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Abstract

In runtime verification, monitoring consists of analyzing the
current execution of a system and determining, on the basis
of the observed finite trace, whether all its possible contin-
uations satisfy or violate a given specification. This is typ-
ically done by synthesizing a monitor—often a Determinis-
tic Finite State Automaton (DFA)—from logical specifications
expressed in Linear Temporal Logic (LTL) or in its finite-
word variant (LTLf). Unfortunately, the size of the resulting
DFA may incur a doubly exponential blow-up in the size of
the formula.

In this paper, we identify some conditions under which mon-
itoring can be done without constructing such a DFA. We
build on the notion of intentionally safe and cosafe formulas
to show that monitoring of these formulas can be carried out
through trace-checking, that is, by directly evaluating them
on the current system trace, with a polynomial complexity in
the size of both the trace and the formula.

In addition, we investigate the complexity of recognizing
intentionally safe and cosafe formulas for the safety and
cosafety fragments of LTL and LTLf. As for LTLf, we show
that all formulas in these fragments are intentionally safe and
cosafe, thus removing the need for the check. As for LTL, we
prove that the problem is in PSPACE, significantly improv-
ing over the EXPSPACE complexity of full LTL.

Extended version — https://arxiv.org/abs/2511.11072

1 Introduction

Runtime verification (Leucker and Schallhart 2009) refers
to a family of techniques to check whether the execution
of a system under scrutiny complies with the desired prop-
erties. Unlike model checking, which exhaustively explores
all possible system behaviors, runtime verification analyzes
only the current execution trace. Nevertheless, runtime ver-
ification techniques offer substantial advantages: (i) they do
not require a complete model of the system, (ii) they can be
directly applied to the system implementation, and (iii) they
are generally more efficient.

One of the most commonly used approaches in runtime
verification is monitoring (Leucker and Schallhart 2009;
Bauer, Leucker, and Schallhart 2011), which involves the
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automatic construction of a monitor from a logical property.
This monitor takes as input the current execution trace and
outputs: (i) T if all extensions of the trace satisfy the prop-
erty; (ii) L if all extensions violate the property; or (iii) 7 if
the verdict is still undetermined. The monitor’s verdict is, by
definition, irrevocable. It follows that not all logical proper-
ties are monitorable. For example, it is not possible to con-
struct a monitor meeting the specified criteria for properties
such as “infinitely many times p.”

Typically, properties suitable for monitoring fall into two
classes: (i) safety properties, which assert that “something
bad never happens”, and (ii) cosafety properties, which as-
sert that “something good eventually happens”. Every vio-
lation of a safety property contains a bad prefix, i.e., a fi-
nite word such that all its extensions violate the property.
Conversely, every execution that satisfies a cosafety prop-
erty contains a good prefix, i.e., a finite word such that all its
extensions satisfy the property (Kupferman and Vardi 2001).

The logical framework we consider to specify moni-
torable properties is LTL (Pnueli 1977) and its finite-word
counterpart LTLf (De Giacomo and Vardi 2013). Both ex-
tend propositional logic with temporal modalities. As an ex-
ample, the property G(—deadlock) is a typical safety prop-
erty, which states that the system never enters a deadlock.
An example of a cosafety property is (rules) U (goal), stat-
ing that the system eventually reaches a goal and respects
certain rules up to that point.

Two syntactic fragments of LTL and LTLf are particularly
significant in the context of safety and cosafety properties.
The first one is F(pLTL), which consists of formulas of the
form F(1)), where F is the “eventually” modality and %) is
a pure past formula, i.e., one with past temporal modalities
only. Dually, the fragment G(pLTL) consists of formulas of
the form G(%)), where G is the “always” modality and v is
a pure past formula. It has been shown that a safety (resp.,
cosafety) property is expressible in LTL if and only if it is
expressible in G(pLTL) (resp., in F(pLTL)) (Chang, Manna,
and Pnueli 1992).

A significant drawback of LTL and LTLf monitoring is
that it typically requires constructing a Deterministic Fi-
nite Automaton (DFA) from the input formula (Leucker and
Schallhart 2009; Bauer, Leucker, and Schallhart 2011). Even
for safety and cosafety properties, this automaton can be
doubly exponential in the size of the formula (Kupferman



and Vardi 2001). This severely limits the practical applica-
bility of monitoring as the size of the formula increases.

In this paper, we investigate under which conditions mon-
itoring for LTL and LTLf can be reduced to trace-checking—
that is, deciding the truth of a formula directly on the exe-
cution trace, without the need to build a DFA. To this end,
we exploit the notions of intentionally safe and intentionally
cosafe formulas, introduced by Kupferman and Vardi in the
early 2000s in the context of model checking (Kupferman
and Vardi 2001). Both notions are based on the concept of
informative models. A model is informative for a formula
¢ if it contains sufficient information to determine whether
¢ is true or false. As an example, the word ({p}) is an in-
formative model for the LTL formula F(p), since p holds
at the first position. In contrast, the same word is not in-
formative for F(p A (Xq V X—¢q)), because evaluating the
formula requires a position satisfying p followed by a posi-
tion where either ¢ or —¢ holds, but ({p}) has no successor.
Notably, since Xq V X—q is a tautology’, the formulas F(p)
and F(p A (XqV X—q)) are logically equivalent, but only the
former has ({p}) as an informative model.

According to Kupferman and Vardi (Kupferman and
Vardi 2001), an LTL formula is intentionally safe (resp., in-
tentionally cosafe) if it specifies a safety (resp., cosafety)
property and all of its bad (resp., good) prefixes are infor-
mative for the formula. As an example, F(p) is intentionally
cosafe, because every good prefix includes a position where
p holds. Conversely, F(p A (Xq V X—q)) is not intentionally
cosafe, because ({p}) is a good prefix (all extensions satisfy
the formula), but it is not informative.

This paper makes three main contributions:

First, we prove that for all intentionally cosafe (resp.,
safe) LTL or LTLf formulas, monitoring can be performed in
an automata-less fashion. Specifically, the monitoring task
can be reduced to checking whether the formula is satisfied
(resp., violated) by the current trace (trace-checking prob-
lem), which has two key advantages: (i) it does not require
automaton construction, and (ii) it can be solved in time
O(|o]| - |#]), where o is the trace and ¢ is the formula.

Second, we show that in the case of the G(pLTL) and
F(pLTL) fragments of LTLf (i.e., interpreted over finite
words), every formula is intentionally safe and intentionally
cosafe, respectively. This result enables monitoring of for-
mulas in these fragments via trace-checking without explic-
itly verifying the intentionally (co)safety condition.

Third, we present an algorithm to decide whether a
formula in G(pLTL) (resp., F(pLTL)), interpreted over
infinite words, is intentionally safe (resp., intentionally
cosafe). This serves as a prerequisite for enabling the mon-
itoring of such formulas without the construction of an
automaton—that is, through trace-checking, as described
in Section 3. Our main technical result is that this problem
is in PSPACE, as the algorithm operates in nondeterministic
polynomial space. This improves upon the known complex-

'In (Brunello et al. 2025a, Section C), we explain why the prob-
lem of determining whether a formula is intentionally (co)safe is
not equivalent to removing tautological subformulas from the orig-
inal formula, as the example above might misleadingly suggest.
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ity of deciding intentionally (co)safety for full LTL, which
is EXPSPACE (Kupferman and Vardi 2001).

The paper is structured as follows. Section 2 provides
background knowledge. Section 3 shows the reduction of
monitoring to trace-checking for intentionally (co)safe for-
mulas, and it proves that all formulas in G(pLTL) and
F(pLTL), interpreted over finite words, are intentionally safe
and intentionally cosafe, respectively. Section 4 presents a
PSPACE algorithm to check whether G(pLTL) and F(pLTL)
formulas over infinite words are intentionally (co)safe. Fi-
nally, Section 5 summarizes the achieved results and out-
lines directions for future work. The proofs of all the theo-
rems are reported in (Brunello et al. 2025a, Section E).

2 Background

In this section, we provide the necessary background.

Let X = {a,b,c,...} be an alphabet, i.e., a finite set of
symbols. A finite word over ¥ is defined as a finite (pos-
sibly empty) sequence of symbols in ¥. The empty word
is denoted by e. An infinite word over X is an infinite se-
quence of symbols in 3. The set of all finite words over X
(including the empty one) is denoted by >*, while the set of
all infinite words over X is denoted by 3*. Additionally, we
define X1 := ¥*\ {e}. A language of finite words is a subset
L C ¥*. Similarly, a language of infinite words is a subset
L C ¥¢. The complement of a language £ is denoted by
L. Henceforth, the term property will be used as a synonym
for language. The length of a word o is defined as follows:
lo| =0ifo = ¢;|o] = nifo = (0g,...,0n_1) € X%
and o] =wif o € 3¥. Given o € £1 U X%, and a position
i € {0,...,]|o| — 1}, we define oy ; as the prefix of o up
to position . We denote with ¢ - ¢’ the concatenation of the
finite word o with the finite or infinite word ¢”.

Linear Temporal Logic

We begin by introducing the syntax of Linear Temporal
Logic (LTL) (Pnueli 1977) and Linear Temporal Logic over
finite words (LTLf) (De Giacomo and Vardi 2013). The
two logics share the grammar. From now on, let AP =
{p, q,r,...} be aset of atomic propositions.

Definition 1. A formula ¢ of LTL or LTLf over AP is in-
ductively defined as follows:

¢:=p|-plé1Véa| bl
X¢|)~(¢|¢1U¢2|¢1R¢2|
YO |YP|d1Sha| o1 T oo

Temporal modalities X, X, U, and R are called future
modalities. Similarly, temporal modalities Y, Y, S, and T
are called past modalities. The size of ¢, denoted by |¢|, is
defined as the number of its symbols.

Let us now define the semantics of LTL and LTLf. LTL
formulas are interpreted over infinite words over the alpha-
bet 247, i.e., over words o € (27)%, while LTLf formulas
are interpreted over finite and nonempty words over the al-
phabet 247 i.e., over words o € (247)*F.

The satisfaction of a formula ¢ of LTL (resp., LTLf)
by an infinite word (resp., a finite, nonempty word) o



(00,01, ...) at position i, denoted by c,i = ¢, is induc-
tively defined as follows:

0,1 = p (tesp., —p) iff p € o; (resp., p & 0;);

0,1 ): o1V s iff 0,4 ': ¢1 010, ): P25

0,1 ': o1 N\ psiff 0,4 ': ¢1 and 0,1 ': h2;
o,i=EXgiffi+1 < |o|and o,i+ 1 = ¢;

0,i = Xpiffi+1=|o|oro,i+ 1 ¢;

oiEd Upeiff i <j <|o|.(0,j EpaAVi <k <
j . 0, k ': (rbl)?

oi b= SR G iff (Vj > i . 0,5 = o)V (Fk > i .
o,k ‘:(bl/\ViSjSkJ.O',j ’:(bg);

o,i=EYgiffi >0ando,i—1FE ¢;
o,i=Yoiffi=0oro,i—1F ¢;

oilE 91SPiff 3j <i. (0,5 F p2 AV <k <.
o,k ): ¢1);

o, iEM Thiff VO<j<i.ojkEd¢2)V 3k <i.
o k¢ AYI>]>k. 0]k ¢2).

We write 0 = ¢ to denote 0,0 | ¢. In such a case,
we say that o is a model of ¢. The language of an LTL
formula ¢ over AP, denoted by L(¢), is the set {o €
(247)« | o |= ¢}. Similarly, the language of an LTLf for-
mula ¢ over AP, denoted by L<¥(¢), is defined as the set
{0 € 2*P)* | 0 = ¢}. Two LTL (resp., LTLf) formu-
las ¢, ¢ are equivalent if and only if L(¢) = L(¢') (resp.,
L=9(¢) = L=9(¢')).

Fragments of LTL and LTLf. A number of derived
modalities can be defined by using the basic ones of LTL and
LTLf. Among them, we would like to remind the following
ones: (i) T :=pV —p; (ii) Fp := T U ¢; (iii) Go := L R ¢;
(iv) O¢ := T S ¢; (v) Hp := L T ¢. Temporal modalities F,
G, O, and H are commonly referred to as eventually, glob-
ally, once, and historically, respectively. Here is an intuitive
account of their semantics:

* F(p) (resp., O(p)) reads “there exists a time point in the
future (resp., past) where p holds”;,

* G(p) (resp., H(p)) forces each position in the future
(resp., past) to contain p.

In the following, we consider three specific fragments of
LTL and LTLf, which are characterized by the use of pure
past temporal formulas. We define the pure past fragment
of LTL (and LTLf), denoted by pLTL, as the set of LTL
(and LTLf) formulas that do not contain any future temporal
modality.

Pure past formulas ¢ of pLTL are interpreted at the /ast
time position of a finite, nonempty word, and we write o |=
¢ if and only if o, n = ¢ where n = |o|—1. The language of
a pLTL formula ¢ is defined as £L<%(¢) = {0 € (247)* |
o = ¢}. As an example, the pLTL formula YT is satisfied
by all the finite, nonempty words of length at least two.

On the basis of the pure past fragment of LTL, as well as
of LTLf, the logics F(pLTL) and G(pLTL) (Chang, Manna,
and Pnueli 1992; Artale et al. 2023) are defined as follows.

Definition 2. F(pLTL) is the set of formulas of the form
F(v) where v is a pLTL formula. G(pLTL) is the set of for-
mulas of the form G(v) where 1) is a pLTL formula.
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As an example, the formula F(p A YHgq) asks for the exis-
tence of a time point in the future where p holds, and forces
q to be true in the prefix of the word up to that point.

Safety and Cosafety Properties

Safety properties state the absence of undesirable behaviors,
typically phrased as “something bad never happens”, e.g.,
the absence of deadlocks. Dually, cosafety properties guar-
antee that “something good will eventually happen”, such
as the reachability of a target state in a planning problem.

The definition of safety languages of infinite or finite,
nonempty words is as follows.

Definition 3 (Safety properties). A language L C 3% (resp.,
L C X7F) is safety if, for all o € L, there exists a position
i >0 (resp., i €{0,...,|o| —1}) such that o7 ;) - o' & L,
forall o' € X% (resp., o' € ¥*). The prefix oy ;) is called a
bad prefix for L.

Cosafety languages are defined dually: every word in the
language must have a good prefix, i.e., a prefix such that all
its possible continuations belong to the language.

Definition 4 (Cosafety properties). A language L C X
(resp., L C ¥7) is cosafety if, for all o € L, there exists
a position i > 0 (resp., i € {0,...,|o| — 1}) such that
00,4 -0 € L, forall o' € ¥¢ (resp., ' € ¥*). The prefix
0(0,i is called a good prefix for L.

Given a formula ¢ of LTL over the set of atomic proposi-
tions AP, we say that ¢ is a safe (resp., cosafe) formula if
and only if £(¢) is a safety (resp., cosafety) language over
the alphabet 27, The same applies to the case of LTLf,
considering £<(¢) in place of L(¢).

It is immediate to observe that a language L is safety if
and only if its complement L is cosafety. Owing to this du-
ality, cosafety properties are often preferred in practical ap-
plications, as they are typically easier to handle.

In (Chang, Manna, and Pnueli 1992), it is proved that
G(pLTL) (resp., F(pLTL)), when interpreted on infinite
words, captures exactly the set of all safety languages (resp.,
all cosafety languages) that are definable in LTL. The same
holds under finite-word interpretation (Cimatti et al. 2023).

Proposition 1. Ler L C X% be a language definable in
LTL. It holds that L is safety (resp., cosafety) if and only if
L = L(9), for some formula ¢ € G(pLTL) (resp., for some
Sformula ¢ € F(pLTL)). The same holds under finite-word
interpretation.

Automata on Finite Words

We recall the standard definition of a Deterministic Finite
Automaton (DFA (Hopcroft, Motwani, and Ullman 2001)).

Definition 5. A Deterministic Finite Automaton (DFA) is
atuple A = (Q, %, qo,9, F), where (i) Q is a finite set of
states; (ii) X is a finite alphabet; (iii) qo € Q is the initial
state; (iv) § : Q X X — @ is the transition function; and
(v) F C Q is the set of final states.

Given a DFA A = (Q, X, q0,0, F'), we say that a word
o € ¥* is accepted by A if the state reached by A reading
o is final. The language of A, denoted by £(.A), is the set of



words accepted by A. We say that two DFAs A and A’ are
equivalent if £L(A) = L(A"). The size of A, written | A, is
defined as the cardinality of Q.

All formulas in LTLf and pLTL can be effectively trans-
lated into a DFA that recognizes the same language. How-
ever, there is a fundamental difference between the two set-
tings: while for LTLf the size of the minimal equivalent
DFA is subject to a doubly-exponential lower bound in the
size of the formula (De Giacomo and Vardi 2013), for pLTL
there exist algorithms that allow one to build an equivalent
DFA whose size is only exponential in the size of the for-
mula (De Giacomo et al. 2021).

Proposition 2. For every formula ¢ of LTLSf, there exists
a DFA A, such that L=¢(¢) L(Ag) and | Ay | €

2Pt eh gy every formula ¢ of pLTL, there exists a DFA
Ay such that L<¢(¢) = L(Ay) and | Ay | € 2PoW(I2D),

Monitoring

Monitoring is a lightweight runtime verification tech-
nique (Leucker and Schallhart 2009), which involves gener-
ating a monitor to analyze an execution of the system under
consideration either online (i.e., during runtime) or offline
(e.g., by processing the system’s logs). The monitor outputs
either an inconclusive result (denoted by ?) or a definitive
verdict: a violation (resp., satisfaction) if all possible contin-
uations of the observed execution are bad (resp., good).

The monitor for a language of infinite words L C X%
(resp., for a language of finite words £ C X%) is defined
as a function mon, : ¥* — {T, L, ?} such that, for all
o€ X*,

Tiff Vo' € X% (resp., € ¥*):0-0' € L
Liff Vo' € X% (resp.,, € X*) :0-0' € L
? otherwise

mong (o) =

When the monitor returns T, it indicates that all possible
continuations satisfy the property £; this corresponds to the
case of cosafety languages. Conversely, if the monitor re-
turns L, it means that an irremediable violation of £ has
occurred, as in the case of safety properties. Given an LTL
or LTLf formula ¢, we will denote by mon, the monitor
mong 4. The monitoring problem for LTL and LTLf is the
problem of building a monitor mong for a given LTL or
LTLf formula ¢.

Given a temporal formula ¢, the classical approach to
monitoring involves building one DFA for the good prefixes
of ¢ and one for its bad prefixes. The monitor basically con-
sists of these two automata: as it reads the input word, i.e.,
the system execution, it produces the output T, if the au-
tomaton for the good prefixes has reached one of its final
states, or L, if the automaton for the bad prefixes has reached
one of its final states. In all other cases, the output is ?.

3 Automata-less Monitoring

In this section, we identify the conditions under which moni-
toring of LTL and LTLf formulas can be reduced to the trace-
checking problem—that is, determining whether o is a model
of ¢, where o represents the system trace and ¢ is a formula.
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This reduction eliminates the need to construct a determinis-
tic automaton for ¢, a process that incurs doubly-exponential
complexity in the worst case (Proposition 2).

To establish these conditions, we utilize the classifica-
tion of safety properties proposed in (Kupferman and Vardi
2001), based on the notion of intentionally safe formulas,
and extend this notion to intentionally cosafe formulas.

Intentionally (Co)safe Formulas

Intuitively, a finite word o € (247)* is an informative
model for a formula ¢ over AP if it contains all the infor-
mation necessary to determine the satisfaction of ¢ by o.
For instance, consider the LTL formula ¢ := p A Xp and the
finite word o := ({p}). Although o satisfies p at the first
(and only) position, it is not sufficient to conclude the sat-
isfaction of ¢ over an infinite extension of . Indeed, o can
be extended by a trace beginning with a position in which p
is false, yielding an infinite word that violates ¢. The same
considerations hold also for formulas of type G(¢) and for
the case of LTLf formulas. Below, we provide the definition
of an informative model.

Definition 6 (Informative model in LTL and LTLf). Let o :=
(00, 0n_1) € (2AP)* be a finite word over 27 and let
¢ be a formula of LTL and LTLSf over AP. Forall0 < i < mn,
we define 0,1 |=p ¢ as follows:

1. o,il=p X iffo,i =p X,

2. 0yiEp 1 R2iffo,i Ep o U (Y1 Adha);

3. all the other cases are defined as in the definition of =,
up to replacing |= with = p.

We write o =5 ¢ iff 0,0 |=p ¢. We say that o is an infor-

mative model for ¢ iff o =g ¢.

In (Brunello et al. 2025a, Section D), we discuss about
the differences between Definition 6 and the original defi-
nition of informative model given in (Kupferman and Vardi
2001), and we show that they are equivalent, up to consid-
ering ¢ in place of —¢ and the use of |=p (which simplifies
the proofs of the results) in place of the labeling function L.

Examples. Consider the word o = ({p}). It holds that
o is an informative model for the formula F(p) because in
the first position p is true. However, o is not an informative
model for the formula F(p A (Xq V X—q)) because, at the
first (and only) position of o, proposition p holds but both
Xq and X—q are false due to the absence of a successor posi-
tion, i.e., 0,0 F& XgVX—qand thus o =g F(pA(XqVX~g)).
Intuitively, this means that o does not provide sufficient in-
formation to determine the satisfaction of the formula over
any of its possible extensions.

As another example, consider the trace o
({p}. {p}, {p}) and the formula ¢ := FG(p), which is
shorthand for T U (L R p). It holds that, for every position
i in o, we have 0,7 £ L R p, since, according to the
definition of |=p, this would be equivalent to requiring that
o,i EpU(pA L) It follows that o is nor an informative
model for ¢. Intuitively, the reason is that the formula FG(p)
always requires an infinite trace to be satisfied, and no
finite trace (such as o) can contain sufficient information to
determine whether it can be satisfied.



We define the trace-checking problem for LTL and LTLf
as follows.

Definition 7 (Trace-checking problem). Let o € (247)* be
a word and let ¢ be an LTL (or LTLSf) formula over the set
of atomic propositions AP. The trace-checking problem is
the problem of establishing whether o |=p ¢.

The time complexity of the trace-checking problem is
polynomial in the size of both the word and the formula.
Specifically, given a word ¢ € X* and a formula ¢, the
problem of deciding whether o =5 ¢ holds can be solved
in O(|o| - |¢|) time (Kupferman and Vardi 2001; Sistla and
Clarke 1985).

Starting from the notion of informative models, Kupfer-
man and Vardi (2001) define the concept of intentionally
safe formulas, which we extend here below to intentionally
cosafe formulas.

Definition 8 (Intentionally safe formulas (Kupferman and
Vardi 2001)). A safe formula ¢ of LTL (resp., LTLf) is in-
tentionally safe iff all bad prefixes of L(@) (resp., L<%(9))
are also informative models for —¢.

Definition 9 (Intentionally cosafe formulas). A cosafe for-
mula ¢ of LTL (resp., LTLf) is intentionally cosafe iff all
good prefixes of L(¢) (resp., L<¥(p)) are also informative
models for ¢.

Examples. The LTL formula ¢ = F(p A (Xq V X—q))
is not intentionally cosafe, because the finite word ({p})
is a good prefix (in fact, for every infinite continuation,
the resulting word satisfies the formula), but it is not an
informative model. The same holds for the LTLf formula
F(p A (FqV G—q)). Moreover, by a simple duality, it is easy
to check that the LTL formula G(p V (Xg A X—q)) is not
intentionally safe.

On the contrary, formula ¢’ := F(p) is intentionally
cosafe. Interestingly, ¢ and ¢ are equivalent (they recog-
nize the same language). As we will point out, this means
that we cannot reduce monitoring of F(p A (Xq V X—¢q)) to
trace-checking, because, with the input trace o = ({p}),
the monitoring should output T whereas the trace-checking
would return the inconclusive verdict (?).

In (Kupferman and Vardi 2001), the notion of informative
model is employed to introduce a three-level classification
of safe formulas, one of which consists of the intentionally
safe formulas. Intuitively, this term reflects the idea that the
user has accurately expressed the intended property, without
introducing errors or redundant subformulas. For example,
the formula G(p vV (Xg A X—¢)) is not intentionally safe, as it
contains the subformula Xq A X—gq, which evidently reflects
a user error.

In this paper, we adopt the class of intentionally (co)safe
formulas from this classification as a sufficient condition for
enabling automata-less monitoring—that is, monitoring that
does not require the construction of a DFA and reduces di-
rectly to the trace-checking problem (Definition 7).

Automata-Less Monitoring via Trace-Checking

The following theorem shows that, for intentionally (co)safe
formulas, the monitoring problem can be reduced to trace-
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Algorithm 1: Monitoring algorithm for intentionally
(co)safe formulas based on trace-checking.

| fun mon_safe (o, ) :
2 if(o =B ¢ :

3 return |;

4 return ?;

| fun mon_cosafe (o, ) :
2 if(cEB @) :
3 return T;

4 return ?;

checking, which admits a polynomial-time solution. Intu-
itively, this holds because, for such formulas, every good
prefix encodes all the information necessary to determine the
truth of the formula over the system trace (and vice versa).

Theorem 1. For all intentionally cosafe (resp., intentionally
safe) formulas ¢ of LTL and LTLf over AP, and for all finite
words o € (22F)*, it holds that:

& o ¢(resp, —¢)

Based on Theorem 1, we present in Algorithm 1 the
trace-checking-based monitoring algorithm for intentionally
(co)safe formulas. For intentionally cosafe formulas ¢, the
algorithm returns T if the input trace o is such that o |=p ¢
(i.e., a good prefix has been found); otherwise, it returns ?.
For intentionally safe formulas ¢, the algorithm returns L if
o |Ep —¢ (i.e., a bad prefix has been found); otherwise, it
returns ?.

A key observation is that the satisfaction relation o =5 ¢
(as well as o =g —¢) can be decided without constructing
any automaton. In particular, the trace-checking procedure
can be performed in time O(|o| - |¢|). This stands in con-
trast to the automata-theoretic approach, where the automa-
ton corresponding to ¢ may be of doubly-exponential size in
the worst case relative to the size of ¢.

mony (o) =T (resp., L)

Intentionality in F(pLTL) and G(pLTL) on Finite
Words

An important question concerns the computational complex-
ity of determining whether a given formula of LTL or LTLf
is intentionally (co)safe. In (Kupferman and Vardi 2001), it
is established that, in the case of LTL, this decision problem
is in EXPSPACE. In the following, we demonstrate that the
situation is substantially more favorable for the fragments
F(pLTL) and G(pLTL). Specifically: (i) under the finite—
word semantics, every formula in these fragments is trivially
intentionally (co)safe (Theorem 2), thereby rendering the
verification procedure unnecessary; (ii) under the infinite—
word semantics, the problem can be decided within PSPACE
(Section 4).

Theorem 2. All formulas of F(pLTL) (resp., of G(pLTL))
interpreted over finite words are intentionally cosafe (resp.,
intentionally safe).

Intuitively, Theorem 2 follows from the observation that,
for these fragments, the |=p semantics (Definition 6) coin-
cides with the standard LTLf semantics.

Theorem 2 establishes that, for formulas belonging to the
fragments F(pLTL) and G(pLTL) of LTLf, the “intention-
ally (co)safety” condition is always satisfied. Consequently,
by Theorem 1, the monitoring problem for such formulas
can be soundly reduced to the trace-checking problem, en-
tirely avoiding the need for automaton construction.



4 Intentionality in F(pLTL) and G(pLTL) on
Infinite Words

In this section, we present a PSPACE algorithm for decid-
ing intentionally (co)safety for formulas in the fragments
F(pLTL) and G(pLTL) under infinite-word semantics. As
previously mentioned, the complexity is significantly lower
than in the general case, where the best known algorithm for
determining intentionally (co)safety for LTL formulas oper-
ates in EXPSPACE.

When the fragments F(pLTL) and G(pLTL) are inter-
preted over infinite words, the statement of Theorem 2 no
longer holds. In particular, there exist formulas in F(pLTL)
(resp., G(pLTL)) that are not intentionally cosafe (resp., not
intentionally safe). As a counterexample, consider the for-
mula F(Yp) over AP = {p}, which expresses that “there
exists a future position whose predecessor satisfies p”. The
finite word ({p}) constitutes a good prefix for F(Yp), since
for every infinite continuation o’ € (24%)“, the concate-
nated word ({p}) - o’ satisfies F(Yp); indeed, the subfor-
mula Yp is fulfilled at the second position (¢ = 1). However,
({p}) is not informative for F(Yp), as its unary length forces
the F operator to select 7 = 0. At this position, Yp evaluates
to false, since the predecessor position does not exist in the

word ({p}) and thus ({p}) -5 F(Yp).

The remainder of this section is devoted to the proof of
the following theorem.

Theorem 3. Checking whether a formula of F(pLTL) (resp.,
G(pLTL)), interpreted over infinite words, is intentionally
cosafe (resp., intentionally safe) is in PSPACE.

In the following, we present the algorithm for the frag-
ment F(pLTL). The case of G(pLTL) can be handled analo-
gously by exploiting the standard duality argument between
safety and cosafety properties.”

The algorithm that we propose for deciding intentional
cosafety of a formula of the form F(¢) in F(pLTL) proceeds
in two steps:

* Step 1. Construct a DFA A;,s that recognizes the set of
finite models that are informative for F(¢)).

* Step 2. For all non-final states g of A;,y, mark q as final
iff there is a good prefix of F(¢) inducing A, to g. In-
tuitively, if this is the case, then there is at least one good
prefix which is not informative, so F(1) is not intention-
ally cosafe. Otherwise, F(1)) is intentionally cosafe.

Conceptually, as we will discuss, this procedure imple-
ments the verification that the set of good prefixes of F(v))
is included within the set of informative models of F(1))
(cf., Definition 9). To achieve PSPACE complexity, we ar-
gue that the second step must be carried out on-the-fly during
the construction of the automaton in the first step.

*Itis straightforward to show that a formula of the form G()) is
intentionally safe if and only if its negation is intentionally cosafe.
Consequently, to handle formulas of the form G(v)), it suffices to
verify whether F(—t)) is intentionally cosafe.
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Figure 1: The DFAs (a) A;,s and (b) A, for the formula
F(Yp).
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Step 1: Computing the Informative Models of
F(pLTL)

The first step consists of constructing a DFA, denoted Ay,
that recognizes all informative models of ¢. This construc-
tion reduces to building the DFA for the F(pLTL) formula
interpreted over finite words, since, as established by the fol-
lowing proposition, for F(pLTL) formulas, the notion of in-
formative models (cf., Definition 6) coincides with the stan-
dard semantics of F(pLTL) over finite words.

Proposition 3. For all formulas F(v)) in F(pLTL), and for
all finite words o € (24F)7, it holds that o is an informative
model for F() iff o = F(1) (under finite-word semantics).

Crucially, while for general formulas of LTL over finite
words the automaton construction causes a doubly exponen-
tial blow-up (Proposition 2), for the case of F(pLTL) this can
be avoided. Intuitively, this is because, under finite-word se-
mantics, F(v) is equivalent to O(¢)), which is a pure past
formula; thus, Proposition 2 can be leveraged to obtain an
efficient automaton construction.

Proposition 4. There exists a DFA recognizing the language
LY (F(1)) of size 2°P°Y () where n = |F(v))].

We denote by .A;,s the DFA constructed in Proposition 4,
which, by Proposition 3, recognizes the set of informative
models of F(¢)) and its size is at most exponential in |F(¢))].

Figure 1a depicts the DFA A;,¢ for the informative mod-
els of the formula F(Yp). As previously noted, this automa-
ton does not recognize all good prefixes. In particular, it does
not accept the good prefix ({p}).

Step 2: Marking the States in A;,;

The second step of the algorithm consists in what follows:
starting from the automaton Aj;,;, we examine each of its
states ¢ and mark q as final if and only if the following con-
dition holds.

Condition 1. For every infinite word o € (247), there ex-
ists an index © > 0 such that, starting from q, the automaton
Aing reaches a final state after reading the first i symbols of
o.

We denote by A, the DFA obtained in this way, that is,
after all states have been examined. As an example, consider
again the formula F(Yp). Fig. 1b shows the DFA A, for the



Algorithm 2: A PSPACE algorithm for deciding whether
F(v) is intentionally cosafe.

| while (building the DFA Ajy)

2 for (q state of Apy)

3 g’ < nondeterministically guess a
4 state of Ay

5 if (q,q’ are not final and g#g’ and
6 q is reachable from the initial
7 state)

8 if (g’ is reachable from g and from
9 itself and all the states in
10 between are non-final)

11 leave g as non—-final

12 else

13 mark g as final

formula F(Yp), obtained from the DFA in Fig. 1(a) by mark-
ing as final those states that fulfill Condition 1—in this case,
only the state ¢;. It is easy to see that, in this example, A,
accepts all and only the good prefixes of F(Yp), in particular
the word ({p}), which is not accepted by A;py.

The following lemma proves that A4, accepts exactly the
set of good prefixes of F(v)).

Lemma 1. The automaton Ag, recognizes the set of good
prefixes of the formula F(1).

Crucially, since Agp has the same number of states and
the same number of transitions as A;,y, its size is the same
as the size of A;,, that is, at most singly-exponential in the
size of F(¢) (Proposition 4).

Therefore, to check whether F(v) is intentionally cosafe,
it suffices to check whether the language of A, is included
in the language of A,;,,s. The following proposition is a direct
consequence of Lemma 1 and Definition 9.

Proposition 5. The formula F(1) is intentionally cosafe iff
L(Agp) S L(Aing)-

PSPACE Complexity of the Algorithm

In this section, we demonstrate that verifying £(Ag,) C
L(A;rny) as stated in Proposition 5 can be achieved within
the PSPACE complexity class, by circumventing the explicit
construction of A, in the first instance. Specifically, we will
show that it suffices to check whether a state of A,y satis-
fies Condition 1 on-the-fly with the construction of A;,¢. In-
tuitively, this follows from the subsequent two observations:

(i) Since both automata are deterministic and given that Ag,
is derived from A, by eventually designating a subset
of its states as final, marking a non-final state (which is
also reachable from the initial state) as final implies that
L(Agp) € L(Aing).

Verifying Condition 1 for a state ¢ is equivalent to not
finding a lasso-shaped path starting from ¢ and visiting
only non-final states. Therefore, Condition 1 reduces to a
reachability problem, which can be performed on-the-fly
in nondeterministic logarithmic space (NL).

(ii)

The pseudocode implementing the steps outlined above is
presented in Algorithm 2. Intuitively, it checks whether Con-
dition 1 holds for a given state g of A;,s by verifying the
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existence of a lasso-shaped path starting from ¢ that visits
only non-final states. If such a path exists, then Condition 1
is violated and ¢ is left as non-final. Otherwise, ¢ is marked
as a new final state.

The algorithm in Condition 1 runs in polynomial space
(PSPACE). While constructing A;,s—which, according
to Proposition 4, has a size at most exponential in |F(¢)|-
we can simultaneously execute a reachability check (in NL)
to determine if at least one state of A;,s satisfies Condi-
tion 1. If such a state exists, then L(Ayy) € L(Ains),
and by Proposition 5, the formula F(¢)) is not intentionally
cosafe. Conversely, after examining all states of A;,¢ with-
out finding any state satisfying Condition 1, we can con-
clude that F(v) is intentionally cosafe. This approach yields
a PSPACE complexity for the algorithm.

Lemma 2. The algorithm in Algorithm 2 decides whether
F(4) is intentionally cosafe in nondeterministic polynomial
space.

Since by Savitch’s Theorem (Savitch 1970), NPSPACE =
PSPACE, we have that the problem of deciding whether
a formula of F(pLTL) (resp., of G(pLTL)) is intentionally
cosafe (resp., intentionally safe) is in PSPACE, proving The-
orem 3. This is in sharp contrast with the EXPSPACE upper
bound proven in (Kupferman and Vardi 2001) for deciding
intentionally (co)safe formulas in full LTL.

5 Conclusions and Future Work

In this paper, we exploited the notions of intentionally
(co)safe formulas, introduced in (Kupferman and Vardi
2001), to reduce the monitoring problem to trace-checking,
which is solvable in polynomial time. We showed that all
formulas in the fragments F(pLTL) and G(pLTL) over finite
words are intentionally cosafe and intentionally safe, respec-
tively, and we gave a PSPACE algorithm to check intention-
ality in these fragments over infinite words, improving the
best-known doubly exponential upper bound for full LTL.

This work yields several implications for the field of run-
time verification. As a matter of fact, by Proposition 1,
any (co)safety property expressible in LTL or LTLf can be
equivalently rewritten in the form G(pLTL) or F(pLTL), re-
spectively. In the case of LTL, intentional (co)safety can
be verified using Algorithm 2: if the formula satisfies this
condition, automata-less monitoring is applicable. For finite
words, our result establishes that all formulas within the
F(pLTL) and G(pLTL) fragments are inherently intention-
ally (co)safe. Consequently, monitoring can be performed
directly through trace-checking, in an automata-less fashion.
In fact, in (Brunello et al. 2025b), we demonstrated that re-
placing the monitoring algorithm with a trace-checking ap-
proach yields a substantial performance improvement in a
framework combining monitoring and machine learning for
early failure detection. In this framework, past system exe-
cutions are analyzed using a variation of F(pLTL)/G(pLTL)
formulas interpreted over finite words (specifically, their
real-time extension, i.e., fragments of STL).

As for future work, identifying syntactic fragments of LTL
where all formulas are intentionally (co)safe remains a sig-
nificant open problem.
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