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Abstract

We present a polynomial-time algorithm for exactly comput-
ing second-price pacing equilibria (SPPE) in auction mar-
kets with a constant number of buyers. SPPE plays a cen-
tral role in modern advertising auctions; however, computing
or even approximating it is PPAD-hard in general. To over-
come this computational barrier in the restricted setting, we
adopt the cell-decomposition method. Specifically, we parti-
tion the solution space into polynomially many cells, each
defined by hyperplanes corresponding to a fixed ordering of
buyers’ scaled valuations across goods. Within each cell, the
equilibrium computation reduces to solving a constant num-
ber of linear programs. Notably, our algorithm can also effi-
ciently identify equilibria that optimize key objectives such as
revenue or social welfare. To the best of our knowledge, this
is the first algorithm that efficiently computes an exact SPPE
for a simple and natural class of second-price pacing games.

Introduction

Online advertising markets face a foundational challenge in
auction design under budget constraints. As demonstrated
by Aggarwal et al. (2024), advertisers must participate in
sequences of second-price auctions while adhering to fixed
overall budgets. Traditional second-price auction theory, re-
liant on quasi-linear utilities and unlimited budgets, fails
to capture these real-world constraints. To bridge this gap,
pacing mechanisms have become central to modern ad plat-
forms (e.g., ad exchanges), where multiplicative pacing mul-
tipliers «; € [0, 1] scale bids to respect budget limits. This
adjustment (with the yield of effective offers ;v;;) ensures
that long-term expenditure remains within budgets B;. It
gives rise to the concept of Second-Price Pacing Equilib-
ria (SPPE), a stable state where buyers’ multiplier choices,
platform allocations, and pricing rules converge.

The seminal work of Conitzer et al. (2022) formal-
ized SPPE, proving existence under general conditions
and characterizing key properties, including potential non-
uniqueness and efficiency losses relative to social optima.
This framework has since underpinned diverse learning al-
gorithms for revenue and utility optimization (Balseiro and
Gur 2019; Wang et al. 2023; Balseiro et al. 2024; Lucier
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et al. 2024). Despite these advances, the computational com-
plexity of finding SPPE has remained unresolved. Recent
breakthroughs establish its intrinsic hardness: Chen, Kroer,
and Kumar (2023) proved PPAD-completeness for comput-
ing approximate pacing equilibria with inverse-polynomial
precision. Very recently, Chen and Li (2025) established
strong inapproximability by showing that computing ~-
approximate pacing equilibria is PPAD-hard for any v <
1/3. This impossibility result holds even in highly sparse
settings where each bidder values only four goods, mirror-
ing a similar phenomenon known for Nash equilibria (Chen,
Deng, and Teng 2006; Liu and Sheng 2018; Liu, Li, and
Deng 2021).

These negative results imply that efficient exact compu-
tation — or even high-precision approximation — of SPPE
is likely intractable in large markets with many buyers and
goods, at least in the worst case. This leads to an interesting
open question: Under what practical constraints can SPPE
be computed efficiently?

We give an affirmative answer to this question by focusing
on markets with a constant number of buyers but an arbitrar-
ily large number of goods.

Theorem 1. Given any instance of second-price pacing
game with a constant number c of buyers, Algorithm 1 com-
putes a second-price pacing equilibrium in polynomial time.

Such settings capture real-world scenarios, such as auc-
tions involving a few major advertising agencies or niche
markets dominated by a small number of key players.

Technical Overview

A pacing equilibrium consists of both allocations and pac-
ing multipliers. Solving for it via programming-based meth-
ods requires introducing variables to capture both compo-
nents. However, a single, universal formulation is unlikely to
suffice due to the discrete structure imposed by the “no un-
necessary pacing” condition (condition (d) in Definition 1).
To address this challenge, we adopt the cell-decomposition
method. This approach has been successfully applied in re-
lated domains, such as computing market equilibria (De-
vanur and Kannan 2008) and solving optimal multidimen-
sional pricing problems (Chen et al. 2018).

Concretely, given a market with m goods and c buyers, we
partition the pacing multiplier space (a1, ..., a.) € (0,1]¢



via hyperplane arrangements. We establish that O(mc?) hy-
perplanes, induced by comparing scaled valuations c;v;;
across buyers and goods, divide the space into O(m®~1!)
cells where the weak ordering of buyers’ scaled valuations
remains invariant for all goods. Within each cell, we enu-
merate all 2¢ budget-activity cases that distinguish between
the constraints 0 < «; < 1 and o; = 1 for each buyer
i € [c]. Given each case, we reformulate equilibrium con-
ditions as a linear programming through two critical steps.
First, we introduce auxiliary variables y;; = x;;c; to lin-
earize the payment terms z;;p;(«) that arises when multi-
ple buyers tie. Second, for each set I C [¢] of buyers who
share some good j, we derive linear constraints of the form
> ic1 YijVij = vy, where 4’ is any buyer in the set [,
ensuring consistency of valuations among tied buyers. Bud-
get exhaustion constraints are simultaneously preserved via
transformed equalities. The resulting system of linear in-
equalities can then be efficiently solved using linear pro-
gramming.

The algorithm runs in polynomial time due to two key
properties: there are O(m°~1) cells, and each cell admits
O(1) budget-activity cases. For each case, the correspond-
ing linear system can be solved in poly(m) time. As a re-
sult, the overall complexity is O(poly(m)). We thus obtain
a polynomial-time algorithm for computing a pacing equi-
librium in budget-constrained second-price auctions with a
constant number of buyers.

Related Works

Recent research by Aggarwal et al. (2024) highlighted that
advertisers in online advertising markets must participate in
a sequence of second-price auctions under a fixed total bud-
get. The seminal work of Conitzer et al. (2022) formally in-
troduced the concept of Second-Price Pacing Equilibria and
established its existence under general conditions. Subse-
quent studies, including those by Balseiro and Gur (2019);
Wang et al. (2023); Balseiro et al. (2024); Lucier et al.
(2024), have shown that SPPE has been extensively utilized
in the development of various learning algorithms.

For the complexity results, Chen, Kroer, and Kumar
(2023) further proved that computing approximate pac-
ing equilibria to inverse-polynomial precision is PPAD-
complete. Very recently, Chen and Li (2025) established
a strong inapproximability result for pacing equilibria in
second-price auctions, showing that for any constant v <
1/3, computing a ~-approximate pacing equilibrium is
PPAD-hard. The above results suggest that efficient algo-
rithms for general instances are unlikely to exist. To the best
of our knowledge, this work is the first positive result for
pacing equilibrium computation in second-price auctions.
In contrast, Borgs et al. (2007); Chen, Kroer, and Kumar
(2021) proposed efficient computation methods for pacing
and throttling equilibria in the regime of first-price auctions.

Preliminaries

In this section, we will introduce the necessary definitions
and notation.

Second-Price Pacing Games

A second-price pacing game G = (n,m, (v;;), (B;)) in-
volves n buyers and m indivisible goods. Each buyer has a
specific value to each good, with v;; denoting the value that
buyer 7 places on good j, and B; representing the budget of
buyer 7. In the game, each buyer ¢ chooses a pacing multi-
plier a;;, and submits a bid of «;v;; for each good j.

Each good is sold via a second-price auction. We de-
note by h;(a) = max; o;v;; the highest bid for good j,
and p;(a) the second-highest bid. The good is given to
the highest-bidding buyers, who pay the second-highest bid
Dj (). In case of a tie, i.e., when multiple buyers submit the
highest bid, the good is allocated fractionally: each highest
buyer receives a non-zero share of good j at the unit price
p; (). For indivisible goods, such fractional allocation can
be interpreted as the probability that a buyer wins the good.
We also denote by x;; the probability that buyer i gets good
J.

We characterize the stable state of this game with the fol-
lowing solution concept.

Definition 1 (Pacing Equilibrium). We say (o, z) with o =
(Oéi) c [0, ].]n, xr = (x”) € [0, l]nm’ and ZLE[n] xij §
1,Vj € [m] is a pacing equilibrium of a second-price pacing
game G = (n,m, (vi;), (B;)) if

(b) hj(e) > 0 implies 3,y @i = 15
© Z]E[m} xijpj(a) < By
@ Zje[m} x;ipj(a) < B; implies a; = 1.

For the conditions, (a) indicates that only the highest-
bidding buyers can own the good; (b) ensures that any good
with a strictly positive bid needs to be entirely allocated; (c)
enforces the feasibility of budget constraints; and (d) im-
poses that no buyer is subject to excessive or unnecessary
pacing. Buyers with surplus budget will bid truthfully, as
this is a dominant strategy in the second-price auction.

In their work, Conitzer et al. (2022) demonstrated that a
pacing equilibrium always exists in the context of second-
price pacing games.

Theorem 2 (Conitzer et al. (2022)). Any second-price pac-
ing game admits a pacing equilibrium.

Notation

For each good j € [m], we need to compare the val-
ues (115, Qovaj, . . ., AUy ). We define a partition of the
good set according to the induced weak orderings of these
values.

Let X,, denote the set of all weak orderings over the set
[n], and for each o € ¥,,, define:

S :={j € [m]: (a1v1,...,anvy;) induces order o} .

Then the ordered tuple of sets (S,)ycx, forms a partition
of the good set. For example, when n = 3, 23 contains 13
distinct weak orderings such as (1 > 2 > 3),(1 = 2 >
3),...,(1 = 2 = 3), corresponding to the following sets,
respectively: Sisoss = {j € [m] : aqv1; > aguy; >
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asvs;}, ..., S1—2s3 = {j € [m] >
Oé3l}3j}.

The ordered tuple (S,) consists of all subsets S,
corresponding to preference orderings over the buy-
ers. For example, when n 3, we have (S,)
(S1>2>3,S1=2>3, .., S1=2-3).

The number of such orderings depends only on the num-
ber of buyers. When n = ¢, this number remains constant.
One can obtain all possible orderings by partitioning the
buyers into groups—using = within each group and > be-
tween groups

We further group the good partitions based on which buy-
ers achieve the maximum scaled valuation for each good.
For every non-empty subset I C [n], define:

L U1 = Uz

Ty :={j € [m] : argmax;(evi;) = I},

U

oc€X,, argmax(o)=I

that is

T S,.

Given an instance G = (n,m, (v;;), (B;)), the ordered tu-
ple of sets (T7)p1c[n) forms a partition of the good set [mn]
into 2" — 1 parts, each corresponding to a distinct (and dis-
joint) subset of buyers simultaneously achieving the maxi-
mum bid on good j. For example, when n = 3, by defini-
tion we have that 71} = S1>2>3 U S152-3 U S153>2 and
T(1,2) = S1=2>3.

Note that when «; = 0, buyer 7 effectively places a bid
of zero on all goods, which is equivalent to not participating
in the auction. In this case, the setting reduces to an auction
with n — 1 rather than n buyers. Without loss of generality,
we assume that all «;’s are strictly positive.

For ease of exposition in the subsequent analysis, we in-
troduce the following notation: We denote by r;; := a;/a;
the ratio between «; and «;, and y;; := ;504 the product
of Lij and Q.

It is also worth noting that, in a pacing equilibrium, as-
signing a good with a highest bid of zero still satisfies the
definition of equilibrium. This is because the highest bid for
such a good is zero, implying that its associated price p; ()
is also zero. As a result, allocating this good does not affect
any budget constraints. Therefore, for ease of exposition, we
assume that h;(«) is strictly positive for every good.

Warm-up: when n = 2

To facilitate a clearer exposition, we first restrict our atten-
tion to the case with only two buyers. We partition the set of
goods into the following three parts according to o € (0, 1]2:

Try = Si>2 = {j : a1v1j > aouy;},

Tioy = S1<2 = {Jj : auvy; < agvgy},

T(12y = Si=2 = {j : aqv1j = ovy;}.
While the total number of possible ordered tuples (.S, ) may

appear to be exponential in the number of goods m, it can in
fact be bounded by a linear function of m.

Lemma 3. When n = 2 and all the values v;;’s are given,
the number of ordered tuples (S,), due to o € (0,1]?, is
bounded by O(m).
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Proof. To determine the ordered tuple (S,), it is neces-
sary to compare a1v1; and aqva; for each good j € [m].
This can be reduced to compare the ratio 12 = «1/as
with vg; /v1;. Since all values of vy; /vy, are given as part
of the input, the problem becomes identifying, for a given
ri2 € (0,00), which goods satisfy va; /v1; > 712 (thus be-
longing to S1<2), which satisfy vgj/vu = 719 (belonging
to S1=2), and which satisfy v /v1; < 712 (belonging to
S1>2).

It is important to note that if v1; = 0 while vy; > 0, the

ratio ”% is considered to be co. Moreover, the case where
J

v

v1; = 0 and vy; = 0 cannot occur, since we require that the
highest bid % () for each good be strictly positive.

Without loss of generality, we can assume that the goods
are sorted in ascending order based on their value ratios
va; /v1;. Geometrically, these goods can be interpreted as m
distinct points on the real line, where each point corresponds
to a ratio vg; /vy ;. It follows that the number of distinct cells
of (Sy) is at most 2m + 1: m cells arise when 715 is exactly
equal to some v /v1; for j € [m], and the other m + 1 ones
correspond to the cases where 712 lies strictly between adja-
cent ratios (or in the unbounded intervals (0, min; vo; /v1;)
and (max; vg;/v1;,00)).

Therefore, the total number of possible cells of (S,) is

O(m). O

So we can enumerate all the possible cells with the above
result.

Given a specific ordered tuple (S, ), the expression of
pj(a) corresponding to each good can be explicitly deter-
mined.

In this case where n = 2, p;(«) = min{aiv1;, a2v9;},
and we can get that Vj € Ty1y,pj(a) = aovg; and Vj €
Ty2y,pj(a) = ayvyy, then we get that buyer 1 needs to pay
Yjery, Pi(@) + Xjer,, ,, 101015, and buyer 2 needs
to pay EjET{z} pj(a) + E]‘eT{m} T9jaavy;. Note that for
each good j € T{LQ}, we have ajv1; = apvo; and q; +
Xoi = 1

jSubsequently, for each ordered tuple (.S, ), we further cat-
egorize the problem into four cases based on the relative
magnitudes of oy, oo and 1. For each case, we construct
a corresponding system of inequalities to facilitate the solu-
tion.

Case 1: a1 = 1, a5 = 1. In this case, we have the follow-

ing:
Z Vo + Z z15v15 < By

JET JET(1 2}
Z v + Z Zo;V25 < Ba
JE€T 2y J€T 1,2y
V1 = V24, V) € Ty 9y
x1j + x5 = 1L,Vj € Ty 0y
0 <y <1,Vie{l,2},Vje T
V15 > V25, V) € Si>2
V1 = V25, Vj € Si=2

v1; < v24,Vj € S1<2



Standard linear programming techniques, such as the el-
lipsoid method proposed by Khachiyan (1979) or that of
Karmarkar (1984), can be directly applied to solve this sys-
tem. If a feasible solution exists, it corresponds to a pacing
equilibrium.

Case 2: a1 < l,a9 = 1.
which gives us the equation

E V2; + E T1;001V15 = Bl.

J€T 1y JE€T 1,2y

Buyer 1 exhausts her budget,

Note that although the term ;0 v1; is quadratic in the
variables x1; and o, for goods in the set T{LQ}, we have the
relation apv2; = a1v1;. This allows us to rewrite the term
as x1;0pv2;, thereby reducing it to a linear expression.

Then we get the system below:

Z v2; + Z T1jv2; = By

JET 1y JET 1,2}
g a1v15 + g To;vV2; < Ba
JET 2y JET (1,2}

oV = vg;, V) € T(1,2y

T+ =1,V €T 0y

0<w; <1,Vie{l,2},Vj €Ty
0<aop <1

vy > V25, V) € Siso

vy = U4, V) € S1=2

vy < U254, V5 € S1<2

The existence of a solution to this linear system implies
the existence of a pacing equilibrium in the second-price
pacing game.

Case3: a0y = 1,00 < 1.
identical to Case 2.

Analogously, this case is almost

Case 4: o1 < 1,9 < 1. It is similar to the previous situ-
ations that the following system holds:

E Qo5 + E 10001 = By

JET 1y JET 1,2}
E oy + E TV = B3
J€T 2y J€T 1,23

a1v1; = Qavej, Vi € Ty 9}

215+ 25 = 1,Vj € T{Lg}

0<wy; <1,Vie{l,2},V) €T
0<ap <1

O<as <1

U1 > U4, ¥ € Siso

U1 = U4, Vj € Si=2

a1v1j < vy, Vi € S1<2

Since both x1;01v1; and xajqv9; are quadratic terms.
The observations that x1; + xo; = 1 and aqvi; = agvy;
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can help us simplify the equation system. Recall that ¥ ;
X150 and Y25 = Tg5;0i2, WE have

Z QoU2; + Z y1;v1; = B,

JET 1y JET 1,2}
E oy + E Y25v2; = Ba
J€T 2y J€T(1,2)
and we use ajv1; = «aUgj, then we get: aj/ay =

25 /15, V] € T1,2y-

Note that for any good j € T 2y, we have z1; + xg; =
1, which is equivalent to y1;/a1 + y2;/a2 = 1. Using the
equation above, this yields the identity:

U2; _
Yij + — Y25 = o,
Ulj

that is, y1v1; + y2jv2; = aqv1;, which means that when

all buyers in [ submit identical scaled bids for good j, under

the second-price auction mechanism, we have that the total

payment for good j equals any individual buyer’s bid.
Hence we have:

Z Qg5 + Z y1;v1; = B1

J€T 1y J€T 1,23
E v + E Yo;jV2; = Bo
JET 2y JET (1,23

Q1V1j = Qog;, V) € Ty 9y

Y1015 + Yo, v25 = aqv14, V) € Ty 9y
0 <wyij <ay,Vie{l,2},Vje T
0<ap <1

O<as <1

a1V > pva;, Vj € Si2

Q11 = v, V] € Si=2

a1vy; < 0pvo;, Vj € Si<o

This is a system of linear inequalities involving a4, aq,
and Y1, Y25, Vj € [m]. If this system has a solution, then we
can obtain a pacing equilibrium.

Time Complexity. The number of ordered tuples (S, ) is
O(m), and the number of cases is 4, which is a constant.
Then we get that the number of linear systems is O(m) and
we can solve any linear system in polynomial time, so the
algorithm can run in polynomial time.

General Result

Things become complicate when we think about the general
constant n = c.

Pseudocode for the Algorithm. For general instances
where n = ¢, we propose the following algorithm:



Algorithm 1: Finding a pacing equilibrium in second-price
auctions with constant buyers.

Input: Set of buyers B {1,...,¢}, goods G
{1,...,m}, budget B; for each ¢ € B and valuation
matrix (v;;).

Output: Pacing multipliers () and allocations (z;;).

1: Enumerate all ordered tuples (S, )
2: for each ordered tuple (S, ) do

3:  Construct (T7) corresponding to the (S,)

4:  // Enumerate binary vectors of dimension ¢

5. for each binary vector b € {0,1}° do

6: for each b; in b do

7: if b, = 1 then

8: Add constraint o;; = 1

9: else

10: Add constraint 0 < o; < 1

11: end if

12: end for

13: Construct linear systems and solve the system to
find (cv;) and (z45).

14: if there is a feasible solution satisfying all con-
straints then

15: return the corresponding (c;) and (x;;).

16: end if

17:  end for

18: end for

The construction of the linear system involved in the al-
gorithm will be detailed in the proof of Theorem 4. We can
show that this algorithm computes a pacing equilibrium in
polynomial time.

Theorem 4 (Main Result). Given any instance of second-
price pacing game with a constant number c of buyers, Al-
gorithm 1 computes a second-price pacing equilibrium in
polynomial time.

Before proving our main result, we can also prove that
the number of distinct ordered tuples (S, ) is bounded by a
polynomial of m.

Lemma 5. Given all v;; and n = ¢, which is a constant,
the number of distinct ordered tuple (S,), over a € (0,1]¢
is bounded by a polynomial in m.

Proof. For the case where n = ¢, we must compare «;v;;
and «;v;; for all 4,i and all j. To facilitate this, con-
sider the tuple (a/ae, an/a,...,ac—1/a.), denoted as
(Tla T2¢y - - - 7T(c—1)c)'

When i # c and i’ = ¢, comparing oV With vy is
equivalent to comparing r;. - v;; With v.;. When ¢ # ¢ and
i’ # ¢, the comparison between ;v and oy vy ; becomes
equivalent to comparing 7. - v3; With 77 - vy,

Thus, for each good j, we consider hyperplanes in the
(¢ — 1)-dimensional space of the form r;.v;; = v.; and
TicVij = TicVirj. Each good j induces (¢ — 1) axis-aligned
hyperplanes and (¢c—1)(c—2)/2 origin-passing hyperplanes,
resulting in a total of

(c=1)(c—2)
2

_mc(c—1)
2

m-Oc—U+
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hyperplanes overall.

By Theorem 6, we obtain that these hyperplanes partition
the (c—1)-dimensional space into at most O(m¢~!) distinct
cells. Here, we confine our attention to the upper bound of
O(m<~1), which remains valid even when the hyperplanes
are not in general position.

Theorem 6 (Zaslavsky (1975); Orlik and Terao (1992)). Let
A be a collection of k affine hyperplanes in general position
in R%. Then the number of j-dimensional faces (0 < j < d)
induced by the arrangement is given by

(55)%(

In particular, the number of d-dimensional cells (i.e., the
connected components of R% \ | J A) is

J

>

=0

k—d+j
i

i

4k
23 <Z>

Now we are ready to prove our main result.

Proof of Theorem 4. By Lemma 5, we have that the ordered
tuple (S, ) is polynomial in m. Thus, it is sufficient to show
that for each specific (S, ), a pacing equilibrium can be com-
puted in polynomial time.

Given a specific ordered tuple (S,), the expression of
p; () can be explicitly determined for each good j. In par-
ticular, if good j is included in set T{i}, then x;; = 1, which
implies that the corresponding function p;(«) is linear in c.

For each (S, ), we can decompose it into 2¢ cases and
conduct a case-by-case analysis to facilitate the solution.

The 2¢ possible cases can be broadly classified into three
categories: (i) all a; = 1, (ii) all o; < 1, and (iii) the remain-
ing 2¢ — 2 mixed cases, where some but not all o;’s equal 1.
We analyze each of these categories separately.

Case 1: o; = 1 for each i € [¢].
Z pj(a) + Z Z x5 < By, Vi € [
J€T iy {iycICle] 5€Tr
;v = vy, VI C ], |I| > 2,Vi,i' € I,Vj € Ty
> @y =1YIC[d,|I| >2,¥j €Ty
iel
0<uaz; <LVICI,|I|>2,Viel VjeT;
a; =1,Vi € [(]
QU1 > > Qe—1V(e—1); > QcUcj, Where
Vj € Siso>.>e—1>c
QU1 > > Qe 1V(e—1); = QcUcj, Where
Vi € S1>25.>e1=c
QUL >+ > Qelej > Qe—1V(c—1)j, where

Vi € Si>25->eme—1

QU > -+ - > apUgj > vy, Where
Vj € Sese—1>0>1




In this setting, the above constraints constitute a linear
system over the variables (z;;). Solving this linear system.
If a solution exists, then we get a pacing equilibrium.

Case 2: some but not all of «;’s equal 1. Note that there
are actually 2¢ — 2 possible cases. Given each case, we de-
note by E the set of buyers ¢ satisfying «; = 1, and by L the
set of buyers 7’ satisfying ;s < 1.

E:={i€ld:a;=1},L:={i" €[] :ay < 1}.

All buyers in L exhaust their budgets, and consequently, we
impose the following constraints.

Z Z Z L5 QU5 < Bz,VZ ek

J€T 4y {i}CIC[c] jE€TT
Z pila) + Z Z Tij0uv; = By, Vi € L
J€Tty {i}CIClc]jeTy

vy = v, VI C ], [I| > 2,Vi,i" € I,V € Ty

> ay=1LVIC =2 €T

iel

0<wziyy <LVIC|[c,|I| >2,VieVjeT;

a;=1,Vie k

O<a; <1L,VielL

QU1 > 0 > Qe—1V(e—1); > QcUcj, Where
Vj € S1>2>.>c-1>¢

QU1 > > Qe 1V(e—1); = QicVcj, Where
Vj € S1>25>c—1=c

QU1 > 0 > Qe > Qe—1Y(c—1)f, Where
Vj € Si>o>.>e>e-1

QU > -+ - > Qg > V1,5, where

v.] S Sc>c—1>-~->1

In this case, the variables include ;s for each i’ € L, as
well as the allocation variables x;; corresponding to goods
that are assigned to multiple buyers.

Under these conditions, forall i’ € L, the term a;/ ja; vy
is quadratic term. Notably, these quadratic terms arise only
when a good is allocated to multiple buyers whose bids are
equal. Consider one such quadratic term, Tif j O Vit j. The
treatment of these quadratic terms requires a case-by-case
analysis, which we divide into the following two scenarios.

If there exists a buyer ¢ € E such that their bid for good
J equals that of buyer ig, i.e., ayvy; = a;vij, then the
quadratic term becomes x;; jov;v;;, which is linear in z; ;.
Thus, the quadratic term can be eliminated in this case.

If no such buyer ¢ € FE exists, and instead there are
k > 1 buyers such that ¢,...,9, € L whose bids for
good j are equal to that of 4(,, then we proceed as follows.
Let us define new variables y;;; = w0, ..., Yirj =
Ty O Our goal is to eliminate the original allocation vari-
ables @i j,..., @y ;. First, all associated quadratic terms

Ty 0 Vg 5 for 0 < I < k become linear in the form
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Y0t 5. Second, to handle the original constraints involving
o 1j» we make the following transformations: The bounds
0< Ty < 1 become 0 < Yirj < ai;,for all0 <[ <k.

To reformulate the constraint ) <1<k Tiyy = 1, we ob-

Yilj

serve that this is equivalent to ) ., ., =5 = 1, which can

be rewritten as

Qi
Yipg + Z Yirj - a-(j
1<I<k
Next, we employ the identities:
QU5 = QL Vy g, vy € Ty, {’L} clC [C], Vi,i/ el,
which means that all buyers in I submit identical scaled bids
for good j.
Under the second-price auction mechanism, this leads to
the conclusion that the total payment for good j equals any
individual buyer’s bid. Consequently, we have:

Z YirjVisg = Qg Uit 5-
0<I<k
Through these transformations, the original constraint is
thus converted into the above equivalent form.
Consequently, the original system can be reduced to the
following linear system.

> opil@+ >

Z Tijovy; < By, Vie E

JET 4y {i}CIC[c] JETT
doopile)+ DY i
JE€T 4y {i}cIClc] jE€TT

3i'el,i’'cE

+ Z Z YijVij = B;,Vie L

{i}CIC][c] jE€TT
vi'el,i’'eL

QU5 = ailvi/j,VI C [C], |I| > 27Vi,il € I,V] e Ty

Y wy=1VIC [, ILLI|I>2VjeT;
el
0<wi <LVIC[c,IZL,|I>2VjeT;

Zyl‘jvz‘j = ayvyj, VI C L, |I| > 2,Vj € Ty

i€l
0 <y <o, VIC L,|I| >2,YjeT;
a;=1,VieFE

0O<a;<1,Viel

QU1 > 0 > Qe—1V(c—1)5 > QeVcy, where
Vj € Siso>.>e—1>c

QU1 > > Qe 1VU(e—1); = QcUcj, Where
Vi € S1s595 .5 1=c

Q115 > -+ > O0elcj > Qe—1V(c—1);, Where

Vi € Si>25.>eme—1

acvcj > e

Vj € Sese—1>->1

> QipU25 > (1115, where




It can be observed that each quadratic term in this con-
straint has been transformed into a linear term. Therefore,
we can directly apply linear programming techniques to
solve this system. If a feasible solution exists, it corresponds
to a pacing equilibrium.

Case 3: a; < 1for each i € [c]. In this case, all buyers
exhaust their budgets, and we also use y;; = x;;, o;, we can

get:
Z pj(a) —+ Z Z YijVij = BZ,V’L e [C],

JE€T 4y {i}yCIC[c] j€TT

which means that all buyers have exhausted their budgets.
Additionally, as in Case 2, the following relation also
holds:

0< Yij < a;, VI C [C], ‘I‘ > Q,Vi/ e l,vj ey,
and
Zyijvij = ai/vi/j,VI - [0]7 ‘I‘ > Q,Vi/ e l,VjeTry.
iel
Upon applying the same idea, we result in the following
set of constraints.

Z pj(e) + Z Z Yijvij = By, Vi € [(]

JeTty {iYCIC[c] J€Ty
;v = apvg, VI C e, |I| > 2,Vi,i € I,Vj € Ty
Zyijvij = vy, VI C e, |I| > 2,Vi' € I,Vj € Ty
iel
0<wyij <a;,VIC|[d,|I| >2,VieIVjeT;
0<a; <1,Vie€|[
QQULj > > Qe 1V(e—1)j > OlVcj, Where

Vj € S1>2>.3c—1>c¢
QU1 > > Qe1VU(e—1)j = QcUcj, Where

Vj € Sis2>.>e—1=c
QU1 >t > Qe > Qe—1V(c—1)5, Where

Vi € Si>o5.>eme—1

Qe > -+ > (g > aqv1;, where
Vi€ Sese—1>.>1

The variables involved are y;; and c;. Solving this sys-
tem of linear inequalities, if a solution exists, yields a pacing
equilibrium.

Time Complexity. By Lemma 5, we can deduce that the
number of ordered tuples (S,) is O(m*®~1). Then, accord-
ing to the algorithm, for each ordered tuple (S, ), there are
2¢ possible cases, where 2¢ is a constant. Each case corre-
sponds to a linear system, and each linear system can be
solved in polynomial time. Therefore, the algorithm can run
in polynomial time.

As for the computation of the LP with n variables, Co-
hen, Lee, and Song (2019) established the time complexity
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of O(n*log(%)), where w ~ 2.37 denotes the matrix mul-
tiplication exponent and J represents the relative accuracy.
Integrating their result with our algorithm yields a total time
complexity of O(m* '+ log(2)).

O

Conclusion

We focus on the setting where the number of buyers in
second-price auctions is constant. In this restricted regime,
we present the first polynomial-time algorithm for comput-
ing an exact second-price pacing equilibrium (SPPE). Our
approach leverages the cell-decomposition method. To make
each cell tractable, we transform the formulation into a lin-
ear program by introducing auxiliary variables, which al-
lows us to solve each case where the pacing multipliers are
controlled efficiently.

A natural direction for future work is to explore the dual
setting where the number of goods is constant. More im-
portantly, obtaining a constant additive approximation of an
SPPE remains an open challenge. We conjecture that the
1/3-approximation bound recently established by Chen and
Li (2025) is tight.
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