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3IRIT, Université Toulouse Capitole, France
rustam.galimullin@uib.no, mittelmann@lipn.univ-paris13.fr, laurent.perrussel@irit.fr

Abstract
In diffusion auctions, sellers can leverage an underlying so-
cial network to broaden participation, thereby increasing their
potential revenue. Specifically, sellers can incentivise partic-
ipants in their auction to diffuse information about the auc-
tion through the network. While numerous variants of such
auctions have been recently studied in the literature, the for-
mal verification and strategic reasoning perspectives have not
been investigated yet.
Our contribution is threefold. First, we introduce a logical for-
malism that captures the dynamics of diffusion and its strate-
gic dimension. Second, for such a logic, we provide model-
checking procedures that allow one to verify properties like
the Nash equilibrium, and that pave the way towards checking
the existence of sellers’ strategies. Third, we establish com-
putational complexity results for the presented algorithms.

Introduction
In auction theory and mechanism design (Nisan et al. 2007),
the set of participants is typically fixed and socially indepen-
dent, in the sense that any underlying social network among
agents is not taken into account. In contrast, by leveraging
agents’ social networks, a seller could use buyers’ connec-
tions to promote the auction (Guo and Hao 2021). This has
a clear advantage: a larger market may include participants
with higher valuations, leading to a potential increase in so-
cial welfare or the sellers’ revenue. On the other hand, buy-
ers act as competitors and have no incentives to invite more
participants, as doing so would increase competition and re-
duce their likelihood of securing the item being auctioned.

The challenge of encouraging participants to propagate
the auction among their social connections has recently
sparked interest in the mechanism design community (Zhao
2021). In particular, it led to the introduction of diffusion
auctions (Zhao et al. 2018; Li et al. 2022), where sellers
propose incentives to buyers so that they can benefit from
inviting their neighbours. The intuition is that the mecha-
nism guarantees that the buyer’s new utility after propagat-
ing the auction is not less than her utility of participating in
the auction with the original participants. Their main benefit
is the increase in the number of participants while guaran-
teeing economic properties such as incentive-compatibility
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or optimality (Zhang, Zheng, and Zhao 2024). Yet, two crit-
ical aspects remain unexplored — the strategic behaviour of
sellers in diffusion auctions, especially when multiple sellers
compete to reach the most valuable buyers, and the formal
verification of such mechanisms.

In the last decades, a number of logics have been pro-
posed to reason about agents’ strategic capabilities with
prime examples being Coalition Logic (CL) (Pauly 2002),
Alternating-time Temporal Logic (ATL) (Alur, Henzinger,
and Kupferman 2002), and Strategy Logic (Mogavero et al.
2014). Combined with model-checking techniques (Clarke
et al. 2018), these frameworks provide powerful tools for
specification and verification of multi-agent systems, with
applications to several problems, from the analysis of vot-
ing protocols (Belardinelli et al. 2021; Jamroga, Kurpiewski,
and Malvone 2022) to the verification of auctions and mech-
anism design (Mittelmann et al. 2025, 2023).

In this paper, we provide a formal framework for speci-
fication and verification of strategic properties in diffusion
auctions. In doing so, we combine the intuitions from social
network logics (Pedersen 2024), dynamic epistemic logic
(DEL) (van Ditmarsch, van der Hoek, and Kooi 2008), as
well as the aforementioned CL and ATL. We believe that
this is the first logic-based approach to formal verification of
diffusion auctions and strategic abilities of sellers in them.

Contribution We introduce the n-seller logic for diffusion
incentives Ln and its strategic variant SLn. These logics
are interpreted on diffusion auction mechanism models that
are quite general and thus capture a wide variety of mecha-
nisms. Both Ln and SLn allow us to capture the dynamics
of diffusion of information about auctions and their strate-
gic dimension. By ‘dynamics’ here, we mean the change of
the underlying social network as a result of sellers proposing
incentives to buyers to invite their neighbours to an auction.
For these logics, we provide model-checking procedures that
allow one to verify properties such as Nash equilibrium, and
that pave the way towards checking the existence of sellers’
strategies. For the presented algorithms, we establish com-
putational complexity results.

Diffusion Auctions With Multiple Sellers
We start by presenting a formal framework for multiple-
seller auctions, where each seller is selling (a copy of) the
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same item. Sellers and buyers in such a setting are connected
via an underlying social network, whose structure the sell-
ers can try to exploit by incentivising their direct neighbours
(i.e., buyers participating in the sellers’ auctions) to invite all
their friends to join the corresponding auction.

Let S = {σ1, σ2, ..., σn} be a finite non-empty set of n
names of sellers, and B = {β1, β2, ...} be a countable set of
names of buyers, such that S∩B = ∅. Also, let Nom = S∪B
denote the total set of agent names, or nominals. We will
also write B• = B ∪ {•} and Nom• = Nom ∪ {•}, where
nominal • intuitively stands for ‘the current agent’. Finally,
let Terms = {utα | α ∈ Nom•} be a set of terms denoting
utilities of agents utα and a term ut• denoting the utility of
the current agent.
Definition 1. The language Ln of the n-seller logic for dif-
fusion incentives is defined by the following grammar:

φ := α | (z1t1 + ...+ zmtm) ⩾ z | ¬φ | (φ ∧ φ) | □φ |
[σ1 : β1, ..., σn : βn]φ | ♡γ,

where α ∈ Nom, z ∈ Z, ti ∈ Terms, σi, σj ∈ S with
σi ̸= σj , βi ∈ B•, and γ ∈ Nom•. Here, □φ means ‘all
friends of the current agent satisfy φ’, and ♡γ means that
agent named γ, which can be either a seller or a buyer, gets
an item in the current configuration of a mechanism.

Constructs [σ1 : β1, σ2 : β2, ..., σn : βn]φ (abbreviated as
[σ : β]φ), where n = |S|, capture the concurrent informa-
tion diffusion about auctions. This is done by sellers σi in-
centivising the respective buyers βi, i.e., paying them some
sum, to invite all their friends to join the seller’s auction.
Clause σi : • denotes the case in which seller σi does not
incentivise anyone, i.e., she does nothing or skips her turn.
Hence, we will write, e.g., [σ1 : β1, σ2 : β2]φ if only sellers
named σ1 and σ2 do not choose •. Given [σ : β]φ, we will
denote as σ\• the set of agents σi ∈ σ such that the corre-
sponding βi ̸= •. Observe that even though this modality
is concurrent, i.e., everyone is making moves in parallel, we
can easily model consecutive moves by selecting • for all the
agents who are not playing in the current turn. For the case of
1-seller auctions L1, we will write [β]φ instead of [σ : β]φ.
Finally, having a sequence Upd = σ1 : β1, ..., σn : βn, we
will denote by Upd(σi) the corresponding buyer’s name βi.

Duals are defined as ♢φ := ¬□¬φ and ⟨σ : β⟩φ := ¬[σ :
β]¬φ. For the linear inequalities1, we can use the following
abbreviations: t1 − t2 ⩾ z for t1 + (−1)t2 ⩾ z, t1 ⩾ t2 for
t1 − t2 ⩾ 0, t1 ⩽ z for −t1 ⩾ −z, t1 < z for ¬(t1 ⩾ z),
and t1 = z for (t1 ⩾ z)∧ (t1 ⩽ z). We can also use rational
numbers in our formulas via abbreviations (e.g., t ⩾ 1

2 is an
abbreviation for 2t ⩾ 1). All other standard abbreviations of
logic and the rules for removing parentheses hold.
Example 1. With our language, we can express various de-
sirable properties of mechanisms, both static and dynamic.
The following formulas are examples for L1.

1Originally, these linear inequalities in a logical context were
used to capture reasoning about probabilities (Fagin, Halpern, and
Megiddo 1990). Recently, they were also used to express budgets
and costs in dynamic epistemic logic (Dolgorukov, Galimullin, and
Gladyshev 2024). We follow the latter approach in this work.

• utα = 3 ∧ [α](utα > 3) for ‘the utility of agent α is 3,
and after she was incentivised by the seller to invite her
friends to participate in the auction, her utility increased’.

• ut• = 5 ∧ □(ut• ⩾ 5) ∧ ♢(α ∧ ♡α) for ‘the utility of
the current agent is 5, and all her friends have utilities of
at least 5, and she also has a friend α who gets an item’.

Formulas of Ln are interpreted on diffusion auction mech-
anisms.
Definition 2. A market network with n sellers M is a tuple
(Agt, F,Bdg, V, I,N), where
• Agt = B∪S is the set of agents, whereB = {a, b, c, ...}

is a non-empty set of buyers, and S = {s1, ..., sn} is a
non-empty set of sellers, and B ∩ S = ∅;

• F : Agt → 2B is a symmetric irreflexive friendship
(neighbour) relation;

• Bdg : Agt → Q+ ∪ {0} is a non-negative budget for
each agent;

• V : B → Q+ ∪ {0} s.t. V (a) ⩽ Bdg(a) assigns to each
buyer a non-negative valuation of the item being sold;

• I : B × S → Q+ ∪ {0} assigns to each buyer the non-
negative incentive that each seller is willing to pay to
them to invite their friends;

• N = NS ∪NB is a naming function, where NS : S → S
and NB : B → B are surjective functions2.

An n-seller diffusion auction mechanism (n-DAM, or
DAM) M is a tuple (M, P,Pay , U), where
• M = (Agt, F,Bdg, V, I,N) is a market network with n

sellers;
• PM : Agt → {0, 1} is the allocation (placement) func-

tion, which specifies whether an agent receives an item
in an auction conducted within the market network M;

• PayM : B → Q+ ∪ {0} is the payment function, which
specifies the value each buyer should pay in an auction
run within the market network M;

• UM : Agt→ Q+ ∪ {0} is the utility function.
We omit subscripts M whenever it does not cause confu-

sion. We write M,a to refer to a specific agent a in M .
Observe that the definitions of the allocation, payment,

and utility functions do not specify their exact details. This
makes our definition of diffusion auction mechanisms gen-
eral, allowing us to incorporate various types of mecha-
nisms. The only restriction we put on the functions is that
their complexity is no greater than the complexity of the
model-checking problem of a given logic. As we will see
later, model checking Ln is in P, and thus in this section we
assume that P , Pay , and U are computable in polynomial
time. While the optimal allocation function in combinatorial
auctions is NP-complete (Nisan et al. 2007)3, several mech-
anisms whose functions are computable in polynomial time
have been proposed. Those include a strategyproof combina-
torial auction (Dobzinski and Vondrák 2012), a double auc-
tion mechanism in social networks (Xu and He 2020), and
McAfee’s double auction mechanism (McAfee 1992).

2Observe that function N is well-defined since S ∩ B = ∅.
3The optimal allocation function is used to compute allocations

and payments in the Vickrey–Clarke–Groves mechanism (Vickrey
1961; Clarke 1971; Groves 1973).
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For our running examples, we will use the single item,
multiple units, first price (SMF) auctions.

Definition 3 (SMF Auction). Given a market network with
n sellers M = (Agt, F,Bdg, V, I,N), the placement func-
tion P is defined as follows.

For a seller si, let si be the ordered set of valuations V (a)
of buyers a such that a ∈ F (si)

4. The ordering is from the
highest to the lowest valuations, where the ties are broken by
the lexicographic ordering of the buyers. This set is totally
ordered. We denote the first element of si as si(1).

We refine the sets si to account for the distribution of
items. A refinement of a totally ordered set si, denoted by
si, is defined as si = si \ {sj(1)|0 < j < i}. Intuitively, a
refinement is the set of bidders in the current auction minus
those bidders that are already getting the item from some
other auction. Finally, for all si ∈ S, if si is non-empty,
then P (a) = 1 and P (si) = 0 for V (a) = si(1), and
P (si) = 1 otherwise. Observe that in SMF auctions, it is
implied that buyers strive to acquire only one (copy of the)
item, and hence some sellers may end up not selling their
items.

As for the Pay function, buyers, if they get an item, pay
the amount equal to their valuation of the item. Function U
is defined as follows: for a buyer a ∈ B, U(a) = Bdg(a)−
V (a) · P (a); for the seller si, U(si) = V (a) + Bdg(si),
where V (a) = si(1), and U(si) = Bdg(si) if si is empty.

Example 2. As an example of how the placement function
works in Definition 3, consider two mechanisms in Figure 1.
In both mechanisms, all valuations and incentive values are
identical. Moreover, ♡ denotes the allocation of items.

s1

b1 : ♡

s2

b2 : ♡

s1

b : ♡

s2 : ♡

Figure 1: Mechanisms M1 (left) and M2 (right).

In M1 we have that both buyers participate in both auc-
tions run by s1 and s2, and each buyer wins an item. For
the sellers, sets s1 and s2 are {V (b1), V (b2)}. Recall that
V (b1) = V (b2) and we use the lexicographic preference or-
dering to break ties. The refinement s1 = {V (b1), V (b2)},
and the refinement s2 = {V (b1), V (b2)} \ {V (b1)} =
{V (b2)}. Hence, by the definition of the placement function,
P (b1) = 1, P (b2) = 1, P (s1) = 0, and P (s2) = 0.

Now, let us take a look at mechanismM2, where we again
have two sellers but now only one buyer. There, s1 = s2 =
{V (b)}, and the corresponding refinements are s1 = {V (b)}
and s2 = {V (b)} \ {V (b)} = ∅ (using lexicographic order-
ing over sellers as a tie-breaking rule). Hence, the placement
function is P (b) = 1, P (s1) = 0, and P (s2) = 1. Note that
following Definition 3, seller s2 keeps her item.

4Observe that having sets si, and not multisets, suffice as each
buyer submits at most one valuation per seller, or auction.

Since sellers can incentivise buyers to invite their friends
to join an auction, our mechanisms are dynamic, i.e., the so-
cial network structure changes as a result of sellers’ actions.
To capture this, we define the update of a mechanism. In our
definition, we assume that each buyer can be incentivised by
one seller at a time. And, moreover, since buyers are ratio-
nal, if they are offered incentives from two separate sellers,
they choose the higher incentive, and their friends join the
auction of the seller offering the higher incentive.
Definition 4. Let an n-DAMM = ((Agt, F,Bdg, V, I,N),
P, Pay , U) and a sequence Upd = σ1 : β1, ..., σn : βn
be given. An n-DAM updated by the concur-
rent invitations by n sellers MUpd is a tuple
((Agt, FUpd , BdgUpd , V, I,N), P,Pay , U), where for
all s ∈ S, if N(σi) = s, Upd(σi) = βi ̸= •, and
s = arg maxs′∈S I(N(βi), s

′), then
• FUpd(s) = F (s) ∪ {b|b ∈ B and b ∈ F (N(βi))},
• BdgUpd(s) = Bdg(s) − I(N(βi), s) and
BdgUpd(N(βi)) = Bdg(N(βi)) + I(N(βi), s),

Ties are broken by the lexicographic order of sellers’
names5.

Intuitively, given a concurrent information diffusion op-
erator σ : β, in the updated mechanism all friends of buyer
βi will join the auction run by σi if σi is one of the sellers
that incentivise βi, and moreover, offers the highest incen-
tive. Then, the seller’s budget is reduced by the value of the
incentive, and the budget of the corresponding buyer is in-
creased by the value of the incentive.
Definition 5. Let M = ((Agt, F,Bdg, V, I,N),
P,Pay , U) be an n-DAM. The semantics of Ln is
defined by induction as follows:

M,a |= α iff N(α) = a

M, a |= ¬φ iff M,a ̸|= φ

M, a |= φ ∧ ψ iff M,a |= φ and M,a |= ψ

M, a |= □φ iff ∀b ∈ Agt : b ∈ F (a) implies M, b |= φ

M, a |= [σ : β]φ iff if ∀σi ∈ σ\• : N(βi) ∈ F (N(σi)) and

Bdg(N(σi)) ⩾ I(N(βi), N(σi)), then Mσ:β , a |= φ

M, a |= ♡α iff
{
P (N(α)) = 1 if α ̸= •,
P (a) = 1 if α = •

M,a |=
m∑
i=1

ziti ⩾ z iff
m∑
i=1

zit
′
i ⩾ z, where

t′i =

{
U(N(α)) if ti = utα,

U(a) if ti = ut•.

The semantics definition for the clause M,a |= [σ : β]φ
checks whether all sellers, who did not choose to skip their
turn, are (i) incentivising the buyers that currently participate
in their auction, and (ii) whether the sellers have sufficient
budgets to pay the incentives. If (i) and (ii) hold, then φ is

5In particular, if there are two or more sellers offering a buyer
the same maximal incentive, the buyer propagates the auction in-
formation of the seller that appears first in the lexicographic order.
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s : σ, 5

a : α, (3, 1, 5)

b : β, (8, 2, 6)

c : γ, (9, 9, 1)

d : δ, (11, 10, 0)

s : σ, 0

a : α, (8, 1, 5)

b : β, (8, 2, 6)

c : γ, (9, 9, 1)

d : δ, (11, 10, 0)

Figure 2: Mechanism M (left) and updated mechanism
Mσ:α (right). For the seller s, her name is σ and her budget
in M is 5. For buyer a, her name is α, and (3, 1, 5) denotes
the fact that Bdg(a) = 3, V (a) = 1, and I(a, s) = 5. Simi-
larly, for other agents. The new link in Mα is dashed.

evaluated in the updated mechanism Mσ:β , a. The dual ⟨σ :

β⟩φ holds iff (i) and (ii) hold, andMσ:β , a |= φ. For clauses
of ♡α and linear inequalities, we distinguish the cases of an
agent named α and the current agent, denoted by nominal •.
Example 3. Consider 1-seller SMF mechanism M and its
updateMσ:α in Figure 2. We have, for example, thatM,a |=
(utσ = 7) ∧ ♡β ∧ ⟨α⟩(utσ = 9 ∧ ♡γ), where the utility of
the seller σ increases after she incentivises the agent named
α to invite her friends. Indeed, in mechanism M , the seller’s
budget is 5, and the highest valuation among the buyers par-
ticipating in the auction is 2 (from agent β). Hence, the total
utility of the seller is 7. Since agent β is currently the high-
est bidder, she would have been the winner of the auction
in the current mechanism (conjunct ♡β). After the seller in-
centivises α to invite all her friends to the auction, the bud-
get of α increases by her incentive (i.e. by 5 to the total 8),
and agent γ joins the auction (dashed line in Mσ:α). Since
her valuation is the highest, she gets the item (conjunct ♡γ)
and the utility of the seller increases to 9. We also have that
M,a |= ¬⟨α⟩⟨γ⟩(utσ > 9), i.e., the seller cannot increase
her utility further by trying to reach the richest buyer δ as
she does not have enough budget for two rounds of referrals.

Now we turn to a 2-seller example. Consider the SMF
mechanism M and its updates in Figure 3. We assume that
sellers s1 and s2 have both budgets 1, and that for both of
them and all buyers, the incentives are 1, i.e., each seller
can incentivise only one buyer. Moreover, let us assume that
each buyer, apart from b and e, evaluates the item as 1. Buyer
b has valuation 4, and buyer e has valuation 3.

We can see that in mechanism M , each seller has util-
ity of 2, and buyers a and c get the item (recall that we as-
sume the lexicographic tie-breaking rule). Formally, utσ1

=
2 ∧ utσ2

= 2 ∧ ♡α ∧ ♡γ. We can also consider a more co-
operative goal of the mechanism configuration, where each
agent either has the item or has a friend who has the item,
expressed by

∧
i∈NomM

i → (♡ • ∨♢♡•), where NomM =

{σ1, σ2, α, ..., ζ}. Mechanism M does not satisfy this goal,
as, for example, the formula does not hold for agent d.

Now, assume that both sellers decide to diffuse the in-
formation about their auctions over the network. Seller s1
incentivises buyer d to invite all her friends, i.e., e, to the
auction; and similarly for seller s2 and buyer c who invites
b. The resulting update Mσ1:δ,σ2:γ is depicted in the middle
of Figure 3. After this diffusion, the utility of seller s1 be-

s1 : σ1 d : δ

a : α,♡

f : ζ

e : ϵ, 3

s2 : σ2c : γ,♡

b : β, 4

s1 : σ1 d : δ

a : α

f : ζ

e : ϵ, 3,♡

s2 : σ2c : γ

b : β, 4,♡

s1 : σ1 d : δ

a : α

f : ζ

e : ϵ, 3

s2 : σ2c : γ,♡

b : β, 4,♡

Figure 3: MechanismM and its updates. In the mechanisms,
there are two sellers, s1 and s2, and six buyers, a, b, ..., f .
Agents’ names are shown near the state label. New links are
dashed. The allocation of the sold items is depicted by ♡.

comes 3 (1 is spent on the incentive, and agent e bids 3), and
the utility of seller s2 is 4, i.e., for both sellers, the diffu-
sion allowed them to increase their utilities by reaching bid-
ders with higher valuations. Formally, we can write this as
utσ1

= 2∧utσ2
= 2∧ [σ1 : δ, σ2 : γ](utσ1

> 2∧utσ2
> 2).

Interestingly, such a diffusion performed by both sellers
allows us to reach the cooperative goal: formula [σ1 : δ, σ2 :
γ]

∧
i∈NomM

i→ (♡ • ∨♢♡•) is valid in mechanism M .
Although the diffusion operator [σ1 : δ, σ2 : γ] allows

sellers to increase their utilities and also achieve the cooper-
ative goal, it requires a coordinated action from the sellers.
Thus, seller s1 can increase her utility even more and outper-
forms seller s2 by incentivising buyer a instead of d, and the
resulting updated mechanism Mσ1:α,σ2:γ is depicted on the
right of Figure 3. In this case, a will invite her friends, in-
cluding b, to join the auction of seller s1. Observe that there
is nothing seller s2 can do to make her utility greater than
1 and thus outperform s1 (recall that as a tie-breaking rule
we use the lexicographic ordering, and hence, if buyer b is
being invited to both auctions, she will choose seller s1). In
formulas,

∧
i∈NomM∪{•}[σ1 : α, σ2 : i](utσ1 > utσ2). The

cooperative goal
∧

i∈NomM
i → (♡ • ∨♢♡•) is no longer

valid in the mechanism as agent d does not satisfy it.

Strategic Properties of Diffusion Auctions
Let us now demonstrate how to express Nash equilibrium in
our setting, as well as study the complexities of the model
checking and strategy existence problem.

We first define an appropriate notion of a finite DAM. The
nuance here is that even if the set of agents is finite, we have
a countably infinite number of names that can be assigned to
buyers. Luckily for us, whenever a problem requires both a
mechanism and a formula in the input, we need to care about
only those nominals that occur explicitly in the formula.

Let M = ((B ∪ S, F,Bdg, V, I,N), P,Pay , U) be a
DAM with a finite B, and let name(φ) be the finite set of
buyers’ names appearing in φ. Also, let buyers(φ) = {b ∈
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B | ∃β ∈ name(φ) s.t. N(β) = b} be a subset of buyers
that are named in φ. For each buyer b ∈ B \ buyers(φ),
i.e., not named in φ, we pick one arbitrary β ∈ B such that
N(β) = b, and the finite set of such names is unnamed(φ).
We denote X = name(φ)∪ unnamed(φ). We define func-
tion Nfin = NS ∪ NB|X , where NB|X : X → B is a re-
striction of NB to only those names that explicitly appear in
φ and single names for buyers not named in φ. By construc-
tion, Nfin is finite. We denote M with N substituted with
Nfin as Mfin . Intuitively, Nfin is a finite restriction of N .

It is straightforward to show the following by induction
on φ and using the definition of the semantics.

Proposition 1. Let φ ∈ Ln and a mechanism M be given.
Then we have that M,a |= φ iff Mfin , a |= φ.

The size of a finite mechanism M is |M | = |Agt|+ |F |+
|Bdg|+|V |+|I|+|Nfin |+|P |+|Pay |+|U |. Since all mech-
anisms in this section are finite, we will use interchangeably
M and Mfin , and N and Nfin .

Nash Equilibrium We can now verify that a given joint
diffusion action is a one-step Nash equilibrium (NE) over a
given finite mechanism M . This is significant, as it allows
reasoning about optimal strategies of sellers. Let φ := ⟨σ :
β⟩

∧
1⩽i⩽n utσi

= mi express that after a joint diffusion
action ⟨σ : β⟩, utilities of all sellers i are mi.

In order to verify that such a diffusion is indeed an NE,
we check that no single seller can increase her utility by
deviating, i.e., by incentivising some other buyer present in
the same mechanism. The formula for the NE in this case is
φ ∧

∧n
i=1

∧
γ∈Nom•

M
⟨σ1 : β1, ..., σi : γ, ..., σn : βn⟩(utσi

⩽

mi), where Nom•
M is the set of names appearing in the finite

mechanism plus •.
We can further generalise the setting to a k-step NE, by

taking φk := ⟨σ : α⟩1...⟨σ : γ⟩k
∧

1⩽i⩽n utσi
= mi mean-

ing that after a k-sequence of joint diffusion actions, sell-
ers’ utilities are mi’s. Then the corresponding formula for
the k-step NE is φk ∧

∧n
i=1

∧
γ∈Nom•

M
⟨σ1 : α1, ..., σi :

γ, ..., αn : βn⟩1....
∧n

i=1

∧
γ∈Nom•

M
⟨σ1 : β1, ..., σi :

γ, ..., σn : βn⟩k(utσi
⩽ mi).

Model Checking and Strategy Existence
First, we show that the complexity of the model checking
problem for Ln is in P.

Theorem 1. Model checking Ln is in P for the class of finite
DAMs with polynomially computable placement, payment,
and utility functions.

Proof. In Algorithm 1, we focus on the dynamic modality
and the allocation operator6.

Algorithm 1 An algorithm for model checking Ln

1: procedure MC(M,a, φ)
2: case φ = [σ : β]ψ

6Modal, nominal (Franceschet and de Rijke 2006), and arith-
metic cases (Dasgupta, Papadimitriou, and Vazirani 2006) are stan-
dard and computed in polynomial time. We omit them for brevity.

3: for σi ∈ σ\• do
4: if N(βi) ∈ F (N(σi)) and Bdg(N(σi)) ⩾

I(N(βi), N(σi)) then
5: if N(σi) = arg maxN(σi)∈S I(N(βi), N(σi)))

then

6: Fσ:β(N(σi)) = F (N(σi)) ∪ {a | a ∈ B

and a ∈ F (N(βi))}

7: Bdgσ:β(N(σi)) = Bdg(N(σi)) −
I(N(βi), N(σi))

8: Bdgσ:β(N(βi))) = Bdg(N(βi))) +

I(N(βi), N(σi)))

9: else
10: return true
11: return MC(Mσ:β , a, ψ)

12: case φ = ♡γ
13: if γ ̸= • then
14: return P (N(γ)) = 1
15: else
16: return P (a) = 1

On line 5, we check that seller N(σi) offers the highest
incentive to the corresponding buyer. If there are two sell-
ers that offer the highest incentive to the same buyer, we
assume that arg maxN(σi)∈S I(N(βi), N(σi))) returns the
seller that appears earlier in the lexicographic order.

The algorithm directly mimics the semantics of Ln and
thus correctness can be shown by induction on φ. First, re-
call that here we assume that the allocation, payment, and
utility functions are all computable in polynomial time. For
the case of φ = [σ : β]ψ, the size of an updated mechanism
Mσ:β is at most O(|M |2) (in the worst case, the friendship
relation is universal) and it can be computed in polynomial
time. The procedure MC(M,a, φ) is run for at most |φ|
times and for at most |φ| mechanisms. Hence, MC(M,a, φ)
is used for a polynomial amount of time.

Having the model checking result at hand, we can for-
mulate and show the complexity of the strategy existence
problem (proof is given in (Galimullin, Mittelmann, and Per-
russel 2025)). The problem intuitively consists in checking
whether, for a given mechanism and a mutual sellers’ goal,
there is a way (a strategy) for all sellers to achieve φ in a
finite number of steps.

Definition 6. Given a finite mechanism M and a goal
φ ∈ Ln, the strategy existence problem consists in deter-
mining whether there is a finite sequence of concurrent in-
centivisations ⟨σ : β⟩∗ = ⟨σ : α⟩....⟨σ : γ⟩ such that
M, s |= ⟨σ : β⟩∗φ for sellers s ∈ S.

Theorem 2. The strategy existence problem is NP-complete
for the class of finite DAMs with polynomially computable
placement, payment, and utility functions.

Reasoning About Sellers’ Strategies
While considering the strategy existence problem, we
looked at how all sellers can reach their joint goal via a
sequence of concurrent incentivisation actions. However, in
diffusion auctions with multiple sellers selling the copy of
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the same item, sellers and coalitions thereof may compete
against each other for buyers. To capture this strategic com-
petitive setting, we introduce a modality inspired by coali-
tional operators from CL (Pauly 2002) and ATL (Alur, Hen-
zinger, and Kupferman 2002). In particular, we extend the
language of Ln with ⟨[C]⟩φ for C ⊆ S, meaning that there
is a (one-step) strategy for the coalition of sellers C to in-
centivise buyers such that no matter what other sellers do, φ
holds. In other words, modalities ⟨[C]⟩ capture the ability of
sellers in C to reach outcome φ in the competitive setting.

Definition 7. The language SLn of the n-seller strategic
logic for diffusion incentives is defined as follows:

φ := α | (z1t1 + ...+ zmtm) ⩾ z | ¬φ | (φ ∧ φ) | □φ |
[σ1 : β1, ..., σn : βn]φ | [⟨C⟩]φ | ♡γ,

where C ⊆ S, and the dual of [⟨C⟩]φ is ⟨[C]⟩φ := ¬[⟨C⟩]¬φ.
We will denote by σC : βC the assignment of buyers names
βC from B• to the coalition of sellers σC such that all sell-
ers not in coalition are assigned • (i.e., they skip their turn).
Moreover, we will denote σC ∪ σS\C : βC ∪ βS\C the full as-
signment of n buyers from B• to n sellers.

Definition 8. Let M = ((Agt, F,Bdg, V, I,N), P, Pay ,
U) be an n-DAM. The semantics of SLn extends the se-
mantics of Ln with the following clause and its dual:

M,a |= ⟨[C]⟩φ iff ∃βC∀βS\C :M,a |= ⟨σC : βC⟩⊤ and

M,a |= [σC ∪ σS\C : βC ∪ βS\C]φ
M, a |= [⟨C⟩]φ iff ∀βC∃βS\C :M,a |= ⟨σC : βC⟩⊤ implies

M,a |= ⟨σC ∪ σS\C : βC ∪ βS\C⟩φ

Intuitively, ⟨[C]⟩φ holds if and only if there is a choice of
buyers for the coalition of sellers C such that this choice is
possible (part ⟨σC : βC⟩⊤) and whichever buyers the rest of
the sellers decide to incentivise, φ holds after the resulting
joint concurrent action.

It is immediate that the following formulas are valid7:

• ⟨[C]⟩φ → ⟨[C ∪ D]⟩φ, i.e., a superset of a coalition is at
least as powerful as the coalition.

• [⟨∅⟩]φ → ⟨[S]⟩φ, i.e., the relationship between the empty
and the grand coalitions.

• ⟨[C]⟩(φ∧ψ) → ⟨[C]⟩φ, i.e., the ability to achieve two goals
implies the ability to achieve any single one of them.

Example 4. The ability to reason about strategies of
coalitions of sellers allows us to consider truly competi-
tive and cooperative scenarios. For the first one, consider
⟨[σ1, σ2]⟩[⟨σ3⟩](utσ1

> utσ3
) meaning that a coalition of the

first two sellers can preclude the third seller from having a
utility equal to or higher than that of the first seller in a two-
step incentivisation scenario. In a more altruistic setting,
consider ¬⟨[σ1, σ2]⟩(utσ1 +utσ2 > 3)∧⟨[σ1, σ2, σ3]⟩(utσ1 +
utσ2 > 3) meaning that together, the first and the second
sellers cannot achieve a joint utility higher than 3, but if they
cooperate with the third seller, this goal is satisfied.

7These formulas are some of the validites of CL (Pauly 2002).

Expressivity and Model Checking
Having introduced a strategic extension of Ln, it is quite
natural to wonder whether we gain anything in terms of ex-
pressivity, and, if yes, whether it comes at a price. We show
that the answer to both questions is yes (with a caveat).

Theorem 3. Let M,a be a finite n-DAM and φ ∈ SLn.
Then there exists a ψ ∈ Ln s.t. M,a |= φ iff M,a |= ψ.

Proof. To prove the theorem, we present a truth-preserving
translation t : SLn → Ln. All cases, apart from the strate-
gic one, are trivial as Ln ⊂ SLn. For the strategic case,
we have t(⟨[C]⟩φ) =

∨
βC∈Nom•

M
|C|

∧
βS\C∈Nom•

M
|S\C|(⟨σC :

βC⟩⊤ ∧ [σC ∪ σS\C : βC ∪ βS\C]t(φ)). Note that this is a
well-formed formula because we are dealing with a finite
mechanism and hence we can explicitly go over the ele-
ments in Nom•

M
|C| one by one, where Nom•

M
|C| is the set

of all tuples of agent names in M of size |C|. It follows from
the definition of the semantics that the translation is truth-
preserving and terminating.

While Theorem 3 presents a translation that, for a given
finite mechanism M,a and a formula φ ∈ SLn, produces a
corresponding formula ψ ∈ Ln that agrees with φ on M,a,
this result cannot be extended to arbitrary DAMs. In partic-
ular, the next theorem states that it is not the case that for a
given φ ∈ SLn we can always find a ψ ∈ Ln that will agree
with φ on all mechanisms. In other words, SLn is more
expressive than Ln. To show this, observe that modalities
⟨[C]⟩φ quantify over all buyers’ names, even those that are
not explicitly present in the formula. A sketch of the proof
of the next theorem is given in (Galimullin, Mittelmann, and
Perrussel 2025).

Theorem 4. SLn is strictly more expressive than Ln, i.e.
Ln ⊂ SLn and there is a φ ∈ SLn s.t. for all ψ ∈ Ln there
is a mechanism M,a such that M,a |= φ iff M,a ̸|= ψ.

As promised, the greater expressive power comes with a
higher model checking complexity.

Theorem 5. Model checking SLn is PSPACE-complete for
the class of finite DAMs with the placement, payment, and
utility functions computable in polynomial space.

Proof. To show that the problem is in PSPACE, we present
Algorithm 2 that extends the P-time Algorithm 1.

Algorithm 2 An algorithm for model checking SLn

1: procedure MC(M,a, φ)
2: case φ = ⟨[C]⟩ψ
3: for βC = β1, ..., β|C| s.t. βi ∈ dom(NB|X) do
4: flag: = true
5: if MC(M,a, ⟨σC : βC⟩⊤) then
6: for βS\C = β1, ..., β|S\C| s.t. βi ∈ dom(NB|X) do
7: if not MC(M,a, [σC ∪ σS\C : βC ∪ βS\C]ψ) then
8: flag: = false
9: break

10: else
11: flag:= false
12: if flag then
13: return true
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14: return false

The only new case is φ = ⟨[C]⟩ψ. The treatment of the
case follows the semantics and thus the correctness follows.
Indeed, to verify whether for a given agent we have ⟨[C]⟩ψ,
we look for a set of buyers that sellers in C will incentivise
(lines 3–5), and then we check whether for all possible in-
centive diffusions by the remaining sellers (line 6) we still
can satisfy ψ after each seller performs their action (line 7).
Variable ‘flag’ keeps track of whether we have found such a
choice for the sellers in C, and the algorithm returns true is
yes, and false if not.

Observe that the algorithm checks an exponential number
of subsets of buyers, and hence the running time is expo-
nential in the size of the input. However, the algorithm uses
only a polynomial amount of space. Note that we explore
the tree of mechanism updates in a depth-first manner. The
space required by a branch in such a tree, and hence by the
algorithm, is bounded by O(|φ| · |M |2). PSPACE-hardness
is shown via a reduction from the QBF problem (see (Gal-
imullin, Mittelmann, and Perrussel 2025)).

Related Work
Logics for auctions Logic-based formalisms have been
developed to capture and reason about various aspects of
auctions. One direction is bidding languages, most notably
OR and XOR-based languages, which express the pref-
erences of auction participants (see (Nisan 2000) for an
overview). These languages compactly represent possible
bids on item combinations, an important aspect in combina-
torial auctions, where bidders place bids on bundles of dis-
tinct items. Our work, instead, is closer to logical approaches
for reasoning about and designing auctions. Mittelmann,
Bouveret, and Perrussel (2022) proposed a lightweight for-
malism to represent auction rules, whereas Belardinelli et al.
(2022) addressed the representation of strategies in repeated
auctions, and Mittelmann, Herzig, and Perrussel (2021) cap-
tured bounded rationality in auctions. Another line of re-
search proposes the use of variants of Strategy Logic (SL)
for the design of auction mechanisms, exploiting verifica-
tion and synthesis (Mittelmann et al. 2025, 2023). Notably,
the model-checking complexity for specifications in SL is
non-elementary in the general case (Mogavero et al. 2014).
There is also research on automated verification of auction
protocols (Garg et al. 2025; Caminati et al. 2015; Lange
et al. 2013) that stresses the importance of formal verifica-
tion techniques for auctions.

Across all these works, the set of agents involved in the
auction is fixed throughout its execution. To the best of our
knowledge, our work is the first one to explore the dynamics
of auction diffusion from a logic-based perspective.

DEL and social network logics Our intuition of model
updates stems from dynamic epistemic logic (DEL), where
one can model various information-changing events in the
context of agents’ knowledge. Ideas of DEL were also
adopted in the field of social network logics (SNLs),
where one uses formal tools to study such phenomena
on social networks as information diffusion (Christoff and

Hansen 2015; Baltag et al. 2019), social influence (Christoff,
Hansen, and Proietti 2016), and echo chambers (Pedersen,
Smets, and Ågotnes 2019), to name a few. See (Pedersen
2024, Chapter 3) for an overview. Perhaps the most related
work here is (Galimullin and Pedersen 2024), where the au-
thors explore visibility of posts on social networks, and how
these posts propagate through the network, somewhat akin
to how the information about an auction is spread in dif-
fusion auctions. Using nominals for agent names is com-
mon in SNLs and comes from hybrid logic (see, e.g., (Are-
ces and ten Cate 2007)). While discussing strategic logic
SLn, we noted that our coalitional operators are inspired by
those of CL and ATL. However, in CL and ATL models are
static, i.e., they do not change as a result of agents’ actions.
Hence, a more relevant work is that on coalition announce-
ments (Ågotnes and van Ditmarsch 2008; Galimullin 2021;
de Lima 2014) in DEL, where strategic operators quantify
over model changes that agents can bring about in a com-
petitive setting, and with model checking complexity being
PSPACE-complete (Alechina et al. 2021). Another related
work is (Maubert et al. 2020), where agents play a multi-step
concurrent game by modifying a model using modalities of
DEL. Finally, there has been some work on adding arrows
in modal logics (Areces, Fervari, and Hoffmann 2015).

Conclusion

We have presented a formal framework for reasoning about
sellers’ strategies in diffusion auctions. In particular, we in-
troduced two logics, the n-seller logic for diffusion incen-
tives Ln and its strategic version SLn, that can capture vari-
ous properties of such auctions, like item allocations, utility
increase, local properties of the underlying social network,
and Nash equilibrium, to name a few. Our logics are dy-
namic, and hence they also allow us to verify whether the
above-mentioned properties hold after modifications of the
underlying social network that are engendered by sellers in-
centivising buyers to invite their friends to join auctions. To
the best of our knowledge, this is the first work that tackles
the problem of formal verification of diffusion auctions.

Our definition of diffusion auction mechanisms is quite
general and allows us to capture a variety of auction types
as long as the complexity of computing the placement, pay-
ment, and utility functions is no higher than the complex-
ity of the model-checking problem of the corresponding
logic. We have shown that it is in P for Ln and is PSPACE-
complete for SLn. Moreover, we have demonstrated that
the complexity of the strategy existence problem for a given
mechanism and a joint goal of sellers is NP-complete.

With our work, we start a research line on formal verifica-
tion of diffusion auctions, and there are plenty of interesting
further directions. In particular, we would like to tackle the
formal verification of a probabilistic framework, capturing
incomplete information and Bayesian analysis (Huang et al.
2025), as well as consider strategies of buyers. We have also
mentioned some of the validities of our logics, and we find
it very tempting to explore their axiomatisations. Finally, we
plan to explore the case of multi-item diffusion auctions.
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