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Abstract

In this paper, we study the data complexity of querying incon-
sistent weighted description logic (DL) knowledge bases un-
der recently-introduced cost-based semantics. In a nutshell,
the idea is to assign each interpretation a cost based upon
the weights of the violated axioms and assertions, and certain
and possible query answers are determined by considering
all (resp. some) interpretations having optimal or bounded
cost. Whereas the initial study of cost-based semantics fo-
cused on DLs between ££, and ALCO, we consider DLs
that may contain inverse roles and role inclusions, thus cov-
ering prominent DL-Lite dialects. Our data complexity anal-
ysis goes significantly beyond existing results by sharpening
several lower bounds and pinpointing the precise complex-
ity of optimal-cost certain answer semantics (no non-trivial
upper bound was known). Moreover, while all existing re-
sults show the intractability of cost-based semantics, our most
challenging and surprising result establishes that if we con-
sider DL-Litel’, ontologies and a fixed cost bound, certain
answers for instance queries and possible answers for con-
junctive queries can be computed using first-order rewriting
and thus enjoy the lowest possible data complexity (ACY).

Extended version — http://arxiv.org/abs/2511.07095

1 Introduction

Ontology-mediated query answering (OMQA) has been ex-
tensively studied within the KR and database communities
as a means of improving data access by exploiting semantic
information provided by an ontology (Poggi et al. 2008; Bi-
envenu and Ortiz 2015; Xiao et al. 2018). Ontologies are
typically formulated in decidable fragments of first-order
logic (FO), with description logics (DLs) being a popular
choice (Baader et al. 2017). Given an ontology (or TBox in
DL parlance) 7, a dataset (or ABox) A, and a query ¢(Z),
the OMQA task boils down to finding the certain answers,
i.e. tuples of constants @ for which the instantiated query
q(@) is entailed from the knowledge base (KB) (7,.4). Ob-
serve that if the input KB is inconsistent, every answer tuple
is trivially a certain answer, so OMQA trivializes.

A prominent approach to tackling this issue is to adopt
alternative inconsistency-tolerant semantics in order to be
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able to extract meaningful information from inconsistent
KBs, cf. (Lembo et al. 2010) and surveys (Bienvenu and
Bourgaux 2016; Bienvenu 2020). Many of these semantics
are based upon repairs, defined as inclusion-maximal con-
sistent subsets of the ABox. For example, the AR seman-
tics considers the query answers that hold in all repairs,
while the brave semantics returns those answers holding in
at least one repair. Note that the line of work on repair-
based semantics targets scenarios in which the TBox axioms
are deemed fully reliable, so inconsistencies derive solely
from errors in the ABox. However, in practice, it can be
useful to allow for TBox axioms which typically hold but
may admit rare exceptions. Such ‘soft’ ontology axioms can
be addressed qualitatively, using generalized notions of re-
pair that have been proposed for existential rule ontologies
(Eiter, Lukasiewicz, and Predoiu 2016), or employing non-
monotonic extensions of DLs that support defeasible axioms
cf. (Bonatti, Lutz, and Wolter 2009; Giordano et al. 2013;
Britz et al. 2021). Another option is to adopt a quantitative
approach, using the recently proposed cost-based semantics
for DL KBs (Bienvenu, Bourgaux, and Jean 2024), hence-
forth referred to as (BBJ 2024) for succinctness.

In a nutshell, the idea is to annotate axioms and assertions
with (possibly infinite) weights, which are used to assign a
cost to each interpretation based upon the weights of the vi-
olated axioms and assertions (and taking into account also
the number of violations of each TBox axiom). To query
the KB, we may choose either to consider the set of inter-
pretations achieving the optimal cost, or we may fix a cost
bound £ and consider all interpretations having cost at most
k. We can then define the sets of certain and possible an-
swers as those answers that hold respectively in all or some
interpretation of optimal cost or bounded cost. As noted in
(BBJ 2024), the optimal-cost certain answer semantics gen-
eralizes both the classical certain answer semantics and the
AR semantics based upon weighted ABox repairs. Increas-
ing the cost bound % beyond the optimal cost allows one to
identify answers that are robust in the sense that they hold
not only for the optimal-cost interpretations. Optimal- and
bounded-cost possible answers generalize query satisfiabil-
ity and can serve to compare candidate answers based upon
their incompatibility with the KB.

The computational complexity of querying inconsistent
weighted KBs under cost-based semantics was investigated



in (BBJ 2024). Five central decision problems were consid-
ered: bounded-cost satisfiability (does there exist an inter-
pretation with cost at most k?) plus query entailment un-
der the four cost-based semantics. The complexity analysis
was fairly comprehensive, considering both combined and
data complexity, conjunctive and instance queries, and DLs
ranging from the lightweight DL ££ to the expressive DL
ALCQO. One important question that was left open, however,
was the data complexity of optimal-cost certain semantics
(arguably the most useful of the semantics), for which no
non-trivial upper bound was provided. Moreover, as the con-
sidered DLs allow neither inverse roles nor role inclusions,
they do not yield any results for DLs of the DL-Lite fam-
ily (Calvanese et al. 2007), which are the most commonly
utilized in the context of OMQA.

The preceding considerations motivate us to embark on
a more detailed data complexity analysis of cost-based se-
mantics, considering various DL-Lite dialects and expres-
sive DLs up to ALCHZQO. The results of our study are sum-
marized in Table 1. A first major contribution, detailed in
Section 4, is to provide a AL upper bound for the optimal-
cost certain and possible semantics, matching an existing
lower bound for ££, and a new lower bound we show for
DL-Lite . This result is obtained by using an intricate quo-
tient construction to establish a small interpretation property,
which crucially does not depend on the considered cost. In
Section 5, we strengthen a number of existing lower bounds
for the bounded-cost semantics by showing that they hold
even when for cost bound k£ = 1, as well as providing some
new lower bounds for DL-Lite q.. Finally, our most chal-
lenging and surprising technical result (presented in Sec-
tion 6) is to show that if we consider DL—Litef,'f,01 ontologies
and a fixed cost bound, then certain answers for instance
queries and possible answers for conjunctive queries can be
computed using first-order rewriting and thus enjoy the low-
est possible data complexity (ACY). Detailed proofs can be
found in the appendix of the extended version.

2 Preliminaries

We recall the syntax & semantics of description logics (DLs)
and refer readers to (Baader et al. 2017) for further details.

Description logic knowledge bases We consider count-
ably infinite sets N¢, Ng, and N, of concept names, role
names, and individual names. An inverse role has the form
r—, with r € NRg. A role is either a role name or inverse role.
We use Ni = Ng U {r~ | r € Ng} for the set of roles. If
r = s~ is an inverse role, then r~ denotes s.

An ALCZO concept C is built according to the grammar
C,D:=T|L|A|{a}|—-C|CrD | 3r.Dwhere A € N,
r € NE, and a € Nj. A concept {a} is called a nominal. An
ALCZ concept is a nominal-free ALCZO concept. An EL
concept is an ALCT concept that uses neither negation, nor
L, norinverse roles (££ concepts may additionally use L ).

An ALCHZO TBox is a finite set of concept inclusions
(CIs) C C D, where C, D are ALCZO concepts, and role in-
clusions (RIs) r C s, where r,s € N%. An E£L TBox consists
only of CIs between £L concepts. An ABox is a finite set
of concept assertions A(a) and role assertions r(a,b) where
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A € Nc, r € Ng, and a,b € N;. We use Ind(A) for the set
of individual names used in A, and N¢c(7") (resp. Nr(7))
for the set of concept (resp. role) names used in 7. An
ALCHIO knowledge base (KB) takes the form KC = (T, A)
with 7 an ALCHZO TBox and A an ABox.

We next introduce the syntax of some DLs of the DL-Lite
family. A basic concept has the form A or Jr, with A € N¢
and r € Nﬁ. A DL-Lite”’ . TBox is a finite set of CIs of the
forms CC Dand CM1D C L, with C, D basic concepts, and
RIsr C s, withr,s € N%. We drop superscript -* if no role
inclusions are admitted, and replace -core by ‘bool t0 indicate
that C, D may be built from basic concepts using —, I, LI.

The semantics of DL KBs is defined as usual in terms of
interpretations Z = (AZ,.Z) with AZ the non-empty do-
main and T the interpretation function. An interpretation
satisfies a CI C C D if CZ C DZ and likewise for Rls. It sat-
isfies an assertion A(a) if a € A% and r(a,b) if (a,b) € rZ.
This notably requires ABox individuals to be interpreted as
themselves, thus enforcing the standard names assumption
(SNA) for the ABox individuals. The interpretation Z 4 as-
sociated with an ABox A has domain Ind(.A) and interprets
concept and role names according to the assertions of .A:

AT4 .= {a|A(@) € A} P4 :={(a,b)]|r(a,b) € A}.

Given any interpretation Z, we use Z|a to denote the restric-
tion of Z to a subdomain A C AZ,

Queries First-order queries are given by formulas in first-
order logic with equality. Since we wish to query DL KBs,
we consider queries whose relational atoms can be either
concept atoms A(t) or role atoms r(¢,t'), where A € Nc,
r € Ng, and ¢, ¢ are terms (variables or individuals). We
mostly focus on conjunctive queries (CQs) which have the
form 3y), where 1 is a conjunction of concept and role
atoms, and ¥ a tuple of variables from . Instances queries
(IQs) are CQs with a single atom. We also consider acyclic
and connected CQs, meaning that the associated undirected
graph (containing an edge {¢,¢'} for each role atom r(¢,t"))
has these properties. A Boolean CQ (BCQ) is a CQ that has
no free variables. We write Z |= ¢ to indicate that an inter-
pretation Z satisfies a BCQ q.

Complexity classes For any syntactic object O such as a
TBox, ABox, or query, we use |O| to denote the size of O,
meaning the encoding of O as a word over a suitable alpha-
bet. Our complexity results concern the well-known com-
plexity classes NP and coNP as well as A} (deterministic
polynomial time with access to an NP oracle) and AC°. We
omit the formal definition of AC, which is based upon cir-
cuits, as to understand our results, it suffices to know that
it is in AC? (in data complexity) to test whether a Boolean
first-order query is satisfied in a finite interpretation.

3 Cost-Based Semantics for Weighted KBs

In this section, we recall the definition of cost-based seman-
tics from (BBJ 2024) and introduce the associated reasoning
tasks. We also recall and prove some basic properties used
in later sections.

Throughout the paper, we work with weighted KBs,
whose assertions and axioms are annotated with weights:



BCS*, IQA%, CQAY  IQA}

CQAF BCS,1QA,, CQA,

IQA., CQA. IQA%!, CQAY!

D,C?
EL, | ALCHIO NP coNP*  coNP ¥ N coNP T ADT
Thm. 1,3 Thm. 1,4  Thm. 1,4 Thm. 1 Thm. 1 Thm. 2
DL-Litecor / DL-Litel? in AC? in AC’  coNP NP coNP A
Thm. 8 Thm.8  Thm. 1,7 Thm. 1,5 Thm. 1,5 Thm. 2, 6

Table 1: All results are completeness results, unless stated otherwise. : lower bound from (BBJ 2024). ¥: lower bound for & > 3
from (BBJ 2024), improved to £ > 1 in the present paper. For CQA, lower bounds already hold for connected acyclic BCQs.
Results hold both for binary and unary encoding of weights, except for AL-hardness (only for binary encoding).

Definition 1. A weighted knowledge base (WKB) K, =
(T, A)y, consists of a knowledge base (T, A) and a weight
Sunctionw : T U A — NsgU{oo}. We can similarly define
weighted TBoxes (7,,) and weighted ABoxes (A, ).

Intuitively, these weights can be viewed as the penalties
incurred for violating assertions and axioms: those having
cost 1 are the least reliable, while those assigned maximal
weight oo should definitely be satisfied.

Interpretations will then be assigned costs based upon the
sets of violations of the TBox axioms and ABox assertions.
Note that differently from prior work, we also define viola-
tions of role inclusions, given by pairs of domain elements.

Definition 2. Given an interpretation Z, the set of violations
of a concept inclusion B C C in T is viogcc(Z) = BT \
CZ, the set of violations of a role inclusion r C s in T is
vio,=s(Z) = r \ s%, and the violations of an ABox A in 7
are viog(Z) = {a € A| T [~ a}.

Definition 3. Let K, = (T,.A),, be a WKB. The cost of an
interpretation Z w.r.t. IC,, is defined by:

Y. wl)

w(T) = w(r)vio-(T)| +
TET a€cvioa(T)

The optimal cost of IC,, is optc(K,) = minz(w(Z)). A WKB
K., is k-satisfiable if w(Z) < k for some interpretation T.

We recall next the four cost-based semantics proposed in
(BBJ 2024), which depend on whether one considers inter-
pretations whose cost is less than a provided bound, or the
interpretations having optimal cost, and whether the query is
required to hold in all or at least one such interpretation.
Definition 4. Let g be a BCQ, K, = (T, A),, a WKB, and
k an integer. We say that q is entailed by K, under

¢ k-cost bounded certain semantics, written K, ):’ﬁ q, if
T = q for every interpretation T with w(ZT) < k;

¢ k-cost bounded possible semantics, written I, |:’I§ q if
T k= q for some interpretation T with w(Z) < k;

e opt-cost certain semantics, written IC,, lzgpt q ifT Eq
for every interpretation T with w(T) = optc(K,);

* opt-cost possible semantics, written K., =0 q, if T |= q
for some interpretation T with w(Z) = optc(K,,).

These semantics extend to non-Boolean CQs in the expected

way, e.g. the opt-cost certain answers to a CQ q(Z) w.rt.

(T, A), are the tuples @ from Ind(A) s.t. K,, E2P" q(a).
If the underlying KB is satisfiable, then the certain and

possible optimal-cost semantics coincide with query entail-

ment and query satisfiability (or with classical notions of
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certain and possible answers, in the case of non-Boolean
queries). These semantics are thus intended to be used when
the underlying KB is inconsistent. The opt-cost certain an-
swers identifies those answers that hold in the interpreta-
tions deemed most likely and have been shown to gener-
alize previously considered weight-based repair semantics
(BBJ 2024). By considering values of k beyond optc(KC,),
we can use the k-cost bounded certain semantics to identify
‘robust’ answers which hold not only in the optimal-cost in-
terpretations but also in those with close-to-optimal cost. By
contrast, the opt-cost and k-cost bounded possible answers
can serve to rank candidate answers based upon their degree
of incompatibility with the WKB.

We now formalize the decision problems for cost-based
semantics investigated in this paper, which differ depending
on which cost bound is used and whether it is given as input:

* Bounded cost satisfiability (BCS) takes as input a WKB
K., = (T,A), and an integer k and decides whether
there exists an interpretation Z with w(Z) < k.

s k-cost satisfiability (BCS¥) takes as input a WKB C,, =
(T,A), and decides whether there exists an interpreta-
tion Z with w(Z) < k.

* Bounded-cost certain (resp. possible) BCQ entailment
(CQA,. / CQA,) takes as input a WKB K, = (T, A).,
a BCQ ¢ and an integer k and decides whether K, =F ¢
(resp. Ko, 5 @)

* k-cost certain (resp. possible) BCQ entailment (CQA’f, /
CQA’;) takes as input a WKB K, = (T, .A),, and a BCQ
¢ and decides whether C,, =¥ ¢ (resp. Ko, =F o).

* Optimal-cost certain (resp. possible) BCQ entailment
(CQAZP* | CQAJP") takes as inputa WKB K, = (T, A).,

and a BCQ ¢ and decides if KC,, =9P¢ ¢ (resp. K, ':Zpt Q).

We will also consider the restrictions of the BCQ entailment
problems to the case of instance queries, denoted by IQA .,
IQA,,. IQA%, IQA%, IQAZP" and IQAY" respectively.

We shall study the data complexity of the preceding rea-
soning tasks. For the fixed-cost and optimal-cost decision
problems, data complexity is measured with respect to the
size of the input weighted ABox, while the size of the
weighted TBox and query (if present) are treated as con-
stants. For the bounded-cost problems, we measure com-
plexity w.r.t. the weighted ABox and the input integer. Both
the ABox weights and the input integer (if present) are as-
sumed to be encoded in binary.

We conclude the section with some easy lemmas, which
establish useful reductions between the decision problems.



Lemma 1. BCS”* for DL-Lite.y. (resp. EL£1) reduces to
IQA’; for DL-Litecye (resp. EL1). In particular, the same
holds for BCS and IQA,,.

Lemma 2. IQA’; for DL-Lite o (resp. EL1 ) reduces to the

complement of IQA*T for DL-Lite o (resp. EL1 ). In par-
ticular, IQA,, reduces to the complement of IQA...

Lemma 3. For every k > 0, IQA’; for DL-Lite o (resp.
EL | ) reduces to IQAI]f‘H for DL-Lite o (resp. EL£, ) WKBs.

4 An Upper Bound for the General Case
The aim of this section is to establish the next two theorems:

Theorem 1. CQA, (resp. CQA.) for ACCHZO is in NP
(resp. in coNP).

Theorem 2. CQA%* and CQAZ" for ACCHIO are in A,

Starting from an interpretation Z that satisfies (or does not
satisfy) the query q of interest, the main technical ingredi-
ent is the construction of another interpretation [ that be-
haves as Z w.r.t. ¢, whose cost is at most the cost of Z, and
whose domain has a size polynomially bounded by the size
of the input ABox A. This is fairly easy if query satisfac-
tion is to be preserved, that is, for CQA,: one can brutally
collapse elements together according to their type using the
well-known filtration technique (Baader et al. 2017).

Lemma 4. Let K = (T, A),, be an ALCHIO WKB, k an
integer, and q a BCQ. If there exists an interpretation I such
that w(Z) < k and T = q, then there is an interpretation
J such that w(J) < k and J = q, and whose domain A7
has cardinality bounded polynomially in |Al, with |T| and
|q| treated as constants, and independently from k.

It becomes more challenging if query non-satisfaction is
the property to preserve, that is, to address CQA.. In par-
ticular, the solution adopted in (BBJ 2024, Proposition 8)
for ALCO WKBs yields a polynomial bound that depends
on the bounded cost k. This makes their technique adequate
when the cost is fixed, that is, for CQA’;’, or if the encod-
ing of k is given in unary, but otherwise does not provide a
polynomial upper bound w.r.t. data complexity. We deeply
rework the approach, not only to support ALCHZO WKBs,
but also to obtain a cost-independent bound as follows.

Lemma 5. Let K = (T, A),, be an ALCHIO WKB, k an
integer, and q a BCQ. If there exists an interpretation I such
that w(Z) < k and T £ q, then there is an interpretation
J such that w(J) < k and J W q, and whose domain A7
has cardinality that is bounded polynomially in | A|, with |T |
and |q| treated as constants, and independently from k.

With Lemmas 4 and 5, we obtain the NP and coNP upper
bounds in Theorem 1 with standard guess-and-check proce-
dures. For Theorem 2, the AL algorithms proceed similarly
but first identify the optimal cost via a binary search, using
an exponential bound on the optimal cost (whenever finite).

Now, to prove Lemma 5, we rely on the adaptation of a
quotient construction from (Maniere 2022, Theorem 8) de-
fined to answer counting conjunctive queries over ALCHT
KBs. This construction was already reused by (BBJ 2024)
for ALCO WKBs, and it is not too difficult to handle inverse
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roles and role inclusions by sticking closer to the original
version. From the starting interpretation Z, our adaptation
differs from theirs as it also takes as a parameter a subset
V C T of the considered TBox 7. In the constructed inter-
pretation, we violate axioms of )V exactly as in the original
interpretation Z. Intuitively, one can think of these axioms
in V as so expensive to violate that one cannot do better
than in Z, while potential violations of axioms from 7 \ V
can be handled in a more systematic and structured manner.
Violations of ABox assertions are easier to control and are
preserved exactly as in the original interpretation Z. For an
interpretation J, we denote vioy(J) = U, ¢y vior (J).
Adapting the quotient technique yields the following:

Lemma 6. Let K = (T, A) be an ALCHIO KB and q a
BCQ. Let V C T be a subset of T and L an interpretation
such that T V£ q. There exists a polynomial p independent of
A, and an interpretation J satisfying the following:
1.J W q 3. V1 € V,vio (TJ) Cvio(I);
2. viog(J) = vioa(Z); 4. |AT| < p(JA| + [vioy(T))).

We now explain how to obtain Lemma 5, with an ap-
proach inspired from (Lutz and Maniére 2024), where our
Lemmas 5 and 6 respectively play the role of their Proposi-
tion 2 and Lemma 1. Let KC, = (T, A),, be an ALCHZIO
WKB, g a BCQ, k an integer, and Z an interpretation such
that Z (= q. For a given ¥V C T, we use Jy to denote the
interpretation obtained by applying Lemma 6 with V the in-
put set of axioms. We prove that there exists a subset )V C T
such that (i) the size of vioy,(Z) is bounded by a polynomial
in |A| independent of k; and (ii) w(Jy) < k. To do so, we
construct a sequence Vo C V; C --- CV,, C T of V’s that
all satisfy item (i) and with V,, also satisfying item (ii). Note
that [Jy,, is then the desired interpretation for Lemma 5: item
(1) plus Point 4 from Lemma 6 gives the polynomial bound
on the size of 7, while item (ii) and Point 1 in Lemma 6
ensure the desired properties w.r.t. the cost and query.
Initialization. Set Vg := (), which trivially satisfies item (i).
Induction step. Assume that, for some ¢ > 0, we have suc-
cessfully constructed V; satisfying item (i); thus we have
a polynomial p; independent of & such that |vioy(Z)| <
pi(JA]). If V; also satisfies item (ii), then we are done. Oth-
erwise w(Jy,) > k, and since w(Z) < k, there exists an as-
sertion or axiom 7 from /C that is violated at least once more
in Jy, thaninZ, i.e. |vior(Jy,)| > |vio-(Z)|. Note that due
to Point 2 in Lemma 6, it is then clear that 7 ¢ A. Simi-
larly, due to Point 3 in Lemma 6, we have 7 ¢ V;. There-
fore 7 € T\ V;. We set V;y1 := V; U {7}. It remains to
verify that Vi, satisfies item (i). Note that vioy,,, (Z) =
vioy, (Z) U vio,(Z). The size of vioy,(Z) is bounded ade-
quately by p;(|.A]). For the size of vio,(Z), recall that by
choice of 7 we have |vio, (Z)| < |vio.(Jy,)|. We brutally
bound |vio-(Jy,)| by |ATvi %, By Point 4 in Lemma 6,
A9Vi has size bounded by p(|.A| + |vioy,(Z)|), thus by
p(| Al +pi(|Al)). Overall, the size of vioy, , (Z) is bounded
by pi+1(|A|) where piy1(2) := pi(z) + (p(z + pi(@)))? is
the desired polynomial independent of k.

Note that this procedure is guaranteed to terminate in at
most | 7| steps, which concludes the proof.




5 Lower Bounds

We first refine some existing lower bounds for the fixed-cost
decision problems in ££ , then prove the lower bounds for
DL-Lite listed in Table 1.

5.1 Lower Bounds in Extensions of ££ |

We begin with two lower bounds showing that even if the
cost k is fixed to 1, all considered reasoning tasks are NP-
complete (or coNP-complete, depending on the task) already
for ££; WKBs. These results notably improve those from
(BBJ 2024), where the cost was fixed to 3. Lemma 3 lifts
our hardness proof to any fixed k > 1, and since the case of
fixed k = 0 coincides with the usual semantics of £L KBs,
the complexity w.r.t. fixed cost is now well understood.
Theorem 3. For every k > 1, BCS*, IQA’; and CQAI;, for
EL | are NP-hard.

Proof sketch. The reduction is from 3-SAT. Given a 3-CNF
formula ¢ := /\f=1 \/:;=1 l; j, where each [; ; is a literal over

U1,...,0n, we construct a WKB (7, Ay).,. The ABox Ay
contains False(a), Bool(a), and the additional assertions:

Var(vg) for1 <k <n clause(a,¢;) for1 < i </¢
pos;(c;, vx) for l; j = vy neg;(ci, vy) for l; j; = —wy,
The TBox T has the following axioms:

Bool C True TrueMFalse C 1 dclause.False C True
Var C dval.Bool dval. True C True dval.False C False
Jpos, .False M Jpos,.False M dpos;.False C False
(the six other combinations...)
dneg;.True M dneg,.True M Inegs.True C False

The function w assigns oo to all axioms and assertions, ex-
cept for Bool C True, which has weight 1. One can verify
that ¢ is satisfiable iff (77, .Ay)., is 1-satisfiable. O

For the case of IQA’;, we could use Lemma 2 to directly
obtain a coNP-hardness proof for £ > 2. We instead re-adapt
the above proof to strengthen the result to every £ > 1. Note
that concept disjointness axioms are not even needed here.

Theorem 4. For every k > 1, IQA¥ and CQA¥ for EL are
coNP-hard.

5.2 Lower Bounds in the DL-Lite Family

We now turn to the DL-Lite family, which inherits the upper
bounds from Theorems 1 and 2. We begin with a proof that,
when k is allowed to vary, all considered reasoning tasks are
NP-hard (resp. coNP-hard) already for DL-Lite.,.. WKBs.

Theorem 5. BCS, IQA, and CQA,, for DL-Liteco. are NP-
hard. IQA . and CQA. for DL-Lite.o.. WKBs are coNP-hard.

Note that, by virtue of Lemmas 1 and 2, it suffices to prove
that BCS for DL-Lite,. is NP-hard.

Proof sketch. We reduce from 3-CoL, that is deciding
whether a given graph G = (V, £) is 3-colourable. All ax-
ioms of T are given infinite weight by w and are as follows:

ds;M3t; C L fors,t € {r,g,b},s#t, andi,j € {1,2}
Jsy M3s; C L fors € {r,g,b}

18957

We choose an orientation £’ of &: for each {u,v} € &, we
add either (u,v) or (v,u) in £’. Foreach e = (u,v) € £ and
each s € {r,g,b}, we add s; (u, €) and s3(v, €) in the ABox
Ag. Assertions in Ag are given weight 1 by w. It can be
verified that G € 3-CoOLiff (T, Ag). is 4|E|-satisfiable. [

For optimal cost semantics, we establish a matching AL
lower bound. The proof adapts an existing construction
from (Bourgaux 2016, Proposition 6.2.4) that establishes
APb-hardness of query entailment for DL-Lite KBs under
preferred repair semantics, by reduction from deciding if
a given variable is true in the lexicographically maximum
truth assignment satisfying a given satisfiable CNF. We point
out that, unlike the other lower bounds listed in Table 1, this
result crucially relies upon a binary encoding of weights, in-
tuitively because exponentially large weights are needed to
perform lexicographic comparison of satisfying valuations.

Theorem 6. IQASP', IQA%", CQA', and CQA" for
DL-Litecore are AL-hard.

We now move to the case in which k is fixed. Notice in-
deed that the lower bound from Theorem 5 strongly relies on
a varying k. For the certain semantics, we show that coNP-
hardness holds even if & is fixed to 1, if we consider CQs.
The proof is strongly inspired by the one of Theorem 4, es-
pecially with how to simulate the truth value assignment.
The main difference is that we use acyclic CQs to circum-
vent the lack of nested concepts in DL-Litecore.

Theorem 7. For every k > 1, COA* for DL-Litecoe is
coNP-hard. This holds already for connected acyclic BCQs
and without concept disjointness axioms.

6 Positive Results in the DL-Lite Family

In light of the lower bounds established in the previous sec-
tion, we can only hope to achieve tractability for the DL-Lite
family under a fixed cost (see Theorem 5). Furthermore, un-
der the certain semantics, we established that CQA]Cc answer-
ing is coNP-hard (Theorem 7) already for DL-Lite . and
k = 1. This leaves us with two promising settings to ex-
plore: CQA’; and IQA}CC for DL-Lite.... This section estab-
lishes that both reasoning tasks enjoy the lowest possible
complexity, that is, ACP. Furthermore, we can even push
this positive result to one of the most expressive logics of
the DL-Lite family, namely DL—Liteg'f)Ol.

Theorem 8. For every integer k > 1, CQAI’f and IQA* for
DL-Litel! | are in AC°.

Our approach is based on first-order (FO) rewriting: given
the weighted TBox 7., query ¢ and cost k, we construct an

FO-query ¢’ such that for every weighted ABox A,,,, the
following, here stated for CQA¥, holds:

P’
(T7 -A)WTUW_A ):]; q

iff
To make this formulation fully precise, we need to define the
FO-interpretation Z A, associated with a weighted ABox
A,,,, over which the rewritten query ¢’ is evaluated. We ar-
gue that A, can be seen as a usual ABox augmented with
extra assertions about the weights. We denote by A;* the

IAWA |: q/.



extension of .A with special concept and role assertions that
encapsulate the relevant information about weights w.r.t. the
fixed cost bound k: if a concept assertion w4 (A(a)) = n,
then we add the assertion Wi (a) if n < k, or assertion
W22 (a) if n > k. We proceed similarly for each role asser-
tion r(a, b), adding respectively w!*(a, b) or wi®(a, b). No-
tice that we only need to introduce (k+1)(Nc(A)+Ngr(A))
fresh predicates and that computing A} from any reason-
able representation of A, can be seen as a pre-processing
step achieved by an AC transducer. As A is a usual
ABox, its corresponding interpretation Z A is well defined
and can serve as the desired interpretation Z 4, , .

Before explaining how to construct ¢’, we sketch the main
argument that allows for such a rewriting to exist and that
ensures completeness of the claim (i.e. the = direction in
the formulation above). It relies on a (very!) small inter-
pretation property: if an interpretation witnesses the desired
behaviour w.r.t. the query and within the fixed cost, then
there exists one that is completely trivial except on a small
domain whose size is bounded by a constant w.r.t. the in-
put weighted ABox. The different possibilities to interpret
such a constant-size domain can thus all be encapsulated in
the rewritten query ¢’. To facilitate the understanding of the
rewriting, we first present this small interpretation property.

6.1 A (Very) Small Interpretation Property

Consider a WKB K = (7, .A),,, a fixed cost k and a BCQ g¢.
We introduce two distinct notions of types. The first is the
usual one in DLs: a 1-type t is a subset of Nc(7) U {3r |
r € NZ(T)}. The 1-type of an element e € AT is tp(e) :=
{Aeec AT} U {3r | e € (3r)%,r € NE}. This notion of
1-type captures the basic DL-Lite concepts, and thus, if two
elements d and e have the same 1-type, then they violate
exactly the same DL-Liteyoo Cls.

The second notion of type is intended to capture the con-
cepts that hold due to the ABox assertions. We define the
ABox type tp 4(a) of a € Ind(.A) as:

tpa(a) =tpz, () U{37Fr | A 37 rr e NR (T)},

where A | 3>Fr means that there exists (at least)
k + 1 distinct individuals bq,...,bx+1 € N; such that
r(a’a b1)7 ceey r(a7 bk-‘rl) €A (Or r(bla a)7 sy r(bk-‘rha) €
A if r is an inverse role). Notice that there are at
most 2INc(TI+2INr(T)] - possible 1-types, and at most
2INc(T)I+4INr(T)I possible ABox types.

We write r T s if (r,s) is in the transitive closure of
{(p.p) | p € NE}U{(p.q) € NEF x N | pC qe
T}. The following observation motivates the extension of
1-types into ABox types when a fixed cost k is considered:

Lemma 7. Consider an interpretation T whose cost is < k.
For every individual a and role r € Nﬁ, if 37kr € tp4(a),
then 3s € tpz(a) for every role s € N such that r T s.

We now prove that, if there exists an interpretation Z
whose cost is < k, then we find an interpretation 7 that
behaves as 7 w.r.t. the query ¢, and whose cost is also < k,
with all violations concentrated in a predictable portion of its
domain. This portion of the domain of 7 is of course small,
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since the maximum number of violations is &, thus involving
at most 2k distinct elements. By ‘predictable’, we mean that
these violations take place among a small number of special
individuals (constant number with respect to k) that can eas-
ily be identified, and on a small set of additional domain el-
ements. To identify these special individuals, we rely on the
following intuition: if an ABox type t is realized more than
2k times in A, then there is a way to complete ¢ without any
‘local’ violation. Indeed, if it was impossible to do so, then
t being realized more than 2k times would always result in
more than £ violations and thus in a cost exceeding k, con-
tradicting the very existence of Z. Therefore, only individ-
uals with a rare ABox type may require a special treatment
to keep the cost less than k. Formally, we say that an ABox
type t is rare in A if #{a € Ind(A) | tp4(a) = ¢} < 2k,
and we use RT(A) for the set of rare ABox types in A.

Now, when we start from an interpretation Z with cost
< k and attempt to build .7, we preserve the interpretation
of concepts and roles from Z on those special individuals
that have a rare ABox type. For J to behave like Z with
respect to the query ¢, we also preserve the interpretation on
individuals occurring in g. We define the pre-core pc(.A) as
the set of individuals from 4 that have a rare ABox type,
plus those query-related individuals, that is:

pc(A) :={a|tpy(a) € RT(A)} Ulnd(g).
Unfortunately, the pre-core does not contain all the individ-
uals that may be forced to participate in violations. As the
following example illustrates, elements ‘close’ to the pre-
core may also be forced to do so.
Example 1. Consider the fixed cost k := 3 and the ABox
A = {A(a0) UUL_o{r(ai, bi), t(bs, c;)}. The ABox type of
ag Is rare, others are not. Consider the TBox T with axioms:
ACJuM—-ds dJu” Cdr M—-ds™ dJtCds™ rLCs

and assign cost 1 to all t assertions, cost 2 to axiom r C
s, and infinite cost to other assertions and axioms. Every
interpretation with cost < 3 violates the assertion t(bg, cp),
which is somewhat surprising as both involved individuals
have ABox types that can otherwise be instantiated in a way
that does not violate anything. However, by and cy happen
to be ‘close’, i.e. at distance less than k = 3, to ag. The rare
type of ag can then impact bg and cq as seen above.

To capture those individuals that may be affected by ele-
ments from the pre-core, we essentially explore the neigh-
bourhood of the latter. For a,b € Ind(.A), we write a ~»1 b
if there exists a role r € N?QE and an assertion r(a,b) in A
and 3”*r ¢ tp 4(a). When exploring neighbours, the rea-
son we exclude roles r such that 3>*r € tp 4(a) comes from
Lemma 7: it guarantees that element a satisfies dr, so the
potential violations on a do not impact the r-edges to b. We
then denote a ~»;1 c if there exists b such that a ~»; b and
b ~~1 c. The core of A, denoted core(.A), is now defined as:

core(A) :=pc(A)U{b|a~;bacpc(A),i<k+1}.
Notice that we stop the exploration of the neighbourhood of
pc(A) at depth k 4 1. This is simply because the special be-
haviour of a pre-core element can only “cascade” to neigh-
bours by enforcing a violation at each layer; thus, impacted
elements cannot be further than (k + 1)-away.



We can now state our key technical lemma. Note that
Points 5, and 5. are used respectively to handle the possi-
ble and certain semantics. Recall that Theorem 7 established
coNP-hardness for CQA¥, which is why Point 5, only con-
cerns the case where ¢ is an IQ.

Lemma 8. Let K = (T, A), be a WKB, g a BCQ, and k a
fixed cost. If there exists an interpretation T with cost < k,
then there exists an interpretation J such that:

1. A7 =Ind(A)UW for some W C {w, | tis a 1-type};
j|pc(A) = I|pc(.A);

w(j) = W(j‘core(A)uW);

w(J) < k;

IfI ': q, then J'core(.A)UW ): q (Cll’ld thus j ’: q),
IfqgisanIQ and T - q, then J - q.

6.2 Construction of the FO-Rewriting

Consider a DL-Liteg'f,ol TBox 7, a weight function wy for T,
fixed cost k, and BCQ ¢. We now proceed to the actual con-
struction of the rewritten query ¢’. Notice that the pre-core
always has size at most Py := 2k x 2INc(T)I+4IN=(T)] 1| ¢| (at
most 2k copies of each rare ABox type, plus the individuals
in ¢). For each individual a, there exist at most 2k|Ng(7)|
distinct individuals b such that a ~~; b. Therefore, the size
of every core, regardless of the specific ABox, is bounded
by Py x (2k|Nr(T)|)*. We let M, 1 be the above quantity
plus the number of possible 1-types, that is:

My g5 := Py x (2k|Ng(T)|) 4 2/Nc(TIH2IN:(T)]

The number M7 4 gives an upper bound on the maximal
size of the domain core(.A) UW involved in the construction
of interpretation 7 in Lemma 8. Note that Points 3, 5,, and
5. also guarantee that core(.A) U W contains all the relevant
information regarding violations and query satisfaction.
The rewritten query ¢’ considers each relevant interpreta-
tion M, up to isomorphism, whose domain A has size at
most M7 41 and tries to match the ‘individual part’ of M
(that is, the core(.A) part, as opposed to the W part) in the in-
put A, . The rewriting must also check that each remaining
individual from A,,, can be interpreted in a manner that is
compatible w.r.t. the considered M, in the sense that it shall
not introduce any violations (nor satisfy the query, in the
case of the certain semantics). To achieve this, we specify
along with M its intended individual part as a subdomain
I' € AM and the allowed ABox violations as a weighted
ABox V,. We call such a triple (M, T',V,) a strategy for
(Torr»q, k) if Ind(V) C T and wr (M) + > oy v(a) < k.
We differentiate between p-strategies, used for CQA¥,
and c-strategies, used for IQAF. A p-strategy is a strategy
(M,T,V,) that additionally satisfies M | ¢. An ABox
type t is p-safe for a p-strategy o (M,T,V,) if there
exists a 1-type ¢’ such that:
1. forevery A € Nc(7),if A € ¢, then A € ¢/;
2. forevery r € N%(T), if Ir € ¢, then Ir € t/;
3. t’ does not violate any CIs from 7
4. for every r € N§(T), if Ir € ¢/, then Is € t’ for every
s € NE(T) withr Cr s;

2.
3.
4.
5,
Se.
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5. forevery r € N%(T), if 3r € t/, then there exists d € AM

such that for every s € NZ(7) with r C7 s, we have
Recall that we need only to define c-strategies for the case
where ¢ is an IQ. We may assume w.l.o.g. that ¢ is a con-
cept 1Q'. A c-strategy for (T.,,,q,k) is a strategy o
(M,T,V,) such that Ind(¢) C T and M }~ ¢, and an ABox
type ¢ is c-safe for o if there exists a 1-type ¢’ that satisfies
Conditions 1-5 of p-safe types, plus the following condition:
6. if g =3y A(y), then A ¢ ¢'.

The rewritten FO-query ¢’ is now obtained as the disjunc-
tion of subqueries ¢, where each o is a p-strategy (resp. c-
strategy) for (7., ¢, k). Now, for a given o := (M, T, V,),
the subquery ¢, uses one existentially quantified variable
vq for each d € T', and attempts to identify a subpart of
the input weighted ABox A, , that could be interpreted as
M|r, up to the violations described in V,. For example, if
d ¢ AM and A(d) € V, then ¢, contains the following

subquery A(vg) — WZ(A(d)) (vq), enforcing that variable vg
can only be mapped on an individual a such that A(a) € A
if wy and v agree on the cost of the assertion A(a). Using
a universally quantified variable, ¢, also makes sure that all
other individuals in .4 have an ABox type that is p-safe (resp.
c-safe) w.r.t. 0. It is indeed clear, examining the very local
requirements defining safe types that ‘having a safe p- (or
c-) type’ can be verified using an appropriate FO-subquery.

In this manner, we can construct FO-queries q;, and qé,
respectively based on p- and c-strategies, such that the fol-
lowing properties hold, concluding the proof of Theorem 8:

Lemma 9. Let 7., be a weighted DL-Litet | TBox, k an
integer, and q a BCQ. For every weighted ABox A, :

(Ta A)wTUwA 'ZI; q lﬁCIAWA ': Q;:;
Furthermore, if q is an 1Q, then:

(Ta A)WTUUJA l;'élcC q iffIAwA ': (JQ

7 Conclusion

Our results significantly improve our understanding of the
data complexity of query entailment under recently intro-
duced cost-based semantics. In particular, we have proved a
AL upper bound for the optimal-cost certain and possible se-
mantics, yielding tight complexity bounds for a wide range
of lightweight and expressive DLs, up to ALCHZO and
covering also prominent DL-Lite dialects. Moreover, we ob-
tained surprising tractability results, showing that fixed-cost
possible semantics (for CQs) and certain semantics (for 1Qs)
in DL—Liteg'éo] enjoy the same low AC” complexity as classi-
cal CQ answering in DL-Lite. We expect our upper bounds
can be adapted to also handle negative role inclusions (to
cover also DL-Liter ). For DLs with functionality or number
restrictions, it does not suffice to work with finite interpreta-
tions, so wholly different methods are required. Developing
a practical implementation of the FO-rewritings for the iden-
tified tractable cases is another interesting direction.

'1Qs of the form 3y r(a, y) (resp. Izy r(z, y)) can be handled
by adding infinite-weight CIs 3r C B, B C Jr for a fresh concept
name B, and using the IQ B(a) (resp. 3z.B(x)) instead.
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