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Abstract

Counterfactual Regret Minimization (CFR) algorithms are
widely used to compute a Nash equilibrium (NE) in two-
player zero-sum imperfect-information extensive-form games
(IIGs). Among them, Predictive CFR+ (PCFR+) is partic-
ularly powerful, achieving an exceptionally fast empirical
convergence rate via the prediction in many games. However,
the empirical convergence rate of PCFR+ would significantly
degrade if the prediction is inaccurate, leading to unstable
performance on certain IIGs. To enhance the robustness of
PCFR+, we propose Asymmetric PCFR+ (APCFR+), which
employs an adaptive asymmetry of step sizes between the
updates of implicit and explicit accumulated counterfactual
regrets to mitigate the impact of the prediction inaccuracy on
convergence. We present a theoretical analysis demonstrat-
ing why APCFR+ can enhance the robustness. To the best
of our knowledge, we are the first to propose the asymmetry
of step sizes, a simple yet novel technique that effectively
improves the robustness of PCFR+. Then, to reduce the diffi-
culty of implementing APCFR+ caused by the adaptive asym-
metry, we propose a simplified version of APCFR+ called
Simple APCFR+ (SAPCFR+), which uses a fixed asymme-
try of step sizes to enable only a single-line modification
compared to original PCFR+. Experimental results on five
standard IIG benchmarks and two heads-up no-limit Texas
Hold’em (HUNL) Subagems show that (i) both APCFR+ and
SAPCFR+ outperform PCFR+ in most of the tested games,
(ii) SAPCFR+ achieves a comparable empirical convergence
rate with APCFR+, and (iii) our approach can be generalized
to improve other CFR algorithms, e.g., Discount CFR (DCFR).

Code —
https://github.com/menglinjian/AAAI-2026-APCFRPlus

1 Introduction
Imperfect-information extensive-form games (IIGs) are foun-
dational models to capture interactions among multiple
agents in sequential settings with hidden information. IIGs
are widely used to simulate real-world scenarios such as
medical treatment (Sandholm 2015), security games (Lisỳ,
Davis, and Bowling 2016), cybersecurity (Chen et al. 2017),
and recreational games (Brown and Sandholm 2018, 2019b).
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Figure 1: Comparison between PCFR+ and APCFR+, with
differences highlighted in red. Note that the notation t in αt

I
denotes iteration t, rather than an exponent.

To address IIGs, a primary goal is to compute a Nash equi-
librium (NE), where no player can unilaterally improve its
payoff by deviating from the equilibrium.

As with much of the literature on solving IIGs, we focus
on computing an NE in two-player zero-sum IIGs. The most
widely used method for computing an NE in these IIGs is
Counterfactual Regret Minimization (CFR) (Zinkevich et al.
2007; Lanctot et al. 2009; Tammelin 2014; Brown and Sand-
holm 2019a; Farina, Kroer, and Sandholm 2021, 2019; Liu
et al. 2021, 2023; Meng et al. 2023; Farina et al. 2023; Xu
et al. 2022, 2024b,a; Zhang, McAleer, and Sandholm 2024),
as evidenced by their success in superhuman game AIs (Bowl-
ing et al. 2015; Moravčı́k et al. 2017; Brown and Sandholm
2018, 2019b; Pérolat et al. 2022). The key insight of CFR
algorithms is to decompose the total regret over the game
into a sum of counterfactual regrets associated within infor-
mation sets (infosets) and employ a local regret minimizer to
minimize counterfactual regrets within each infoset.

Many technologies have been proposed to improve the
empirical convergence rate of CFR algorithms. For example,
Counterfactual Regret Minimization+ (CFR+) (Tammelin
2014) replaces the local regret minimizer—Regret Matching
(RM) (Hart and Mas-Colell 2000; Gordon 2006)—used in
vanilla CFR with Regret Matching+ (RM+). CFR+ improves
the empirical convergence rate by ensuring that the accumu-
lated counterfactual regrets remain non-negative. Then, Fa-
rina, Kroer, and Sandholm (2021) introduce Predictive CFR+

(PCFR+), an improved variant of CFR+.
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Figure 2: Dynamics of inaccuracy in PCFR+ between pre-
dicted and observed instantaneous counterfactual regrets in
Leduc Poker and Battleship (3,2,3). This inaccuracy is related
to the theoretical convergence rate of PCFR+. The values
on the y-axis are normalized to the range [0, 1], which is
displayed on a logarithmic scale.

PCFR+ significantly outperforms other CFR algorithms
including CFR+ in many IIGs by using the prediction. Specif-
ically, PCFR+ maintains two types of accumulated counter-
factual regrets: the implicit and the explicit. As shown in
Figure 1, at each iteration t, PCFR+ uses the prediction and
the observed instantaneous counterfactual regret rtI to derive
the new explicit accumulated counterfactual regret R̂t

I and
the new implicit counterfactual regret Rt+1

I , respectively. If
the prediction aligns with the observed instantaneous counter-
factual regret rtI , the theoretical convergence rate of PCFR+

can be improved from O(1/
√
T ) of CFR+ to O(1/T ) (Fa-

rina, Kroer, and Sandholm 2021). However, PCFR+ sets the
instantaneous counterfactual regret rt−1

I observed at itera-
tion t− 1 as the prediction at iteration t. This operation may
cause inaccurate prediction on certain IIGs, which harms the
empirical convergence rate of PCFR+. As noted by Farina,
Kroer, and Sandholm (2021), PCFR+ underperforms other
CFR algorithms in Leduc Poker (Game [O] in Farina, Kroer,
and Sandholm (2021)), yet significantly surpasses them in
Battleship (3,2,3) (Game [R] in Farina, Kroer, and Sandholm
(2021)). This aligns with the results in Figure 2: the gap be-
tween predicted and observed instantaneous counterfactual
regret decreases slowly in Leduc Poker but diminishes rapidly
in Battleship (3,2,3), validating our hypothesis.

To enhance the robustness of PCFR+, we propose a novel
variant of PCFR+, termed Asymmetric PCFR+ (APCFR+).
Similar to PCFR+, APCFR+ leverages the prediction to im-
prove the convergence rate, but it mitigates the impact of the
prediction inaccuracy on convergence. Specifically, as illus-
trated in Figure 1, APCFR+ utilizes an adaptive asymmetry
mechanism for step sizes between implicit and explicit ac-
cumulated counterfactual regret updates, which dynamically
reduces the step size when updating via the prediction. We
prove that when the step size for updating the explicit accu-
mulated counterfactual regret via the prediction at iteration t
is set to 1/(1 + αt) for APCFR+, where αt ≥ 0 is a constant,
the effect of the prediction inaccuracy on the convergence
rate for APCFR+ is reduced by a factor of 1 + αt compared
to PCFR+. Therefore, APCFR+ mitigates the impact of the
prediction inaccuracy on the convergence rate. Then, through

the theoretical analysis of APCFR+, we propose an auto-
matic learning mechanism for αt, eliminating the need for
fine-tuning parameters across different games. To the best
of our knowledge, we are the first to propose the asymme-
try of step sizes updating implicit and explicit accumulated
counterfactual regrets.

To simplify the implementation of APCFR+ caused by the
automatic learning approach of αt, we introduce a simplified
version of APCFR+, called Simple APCFR+ (SAPCFR+).
Specifically, by analyzing the upper bounds of different terms
within the theoretical guarantee of APCFR+ (detailed at the
beginning of Section 4.2), SAPCFR+ sets αt to 2, ensuring
SAPCFR+ requires only a single-line modification to the
original PCFR+ code.

We conduct extensive experimental evaluations of
APCFR+ and SAPCFR+ across five standard IIG bench-
marks as well as two heads-up no-limit Texas Hold’em
(HUNL) Subgames generated by the top poker agent, Libra-
tus (Brown and Sandholm 2018). The experiments demon-
strate that APCFR+ and SAPCFR+ outperforms PCFR+ in
nearly all tested games and achieve an empirical convergence
rate comparable to that of PCFR+ in the remaining games.
Moreover, we observe that SAPCFR+ achieves comparable
empirical convergence rate with APCFR+. Finally, we can
observe that our approach can be generalized to improve
other CFR algorithms, e.g., Discount CFR (DCFR) (Brown
and Sandholm 2019a).

2 Related Work
We consider CFR algorithms (Zinkevich et al. 2007; Tam-
melin 2014; Brown and Sandholm 2019a; Farina, Kroer, and
Sandholm 2021, 2019; Liu et al. 2021; Pérolat et al. 2021;
Liu et al. 2023; Meng et al. 2023; Farina et al. 2023; Xu et al.
2022, 2024b,a; Zhang, McAleer, and Sandholm 2024), the
most widely used method for learning an NE in two-player
zero-sum IIGs, as evidenced by their success in superhuman
game AIs (Bowling et al. 2015; Moravčı́k et al. 2017; Brown
and Sandholm 2018, 2019b; Pérolat et al. 2022).

The key insight of CFR algorithms is the decomposition
of the regret over the game into the sum of counterfactual
regrets associated with infosets. The vanilla CFR algorithm,
introduced by Zinkevich et al. (2007), employs RM (Hart and
Mas-Colell 2000) as the local regret minimizer. To improve
the empirical convergence rate of CFR, it is common to de-
sign more effective local regret minimizers, as the selection
of the local regret minimizers has a significant impact on the
overall performance of the CFR algorithm. Examples include
RM+ (Bowling et al. 2015), Discounted RM (DRM) (Brown
and Sandholm 2019a), and PRM+ (Farina, Kroer, and Sand-
holm 2021), which correspond to CFR+, DCFR, and PCFR+,
respectively. PCFR+ can demonstrate an extremely faster em-
pirical convergence rate than other CFR variants. However,
as shown in its original paper, PCFR+ is outperformed by
CFR+ and DCFR even on standard IIG benchmarks like
Leduc Poker.

To improve the robustness of PCFR+, Farina et al. (2023)
propose Stable PCFR+ and Smooth PCFR+. These algo-
rithms improve the robustness by addressing the instability,
i.e., rapid strategy fluctuations across iterations, via ensuring

17162



the lower bound of the 1-norm of accumulated counterfactual
regrets exceeds a positive constant. However, these algo-
rithms never outperform PCFR+ in terms of the empirical
convergence rate even though they achieve a faster theoretical
convergence rate than PCFR+, as demonstrated in our experi-
ments. APCFR+ does not focus on addressing the instability,
but instead aims to mitigate the impact of the prediction in-
accuracy on the convergence to improve the robustness. In
our experiments, APCFR+ consistently outperforms Stable
PCFR+ and Smooth PCFR+ in all tested games.

3 Preliminaries
Imperfect-information Extensive-form games (IIGs). To
model tree-form sequential decision-making problems with
hidden information, a common used model is IIG (Os-
borne et al. 2004). An IIG can be formulated as G =
{N ,H, P,A, I, {ui}}. Here, N = {0, 1} is the set of play-
ers. “Nature” is also considered a player c (representing
chance) and chooses actions with a fixed known probability
distribution. H is the set of all possible histories. For each
history h ∈ H, the function P (h) represents the player acting
at history h, and A(h) denotes the actions available at history
h. To account for private information, the histories for each
player i are partitioned into a collection Ii, referred to as
information sets (infosets). For any infoset I ∈ Ii, histories
h, h′ ∈ I are indistinguishable to player i. The notation I
denotes I = {Ii|i ∈ N}. Thus, we have P (I) = P (h),
A(I) = A(h), ∀h ∈ I . The set of leaf nodes is denoted by Z .
For each leaf node z, there is a pair (u0(z), u1(z)) ∈ [−1, 1]
which denotes the payoffs for the min player (player 0) and
the max player (player 1) respectively. In two-player zero-
sum IIGs, u0(z) = −u1(z), ∀z ∈ Z .

Behavioral strategy. This strategy σi is defined on each in-
foset. For any infoset I ∈ Ii, the probability for an action a ∈
A(I) is denoted by σi(I, a). We use σi(I) = [σi(I, a)|a ∈
A(I)] ∈ ∆|A(I)| to denote the strategy at infoset I , where
∆|A(I)| is a (|A(I)| − 1)-dimension simplex. If every player
follows the strategy profile σ = [σ0;σ1] and reaches infoset
I , the reaching probability is denoted by πσ(I). The prob-
ability contribution of player i is πσ

i (I), while for players
other than i, denoted as −i, the contribution is πσ

−i(I). In
IIGs, ui(σ) = ui(σi, σ−i) =

∑
z∈Z ui(z)π

σ(z).
Nash equilibrium (NE). NE denotes a rational behavior

where no player can benefit by unilaterally deviating from the
equilibrium. For any player, her strategy is the best-response
to the strategies of others. Formally, for any NE strategy pro-
file σ∗ and i ∈ N , it holds that ui(σ

∗
i , σ

∗
−i) ≥ ui(σi, σ

∗
−i)

for all σ. A widely used metric to measure the distance
from the given strategy profile x to NE is the exploitabil-
ity, which is defined as ϵ(σ) =

∑
i∈N maxσ′

i
(ui(σ

′
i, σ−i)−

ui(σi, σ−i))/|N |.
Computing an NE via regret minimization algorithms.

To compute an NE in IIGs, a common used method is
regret minimization algorithms (Rakhlin and Sridharan
2013a,b; Hazan et al. 2016; Joulani, György, and Szepesvári
2017). For any sequence of strategies σ1

i , · · · , σT
i of player

i, player i’s regret is RT
i = maxσi

∑T
t=1 ui(σi, σ

t
−i) −∑T

t=1 ui(σ
t
i , σ

t
−i). Regret minimization algorithms are algo-

rithms ensuring RT
i grows sublinearly. If each player follows

a regret minimization algorithm, then their average strategy
converges to the set of the NE in two-player zero-sum IIGs.
Formally, assume the regret of each player i is RT

i , then it
holds that

ϵ(σ̄) = ϵ(σ̄0, σ̄1) ≤
∑
i∈N

RT
i /(|N |T ),

where σ̄i(I) =
∑T

t=1 π
σt

i (I)σt
i(I)/

∑T
t=1 π

σt

i (I).
Counterfactual Regret Minimization (CFR) frame-

work. This framework (Zinkevich et al. 2007; Farina,
Kroer, and Sandholm 2019; Liu et al. 2021) is designed
to compute an NE of two-player zero-sum IIGs. Instead
of directly minimizing the global regret RT

i , it decom-
poses the regret to each infoset and independently min-
imizes the local regret within each infoset. Let σt be
the strategy profile at iteration t. This framework com-
putes the counterfactual value at infoset I for action a

as vσ
t

(I, a) =
∑

h∈I

∑
z∈Zha

πσt

−i(h)π
σt

(ha, z)ui(z),

where πσt

(ha, z) denotes the probability from ha to z
if all players play according to σt and Zha is the set
of the leaf nodes that are reachable after choosing ac-
tion a at history h. For any infoset I , the counterfac-
tual regret is RT (I) = maxa∈A(I)

∑T
t=1 v

σt

(I, a) −∑T
t=1

∑
a′∈A(I) σ

t
i(I, a

′)vσ
t

(I, a′). The regret over the

game RT
i = maxσi

∑T
t=1 ui(σi, σ

t
−i)−

∑T
t=1 ui(σ

t
i , σ

t
−i) is

less than the sum of the counterfactual regrets within infosets:
RT

i ≤
∑

I∈Ii
RT (I). So any regret minimization algorithms

can be used as the local regret minimizer to minimize the
regret RT (I) over each infoset to minimize the regret RT

i .
Predictive Counterfactual Regret Minimization+

(PCFR+). PCFR+ (Farina, Kroer, and Sandholm 2021) is
a powerful CFR algorithm, which significantly outperforms
other CFR algorithm in many IIGs. PCFR+ employs Predic-
tive RM+ (PRM+) (Farina, Kroer, and Sandholm 2021) as
its local regret minimizer, with its key insight is to use the
prediction. Specifically, as shown Figure 1, at each iteration
t, PCFR+ maintains implicit and explicit accumulated coun-
terfactual regrets: Rt

I and R̂t−1
I . Firstly, PCFR+ makes a

prediction and uses this prediction to derive new explicit ac-
cumulated counterfactual regrets R̂t

I from Rt
I . Then, PCFR+

observes the instantaneous counterfactual regret rtI by follow-
ing the strategy σt defined by R̂t

I . Lastly, rtI is subsequently
used to derive Rt+1

I from Rt
I . If the prediction aligns with

the observed instantaneous counterfactual regret rtI , Farina,
Kroer, and Sandholm (2021) show that the theoretical conver-
gence of PCFR+ can be improved from O(1/

√
T ) of CFR+

to O(1/T ). As tested in Farina, Kroer, and Sandholm (2021),
using the instantaneous counterfactual regret rt−1

I observed
at the previous iteration t− 1 as the prediction is both simple
and effective. Therefore, in practice, PCFR+ uses rt−1

I as the
prediction at iteration t. Formally, at each iteration t and for
each infoset I ∈ I , PCFR+ updates its strategy according to

R̂t
I = [Rt

I + rt−1
I ]+, Rt+1

I = [Rt
I + rtI ]

+,

σt
i(I) =

[R̂t
I ]

+

∥[R̂t
I ]

+∥1
=

R̂t
I

∥R̂t
I∥1

,
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where i = P (I), R1
I = 0, and the forth equality comes from

the fact that R̂t
I ≥ 0.

4 Methodology
PCFR+ leverages the prediction to accelerate the empirical
convergence rate. However, when the prediction is inaccurate,
its empirical convergence rate may decrease significantly,
leading to unstable performance on certain IIGs. To enhance
the robustness of PCFR+, we propose Asymmetric PCFR+

(APCFR+), which mitigates the impact of the prediction inac-
curacy on the convergence rate via the adaptive asymmetry of
step sizes. We then provide a theoretical analysis for APCFR+

to demonstrate the reason why it enhances the robustness. To
simplify the implementation of APCFR+ due to the adaptive
asymmetry, we propose Simple APCFR+ (SAPCFR+), using
a constant asymmetry to guarantee that it can be implemented
with a single-line modification compared to PCFR+.

4.1 Asymmetric PCFR+ (APCFR+)
To mitigate the impact of the prediction inaccuracy on con-
vergence of PCFR+, APCFR+ adaptively reduces the step
size when updating via the prediction, i.e., when updating the
explicitly accumulated counterfactual regret. In other words,
APCFR+ exploits the adaptive asymmetry of step sizes be-
tween the updates of the implicit and explicit ones. Formally,
at iteration t and infoset I , the update rule of APCFR+ is

R̂t
I = [Rt

I +
1

1 + αt
I

rt−1
I ]+, Rt+1

I = [Rt
I + rtI ]

+,

σt
i(I) =

[R̂t
I ]

+

∥[R̂t
I ]

+∥1
=

R̂t
I

∥R̂t
I∥1

,

where i = P (I), R1
I = 0, and r0I = 0. The comparison

between the update rules of PCFR+ and APCFR+ has been
shown in Figure 1. In the rest of this subsection, we first
present the regret upper bound for APCFR+ with respect to
any αt

I , as stated in Theorem 4.1. According to the discussion
about Theorem 4.1, we show why APCFR+ can enhance
the robustness of PCFR+ by mitigating the impact of the
prediction inaccuracy on the convergence rate. Lastly, we
discuss how to automatically learn αt

I from the regret bound
shown in Theorem 4.1.

Theorem 4.1. [Proof is in Appendix A1]. Assuming that T
iterations of APCFR+ with any αt

I ≥ 0 are conducted, the
counterfactual regret at any infoset I ∈ I is bound by

RT (I) ≤

√√√√ T∑
t=1

(
∥rtI − rt−1

I ∥22
1 + αt

I

+ αt
I∥R

t+1
I −Rt

I∥22
)
.

Why the asymmetry mechanism is effective. To assess
the effectiveness of the asymmetry mechanism for step sizes
in decreasing the regret upper bound (improving the conver-
gence rate), we show the upper bound of ∥rtI − rt−1

I ∥22 is
four times than that of ∥Rt+1

I −Rt
I∥22. Firstly, we introduce

Lemma 4.2.
1https://arxiv.org/abs/2503.12770

Lemma 4.2. [Adapted from Lemma 11 of Wei et al. (2021)].
Assume that T iterations of APCFR+ with any αt

I ≥ 0 are
conducted. Then for any infoset I ∈ I and t ≥ 1, we have

∥Rt+1
I −Rt

I∥22 ≤ ∥rtI∥22.
Assume that for any infoset I ∈ I and t ≥ 1, ∥rtI∥22 ≤ E.

Then, from Lemma 4.2, we have

∥Rt+1
I −Rt

I∥22 ≤ E. (1)

Similarly, for ∥rtI − rt−1
I ∥22, we have

∥rtI − rt−1
I ∥22 ≤ 4E. (2)

In experiments, we also analyze the values of two terms∑T
t=1 ∥rtI − rt−1

I ∥22 and
∑T

t=1 ∥R
t+1
I − Rt

I∥22, for both
PCFR+ and our algorithms (Figures 6 and 7). Among all al-
gorithms, we observe that the value of

∑T
t=1 ∥rtI −rt−1

I ∥22 is
at least three times than that of

∑T
t=1 ∥R

t+1
I −Rt

I∥22. This in-
dicates that introducing the term

∑T
t=1 α

t
I∥R

t+1
I −Rt

I∥22 and

modifying the term
∑T

t=1 ∥rtI−rt−1
I ∥22 to

∑T
t=1

∥rt
I−rt−1

I ∥2
2

1+αt
I

,
can reduce the regret upper bound. Furthermore, compared to
PCFR+, both of these two terms are smaller in our algorithms,
further decreasing the regret upper bound. Then, we evaluate

the values of
∑T

t=1(
∥rt

I−rt−1
I ∥2

2

1+αt
I

+ αt
I∥R

t+1
I −Rt

I∥22), for
both PCFR+ and our algorithms (Figures 8 and 9). In all

games, the value of
∑T

t=1(
∥rt

I−rt−1
I ∥2

2

1+αt
I

+ αt
I∥R

t+1
I −Rt

I∥22)
is consistently smaller in our algorithms than in PCFR+. See
more details in Appendix D.

An alternative regret upper bound of APCFR+. No-
tably, Theorem 4.1 does not conflict the upper regret bound of
CFR+ (where αt

I → ∞), as it provides a larger upper regret
bound than the original CFR+ upper bound. By altering the
proof method, we get RT (I) ≤

√∑T
t=1 ∥rtI −

1
1+αt

I
rt−1
I ∥22,

as shown in Theorem B.1 (detailed in Appendix B). By set-
ting αt

I → ∞, the original bound of CFR+ can be recovered.
Additionally, for PCFR+ (where αt

I → 0), the bound in The-
orem 4.1 is identical to the one in its original version (the
result in Theorem 3 of the original PCFR+ version can be
easily improved to the bound presented in Theorem 4.1). The
reason why we employ Theorem 4.1 in the main text rather
than Theorem B.1 is that the regret bound in Theorem B.1 is
typically larger than that in Theorem 4.1, as demonstrated in
Appendix D (Figures 8, 9, 10, and 11).

Automatic learning approach for αt
I . To eliminate the

fine-tuning of αt
I , we propose an automatic learning approach

for αt
I . From Theorem 4.1, we have

RT (I) ≤

√√√√ T∑
t=1

(
∥rtI − rt−1

I ∥22
1 + αt

I

+ αt
I∥R

t+1
I −Rt

I∥22
)

≤

√√√√ T∑
t=1

(
∥rtI − rt−1

I ∥22
αt
I

+ αt
I∥R

t+1
I −Rt

I∥22
)
.

To minimize the right-hand side of the last inequality, we can

set αt
I =

√
∥rt

I−rt−1
I ∥2

2

∥Rt+1
I −Rt

I∥2
2

. However, this is not feasible, as we
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need αt
I to compute rtI . Therefore, we adopt an alternative

approach:

αt
I = min

(√ ∑t−1
τ=1 ∥rτI − rτ−1

I ∥22∑t−1
τ=1 ∥R

τ+1
I −Rτ

I∥22
, αmax

)
. (3)

Note that the parameter in αmax in Eq. (3) is included solely
to ensure that the bound in Theorem 4.1 remains finite. In this
paper, we directly set it as 5 to reduce the cost of hyperpa-
rameter tuning. In practice, we rarely observed αt

I reaching
5 (Figures 4 and 5).

4.2 Simple APCFR+ (SAPCFR+)
To simplify the implementation of APCFR+ caused by the
automatic learning approach of αt, we introduce SAPCFR+,
which is implemented with a single-line modification to the
PCFR+ code. Specifically, SAPCFR+ sets αt

I = 2. The key
insight of setting αt

I = 2 lies in the fact that the upper bound
of ∥Rt+1

I − Rt
I∥22 is only a quarter of the upper bound of

∥rtI − rt−1
I ∥22, as shown in Eq. (1), and Eq. (2).

Specifically, combining Theorem 4.1, Eq. (1), and Eq. (2),
in the worst case, we obtain

RT (I) ≤

√√√√ T∑
t=1

(
∥rtI − rt−1

I ∥22
1 + αt

I

+ αt
I∥R

t+1
I −Rt

I∥22
)

≤

√√√√ T∑
t=1

(
4E

1 + αt
I

+ αt
IE

)
.

It is evident that when αt
I = 0, i.e., for PCFR+, the worst-

case counterfactual regret upper bound is

RT (I) ≤

√√√√ T∑
t=1

4E.

From the facts that (i) 2 minimizes
∑T

t=1(4E/αt
I + αt

IE)

for any positive E and (ii)
∑T

t=1(4E/(1 + αt
I) + αt

IE) ≤∑T
t=1(4E/αt

I + αt
IE), we can set αt

I = 2, which implies
the counterfactual regret is bound by

RT (I) ≤

√√√√ T∑
t=1

(
4E

1 + 2
+ 2E

)
=

√√√√ T∑
t=1

10E

3
.

Clearly, setting αt
I = 2 results in a lower regret upper bound

than PCFR+. Therefore, for SAPCFR+, we set αt
I = 2 for

all t ≥ 1. Formally, at each iteration t, SAPCFR+ updates
its strategy at each infoset I ∈ I according to the following
update rule:

R̂t
I = [Rt

I +
1

3
rt−1
I ]+, Rt+1

I = [Rt
I + rtI ]

+,

σt
i(I) =

[R̂t
I ]

+

∥[R̂t
I ]

+∥1
=

R̂t
I

∥R̂t
I∥1

,

where i = P (I), R1
I = 0, and r0I = 0.

5 Experiments
Configurations. We now evaluate the empirical convergence
rates of APCFR+ and SAPCFR+ by comparing them to
PCFR+, Stable PCFR+, Smooth PCFR+, Reg-CFR (Liu
et al. 2023), and Clairvoyant CFR (Farina et al. 2023). Stable
PCFR+ and Smooth PCFR+ are advanced PCFR+ variants.
Reg-CFR and Clairvoyant CFR achieve theoretical conver-
gence rates of O(1/T

3
4 ) and O(1/T ), respectively, while

that of other algorithms is O(1/
√
T ). Following the settings

in PCFR+, we employ alternating updates for both APCFR+

and SAPCFR+. For Stable PCFR+, Smooth PCFR+, and
Reg-CFR, we apply alternating updates, as described in their
original paper or open-source code. Clairvoyant CFR does
not utilize alternating updates, in accordance with its original
design. For all algorithms, we utilize quadratic averaging. For
all compared algorithms, we adopt the hyperparameters as
suggested in their respective original versions. Details on the
size of the tested games are in Appendix D (Table 3). The
experiments are conducted on a machine equipped with a
Xeon(R) Gold 6444Y CPU and 256 GB of memory.

Empirical convergence rates in standard IIG bench-
marks. We now present the empirical convergence rates
across five standard IIG benchmarks, e.g., Kuhn Poker, Leduc
Poker, Goofspiel Poker, Liar’s Dice, and Battleship. These
games are implemented using OpenSpiel (Lanctot et al. 2019).
The algorithm implementations are based on LiteEFG (Liu,
Farina, and Ozdaglar 2024), as LiteEFG provides approxi-
mately 100 times speedup compared to the default implemen-
tation in OpenSpiel. The results are in Figure 3. For most
of the tested games, except for Battleship (3,2,3) and Goof-
spiel (4), APCFR+ and SAPCFR+, significantly outperform
all baselines. Even in Battleship (3,2,3) and Goofspiel (4),
APCFR+ and SAPCFR+ outperform all algorithms except
PCFR+. Remarkably, they exhibit performance comparable
to PCFR+, reaching similar levels of exploitability after 5000
iterations. Based on the experimental results in Appendix D
(Figures 6 and 7), we observe that in the games where our
algorithms perform similar to PCFR+, such as Battleship
(3,2,3) and Goofspiel (4), PCFR+ also exhibits a rapid de-
crease in the inaccuracy between the predicted and observed
instantaneous counterfactual regrets (detailed discussions are
in Appendix D). Furthermore, the performance gap between
APCFR+ and SAPCFR+ is relatively small. Specifically,
APCFR+ only outperforms SAPCFR+ in Leduc Poker, Bat-
tleship (3,2,3), and Liar’s Dice (5). This small performance
gap means that in practical applications, SAPCFR+ can be
directly used due to its ease of implementation and a faster
empirical convergence rate compared to PCFR+. Regarding
Stable PCFR+ and Smooth PCFR+, we find that they sig-
nificantly underperform PCFR+. Reg-CFR and Clairvoyant
CFR significantly underperform relative to other algorithms.

Empirical convergence rates in HUNL Subgames. To
assess the performance of APCFR+ and SAPCFR+ in ad-
dressing real-world games, we also conduct evaluations in
HUNL Subgames, which are considerably larger than stan-
dard IIG benchmarks. Despite the presence of code related
to HUNL Subgames in Openspiel, we have not successfully
executed it. Therefore, we utilize HUNL Subgames imple-
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Figure 3: Empirical convergence rates of the tested algorithms in standard commonly used IIG benchmarks. In all plots, the
x-axis is the number of iterations, and the y-axis is exploitability, displayed on a logarithmic scale. Liar’s Dice (x) represents that
every player is given a die with x sides. Goofspiel (x) denotes that each player is dealt x cards. Battleship (x, y, z) implies the
size of the grid is x× y, and the number of shots is z.

mented by Poker RL (Steinberger 2019). More precisely, our
code is based on the code from Xu et al. (2024b). The code
in Xu et al. (2024b) supports only Subgame 3 and Subgame
4, so we conduct experiments solely on these two HUNL Sub-
games. We do not compare Reg-CFR and Clairvoyant CFR
in HUNL Subgames, as they perform significantly worse
than other CFR algorithms, even in standard IIG benchmarks.
The results are shown in Table 1: APCFR+ and SAPCFR+
consistently outperform all baselines in both subgames.

Running times. To validate the efficiency of APCFR+

and SAPCFR+, we compare their running time with that
of PCFR+ under the same number of iterations (i.e., 5000).
The experimental results are in Appendix D (Table 4). The
running time of APCFR+ is slightly higher compared to
PCFR+, primarily due to the additional αt

I learning process
in APCFR+. However, the running time of SAPCFR+ is
nearly identical to that of PCFR+, as the only difference
between their implementations is a single line of code, which
does not alter the computational complexity. Notably, the
computational complexity remains exactly the same, even
with no change in the constant factors.

Dynamics of αt
I in APCFR+. To study the behavior of αt

I ,
we analyze its dynamics, as shown in Appendix D (Figures
4 and 5). We observe that αt

I experiences a rapid increase
during the initial phase but ceases to grow after approximately
100 iterations. This might be due to that the values of ∥rtI −

rt−1
I ∥22 and ∥Rt+1

I − Rt
I∥22 are significantly larger in the

initial phase than at later stages (as also observed in Figures
6 and 7). More details are in Appendix D.

Dynamics of
∑T

t=1 ∥rtI − rt−1
I ∥22,

∑T
t=1 ∥R

t+1
I −Rt

I∥22,∑T
t=1(

∥rt
I−rt−1

I ∥2
2

1+αt
I

+ αt
I∥R

t+1
I −Rt

I∥22), and
∑T

t=1 ∥rtI −
rt−1
I

1+αt
I
∥22. To evaluate the regret bound presented in our the-

oretical analysis, we examine the dynamics of these terms,
as demonstrated in Appendix D. Specifically, the dynamics
of
∑T

t=1 ∥rtI − rt−1
I ∥22 and

∑T
t=1 ∥R

t+1
I − Rt

I∥22 are pre-
sented in Figures 6 and 7. Similarly, Figures 8 and 9 present

the dynamics of
∑T

t=1

(
∥rt

I−rt−1
I ∥2

2

1+αt
I

+ αt
I∥R

t+1
I −Rt

I∥22
)

.
Additionally, Figures 10 and 11 depict the dynamics of∑T

t=1 ∥rtI − rt−1
I

1+αt
I
∥22. This experimental results show that

∥rtI −rt−1
I ∥22 are larger than ∥Rt+1

I −Rt
I∥22, which confirms

that APCFR+ effectively reduces the impact of ∥Rt+1
I −

Rt
I∥22 by increasing the weights on ∥Rt+1

I −Rt
I∥22. For the

first three terms, their values are smaller in APCFR+ and
SAPCFR+ compared to PCFR+, implying a lower regret
bound in Theorem 4.1. However, the value of

∑T
t=1 ∥rtI −

rt−1
I

1+αt
I
∥22 significantly exceeds that of

∑T
t=1(

∥rt
I−rt−1

I ∥2
2

1+αt
I

+

αt
I∥R

t+1
I −Rt

I∥22), indicating that the regret bound in Theo-

17166



PCFR+ Stable PCFR+ Smooth PCFR+ APCFR+ SAPCFR+

Subgame 3 1.44e-3 1.41e-3 (-2.1%) 1.42e-3 (-1.4%) 1.02e-3 (-29.2%) 9.44e-4 (-34.4%)
Subgame 4 1.04e-3 9.77e-4 (-5.3%) 1.02e-3 (-1.9%) 7.53e-4 (-27.6%) 7.83e-4 (-24.7%)

Table 1: Final exploitability for the tested algorithms in HUNL Subgames. Values in red indicate percentages relative to PCFR+.

Leduc Poker (5) Leduc Poker (9) Leduc Poker (13)

DCFR 2.79e-5 1.27e-5 1.09e-5
PCFR+ 2.69e-5 5.21e-5 3.15e-5

APCFR+ 4.80e-6 (-82.1%) 4.03e-5 (-22.6%) 1.45e-5 (-54.0%)
SAPCFR+ 3.49e-6 (-87.0%) 4.07e-5 (-21.9%) 1.42e-5 (-55.0%)

DCFR+ 1.15e-5 (-58.8%) 6.41e-6 (-49.5%) 8.56e-6 (-21.6%)
APDCFR+ 3.69e-6 (-86.3%, -86.7%) 3.42e-6 (-93.4%, -73.1%) 3.02e-6 (-90.4%, -72.3%)

Table 2: The final exploitability for DCFR, PCFR+, APCFR+, SAPCFR+, DCFR+, and APDCFR+ in Leduc Poker variants.
Values in red indicate percentages of PCFR+ variants relative to PCFR+, and values in blue indicate percentages of DCFR
variants relative to DCFR. Notably, APDCFR+ can serve as a variant of both PCFR+ and DCFR.

rem B.1 is extremely higher than that in Theorem 4.1. Thus,
we use Theorem 4.1 in the main text instead of Theorem B.1.

Empirical convergence rates of APCFR+ with an alter-
native learning approach for αt. We also experiment with
a different learning approach for αt, other than the one in

Eq. (3), e.g., αt
I = min

(√
maxτ∈[t−1] ∥rτ

I −rτ−1
I ∥2

2

maxτ∈[t−1] ∥Rτ+1
I −Rτ

I ∥2
2

, αmax

)
,

where we also set αmax = 5 as did in Eq. (3) to reduce the
cost of hyperparameter tuning. The results in Appendix D
(Figure 12 and Table 5) indicate that this approach performs
similarly to the one in Eq. (3).

Comparison with other classical CFR algorithms and
the generalization of our approach. In addition to the CFR
algorithms that have already been compared, we also compare
APCFR+ and SAPCFR+ with the classic CFR algorithms:
CFR, CFR+, and DCFR. Initially, we conducted experiments
using standard IIG benchmarks and HUNL Subgames (Fig-
ure 13 and Table 6), where APCFR+ and SAPCFR+ con-
sistently outperformed CFR and CFR+ across all games.
However, in poker games like Leduc Poker and HUNL Sub-
games, APCFR+ and SAPCFR+ did not surpass DCFR. No-
tably, our algorithms and DCFR are not mutually exclusive
and can be combined effectively. The core innovation of
our algorithms—the asymmetry of step sizes—can be inte-
grated with DCFR, which involves discounting prior itera-
tions when calculating accumulated regrets. Therefore, we
propose APDCFR+ by combining APCFR+ with DCFR (de-
tails of APDCFR+ are in Appendix C). In addition to CFR,
CFR+, DCFR, APCFR+, and SAPCFR+, we also compare
APDCFR+ with DCFR+ (Xu et al. 2024b), which is an ad-
vanced variant of DCFR. Experimental results, detailed in
Appendix D (Table 6), demonstrate that APDCFR+ achieves
a substantially faster empirical convergence rate compared to
the other evaluated algorithms.

Additionally, to further evaluate the performance of DCFR,
PCFR+, APCFR+, SAPCFR+, DCFR+, and APDCFR+ in
poker games, we conduct tests on various Leduc Poker vari-
ants that are used in the original PCFR+ paper (Farina, Kroer,

and Sandholm 2021). Specifically, we test on Leduc Poker
with ranks of 5, 9, or 13. We denote these Leduc Poker
variants as Leduc Poker (x), where x represents the num-
ber of ranks, noting that the original Leduc Poker has 3
ranks. The results, in Table 2, demonstrate that APCFR+ and
SAPCFR+ consistently outperform PCFR+ across all Leduc
Poker variants. Notably, the degree to which APCFR+ and
SAPCFR+ surpass PCFR+ does not depend on the size of
the game. Specifically, the smallest improvement of APCFR+

and SAPCFR+ over PCFR+ occurs in Leduc Poker (9),
where the reduction in exploitability is less than half of the re-
duction observed in Leduc Poker (13). Moreover, the results
indicate that DCFR does not consistently outperform PCFR+.
For instance, in Leduc Poker (5), the performance of DCFR
is inferior to that of PCFR+. More importantly, APDCFR+

consistently outperforms all other algorithms across each
Leduc Poker variant tested, except in Leduc Poker (5), where
it slightly underperforms compared to SAPCFR+.

6 Conclusions
We propose a novel variant of PCFR+ called APCFR+,
which employs the adaptive asymmetry of step sizes in the
updates of implicit and explicit accumulated counterfactual
regrets to improve the robustness of PCFR+. We also intro-
duce SAPCFR+, requiring only a single line modification
to PCFR+. Experimental results validate that APCFR+ and
SAPCFR+ exhibit a faster empirical convergence rate than
PCFR+. To our knowledge, we are the first to propose the
asymmetry of step sizes in the updates of implicit and ex-
plicit accumulated counterfactual regrets, a simple yet novel
technique that effectively improves the robustness of PCFR+.
Moreover, the techniques used in other CFR+ algorithms
are compatible with our algorithm, which shows the gener-
alization of our approach. For example, for DCFR, by using
our approach, we propose APDCFR+, which significantly
outperforms DCFR in poker games. Future work involves
designing more effective αt learning approaches to further
enhance the empirical convergence rate.
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