements via the hierarchy of standpoints. For brevity, we
sometimes denote ~® := {-p | o € D} foraset & C L.

Definition 15. Let T'C £§ be an S4F standpoint theory and
denote T := {Os¢ | Os¢ € Sub(T) for some s € S}. For
a partition (®, ¥) of T we define the following conditions:
(C1) Foreverys € S, the theory ©Og :=T U-~d UV U Uy
is satisfiable in propositional logic, where we define
U :={y | Oy € U for someu € SwithT g s < u}.
(C2) For every s€ S and (0,¢ € ® for some u € S with
T ks u < s, the theory ©g U { ¢} is satisfiable in propo-
sitional logic.
(C3) Foreverys€ Sand sy € U, T U P =g st
Whenever a partition Z(T") = (®, ¥) satisfies (C1), we
can construct an S5 standpoint structure from it.
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Definition 16. Given a partition =(T) = (®, V) satisfying
(C1), define S5 standpoint structure F=(ry = (II,0,7,7)
where fors € S, o(s) == {FNA|F C A* with F I- 64}
and 7(s) := 0, and 11 := o (*) withy(w) := 7 forall ™ € 1L

Clearly, if Z(7") satisfies (C1), then §z (1) is well-defined
because o(s) # @ for any s € S. Our subsequent main re-
sults show that the construction is correct and partitions
therefore provide a valid way of characterising (minimal)
models for theories. We start with soundness.

Theorem 17. Let T C L5 and Z(T) = (®, V) be a parti-
tion of TV such that Z(T) satisfies (C1).

1. If 2(T) also satisfies (C2), then F=(r) I- T’
2. ifE(T) also satisfies (C2) and (C3), then F=(r) is a min-
imal model of T.

Proof (Sketch). The key to the proof is showing that for
all s€ S, FCA* with FIF0s, and ¢ € Sub(T), we
have F'I- ¢ iff §=(1), F'NAlF @. With this, we can then
show §z(r) IF T, where satisfaction of sharpening state-
ments holds by construction. For minimality, we assume
§ < F=() with § |- T" and employ a helper result establish-
ing that § < F=cr) implies § I {~0ué | F=(r) I Dud}-
This serves to show v(7(s)) € 7'(c’(s)), thus §z(ry) < F.00

This shows soundness of the characterisation; we can also
show completeness, which is the more involved direction.

Theorem 18. Let T C £§ be an S4F standpoint theory and
§ be an S5 standpoint structure for the vocabulary of T.

1. If § - T, then TV has a partition (®, W) that satisfies
(C1) and (C2),

2. if § is a minimal model of T, then TZ has a partition
(®, W) that satisfies (C1), (C2), and (C3).

Proof (Sketch). With § I T, it is clear to define the par-
tition Z(7,§) = (¢, ¥) by ¥ := {0up € T | § IF 0.0}
and ® :=TU \ W. A first helper claim then again con-
nects the propositional and modal readings of formulas: for
any s € S and 7 € o(s) we define the propositional val-
uation Fy :=(m)UW¥ C A* for which it holds for all
@ € Sub(T) that F; IF ¢ iff §, 7 IF . This then serves to
establish another helper result by which for any s € S and
7 € o(s), we have F; IF Og; in turn, this can be used to
prove (C1) and (C2). For (C3), we do a proof by con-
tradiction and assume there is some [Jst) € ¥ such that
T U —® s Ostp. Then there exists an S4F standpoint struc-
ture §' with § IF T U—~® and §' I (stp. The two struc-
tures § and §’ can be combined to a third structure §”’ with
F"” < § that can be shown to also be a model for T with
F" IF Osv (this is actually the most laborious part of the
proof). But this then yields " <1 § with §” |- T although
¥ is a minimal model of 7', the desired contradiction. |

In our running Example 1, the minimal model §, of the-
ory D9 given earlier can be characterised as pair (95, ¥),
with {0.0, 0.Pr, Op,P, OB} C ¥4 and {O0p,F} C @5,
where the latter containment intuitively expresses that ~FHA
is conceivable from standpoint D2.



Complexity of Non-Monotonic S4F SL

Given that each minimal model of an S4F standpoint logic
theory T' C £§ can be parsimoniously represented via a par-
tition Z(T') of TU, for dealing with various decision prob-
lems surrounding minimal models we can resort to comput-
ing with such representations instead of computing with ac-
tual models (that might be of worst-case exponential size).

Theorem 19. Deciding existence of a minimal model for an
S4F standpoint logic theory T C L3 is Y P -complete.

Proof. The lower bound follows from unimodal S4F
(Schwarz and Truszczynski 1993), so let us focus on con-
tainment. The general approach is clear: Given T' C L3,
we obtain T, guess a partition Z(T) = (®, ¥), and verify
(C1), (C2), and (C3). Veritying (C1) and (C2) can be done
using the NP oracle for the polynomially many satisfiability
checks of propositional logic, where all involved theories are
polynomial in the size of T'. For (C3), we make use of Propo-
sition 14 and employ the NP oracle to do |¥| < ||T’|| many
satisfiability checks of monotonic S4F standpoint logic.

The idea for credulous and sceptical entailment is then to
many-one-reduce it to minimal model existence as follows:

Theorem 20. Let T' C L5 be a theory, £ € LS be a for-
mula, and assume atom z € A does not occur in T U {£}.

1. Tk, if Tfred has a minimal model, where
TS =T U {(O—0ez A Op—0:E) — D2}

cred *

2. T bémp & iff TS has a minimal model, where

scep

Proof (Sketch). Intuitively, the additional atom z and im-
plications serve as integrity constraints that eliminate all
minimal models that do (not) contain the formula £ to be
queried: A minimal model § is an S5 standpoint structure
by definition, so either (a) § I+ Oz or (b) § IF =0, 2, and in
case (b) then § IF [0, —.z due to negative introspection. It
can be shown that (a) is impossible because the only reason
for it requires (b); thus the other conjunct (=)0, —[0.& in the
implication’s prerequisite must be dissatisfied. For example,
in credulous entailment, § | (J,—0.& yields § IF [0.&; the
conclusion is dual for sceptical reasoning. 0

Given T' and &, the theories Tfred and Tsf:ep can clearly
be constructed in deterministic polynomial time. Thus the
respective complexities follow, with lower bounds obtained
from the proper fragment of default logic (Gottlob 1992).

Corollary 21. The problem “Given T and &, does T =, &
hold?” is ¥5-complete. The problem “Given T and &, does
T hm,p € hold?” is N5 -complete.

Disjunctive ASP Encoding

We provide a proof-of-concept implementation of S4F
standpoint logic by developing an encoding in disjunc-
tive answer set programming using the saturation tech-
nique (Eiter and Gottlob 1995). The main insight underlying
the encoding is to equivalently reformulate the guess-and-
check approach described in the previous section as follows:

(1) We guess, independently, the following:
(a) apartition Z(T) = (®, V) of T5;
(b) for every standpoint name s € S, a propositional valu-
ation E of the extended vocabulary AT = AU TH:

(c) for each (0,€ € TU, a valuation En,e C A+
(2) We next verify (in deterministic polynomial time):
(a) EsIF O, foralls € S;

(b) for every (,¢ € ®, we have that E ¢ IF ©5 U {—¢}
foralls € SwithT g u <s.

(3) We finally verify (using the NP oracle) that for every
Os% € U, we have that T' U = =5 st

Our ASP encoding now guesses just like in (1) above, ver-
ifies (2) via straightforward evaluation of propositional for-
mulas (with T s u < s being obtained directly via rules),
and implements (3) via a saturation encoding that checks,
for every (Js¢ € ¥ independently, that U —® U {—Og}
is unsatisfiable. Each such check makes use of the small
model property of S4F standpoint logic (Theorem 13) and
works by verifying that all S4F standpoint structures up to
the maximal possible size are not models; technically, model
candidates are disjunctively guessed and then checked off
if they violate some required property. The full encoding is
available at https://github.com/cl-tud/nm-s4fsl-asp.

Our implementation continues and generalises a long line
of research implementing default and autoepistemic reason-
ing formalisms via answer set programming: Junker and
Konolige (1990) implemented default and autoepistemic
logics via truth maintenance systems, which are known to
be equivalent to logic programs under the stable model se-
mantics (Reinfrank, Dressler, and Brewka 1989). The sys-
tem dl2asp (Chen et al. 2010) works similarly to the work
of Junker and Konolige. Ji and Strass (2014) provided a
disjunctive ASP encoding of default logic via the logic of
GK (Lin and Shoham 1992).

Discussion

In this paper, we introduced S4F standpoint logic, which
combines and generalises propositional standpoint logic
(Gémez Alvarez and Rudolph 2021) and (non-monotonic)
S4F (Schwarz and Truszczyniski 1994). It constitutes the first
full-fledged, unrestricted non-monotonic standpoint logic
covering, by corollary, standpoint default logic, standpoint
answer set programming, and standpoint argumentation
frameworks. We demonstrated that the addition of multiple
standpoints to non-monotonic S4F comes at no additional
computational cost, and based on this insight presented a
disjunctive ASP encoding that implements our logic.

For future work, we are interested in simplifying our
decision procedure for the proper fragments of standpoint
logic programs and standpoint argumentation frameworks,
as the satisfiability problems of the base languages are eas-
ier (NP-complete; Bidoit and Froidevaux 1991, Marek and
Truszczynski 1991, LPs; Dunne and Wooldridge 2009, AFs)
unless the polynomial hierarchy collapses. We also want to
study strong equivalence for S4F standpoint logic; the case
of unimodal S4F was studied by Truszczyriski (2007).
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