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Abstract

We study the fair allocation of indivisible items to groups of
agents from the perspectives of both the agents and a central-
ized allocator. In our setting, the centralized allocator aims
to ensure that the allocation is fair both among the groups
and between individual agents. This setting applies to many
real-world scenarios, such as when a school administrator al-
locates resources (e.g., office spaces and supplies) to staff
members within departments or when a city council allo-
cates limited housing units to families in need across dif-
ferent communities. To ensure fairness between agents, we
consider the classical notion of envy-freeness (EF). To en-
sure fairness among groups, we introduce the notion of cen-
tralized group equitability (CGEQ), which captures fairness
for groups from the centralized allocator’s perspective. Be-
cause an EF or CGEQ allocation does not always exist in
general, we consider their natural relaxations: envy-freeness
to one item (EF1) and centralized group equitability up to one
item (CGEQ1). For different classes of valuation functions of
the agents and the centralized allocator, we show that alloca-
tions satisfying both EF1 and CGEQ1 always exist, and we
design efficient algorithms to compute such allocations. We
also consider the centralized group maximin share (CGMMS)
from the centralized allocator’s perspective as a group-level
fairness objective with EF1 for agents, and present several re-
sults.

Extended version — http://arxiv.org/abs/2511.07984

1 Introduction
Fair division of indivisible items often deals with fairly allo-
cating a set of (discrete or indivisible) items to a set of agents
who have preferences over the items. Due to both practical
and theoretical interests, fair division of indivisible items has
received considerable attention in various research commu-
nities, such as economics, mathematics, and computer sci-
ence, for much of the past century (Moulin 2004; Amana-
tidis et al. 2023). In practice, fair division of indivisible items
has many real-world applications ranging from course allo-
cation (i.e., for allocating schedules of courses to students)
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to goods division (i.e., dividing artworks or furniture among
individuals), in which the Course Match (Budish et al. 2017)
mechanism and the Spliddit (Goldman and Procaccia 2015)
online platform have been developed, to provide fair alloca-
tions subject to agents’ preferences and appropriate fairness
notions (e.g., envy-freeness and its relaxations) for the re-
spective applications. In theory, fair division of indivisible
items has led to the development of numerous notions such
as envy-freeness up to one/any item, proportionality up to
one/any item, and maximin share fairness for quantifying
fairness, algorithms (e.g., round-robin or envy-graph proce-
dure (Lipton et al. 2004)) for providing (approximately) fair
allocations, and techniques for (partially) characterizing the
existence of a fair allocation (Amanatidis et al. 2023).

Allocator’s Preference. A main drawback of existing stud-
ies of fair division of indivisible items is the lack of con-
sideration from the allocator’s perspective, who is responsi-
ble for implementing the allocation and has preferences over
how the items should be allocated to the set of agents (Bu
et al. 2023). As a result, (Bu et al. 2023) initiated the study
of fair division of indivisible items from both the allocator’s
and agents’ perspectives, where each agent has a valuation
preference over the items, and the allocator has a separate
valuation preference for each agent over the items (specify-
ing their internal values for the agent receiving the items).
Moreover, they focus on allocations that satisfy relaxations
of envy-freeness between agents under both the allocator’s
valuation for each agent and agents’ valuations.

As a motivating example, (Bu et al. 2023) discussed the
situations where the government (as the allocator) needs to
distribute education resources (e.g., funding and staff mem-
bers) to different schools (as agents) in which the schools
and the government have separate preferences over the edu-
cational resources based on their needs and macroeconomic
policy for schools, respectively. In addition, (Bu et al. 2023)
provided examples where a company allocates resources to
different departments, an advisor allocates tasks or projects
to students, and conference organizers allocate papers to re-
viewers that require the consideration of both the allocator’s
and agents’ preferences.

Our Study: Centralized Allocator’s Preference. Building
on the work of (Bu et al. 2023), we introduce a centralized
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Centralized
allocator’s valuation

Agents’
valuations EF1+CGEQ1

Arbitrary Identical ✓ (Poly time)
(Thm 1)

Ordered ✓ (Poly time)
(Thm 2)

Binary Arbitrary ✓ (Poly time)
(Thm 3)

Table 1: Summary of our main results.

allocator who is interested in ensuring fairness at a group
level, where each agent naturally belongs to a predefined
group in the fair allocation. For instance, building on the
above-mentioned example, a school administrator, tasked
with allocating limited resources (e.g., office spaces and sup-
plies) to staff members in departments within the school
(Perez 2022), needs to ensure that the allocation is also fair
at the department (group) level. A city council, tasked with
allocating limited housing units to various neighborhoods
in need across different communities (Gray 1976), needs
to ensure the allocation is fair across different communi-
ties. Finally, a government distributing resources to differ-
ent schools needs to ensure that the allocation is fair with
respect to the schools. Therefore, in this paper, our goal is
to explore the fair division of indivisible items, which pro-
vides fairness for the agents and guarantees fairness for the
centralized allocator.

Our Contribution
We study the fair division of indivisible items to groups of
agents from the perspectives of the agents and the central-
ized allocator. Each agent belongs to a group (e.g., based
on their associations) and has an additive valuation function
over the items. The centralized allocator has a single additive
valuation function indicating their values for the items mea-
sured in standardized units (e.g., investment value, monetary
amount, and space).

To ensure a fair allocation among agents, we consider
the classical envy-freeness (EF) notion. To ensure fairness
among the groups, we define the notion of centralized group
equitability (CGEQ) to capture the fairness for the groups
from the centralized allocator’s perspective, which compares
the weighted proportion of values received by each group.
Because an EF or CGEQ allocation does not always exist—
and in fact checking for a pure CGEQ outcome is com-
putationally strongly NP-hard via a reduction from the 3-
partition problem, and deciding whether an allocation sat-
isfies EF+CGEQ, EF+CGEQ1, or EF1+CGEQ is likewise
NP-hard—we therefore consider their natural relaxations of
envy-freeness up to one item (EF1) and centralized group
equitability up to one item (CGEQ1). Following the idea
from (Bu et al. 2023), we strive to answer the following
questions.

Under which conditions can we guarantee the exis-
tence of EF1+CGEQ1 allocations? If so, can we de-

sign algorithms to compute them efficiently?
To address the above questions, we examine different

classes of valuation functions of the agents/allocator. The
presence of the centralized allocator introduces a fundamen-
tal shift in both the fairness notions and the algorithmic chal-
lenges involved. The techniques we develop, though some-
times inspired by classic methods such as round-robin, are
nontrivial extensions that integrate allocator-aware priorities
and group-level proportionality. Specifically, our key contri-
butions are as follows (summarized in Table 1):
• When each agent has an identical valuation function,

even though agents are indistinguishable in terms of
preferences, the allocator’s separate valuation introduces
nontrivial global constraints. Our DM Algorithm (Algo-
rithm 1) constructs a temporary allocation satisfying EF1
for both agents and the allocator, using a match-based
process guided by the allocator’s preferences. Then, it
reallocates bundles to achieve CGEQ1 while preserving
EF1 at the agent level. This dynamic reassignment high-
lights the allocator’s role in determining group-level eq-
uity even under agent homogeneity.

• When all agents and the allocator share the same or-
dinal ranking of items, we propose the SPS Algorithm
(Algorithm 2) that simultaneously addresses item dis-
tribution across groups and within groups. Despite the
aligned ordering, the absolute values may differ signif-
icantly under separate allocator’s and agents’ valuation
functions. The allocator’s proportional fairness criteria—
considering each group’s value-to-size ratio—guide item
assignment to balance CGEQ1 and agent-level EF1. This
synchronization of dual fairness notions introduces de-
pendencies absent in standard ordinal settings.

• When the allocator classifies items into two types. Our
CD2P Algorithm (Algorithm 3) innovatively extends
round-robin by introducing a reverse round-robin phase.
This two-phase procedure ensures EF1 for agents while
achieving CGEQ1, and cannot be reduced to a standard
Round-Robin without losing group fairness.

• We also propose the Centralized Group Maximin Share
(CGMMS) as an allocator-centric optimization bench-
mark and seek allocations that satisfy CGMMS for the
centralized allocator and EF1 for the agents.

The remainder of the paper is organized as follows. In
Section 2, we formally define the notations and fairness
notions considered in our paper. In Sections 3, 4, and 5,
we study EF1+CGEQ1 allocations in identical valuations,
ordered valuations, and binary valuations settings, respec-
tively. In Section 6, we discuss EF1+CGMMS allocations.
In Section 7, we conclude the paper and provide future re-
search directions. Due to space constraints, we refer readers
to the extended version for the omitted proofs.

Related Work
There is an extensive line of work in the fair division of in-
divisible items. We refer readers to the survey (Amanatidis
et al. 2023) for an overview. Below, we review studies focus-
ing on allocations that consider group fairness and fairness
from the agents’ and allocator’s perspectives.
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Fairness from the Agents’ and Allocator’s Perspectives.
As discussed earlier, the most relevant work is (Bu et al.
2023), which initiated the study of fair division of indivisible
items from the perspectives of the agents and the allocator.
There are significant differences between our paper and their
model. More specifically,

• (Bu et al. 2023)’s “two-layer” paradigm requires a single
allocation to satisfy two distinct sets of valuation func-
tions for individuals (agents vs. allocator). Our model
adds yet another layer on top of this: a group structure
in which the allocator cares only about each group’s ag-
gregate share.

• When we let each group have exactly one agent, our
model degenerates to their model, where the allocator has
an identical valuation function. Additionally, due to the
group setting in our paper, the techniques used in their
paper, including envy-cycle elimination and round-robin,
cannot be directly applied to our model.

• A concrete example of technology transfer failure arises
with (Bu et al. 2023)’s doubly-EF1 algorithm, which
hinges on cycle elimination. If one naively ports that
step to the group model, moving an item that happens
to be a group’s extreme-value good immediately vio-
lates CGEQ1. To safeguard the group-level guarantees,
we must introduce a tailored combination of bundle du-
plication and a quota inequality, which forms the core of
our Lemma 2.

(Flammini, Greco, and Varricchio 2025) also introduced
additional valuation functions in the setting, but they focused
on the loss of efficiency with respect to the second valuation
functions while pursuing fairness among agents, where the
target is different from our paper.

Group Fairness. Existing studies have examined group-fair
division of indivisible items from the agent perspective only.
Some works focus on the predefined group. For example,
(Aleksandrov and Walsh 2018) defined group envy-freeness
and group Pareto optimality, and studied the price of group
envy-freeness. (Benabbou et al. 2019) considered the fair
matching among different groups where each agent can pick
at most one item. They studied the fairness criteria named
typewise envy-freeness up to one item (TEF1), and showed
that when agents have binary valuations, TEF1 allocations
can be computed in polynomial time. (Feige and Tahan
2022) studied the notion of group proportional share fair-
ness and group any price share fairness in different groups
that may have different structures like laminar. (Manurangsi
and Suksompong 2024) studied the ordinal maximin share
fairness among groups. There are other works that did not
consider the predefined group. For example, (Conitzer et al.
2019) studied the group fairness among agents, where they
considered any partition of agents, and showed that local op-
timal Nash welfare allocations satisfy two different relax-
ations of group fairness that they defined. Later, (Aziz and
Rey 2021) extended it to the setting where items include
both goods and chores. The survey of (Amanatidis et al.
2023) offers a comprehensive view of recent progress and
open problems in this field.

The most related setting to ours is the work of (Scarlett,
Teh, and Zick 2023), where they studied the compatibility
of individual envy-freeness and group envy-freeness from
the agent perspective only. Moreover, they did not consider
the centralized allocator and defined the group utility based
on the agent’s valuation function instead of the centralized
allocator’s valuation.

2 Preliminaries
In this section, we present the notations and fairness notions
for our setting of fair division of indivisible items with a set
of agents and a centralized allocator.

Notations
For r ∈ N, let [r] = {1,2, . . . , r}. Let O = {o1, o2, . . . , om}
be a set of m indivisible items, and N = [n] be a set of n
agents. The set of n agents is partitioned into k ∈ N groups
denoted by G = {G1, . . . ,Gk}. Each agent belongs to ex-
actly one group, i.e., Gp ∩ Gq = ∅ for any p, q ∈ [k] and
⋃p∈[k]Gp = N . Additionally, our setting includes a central-
ized allocator.

Each agent i ∈ N has an additive valuation function
vi ∶ 2

O → R≥0, i.e., for any S ⊆ O, vi(S) = ∑o∈S vi({o}).
Specifically, we assume that vi(∅) = 0. The centralized
allocator has their own preferences and is endowed with
an additive valuation function u: 2O → R≥0, i.e., for any
S ⊆ O, u(S) = ∑o∈S u({o}) indicating their values for the
items measured in standardized units (e.g., investment value,
monetary amount, and space). Additionally, we assume that
u(∅) = 0.

For simplicity, we use vi(o) and u(o) instead of vi({o})
and u({o}), respectively. Let Π(n,O) denote all n-
partitions of O. An allocation A = (A1, . . . ,An) ∈ Π(n,O)
is an n-partition of O among n agents, where Ai is the bun-
dle allocated to agent i. We have⋃i∈N Ai = O and Ai∩Aj =

∅ for any two agents i ≠ j. A fair allocation instance is de-
noted by I = ⟨O,N ,G,v, u⟩, where v = (v1, . . . , vn). Next,
we provide the formal definitions of the fairness notions for
the agents and the centralized allocator.

Fairness Notions
To ensure fairness among agents, we consider the classical
envy-freeness (EF) notion from the agents’ perspective.

Definition 1 (Envy-Freeness). An allocation A is envy-free
(EF) if for any two distinct agents i, j ∈N , we have vi(Ai) ≥

vi(Aj).

However, EF allocations do not always exist. Therefore,
we consider a natural and commonly studied relaxation of
EF, named envy-free up to one item.

Definition 2 (Envy-Freeness up to One Item). An allocation
A is envy-free up to one item (EF1) if, for any two agents
i, j ∈ N , either Aj = ∅ or vi(Ai) ≥ vi(Aj ∖ {o}) holds for
some item o ∈ Aj .

Next, we introduce our fairness notion from the central-
ized allocator’s perspective, which we call centralized group
equitability (CGEQ).

17261



Definition 3 (Centralized Group Equitability). An alloca-
tion A is centralized group equitable (CGEQ) if for any two

groups Gp,Gq ∈ G,
u(⋃i∈Gp

Ai)

∣Gp∣
=

u(⋃j∈Gq
Aj)

∣Gq ∣
holds.

This definition reflects an equitable view from the central-
ized allocator’s perspective, where the utility function u(⋅)
represents the authority’s valuation over bundles allocated
to different groups. CGEQ thus requires that each group re-
ceives, on average, the same utility as any other group, when
judged by the central authority.
Remark 1. We intentionally label this condition “equitabil-
ity” (CGEQ) instead of “envy-freeness” because the focus
is on equalizing welfare rather than eliminating envy. In
other words, the central planner is not checking if group
Gp prefers group Gq’s bundle (which would imply a notion
of group envy). Rather, they are ensuring that their com-
mon yardstick values each group’s allocation equally on a
per-agent basis. This perspective aligns with Conitzer et al.
(2019)’s group fairness structure, but we adapt it to hetero-
geneous valuations by following the framework of Bu et al.
(2023), where the centralized allocator’s valuation may dif-
fer from individual agents’ valuations. By synthesizing these
approaches, we obtain a group-level fairness notion judged
by the central authority’s values.

The exact fairness conditions (e.g., EF) are often too
strong to satisfy with indivisible items. Here, CGEQ alloca-
tions do not always exist. Consider an instance with only one
indivisible item and two groups of equal size: any allocation
gives utility to only one group, making CGEQ impossible.
Therefore, we propose the following relaxation notion.
Definition 4 (Centralized Group Equitability up to One
Item). An allocation A is said to be centralized group eq-
uitable up to one item (CGEQ1) if, for any two groups

Gp,Gq ∈ G, either ⋃j∈Gq
Aj = ∅ or

u(⋃i∈Gp
Ai)

∣Gp∣
≥

u(⋃j∈Gq
Aj∖{o})

∣Gq ∣
holds for some item o ∈ ⋃j∈Gq

Aj .

The relaxed version, CGEQ1 (Centralized Group Equi-
tability up to One Item), follows the spirit of the classic EF1
relaxation (Lipton et al. 2004) but in terms of equitability—
each group’s average utility is almost equal, possibly dif-
fering only by the value of a single item. We use the term
CGEQ1 (not CGEF1) to emphasize this distinction.

We are interested in allocations that satisfy EF1 from
the agents’ perspective and CGEQ1 from the centralized
allocator’s perspective. In particular, we study computing
EF1+CGEQ1 allocations in various scenarios, focusing on
representative valuation functions of the agents and the cen-
tralized allocator that have each been the subject of exten-
sive recent study in the fair-division literature—Identical
Valuation: (Barman et al. 2025; Birmpas et al. 2024); Or-
dered Valuation: (Neoh, Peters, and Teh 2025; Garg and
Murhekar 2025); Binary Valuation: (Chandramouleeswaran,
Nimbhorkar, and Rathi 2025; Bismuth, Bliznets, and Segal-
Halevi 2024). If the size of any group is one, i.e., ∣Gp∣ = 1 for
any Gp ∈ G, CGEQ1 degenerates into EF1. In this case, our
setting reduces to a special case of (Bu et al. 2023), where
the authors showed that an EF1+EF1 allocation can be com-
puted in polynomial time. Thus, we consider the case where

at least one group has size greater than one in the following
sections.

3 Identical Valuations
In this section, we consider two cases: one is that the valua-
tions of all agents and the centralized allocator are the same,
i.e., v1 = ⋯ = vn = u, and the other is that only the agents’
valuations are the same, i.e., v1 = ⋯ = vn and the centralized
allocator’s valuation is arbitrary.

For the first case, we observe that it is equivalent to the
setting in (Scarlett, Teh, and Zick 2023). That work studies
the combination of group and individual fairness, where the
group utility is defined based on one set of valuations (i.e.,
the agents’ valuations), and shows that such an allocation
can be computed in polynomial time. Thus, it is clear that an
EF1+ CGEQ1 allocation can be efficiently computed. Next,
we focus on the second case. A motivating example of this
case is that in textbook/course-seat allocations, agents have
very similar needs for standardized items, while the central-
ized allocator pursues distributional goals (access, equity).

For simplicity, let v denote the valuation of each agent. In
that case, the algorithm in (Scarlett, Teh, and Zick 2023)
does not apply directly because its technique depends on
the group utility being computed using the agents’ valua-
tions. However, the centralized allocator’s valuation can be
different from the agents’ valuations in our setting. There-
fore, we propose a new algorithm named Draft-and-Match
(DM), as described in Algorithm 1. The algorithm includes
two phases. In Phase 1, the intuition of our algorithm is to
partition the items into a temporary allocationA′ by allocat-
ing the item that has the highest value to the agent whose
bundle has the lowest value in each iteration. This approach
ensures that the allocation is envy-free up to one item (EF1)
with respect to both the agents’ and the centralized alloca-
tor’s valuation functions. In Phase 2, given the temporary
allocation, we then follow specific rules to match and reallo-
cate these bundles to the agents, ensuring the final allocation
is CGEQ1 for the centralized allocator. Since we consider
identical agent valuations, this reallocation does not violate
the EF1 property of each agent in A′, and the returned allo-
cation is EF1+CGEQ1.

Theorem 1. Given an instance where the valuation of each
agent is the same, the Draft-and-Match Algorithm (Algo-
rithm 1) computes an EF1+CGEQ1 allocation in polyno-
mial time.

Before proving Theorem 1, we first present the following
lemmas. In Lemma 1, we show that the temporary allocation
A′ is EF1 with respect to both the agents’ and the centralized
allocator’s valuation functions. Then in Lemma 2, we show
that after the reallocation of bundles in A′, the returned al-
location A is CGEQ1.

Lemma 1. The allocation A′ (computed in Phase 1) in Al-
gorithm 1 is EF1 with respect to both the agents’ and the
centralized allocator’s valuation functions. That is, for any
i, j ∈ [n], we have v(A′i) ≥ v(A′j ∖ {o}) and u(A′i) ≥

u(A′j ∖ {o
′}) for some o, o′ ∈ A′j .
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Algorithm 1: Draft-and-Match (DM)
Input: An instance I = ⟨O,N ,G,v, u⟩ with identical

agent valuation functions
Output: An EF1+CGEQ1 allocation A

1 Let A′ = (∅, . . . ,∅) and A = (∅, . . . ,∅);
2 Phase 1: Partition O into an allocation A′
3 Add n − (m mod n) dummy items, where each

agent and the centralized allocator have zero
valuation, to O;

4 Let Os be the array of sorted goods by u in
non-increasing order;

5 while Os ≠ ∅ do
6 Let N ′ =N ;
7 Let On be the first n items in Os and

Os ← Os ∖On;
8 while On ≠ ∅ do
9 A

′

imin
← A

′

imin
∪ {omax}, where

imin ∈ argmini∈N ′ v(A
′

i) and
omax ∈ argmaxo∈On v(o) (breaking ties
arbitrarily);

10 N ′ =N ′ ∖ {imin} and On ← On ∖ {omax};

11 Phase 2: Match the bundles in A′ to agents
12 Assume that the groups are in non-decreasing order

of size, i.e., ∣G1∣≤ . . . ≤ ∣Gk ∣;
13 tp ← 0, ∀p ∈ [k], tp is the total number of times that

Gp has been picked so far;
14 while A

′

≠ (∅, . . . ,∅) do
15 if ∃tp = 0 then
16 p∗ ←min{p ∣ p ∈ [k] and tp = 0};
17 else
18 p∗ ← argminp∈[k]

tp
∣Gp∣

(breaking ties by

selecting the p that reaches minp∈[k]
tp
∣Gp∣

the
latest);

19 Arbitrarily choose an agent i∗ ∈ Gp∗ with
Ai∗ = ∅;

20 Ai∗ ← A′imax
, where

A′imax
∈ argmaxA′i∈A′ u(A

′

i);
21 tp∗ ← tp∗ + 1;
22 A

′

imax
← ∅;

23 return A

Since the agents’ valuation functions are identical, we can
rearrange the bundles without violating fairness at the indi-
vidual level. Leveraging this flexibility, we aim to rearrange
the bundles to satisfy the group-level fairness notion CGEQ1
while preserving EF1 for the agents.

Lemma 2. The output allocation in Algorithm 1 is CGEQ1.

Proof Sketch. Let B1
p ,B

2
p , . . . ,B

∣Gp∣

p and B1
q ,B

2
q , . . . ,B

∣Gq ∣

q

denote the bundles allocated to agents in Gp and Gq , re-
spectively, during the reallocation process (see Figure 1 for
an example). We remove the most valuable item from the

B1
q B1

p B2
q B3

q B2
p B4

q B5
q

time

Figure 1: Example where ∣Gp∣ = 2 and ∣Gq ∣ = 5, with Gq re-
ceiving the first bundle during the reallocation process. We
denote Bi

z as the bundle received by Gz in the i-th alloca-
tion. The red squares represent bundles received by Gq , and
the blue squares represent bundles received by Gp.

centralized allocator’s perspective from B1
q , the first bundle

received by Gq . After removing this item, B1
q becomes the

least valuable among all bundles (from both Gp and Gq).
Next, we duplicate each bundle received by Gp ∣Gq ∣ times

and each bundle received by Gq ∣Gp∣ times, ordering all du-
plicated bundles in non-decreasing order of value. In this
sequence, ∣Gp∣ copies of B1

q (with one item removed) now
become the least valuable. This duplication transforms the
problem of comparing the average values of the bundles into
comparing the sum of the values of all duplicated bundles.

We then perform a pairwise comparison between the du-
plicated bundles from both groups. In this comparison, each
duplicated bundle from Gp is at least as valuable as the cor-
responding duplicated bundle from Gq . Therefore, the allo-
cation satisfies CGEQ1.

Proof of Theorem 1. By Lemmas 1 and 2, and the fact that
each agent has the same valuation, we conclude that the final
allocation is EF1+CGEQ1. Next, we analyze the time com-
plexity. Without loss of generality, we assume that m ≥ n.
In the first part of our algorithm, it takes O(m logm) to
sort the items. In each iteration, selecting an agent takes
O(n) time, and choosing their favorite item takes O(m)
time. Note that there are O(⌈m

n
⌉) iterations. In the second

part of our algorithm, there are O(n) iterations in the while
loop. For each iteration, selecting the target group and agent
takes O(nk) time, and choosing the bundle with the high-
est value from the centralized allocator’s perspective takes
O(n) time. Therefore, the total running time of our algo-
rithm is O(m2 +m logm + n2k).

4 Ordered Valuations
In this section, we consider the instance I with ordered valu-
ations, where each agent i ∈ N and the centralized allocator
share the same ranking or preference for all items. Specif-
ically, vi(o1) ≥ ⋯ ≥ vi(om) and u(o1) ≥ ⋯ ≥ u(om). In
university settings, students typically agree on the relative
order of course preferences (e.g., core before electives), but
differ in the intensity of those preferences due to individ-
ual constraints such as major, prerequisites, or scheduling.
EF1 remains a realistic fairness notion under such variations,
while centralized rules determine access priorities. The chal-
lenge in this setting arises when certain items are valued dif-
ferently by the agents and the centralized allocator. In such
cases, ordered valuations may help us circumvent this issue.

Inspired by the Weighted Picking Sequence Protocol of
(Chakraborty et al. 2021), we propose the Synchronous
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Algorithm 2: Synchronous Picking Sequence (SPS)
Input: An instance I = ⟨O,N ,G,v, u⟩ with ordered

valuation functions
Output: An EF1+CGEQ1 allocation A

1 Let A = (∅, . . . ,∅);
2 Add n − (m mod n) dummy items with zero value

for the agents and the centralized allocator to O;
3 Assume that the groups are ordered in

non-decreasing order of size, i.e., ∣G1∣≤ . . . ≤ ∣Gk ∣;
4 Set tp ← 0, ∀p ∈ [k] and ℓi ← 0, ∀i ∈N ;
5 while O ≠ ∅ do
6 Let On be the first n items in O and

O ← O ∖On;
7 while On ≠ ∅ do
8 Let omax ∈ argmaxo∈On u(o);
9 Phase 1: Decide which group gets this item

10 if ∃tp = 0 then
11 p∗ ←min{p ∣ p ∈ [k] and tp = 0};
12 else
13 p∗ ← argminp∈[k]

tp
∣Gp∣

(breaking ties by

selecting p that reaches minp∈[k]
tp
∣Gp∣

the
latest);

14 Phase 2: Decide which agent picks this item
15 if ∃i∗ ∈ Gp∗ such that Ai∗ = ∅ then
16 Ai∗ ← {omax} and ℓi∗ ← tp∗ ;
17 else
18 Find the agent i∗ whose label ℓi∗ equals

tp∗ mod ∣Gp∣, and
Ai∗ ← Ai∗ ∪ {omax};

19 tp∗ ← tp∗ + 1 and On ← On ∖ {omax};

20 return A

Picking Sequence Algorithm, detailed in Algorithm 2. Our
algorithm operates by allocating a set of items in several
batches, where each batch has n items. If fewer than n items
remain, we add dummy items that have a zero value for the
agents and the centralized allocator. For each item within a
batch, there are two phases of allocation. In the first phase,
the algorithm assigns the item to a group. In the second
phase, the item is allocated to a specific agent within that
group. Every agent receives exactly one item per batch. By
structuring the allocation in this way, the algorithm mirrors
a specialized round-robin algorithm. Figure 2 illustrates the
allocation process of the first batch (first twelve items) for an
instance where there are three groups with 3, 4, and 5 agents,
respectively, using Algorithm 2.

Theorem 2. Given an instance with ordered valuations,
the Synchronous Picking Sequence algorithm (Algorithm 2)
computes an EF1+CGEQ1 allocation in polynomial time.

5 Binary Centralized Allocator Valuations
In this section, we consider the instance I where the central-
ized allocator has a binary valuation function, i.e., for each

o1
o2

o3

o4
o5

o6
o7

o8
o9

o10
o11

o12

G1 G2 G3

1
2
3

4
5
6
7
8
9
10
11
12

Figure 2: An illustration of the allocation process of the first
twelve items. We use ℓi to denote the picking order of agent
i in their group. Assume that there are three groups G1, G2,
and G3, where the groups have 3, 4, and 5 agents, respec-
tively. The arrows represent the allocation sequence of these
twelve items. For example, in G1, agent 1 with ℓ1 = 1 picks
o1, agent 6 with ℓ6 = 2 picks o6, and agent 10 with ℓ10 = 3
picks o10. Then, in the following iterations, if G1 receives an
item, the algorithm will follow the order to select the target
agent.

item o, either u(o) = 0 or u(o) = 1 holds. This setting is mo-
tivated by by vaccine or emergency-supply alloction, where
agencies first distribute critical items (valued as 1 by the al-
locator) before non-critical ones (valued as 0). In this sense,
our {0,1} centralized-allocator valuation model and the rule
“allocate O1 before O0” mirror public-health prioritization
under scarcity (Faden et al. 2020). In this setting, we show
that an EF1+CGEQ1 allocation always exists, and it can be
computed by the Clustering-Based Dual-Flow Picking Al-
gorithm (CD2P, Algorithm 3) in polynomial time.

Before the execution of our main algorithm, we first clus-
ter the set of items O into two groups: O1, where u(o) = 1,
and O0, where u(o) = 0. The idea behind Algorithm 3 is as
follows: First, we determine an order over the agents so that
when we allocate items inO1 using a round-robin approach,
it satisfies the CGEQ1 property. Once the allocation ofO1 is
completed, we proceed to allocate items inO0. Note that the
allocation of items in O0 does not affect the CGEQ1 prop-
erty. For this allocation, we use the reverse of the previously
determined sequence and perform another round-robin dis-
tribution based on the agents’ valuation functions.
Theorem 3. Given an instance where the centralized al-
locator has the binary valuation function, the Clustering-
Based Dual-Flow Picking Algorithm (Algorithm 3) com-
putes an EF1+CGEQ1 allocation in polynomial time.

6 Centralized Group Maximin Share
In the above sections, the centralized allocator enforces
group-level fairness among agents through an additional
fairness requirement (CGEQ1). Now, we shift our focus to
optimizing group-level fairness objectives directly, aiming
to achieve fairness from a centralized perspective while still
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Algorithm 3: Clustering-Based Dual-Flow Picking
(CD2P)

Input: An instance I = ⟨O,N ,G,v, u⟩ with binary
centralized allocator valuation function

Output: An EF1+CGEQ1 allocation A
1 Let A = (∅, . . . ,∅);
2 Denote the collection of items with u(o) = 1 as O1

and the collection of items with u(o) = 0 as O0;
3 Set tp ← 0, ∀p ∈ [k], ℓi ← 0, ∀i ∈N , and t← 0;
4 Phase 1: Allocate items in O1

5 while O1 ≠ ∅ do
6 if ∃i ∈N such that Ai = ∅ then
7 if ∃tp = 0 then
8 p∗ ←min{p ∣ p ∈ [k] and tp = 0};
9 else

10 p∗ ← argminp∈[k]
tp
∣Gp∣

(breaking ties by

selecting p that reaches minp∈[k]
tp
∣Gp∣

the
latest);

11 Find agent i∗ ∈ Gp∗ with Ai∗ = ∅;
12 Ai∗ ← {omax} where

omax ∈ argmaxo∈O1 vi∗(o);
13 ℓi∗ ← t;
14 tp∗ ← tp∗ + 1;
15 else
16 Find agent i∗ whose label ℓi∗ equals t
17 Ai∗ ← Ai∗ ∪ {omax} where

omax ∈ argmaxo∈O1 vi∗(o);
18 t← (t + 1) mod n and O1 ← O1 ∖ {omax};
19 t← n − 1;

20 Phase 2: Allocate items in O0

21 while O0 ≠ ∅ do
22 Find agent i∗ with ℓi∗ equals t;
23 Ai∗ ← Ai∗ ∪ {omax} where

omax ∈ argmaxo∈O0 vi∗(o);
24 t← (t − 1) mod n and O0 ← O0 ∖ {omax};
25 return A

maintaining EF1 for the agents. This can be understood as
the centralized allocator striving to find the “best” fair allo-
cation.

In this case, the utilitarian social welfare (∑n
i=1 u(Ai)) is

not suitable as the optimization objective since it not only
remains invariant regardless of the allocation computed but
also fails to reflect group-level fairness. Instead, we focus on
the share-based fairness objective from the centralized allo-
cator’s perspective, which is called centralized group max-
imin share (CGMMS). This definition is motivated by the
well-studied notion—maximin share fairness (MMS) (Bud-
ish 2011). Our main goal is to find an allocation satisfying
CGMMS from the centralized allocator’s perspective and
EF1 from the agents’ perspective simultaneously.

Definition 5 (Centralized Group Maximin Share). LetO be
the set of items and Πn(O) be the set of n-partitions of O

(which may be subject to some constraints). The centralized
group maximin share CGMMS is defined as:

CGMMS = max
A∈Πn(O)

min
Gp∈G

u(∪i∈Gp
Ai)

∣Gp∣
.

An allocation A is centralized group maximin share fair
(CGMMS) if it holds that minGp∈G

u(∪i∈GpAi)

∣Gp∣
= CGMMS.

Regarding the existence of an EF1+CGMMS allocation,
we have the following example showing that it may not exist.
Example 1. Consider an instance where there are four
items {e1, e2, e3, e4} and two groups {G1,G2}, where G1

has agent 1 and G2 has agents 2 and 3. Let ϵ > 0 be a suffi-
ciently small number. For the centralized allocator, we have
u(e1) = 1 and u(ei) = ϵ for any i ≠ 1. For agents, we as-
sume that they have the same valuation function v, where
v(e1) = ϵ and v(ei) = 1 for any i ≠ 1. It is easy to verify that
CGMMS = 3ϵ, and that the unique CGMMS allocation is
the following: e1 is allocated to G2 and the remaining items
are allocated to G1. In that case, the EF1 property cannot
hold for them since agent 1 has three items whose value is
3, whilst there exists one agent in G2 such that the value of
her bundle is zero.

We next show that computing such an allocation is NP-
hard.
Proposition 1. Computing a CGMMS allocation subject to
EF1 for agents is strongly NP-hard.

Although there is a strong negative result for the com-
putational complexity, we find that when the centralized al-
locator has a binary valuation function, an EF1+CGMMS
allocation can be computed efficiently.
Theorem 4. When the centralized allocator has a binary
valuation function, computing a CGMMS allocation subject
to EF1 for agents can be achieved in polynomial time.

7 Conclusion
In this paper, we study the fair division of indivisible items
from the perspectives of agents and a centralized allocator.
We propose using EF1 and CGEQ1 to measure the fairness
from the agents’ and the centralized allocator’s perspectives,
respectively, and aim to compute allocations that satisfy EF1
and CGEQ1 simultaneously. We show that EF1+CGEQ1 al-
locations always exist for different classes of agents’ and
the centralized allocator’s valuation functions, and that such
allocations can be computed in polynomial time. Regard-
ing optimizing group-level fairness objectives, we show that,
in general, finding a CGMMS allocation is hard, but an
EF1+CGMMS allocation can be computed in polynomial
time when the centralized allocator has a binary valuation
function.

For future work, one natural direction is to determine
whether an allocation satisfying the above two fairness no-
tions exists in more general settings. We have searched for
a counterexample to existence with the aid of computer pro-
grams, but it seems to be hard to find such an instance. An-
other interesting direction is to explore whether we can effi-
ciently obtain an approximate CGMMS+EF1 allocation.
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