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Abstract

This paper presents a novel strategy for a multi-agent pursuit-
evasion game involving multiple faster pursuers with het-
erogenous speeds and a single slower evader. We define a geo-
metric region, the evader’s safe-reachable set, as the intersec-
tion of Apollonius circles derived from each pursuer-evader
pair. The capture strategy is formulated as a zero-sum game
where the pursuers cooperatively minimize the area of this
set, while the evader seeks to maximize it, effectively play-
ing a game of spatial containment. By deriving the analytical
gradients of the safe-reachable set’s area with respect to agent
positions, we obtain closed-form, instantaneous optimal con-
trol laws for the heading of each agent. These strategies are
computationally efficient, allowing for real-time implemen-
tation. Simulations demonstrate that the gradient-based con-
trols effectively steer the pursuers to systematically shrink the
evader’s safe region, leading to guaranteed capture. This area-
minimization approach provides a clear geometric objective
for cooperative capture.

Introduction
Multi-agent systems are increasingly central to modern
robotics and autonomous operations, with critical applica-
tions in contested environments where interactions are in-
herently adversarial (Wang et al. 2025; Manoharan and Bali-
yarasimhuni 2023). Scenarios ranging from national secu-
rity and asset protection (Li and Cruz Jr. 2011; Niknami,
Sawwan, and Wu 2022) to logistics and surveillance rely
on the coordinated actions of intelligent agents. The formal
study of these dynamic conflicts falls under the purview of
pursuit-evasion games, a foundational topic in control the-
ory and mathematics (Rusnak 2005). These games model
the strategic interactions between a team of pursuers aiming
to capture or contain one or more evaders, who in turn seek
to evade capture or achieve a separate objective (Prokopov
and Shima 2013; Shima 2011). The vast literature explores
a wide variety of formulations, considering factors such as
limited observations (Lin, Qu, and Simaan 2015) and coop-
erative team dynamics (Liu et al. 2013).

Differential game theory provides a powerful mathemat-
ical lens for analyzing such conflicts and deriving opti-
mal strategies for all players (Garcia, Casbeer, and Pachter
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2021). This framework has been successfully applied to var-
ious multi-agent problems, including cooperative target de-
fence (Liang et al. 2019) and scenarios involving a defender
aiding a pursuer (Garcia, Casbeer, and Pachter 2019b). Our
work leverages this paradigm by formulating the multi-
pursuer game as a zero-sum pursuit-evasion game over the
area of the safe-reachable set, Ae(t). The agents seek to find
the Nash equilibrium of the instantaneous min-max problem
on the area’s rate of change, Ȧe(t).

The primary contribution of this study is the general-
ization of the area-based control framework to the chal-
lenging case of pursuers with heterogeneous speeds. We
provide a complete problem formulation and a proof for
the area-optimal control strategy for the pursuit-evasion
game.

This is achieved through the novel analytical derivation
of the gradients of the safe set’s area with respect to each
agent’s position (∇pi

Ae and ∇eAe). Critically, this deriva-
tion is accomplished without a closed-form expression for
the area itself by applying the Leibniz integral rule to the
complex geometry formed by the intersection of Apollonius
discs. This result provides a clear and geometrically intu-
itive interpretation of the optimal Nash equilibrium strate-
gies: each pursuer should move directly toward the centroid
of the boundary arc it contributes to the safe set, while the
evader’s optimal heading is a weighted sum of vectors point-
ing from its position to the centroids of all active boundary
arcs. This provides a computationally tractable, optimal, and
decentralized control law for a broad and practical class of
pursuit-evasion scenarios.

Related Work
Extensive research works on pursuit-evasion and target
defence can be broadly categorized into three main ar-
eas: i) game-theoretic analyses that seek optimal strategies,
ii) geometric and control-theoretic methods that focus on ro-
bust containment, and iii) approaches that incorporate real-
world complexities such as partial information and environ-
mental obstacles.

Differential game theory is the classical tool for analyz-
ing multi-agent conflicts. A significant portion of this litera-
ture focuses on the Target-Attacker-Defender (TAD) game,
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where optimal state-feedback strategies are derived to de-
termine the outcome (Garcia, Casbeer, and Pachter 2019a).
These solutions often involve constructing a “Barrier” sur-
face that partitions the state space into winning and losing
regions for each team (Garcia, Casbeer, and Pachter 2018b;
Mammadov, Lim, and Shi 2022a). Recent work has sought
to unify these solutions under more general frameworks,
such as the “Holographic Principle” (Mammadov, Lim, and
Shi 2023), and to derive state-feedback Nash equilibria for
games in arbitrary dimensions (Mammadov, Lim, and Shi
2022b). Other geometric approaches have been used to find
optimal strategies for cooperative defence scenarios (Mam-
madov, Lim, and Shi 2021).

An alternative line of work focuses on controlling geo-
metric properties of the system to guarantee capture. This
includes methods based on encirclement using robust model
predictive control (Wang et al. 2021) and cooperative block-
ing strategies (Garcia et al. 2021). Barrier construction has
also been explored in related problems like the “fishing
game” (Zha et al. 2017). Of particular relevance to our work
is the area-based control framework proposed by (Shah and
Schwager 2019). They developed a cooperative policy for
pursuers to contain and capture an evader by minimizing the
area of the evader’s reachable set. Their approach, however,
was limited to the case where all pursuers have the same
speed as the evader, resulting in a safe set defined by the in-
tersection of half-planes. Our work directly generalizes this
seminal contribution by tackling the more complex geome-
try of Apollonius discs that arises from heterogeneous pur-
suer speeds. By analytically deriving the area gradients for
this more general case, we extend the applicability of area-
based control while retaining its elegance and providing for-
mal optimality guarantees.

A third stream of research incorporates more realistic op-
erational constraints. This includes the presence of obsta-
cles, which can fundamentally alter agent strategies and re-
quire visibility-based objectives (Bhattacharya, Başar, and
Hovakimyan 2016). Another major focus is on games with
partial or asymmetric information, where agents operate
with uncertainty about their opponents’ states (Shishika,
Maity, and Dorothy 2021; Xu et al. 2024; Zhang, Prorok,
and Bhattacharya 2021). These problems often involve se-
quential decision-making, such as defending against intrud-
ers that arrive over time (Pourghorban and Maity 2023b,a),
or multi-stage objectives as seen in games like Capture-
the-Flag (Garcia, Casbeer, and Pachter 2018a). Our work
focuses on the fundamental deterministic, full-information
game, providing a foundational optimal solution upon which
such complexities can be layered in future research. By
providing an analytical and decentralized control law, our
framework serves as a critical building block for these more
complex scenarios.

Problem Formulation
We consider a pursuit-evasion game in a two-dimensional
planar environment, R2, involving N pursuers and a sin-
gle evader. Let pi(t) ∈ R2 denote the position of pursuer
i at time t, for i = 1, . . . , N , and let e(t) ∈ R2 denote
the position of the evader. All agents are modeled as simple

kinematic point-masses with fixed maximum speeds and in-
stantaneous control over their heading. The state equations
governing the agents’ motion are given by the following set
of first-order ordinary differential equations:

ṗi(t) = Viui(t), ∥ui(t)∥ ≤ 1, (1a)
ė(t) = Vev(t), ∥v(t)∥ ≤ 1. (1b)

Here, Vi is the constant maximum speed of pursuer i, and Ve

is the constant maximum speed of the evader. The vectors
ui(t) ∈ R2 and v(t) ∈ R2 are the unit-norm control inputs
representing the instantaneous heading directions for pur-
suer i and the evader, respectively. A critical assumption for
capture to be feasible is that every pursuer is faster than the
evader. That is, we assume Vi > Ve for all i ∈ {1, . . . , N}.
We introduce the speed ratio αi := Ve/Vi ∈ (0, 1) to quan-
tize the speed advantage of pursuer i relative to the evader.
The pursuers’ objective is to cooperate to capture the evader,
while the evader’s objective is to take evasive action to avoid
capture.1

To quantify the state of the game from a geometric per-
spective, we first analyze the one-on-one engagement be-
tween a single pursuer i and the evader. The key question is:
which points in the plane can the evader reach before, or at
the same time as, pursuer i? The locus of such points defines
a region of temporary safety for the evader with respect to
that specific pursuer. Due to the constant speed assumption
(Vi > Ve), this region is a circle, known as the Apollonius
disc. Any point inside this disc is reachable by the evader
strictly before the pursuer.

The center ci(t) and radius ri(t) of the Apollonius disc
for the pursuer-evader pair (i, e) are functions of their cur-
rent positions and speeds. They are given by:

ci(t) =
V 2
i

V 2
i − V 2

e

e(t) +
V 2
e

V 2
e − V 2

i

pi(t), (2a)

ri(t) =
ViVe

|V 2
i − V 2

e |
∥e(t)− pi(t)∥. (2b)

While the Apollonius disc defines safety against a single
pursuer, the evader must be safe from all N pursuers simul-
taneously. Therefore, the true region of safety for the evader
is the set of all points that are inside every individual Apollo-
nius disc. We define this region as the evader’s instantaneous
safe-reachable set, denoted Se(t). It is formally defined as
the intersection of the N Apollonius discs:

Se(t) =
N⋂
i=1

{
q ∈ R2

∣∣ ∥q− ci(t)∥ ≤ ri(t)
}
. (3)

This convex set represents the evader’s instantaneous ‘safe
zone’, containing all locations the evader can reach before
any pursuer can intercept it. If this set shrinks to a single
point or becomes empty, capture is imminent. Thus the col-
lective goal for the pursuer team is to cooperatively manoeu-
vrer to shrink this set. We quantify this objective using the
area of the set, denoted by Ae(t):

Ae(t) = Area
(
Se(t)

)
. (4)

1The safe-reachable set defines the optimal pursuit strategy, as
opposed to minimum capture time (Von Moll et al. 2019).
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As Ae(t) → 0, the evader is left with no safe space, and
capture becomes inevitable. The game is framed around the
reduction of this area.

Area-Based Optimal Control Strategy
The core of our proposed guidance law is to actively control
the area of the evader’s safe-reachable set, Ae(t). To develop
a strategy that systematically reduces this area, we must first
analyze its rate of change. The time derivative of the area,
Ȧe(t), can be found by applying the chain rule, as the area
is an implicit function of the positions of all agents, which
are themselves functions of time.

First, we define the gradients of the area with respect to
the agent positions. Let Fpi

(t) and Fe(t) be the gradients
with respect to the position of pursuer i and the evader, re-
spectively:

Fpi
(t) := ∇pi

Ae(t), (5a)
Fe(t) := ∇eAe(t). (5b)

Using these gradient vectors, the total time derivative of the
area is given by the sum of the inner products of each gradi-
ent with the corresponding agent’s velocity:

Ȧe(t) =
N∑
i=1

Fpi
(t)⊤ṗi(t) + Fe(t)

⊤ė(t). (6)

Substituting the agent kinematics from Eq. (1), we arrive at
an expression for the rate of change of the area in terms of
the agents’ control inputs:

Ȧe(t) =
N∑
i=1

ViFpi
(t)⊤ui(t) + VeFe(t)

⊤v(t). (7)

This equation is fundamental to our control strategy, as it
directly links the actions of the agents (ui,v) to the change
in the area of the safe-reachable set.

The control problem can now be framed as a zero-sum
game played over the rate of change of the area, Ȧe(t).
The two opposing sides have conflicting objectives. The
team of pursuers collectively chooses their heading controls,
{ui}Ni=1, to make Ȧe(t) as negative as possible, thereby
shrinking the safe-reachable set at the maximum possible
rate. Simultaneously, the evader chooses its heading control,
v, to make Ȧe(t) as large as possible, aiming to expand or
maintain its safe zone. This instantaneous, greedy approach
leads to the following min-max optimization problem:

min
{ui}

max
v

Ȧe(t). (8)

The solution to this game provides the instantaneous optimal
heading controls for all agents.

The optimal solution to the min-max game in Eq. (8) can
be found by recognizing that the pursuers’ and evader’s con-
trols are decoupled. Each agent seeks to optimize its own
term in the sum for Ȧe(t). The optimal strategy to minimize
(or maximize) the inner product of a fixed vector (the gradi-
ent), and a unit control vector, is to align the control vector
with the negative (or positive) direction of the fixed vector.
This principle gives rise to the closed-form optimal control
laws.

Lemma 1.1. Given the area gradients Fpi(t) and Fe(t),
the optimal headings u⋆

i (t) and v⋆(t) that solve the min-
max game (8) are given by:

u⋆
i (t) = − Fpi

(t)

∥Fpi
(t)∥

, i = 1, . . . , N, (9a)

v⋆(t) =
Fe(t)

∥Fe(t)∥
. (9b)

Proof. The expression for Ȧe(t) in Eq. (7) is a sum of terms,
where each pursuer’s control ui and the evader’s control v
appear independently. To solve the min-max problem, we
can optimize each term separately.

For each pursuer i, the objective is to minimize its contri-
bution to the sum, which is the term ViFpi

(t)⊤ui(t). Since
Vi > 0, this is equivalent to minimizing the inner prod-
uct Fpi

(t)⊤ui(t). The inner product between two vectors
is minimized when they point in opposite directions. There-
fore, the optimal unit-norm control for pursuer i is to align
its heading with the negative gradient direction, yielding
u⋆
i (t) = −Fpi(t)/∥Fpi(t)∥.
Conversely, the evader’s objective is to maximize its con-

tribution, VeFe(t)
⊤v(t). This is equivalent to maximizing

the inner product Fe(t)
⊤v(t). The inner product is maxi-

mized when the two vectors are aligned. Thus, the optimal
unit-norm control for the evader is to align its heading with
the gradient direction, v⋆(t) = Fe(t)/∥Fe(t)∥.

When all agents employ their optimal strategies as de-
fined in Lemma 1.1, we can determine the resulting dynam-
ics of the area Ae(t). Substituting the optimal controls from
Eq. (9) back into the expression for Ȧe(t) in Eq. (7) yields
the time evolution of the area under the optimal policy:

Ȧe(t) =
N∑
i=1

ViFpi
(t)⊤u⋆

i (t) + VeFe(t)
⊤v⋆(t)

=
N∑
i=1

ViFpi
(t)⊤

(
− Fpi(t)

∥Fpi
(t)∥

)
+ VeFe(t)

⊤
(

Fe(t)

∥Fe(t)∥

)
= Ve∥Fe(t)∥ −

N∑
i=1

Vi∥Fpi
(t)∥. (10)

This elegant result reveals that the game becomes a direct
competition between the weighted magnitudes of the area
gradients. The area increases based on the evader’s ability
to move in its most effective direction (scaled by ∥Fe∥),
and decreases based on the pursuers’ collective ability to
move in their most effective directions (scaled by the sum
of Vi∥Fpi

∥). The sign of Ȧe(t) is determined by which side
can generate a larger aggregate “force” on the area’s bound-
ary.

The framework presented thus far provides a clear Nash
equilibrium strategy, contingent on one crucial component:
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the area gradients themselves. The main remaining chal-
lenge is to compute the vectors ∇piAe(t) and ∇eAe(t). Be-
cause the area Ae(t) is a complex geometric quantity, the
intersection of multiple discs, its gradients are not trivial to
compute. The following section is dedicated to the analyt-
ical derivation of these gradients, which is the final piece
required to make the control strategy fully implementable.

Analytical Gradient Derivation
The optimal control strategy derived in the previous section
is entirely dependent on the area gradients, ∇piAe(t) and
∇eAe(t). This section presents the main technical contri-
bution of this paper: the analytical derivation of these gra-
dients. A standard calculus-based approach would first re-
quire deriving a closed-form analytical expression for the
area Ae(t) as a function of the centers and radii of the con-
stituent Apollonius discs. Subsequently, one would compute
the partial derivatives of this area function with respect to
each center and radius, and finally apply the multivariable
chain rule to find the gradients with respect to the agent po-
sitions pi and e. However, deriving an analytical formula
for the intersection area of an arbitrary number of discs is an
extremely sophisticated geometric problem, yielding highly
complex expressions, if they are achievable at all. Conse-
quently, differentiating such functions to find the gradients
becomes essentially intractable for N > 2.

Fortunately, an alternative and more elegant path exists.
The related prior publication (Shah and Schwager 2019)
demonstrated the application of the Leibniz integral rule
(also known as Reynolds transport theorem) to derive these
gradients without requiring a closed-form expression for the
area itself. To understand this intuitively, we note that the
optimal policy only depends on the instantaneous rate of
change of the area, Ȧe(t). Therefore, it is not necessary to
know the value of Ae(t); it suffices to know how the bound-
ary of the safe-reachable set Se(t) moves in response to
changes in the agents’ positions. The Leibniz integral rule
provides precisely this: an analytical method for determin-
ing the rate of change of an area by integrating the normal
velocity of its boundary, without needing an upfront formula
for the area.

In this section, we apply a coordinate-independent formu-
lation of the Leibniz integral rule. The key insight is that the
change in area can be computed by analyzing the derivatives
of the level set functions that implicitly define the bound-
aries of the Apollonius discs. This powerful technique al-
lows us to bypass not only the need for an area formula but
also the need to explicitly parameterize the boundary of the
intersection region Se(t). Calculating the derivatives of the
level set functions with respect to the agent positions is suf-
ficient to determine the area gradients.

Boundary of the Safe-Reachable Set
Since the change in the area Ae(t) is related to the movement
of its boundary, the first step in our derivation is to obtain an
explicit parametrization of this boundary, denoted ∂Se(t).
The safe-reachable set Se(t) is a convex region formed by
the intersection of N Apollonius discs. Its boundary, there-

fore, is composed of a sequence of circular arcs, where each
arc belongs to one of the Apollonius circles. An arc from a
given circle contributes to the boundary only if it lies inside
all other discs. The following analysis will formalize this ge-
ometric construction.

Let Bi(t) denote the closed Apollonius disc for pursuer
i at time t, defined as Bi(t) = {q ∈ R2 | ∥q − ci(t)∥ ≤
ri(t)}. The safe-reachable set from Eq. (3) is then the inter-
section of these N discs:

Se(t) =
N⋂
i=1

Bi(t). (11)

By construction, each disc Bi(t) is a compact and convex
set. Since the intersection of any number of compact and
convex sets is also compact and convex, Se(t) is a non-
empty (by assumption of a non-trivial game state) compact
convex subset of R2.

A preliminary reduction simplifies the problem by elimi-
nating discs whose boundaries cannot contribute to ∂Se(t).
If a disc Bi(t) wholly contains another disc Bj(t), then
Bi(t)’s boundary lies entirely outside Bj(t) and thus can-
not form part of ∂Se(t). We therefore restrict attention to
discs that do not fully contain any other single disc. Define
the active index set I(t) as:

I(t) ={
i ∈ {1, . . . , N} | ∥ci(t)− cj(t)∥

≥ ri(t)− rj(t) ∀j ̸= i
}
.

The condition |ci(t) − cj(t)| + rj(t) ≥ ri(t) ensures Bi(t)
does not fully contain any other disc Bj(t). Consequently,
the boundary of the safe-reachable set is composed entirely
of arcs from the circles {∂Bi(t) | i ∈ I(t)}. All subsequent
analysis considers only discs in this active set.

To find the specific arcs forming the boundary, we must
determine, for each active circle ∂Bi(t), which parts are in-
tersected by all other active discs Bj(t). This leads to the
following lemma, which provides an explicit algorithm for
computing the angular range of each contributing arc.
Lemma 1.2 (Boundary Arc Computation). For each active
circle i ∈ I(t), the set of angles Θi(t) corresponding to the
arc on ∂Bi(t) that forms part of ∂Se(t) is a single compact
interval [θmin

i , θmax
i ] or the empty set. This interval is com-

puted via the following steps:
1. For each other active circle j ∈ I(t) where j ̸= i, cal-

culate the pairwise constraint interval Γij(t) = [ϕij −
αij , ϕij + αij ] (mod 2π), where the angles are given by:

ϕij is the angle of the vector from ci(t) to cj(t), (12)

αij = arccos

(
∥cj(t)− ci(t)∥2 + ri(t)

2 − rj(t)
2

2ri(t)∥cj(t)− ci(t)∥

)
.

(13)

2. The final angular range for circle i is the intersection of
all such constraint intervals:

Θi(t) =
⋂

j∈I(t),j ̸=i

Γij(t). (14)
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Figure 1: Visualizing the Safe-Reachable Set Se(t) for the
example scenario with five pursuers and a single evader. The
evader’s speed is Ve = 4, while the pursuer speeds are given
by the vector V = [6, 6, 12, 10, 9]. Only pursuers 2, 3 and 4
are active and contribute to the boundary.

If Θi(t) is non-empty, its endpoints define θmin
i and θmax

i .

Proof contained in the Technical Appendix. This lemma
provides a complete algorithm to compute the boundary arcs
of the safe-reachable set at any time t. For notational sim-
plicity, the index set I(t) will henceforth refer exclusively
to circles that contribute a non-empty arc to the boundary,
meaning those indices i for which Θi(t) ̸= ∅.

Leibniz Integral Rule
With the boundary of the safe-reachable set Se(t) explicitly
parameterized, we now turn to the core task of computing its
area gradients. As motivated previously, we use the Leibniz
integral rule to find the derivative of the area with respect to
the agent positions without requiring a closed-form expres-
sion for the area itself. This is possible because the change
in area of a moving region is determined by the normal ve-
locity of its boundary.

First, we define each Apollonius disc Bi(t) implicitly us-

ing a level-set function, Fi : R2 → R, such that:
Bi(t) =

{
q ∈ R2 | Fi(q, t) ≤ 0

}
, (15)

where the level-set function is given by:
Fi(q, t) = ∥q− ci(t)∥2 − ri(t)

2. (16)
The boundary of the disc, ∂Bi(t), is the zero level-set,
Fi(q, t) = 0.

The Leibniz integral rule states that the derivative of the
area of the region Se(t) with respect to any parameter ζ
(such as a component of an agent’s position vector) is given
by an integral over its boundary ∂Se(t):

∂Ae(t)

∂ζ
=

∫
∂Se(t)

Vn(q, ζ) ds, (17)

where Vn is the outward normal velocity of the boundary
at point q induced by a change in the parameter ζ, and ds
is the element of arc length. The key insight from (Shah and
Schwager 2019) is that this normal velocity can be expressed
in terms of the derivatives of the level-set function that de-
fines the boundary at that point. If a point q on the boundary
belongs to the arc from circle i, its normal velocity is given
by:

Vn(q, ζ) = − ∂Fi/∂ζ

∥∇qFi∥
. (18)

This formula allows us to compute the change in area by
integrating the effects of parameter changes on the implicit
functions that define the boundary, a much more tractable
approach than direct differentiation of a complex area for-
mula.

To apply the Leibniz rule, we must compute the gradi-
ents of Fi(q, t) with respect to the spatial variable q and the
agent positions {pk}Nk=1 and e. The function Fi depends on
the agent positions implicitly through the Apollonius center
ci and radius ri.
Proposition 1.3 (Level-Set Gradients). The gradients of the
level-set function Fi(q, t) with respect to the spatial variable
q and the agent positions are given by:

∇qFi(q, t) = 2(q− ci), (19)

∇pi
Fi(q, t) =

2α2
i

1− α2
i

(q− pi), (20)

∇eFi(q, t) =
2

1− α2
i

(e− q), (21)

∇pk
Fi(q, t) = 0, for k ̸= i. (22)

Proof contained in the Appendix. These expressions pro-
vide all the necessary components to evaluate the Leibniz
integral.

Area Gradient Calculation We can now assemble these
components to compute the area gradients. The boundary
∂Se(t) is a union of arcs from the active circles i ∈ I(t),
where each arc is parameterized by θ ∈ [θmin

i (t), θmax
i (t)].

The Leibniz integral becomes a sum of integrals over these
arcs:

∇zAe(t) =
∑

i∈I(t)

∫ θmax
i (t)

θmin
i (t)

− ∇zFi(q(θ), t)

∥∇qFi(q(θ), t)∥
ri dθ,

(23)
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where z is any agent position vector and ds = ridθ. On the
boundary arc of circle i, we have ∥q(θ) − ci∥ = ri, so the
denominator becomes ∥∇qFi∥ = ∥2(q− ci)∥ = 2ri.

For the gradient with respect to a pursuer position pk, we
note that ∇pk

Fi = 0 if k ̸= i. Thus, only the term for i = k
contributes:

∇pk
Ae(t) =

∫ θmax
k (t)

θmin
k (t)

−∇pk
Fk(q(θ), t)

2rk
rk dθ

= −1

2

∫ θmax
k (t)

θmin
k (t)

2α2
k

1− α2
k

(q(θ)− pk) dθ

= − α2
k

1− α2
k

∫ θmax
k (t)

θmin
k (t)

(q(θ)− pk) dθ. (24)

For the gradient with respect to the evader position e, all
active arcs contribute:

∇eAe(t) =
∑

i∈I(t)

∫ θmax
i (t)

θmin
i (t)

−∇eFi(q(θ), t)

2ri
ri dθ

= −1

2

∑
i∈I(t)

∫ θmax
i (t)

θmin
i (t)

2

1− α2
i

(e− q(θ)) dθ

= −
∑

i∈I(t)

1

1− α2
i

∫ θmax
i (t)

θmin
i (t)

(e− q(θ)) dθ. (25)

The problem now reduces to evaluating these vector-valued
integrals over the angular intervals [θmin

i , θmax
i ]. The inte-

grands (q(θ)−pk) and (e−q(θ)) can be expressed in terms
of θ and agent positions. After performing the integration
and simplifying using trigonometric identities, we arrive at
a coordinate-independent geometric form for the gradients.

Theorem 1.4 (Geometric Form of the Area Gradients). Let
Carc,i(t) denote the geometric centroid of the arc on the
boundary ∂Se(t) contributed by an active pursuer i ∈ I(t).
The centroid is the average position of all points on the arc,
defined by the line integral:

Carc,i(t) ≜
1

Li(t)

∫
arci

q(s) ds, (26)

where Li(t) is the length of the boundary arc contributed by
circle i and q(s) is its position vector parametrized by arc
length s.

The area gradients with respect to the agent positions are
given in terms of these centroids, yielding direct geometric
interpretations for the optimal headings:

1. Pursuers: The area gradient with respect to the position
of any active pursuer i ∈ I(t) is

∇pi
Ae(t) = −(1− α2

i )ri(t)Li(t) (Carc,i(t)− pi(t)) .
(27)

Since the optimal heading u⋆
i (t) is anti-parallel to

∇pi
Ae(t), the pursuer’s optimal strategy is to move di-

rectly towards the centroid Carc,i(t) of its corresponding
boundary arc.

2. Evader: The area gradient with respect to the evader’s
position is

∇eAe(t) =
∑

i∈I(t)

1− α2
i

α2
i

ri(t)Li(t) (Carc,i(t)− e(t)) .

(28)
Since the optimal heading v⋆(t) is parallel to ∇eAe(t),
the evader’s optimal strategy is to move in the direction
of a weighted sum of vectors. Each vector in the sum,
points from the evader’s current position to the centroid
of an active boundary arc, Carc,i(t).

The centroid of each active arc i ∈ I(t) can be computed
explicitly by:

Carc,i(t) = ci(t) + ri(t)

(
ℓi(t)

Li(t)

)
ui(t), (29)

where the terms are defined by the geometry of the Apollo-
nius circle and its active arc:

• ci(t) =
e(t)−α2

ipi(t)

1−α2
i

and ri(t) = αi

1−α2
i
∥e(t) − pi(t)∥

are the center and radius of the Apollonius circle.
• Li(t) = ri(t)∆θi is the arc length, where ∆θi =
θmax
i (t)− θmin

i (t).
• ℓi(t) = 2ri(t) sin(∆θi/2) is the length of the chord con-

necting the endpoints of that arc.
• ui(t) = (cosmi(t), sinmi(t))

⊤ is the unit vector point-
ing from the center ci(t) to the midpoint of the chord,
aligned with the angle mi(t) = (θmax

i (t) + θmin
i (t))/2.

Proof. The proof establishes a direct correspondence be-
tween the integral definitions of the relevant geometric cen-
troids and the integral forms of the area gradients derived
earlier. We prove the results for the pursuers and the evader
separately.

Pursuer’s Optimal Heading Let Carc,i(t) denote the ge-
ometric centroid of the arc contributed by pursuer i. By def-
inition, the centroid is the average position of all points on
the arc. Using a line integral, this is:

Carc,i(t) =
1

Li(t)

∫
arci

q(s) ds,

where Li(t) is the length of the arc. Parametrizing by the
angle θ, with ds = ridθ and Li(t) = ri∆θi, we obtain:

Carc,i(t) =
1

ri∆θi

∫ θmax
i

θmin
i

q(θ) ridθ =
1

∆θi

∫ θmax
i

θmin
i

q(θ) dθ.

The vector pointing from the pursuer’s position pi(t) to this
centroid is Vtarget,i(t) = Carc,i(t) − pi(t). Since pi(t) is
constant with respect to the integration variable θ, we can
write:

Vtarget,i(t) =
1

∆θi

∫ θmax
i

θmin
i

q(θ) dθ − 1

∆θi

∫ θmax
i

θmin
i

pi(t) dθ

=
1

∆θi

∫ θmax
i

θmin
i

(
q(θ)− pi(t)

)
dθ.
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Now, we recall the intermediate result (24) from the area
gradient calculation subsection:

∇piAe(t) = − α2
i

1− α2
i

∫ θmax
i (t)

θmin
i (t)

(
q(θ)− pi(t)

)
dθ.

By comparing these results, we establish a direct proportion-
ality:

∇piAe(t) = −α2
i∆θi

1− α2
i

Vtarget,i(t).

The optimal pursuer heading u⋆
i (t) is anti-parallel to

∇piAe(t) (since pursuers minimize the area). As αi ∈ (0, 1)

and ∆θi > 0 for an active pursuer, the scalar multiple α2
i∆θi

1−α2
i

is strictly positive. Therefore, the optimal heading u⋆
i (t) is

parallel to and points in the same direction as Vtarget,i(t), the
vector from the pursuer to the arc centroid.

Evader’s Optimal Heading The geometric interpretation
for the evader’s heading follows from a similar analysis. We
start with the integral form of the evader’s area gradient de-
rived from the Leibniz rule in Eq. (25):

∇eAe(t) = −
∑

i∈I(t)

1

1− α2
i

∫ θmax
i (t)

θmin
i (t)

(e(t)− q(θ)) dθ

For each active arc i ∈ I(t), we define a target vector
Vtarget,e,i(t) pointing from the evader’s position e(t) to the
centroid of that arc, Carc,i(t). Using the same integral def-
inition of the centroid as in the pursuer’s case, this vector
is:

Vtarget,e,i(t) = Carc,i(t)− e(t)

=
1

∆θi

∫ θmax
i

θmin
i

q(θ) dθ − 1

∆θi

∫ θmax
i

θmin
i

e(t) dθ

=
1

∆θi

∫ θmax
i

θmin
i

(
q(θ)− e(t)

)
dθ.

This provides a direct link between the integral in the gradi-
ent expression and the vector to the arc centroid. Substituting
this relationship into the formula for the area gradient gives:

∇eAe(t) =
∑

i∈I(t)

(
∆θi

1− α2
i

)
Vtarget,e,i(t).

The optimal evader heading u⋆
e(t) is parallel to ∇eAe(t)

(since the evader maximizes the area). The expression above
shows that this gradient is a vector sum, where each term
is a vector pointing from the evader to the centroid of an
active boundary arc. For any active arc, ∆θi > 0 and
αi ∈ (0, 1), which ensures that all weighting coefficients
∆θi
1−α2

i
are strictly positive.

The precise formulation for ∇piAe(t) and ∇eAe(t)
found in (27) and (28) is obtained with ∆θi = Li/ri and
ri =

αi

1−α2
i
∥e − pi∥. The derivation of the explicit formula

for the centroid Carc,i(t) is provided in the Appendix.
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Figure 2: Visualizing the Nash equilibrium for the same ex-
ample scenario shown in Figure 1. Whenever a pursuer i at
time t is inactive (i /∈ I(t)), the pursuer is stationary; oth-
erwise all agents follow their optimal headings according to
Lemma 1.1.

Conclusion
We generalized the area-based control framework to multi-
agent pursuit-evasion games with heterogeneous pursuer
speeds, formulating the conflict as a zero-sum game on the
area of the evader’s safe-reachable set, Se(t). Our central
contribution is the analytical derivation of the required area
gradients. By applying the Leibniz integral rule, we derived
these gradients directly from the geometry of the safe set’s
boundary, bypassing the need for a closed-form expression
for the complex region formed by intersecting Apollonius
discs, as shown in Figure 1. The resulting Nash equilibrium
strategies, depicted in Figure 2, are decentralized, optimal,
and geometrically intuitive: each active pursuer moves to-
ward the centroid of its contributed boundary arc.

This work establishes a foundational control strategy for
a broad class of pursuit-evasion scenarios. Future research
can build upon this framework to incorporate additional real-
world complexities, such as environmental obstacles, three-
dimensional engagements, and scenarios involving partial
information or uncertainty.
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