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Abstract

We study the computational complexity of winner determi-
nation problems in approval-based committee elections un-
der Thiele voting rules. These form a class of rules parame-
terized by a fixed weight vector that specifies how a voter’s
satisfaction depends on the number of approved candidates
elected. We first analyze the structure of optimal solutions
based on the sets of voters who approve each candidate—
that is, how voters’ approval ballots induce dependencies be-
tween candidates—revealing constraints on a winning com-
mittee under any fixed Thiele voting rule. Using this, we de-
sign FPT algorithms for Proportional Approval Voting (PAV)
and other Thiele rules on a natural restricted domain known
as the Voter Interval (VI) domain—that is, after a suitable or-
dering of voters, each candidate is approved by a consecutive
interval of voters. In particular, we show that every Thiele rule
on VI is FPT with respect to a parameter for which the prob-
lem is NP-hard on general instances, even when the parameter
takes constant values. Our results advance the understanding
of the computational complexity of PAV on Voter Interval in-
stances, which remains one of the central open questions in
this area. We further resolve two open questions from the lit-
erature on PAV (and other Thiele voting rules) by providing
a polynomial-time algorithm for instances where each candi-
date is approved by at most two voters, and an FPT algorithm
parameterized by the total score of a winning committee.

1 Introduction

Multi-winner elections based on approval ballots are used in
many settings, such as recommendation systems, committee
selection, and blockchain (Skowron, Faliszewski, and Lang
2016; Lackner and Skowron 2023; Boehmer et al. 2024),
where every voter expresses its preferences as a subset of
candidates it approves of. A central family of voting rules
for such applications are Thiele rules (Thiele 1895), which
include Proportional Approval Voting (PAV) as a promi-
nent member (Aziz et al. 2015). These rules balance di-
versity, proportionality, and excellence in the selected com-
mittee, depending on the specific Thiele rule used (Lack-
ner and Skowron 2021). For instance, Chamberlin-Courant
Approval Voting (CC) (Chamberlin and Courant 1983) pro-
motes diversity by ensuring broad representation; PAV aims
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for proportional representation, satisfying strong proportion-
ality axioms like EJR+ (Brill and Peters 2023); Multi-winner
Approval Voting focuses on excellence by selecting the
most approved candidates. However, computing a winning
committee under Thiele rules is computationally challeng-
ing. In fact, finding a winning committee under any non-
trivial Thiele rule (i.e., every rule except for Multi-winner
Approval Voting) is NP-hard. For CC and PAYV, the prob-
lems remain NP-hard even under very restricted conditions
where each candidate is approved by exactly 3 voters and
each voter approves exactly 2 candidates (Aziz et al. 2015;
Skowron, Faliszewski, and Lang 2016).

To better understand and overcome this computational
hardness, a natural direction is to restrict the input domain.
Such restrictions often enable polynomial-time algorithms
for otherwise intractable rules, and this approach has been
particularly fruitful in approval-based committee elections.
Two central restricted domains for approval ballots are the
Candidate Interval (CI) and the Voter Interval (VI) do-
mains (Elkind, Lackner, and Peters 2017, 2025).

In the CI domain, candidates can be ordered so that each
voter’s approval set forms a contiguous interval. CI captures
scenarios where candidates are linearly ordered, e.g. by ide-
ology or location, and each voter is focused on a specific
region of the spectrum. One key advantage of CI is that it
allows the winner determination problem for all Thiele rules
to be solved efficiently. It is by using an integer linear pro-
gramming formulation that admits a totally unimodular con-
straint matrix, which are known to be solvable in polynomial
time (Peters 2018; Peters and Lackner 2020).

The VI domain, in contrast, imposes structure on the vot-
ers rather than on the candidates. Here, voters can be or-
dered so that each candidate is approved by a consecutive
segment of voters. This domain models scenarios where vot-
ers are structured by demographic or socioeconomic fea-
tures such as age, income, or education level, and candidates
appeal to specific groups, e.g. young voters, low-income
households, or university-educated individuals. The VI do-
main has received significant attention (Elkind, Lackner, and
Peters 2017, 2025) and, consequently, for several voting
rules, such as CC, Monroe’s and Minimax Approval Vot-
ing polynomial-time winner-determination algorithms for
VI elections are known (Betzler, Slinko, and Uhlmann 2013;
Liu and Guo 2016).



Yet, for most Thiele rules, and PAV in particular, the com-
putational complexity of winner determination on VI re-
mains a prominent open question (Elkind, Lackner, and Pe-
ters 2017; Peters 2018; Godziszewski et al. 2021; Lackner
and Skowron 2023; Elkind, Lackner, and Peters 2025). De-
spite the dual nature of the VI and CI domains, the tech-
niques used for CI do not translate to VI. In particular, the
constraint matrix of the integer linear programming formula-
tion is not totally unimodular anymore under VI preferences
and, thus, it is not clear whether this problem can be solved
in polynomial time or not. This motivates a search for new
structural results and algorithmic techniques.

Structural Results. This work takes a new approach to
understand the computational complexity of Thiele rules
by studying the structure of winning committees. Instead
of considering candidates in isolation, we examine how
shared support among voters constrains the possible combi-
nations of candidates in a winning committee. We provide
a structural characterization of optimal committees under
Thiele rules based on a dominance relation among candi-
dates. Specifically, a candidate c is said to dominate another
candidate d if the set of supporters of ¢ strictly contains that
of d. This induces a hierarchy of dominancy levels where
candidates within the same level do not dominate one an-
other and each is dominated by some candidate in a higher
level. We show that there always exists a winning commit-
tee that is non-dominated, meaning that no member is dom-
inated by any candidate outside the committee. These struc-
tural insights apply to general approval profiles and are of
independent interest, offering new theoretical tools for ana-
lyzing and determining winners under Thiele rules. Practi-
cally, this structure can guide the development of more effi-
cient algorithms and heuristics. Theoretically, it offers a new
perspective on the open question of whether winner determi-
nation under PAV is polynomial-time solvable on VI.

Algorithmic Results. We show that our structural insights
are particularly effective when combined with the VI prop-
erty: candidates of a VI instance can be partitioned into parts
such that candidates within a part influence only a limited
number of voters. This allows to design a dynamic program
over a sequence of such parts, exploiting the limited inter-
action. As a result, we obtain an FPT algorithm for PAV
and, more generally, for any Thiele rule, when parameter-
ized by two parameters combined: the maximum number of
approvals received by a candidate, and the maximum num-
ber of approvals in a vote. Notably, the same parameteriza-
tion is para-NP-hard in the general (unstructured) case—that
is, the problem remains NP-hard even when both parameters
are constants. This contrast highlights the algorithmic power
of our structural approach and provides substantial progress
toward resolving the open question on the complexity of
PAV in the VI domain (Elkind, Lackner, and Peters 2017,
Peters 2018; Lackner and Skowron 2023; Elkind, Lackner,
and Peters 2025).

Beyond the VI setting, we further contribute to under-
standing tractable cases for Thiele rules by resolving two
open problems posed by Yang and Wang (2018, 2023), orig-
inally asked for PAV: (1) we provide a polynomial-time al-
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gorithm for instances where each candidate is approved by at
most two voters, based on a proper integer linear program-
ming formulation; and (2) we give an FPT algorithm pa-
rameterized by the total score of a winning committee, em-
ploying combinatorial tools like color-coding and splitters.
It is particularly interesting as the score may not be integer.
Moreover, this parameter can be smaller than the number of
voters for which FPT algorithms exist. Importantly, our re-
sults extend to all Thiele rules, not just PAV, demonstrating
the generality of our approach.

Structure of the Paper. Section 2 introduces notation for
the approval-based committee election model, structured
domains and voting rules studied in this paper. Section 3
presents our structural results on winning committees under
Thiele rules. Section 4, using the structural results, devel-
ops an FPT algorithm on VI instances. In Section 5, we give
an FPT algorithm parameterized by the total score of the
optimal committee, and a polynomial-time algorithm for in-
stances where each candidate is approved by at most two
voters. Due to space constraints, some proofs are deferred to
the full version of the paper.

1.1 Related Work

Recently, another FPT algorithm parameterized by the total
score of a winning committee was provided independently
by Gupta, Jain, Saha, Saurabh, and Upasana (2025). Even
though they also use color-coding at the heart of their algo-
rithm, the approaches differ significantly: while they color
candidates and voters, we color the approvals of the vot-
ers. This results in a different number, type, and meaning of
guesses, as well as a different construction of the overall so-
lution. It also results in differences in running times. While
the algorithms outperform each other in some cases, our al-
gorithm runs in time truly linear in the number of voters,
which we see as a strong advantage. For more detailed dis-
cussion about differences between both algorithms, as well
as quantitative comparison of running times, we defer to the
full version of the paper.

There is also a substantial body of work on tractability
of voting rules under restricted domains in the ordinal set-
ting (in which voters cast votes in a form of linear orders
over candidates), such as Single-Peaked (SP) and Single-
Crossing (SC) preferences. These domains are the ordinal
counterparts of CI and VI, respectively, and have led to effi-
cient algorithms for many voting rules, including CC (in its
general version defined on cardinal values of misrepresenta-
tion) and Kemeny. In particular, a classic dynamic program-
ming algorithm was proposed for CC by Betzler, Slinko,
and Uhlmann (2013). More recently, an algorithm with near
linear-time in the input size has been developed for the case
where the SC-axis (ordering of voters) or the SP-axis (or-
dering of candidates) is explicitly given (Constantinescu and
Elkind 2021; Sornat, Vassilevska Williams, and Xu 2022).

These works illustrate the general principle that structural
properties of preferences can be algorithmically exploited.
For more information about these and other restricted do-
mains see, e.g., the works of Elkind, Lackner, and Peters
(2017, 2025).



Parameterized Complexity of Thiele Rules. For an
overview of the parameterized complexity of Thiele rules,
we refer to the recent work by Yang and Wang (2023), who
provide a comprehensive summary of known results (see Ta-
ble 1 therein), along with new findings for several structural
parameters and their combinations. Below, we briefly dis-
cuss the main results for standard parameters such as the
number of voters n, the number of candidates m, and the
committee size k, with an emphasis on the techniques used
and known lower bounds.

A trivial brute-force algorithm checking total scores of all
size-k subsets of candidates runs in FPT time with respect
to m, namely O*(2™). This is essentially optimal for every
non-constant Thiele rule, as under the Exponential Time Hy-
pothesis there is no O* (2°(™))-time algorithm for this prob-
lem (Sornat, Vassilevska Williams, and Xu 2022).

A mixed integer linear program (MILP) presented by Fal-
iszewski et al. (2018, Fig. 2) implies an FPT algorithm with
respect to n for every Thiele rule.! The main idea is to define
an integer variable for each candidate type (defined by its set
of supporters; hence, there are at most 2" types), which en-
codes how many candidates of a particular type are selected
for the solution. Non-integral variables are forced to take
integral values in the optimal solution, as first used by Bred-
ereck et al. (2015). The resulting running time is double-
exponential, namely O*(22°") (Bredereck et al. 2020a).
A single-exponential lower bound of O*(2°("™)) under the
Exponential Time Hypothesis is known (Sornat, Vassilevska
Williams, and Xu 2022), hence, there is still a significant
gap remaining. A similar MILP idea has been applied in
many contexts, e.g., for extensions of Thiele rules (Jain, Sor-
nat, and Talmon 2020; Yang and Wang 2023), as well as for
problems related to bribery and control in elections (Bred-
ereck et al. 2020b).

Every non-constant Thiele rule is also W[1]-hard with
respect to the committee size (Aziz et al. 2015; Jain, Sor-
nat, and Talmon 2020; Sornat, Vassilevska Williams, and Xu
2022).

Approximability of Thiele Rules. Thiele rules have also
been studied from the perspective of approximability, where
the goal is to compute a committee whose total score is close
to optimal (Skowron, Faliszewski, and Lang 2016; Byrka,
Skowron, and Sornat 2018). For a broad class of Thiele
rules, tight polynomial-time approximation algorithms have
been established (Dudycz et al. 2020; Barman, Fawzi, and
Fermé 2021; Barman et al. 2022).

2 Preliminaries

We are given a set of candidates C' = {c¢1,ca,..., ¢} and
a set of voters V' = {vy,vs,...,v,}. Each voter v € V ex-
presses its preference in the form of an approval set A, C

"Even though ordinal ballots and top-k-counting rules are con-
sidered in the MILP (Faliszewski et al. 2018, Fig. 2), it is enough
to replace g, x(j) with w;, where wj is the j-th element of the
Thiele sequence w, and to adjust the definition of 7 (.S;) to the set
of candidates approved by voters from S; and no voter from V' \ S;.
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C, and the collection A = (A, ),cv is referred to as an ap-
proval profile. Any subset of C' is called a committee. We
write Wy, == {W C C : |W| = k} to denote the set of
all committees of size k. For a candidate ¢ € C, we de-
note by V. == {v € V : ¢ € A,} the set of supporters
of c¢. We extend the notation to sets of candidates C' C C,
ie., Vo = Uscor Ve. We define Ag = max.cc |Ve| as
the maximum number of approvals given to a candidate and
Ay = max,cy |A4,| as the maximum number of approved
candidates by a voter. An approval-based committee (ABC)
electionis atuple E = (C,V, A, k). A voting rule is a func-
tion taking an election as an input and outputs a set of win-
ning committees of size k.

The w-Thiele voting rule (Thiele 1895) is parameterized
by a non-increasing infinite sequence w (w1, wa,...),
called a Thiele sequence. Given an election (C,V, A, k), a
committee W € Wj, is optimal under the w-Thiele rule if it
maximizes the fotal score:

|A, W]
d = score,, (W) = Z Z w;,
veV =1

over all committees of size k. The w-Thiele rule returns the
set of all such optimal committees. The corresponding com-
putational problem w-THIELE requires outputting a single
optimal committee. Its decision variant asks whether there
exists a committee of size k with a total score at least a given
value.

All Thiele rules considered in the literature are defined
with w; = 1 (see examples below). Dividing w by w; and
obtaining w; 1 does not affect either its set of optimal
solutions or its approximability (Dudycz et al. 2020), but it
affects the parameter d, the total score of an optimal solu-
tion that is studied in this paper. In particular, if we allow
w; < %, thend < A¢ - k- % = Ag, but every w-THIELE
with non-constant w is NP-hard even if Ac = 3 (Aziz et al.
2015; Skowron, Faliszewski, and Lang 2016), so this would
imply paraNP-hardness with respect to d. Therefore, we use
the standard normalization w; = 1 in this paper. (However
any algorithm with running time dependent on d after such
normalization becomes an algorithm with running time de-
pendent on d + )

Arguably, three most prominent w-Thiele rules are:

e CHAMBERLIN-COURANT APPROVAL VOTING (CC),

that is w-THIELE with w = (1,0,0,...).

* PROPORTIONAL APPROVAL VOTING (PAV), that is w-

THIELE with w; = 1.

e MULTI-WINNER APPROVAL VOTING (AV), that is w-
THIELE with w = (1,1,1,...).

An interpolation between CC and AV is /-COVERAGE that
is w-THIELE with w; = 1 for j < ¢ and w; = 0 other-
wise (Barman et al. 2022).

GENERALIZED THIELE is a voting rule (Sornat, Vas-
silevska Williams, and Xu 2022) which takes as an input an
election (C,V, A, k) and n Thiele sequences represented as
w: V x N — [0,1], where (w});en is a Thiele sequence
for a voter v € V, and outputs a committee W € W
which maximizes the total score: d score,, (W)



Y vev ZL‘:{‘W‘ wY?, over all committees of size k. Natu-
’

rally, GENERALIZED THIELE where w¥ = w? for v,v’ €

V is equivalent to w”-THIELE.

Definition 1 (Voter Interval). An approval profile A has
Voter Interval (VI) property if there exists a linear order of
voters such that for every candidate c € C, the set V. is an
interval on the linear order.

An analogous restricted domain is defined for ordering of
candidates.

Definition 2 (Candidate Interval). An approval profile A has
Candidate Interval (CI) property if there exists a linear or-
der of candidates such that for every voter v € V, the set A,
is an interval on the linear order.

If an approval profile is VI, then a corresponding or-
dering of voters—called a VI-axis—can be found in poly-
nomial time; thus, we assume w.l.o.g. that the ordering is
(v1,v2,...vy,). An analogous ordering for CI profiles can
be found also in polynomial time (Faliszewski et al. 2011;
Elkind and Lackner 2015).

We write [n] = {1,2,...,n} and adopt standard nota-
tion from computational and parameterized complexity the-
ory (Cygan et al. 2015). In particular, a decision problem
parameterized by k is fixed parameter tractable (FPT) with
respect to k if it can be solved in time f(k)-poly(|Z|) for any
instance (Z, k), where f is a computable function and |Z|
denotes the input size. A problem solvable in time |Z|/(*)
belongs to the class XP, which implies it is solvable in poly-
nomial time for any fixed value of k. The notation O*(+)
suppresses factors polynomial in the input size.

3 Structure of Winning Committees

For a given approval profile A, we create the dominancy
graph of A where vertices correspond to candidates and a
directed edge from c to ¢ exists if V., C V,, i.e., a candidate
¢’ is dominated by c (all supporters of ¢ are also supporters
of ¢, and ¢ has a supporter not supporting ¢’). This dom-
inancy relation coincides with the one recently introduced
independently by Dong et al. (2025).

Non-dominated candidates are those candidates that have
no incoming edge in the dominancy graph, we denote this
set as L. We partition C' into dominancy levels L1, ..., Ls
such that every candidate ¢ € L; is at distance exactly ¢ in G
from some candidate in L; and there is no candidate ¢’ € L,
such that the distance in the dominancy graph between ¢’
and c is strictly smaller than i. We denote by ¢ the depth of
a dominancy graph. By the definition of dominancy relation
involving strict inclusion, we have 6 < Ag + 1.

Definition 3. A committee W C C' is non-dominated if ev-
ery candidate belonging to any directed path from an ele-
ment of L1 to an element of W also belongs to W.

The next theorem characterizes optimal solutions to GEN-
ERALIZED THIELE with respect to non-dominancy.

Theorem 4. There exists an optimal solution to GENERAL-
1ZED THIELE that is non-dominated. Furthermore, if w] >
wiy, forallv € V and all i € N, then every optimal solu-
tion to GENERALIZED THIELE must be non-dominated.
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Theorem 4 has several useful implications. To solve GEN-
ERALIZED THIELE, it suffices to consider only the first &
dominancy levels. Indeed, for any ¢ € Ly U---U Ls and
any size-k committee containing c, there exists a candidate
¢ € L1 U---U L, outside the committee that dominates c.

Proposition 5. There exists an optimal solution to GENER-
ALIZED THIELE that is a subset of L1 U - - - U Ly,

For specific Thiele rules, the instances might be even fur-
ther restricted. For example, in /-COVERAGE, the score of a
voter v from committee W equals min{|A, N W/, ¢}. This
means that a voter can receive score at most ¢, which im-
plies that only dominancy levels Lq,..., L, are of inter-
est because removing candidates from levels Ly41,...,Ls
from a solution does not change its total score. In the case
|L1U- - -ULy| < k, by taking all candidates from L1U- - -UL,
to the committee, we obtain a solution with the total score
equal to score,, (C') (we fill the remaining seats in the com-
mittee with arbitrary candidates). Hence, in the case of ¢-
COVERAGE, we may assume w.l.o.g. that § < /. In general,
the above discussion implies the following.

Proposition 6. There exists an optimal solution to GEN-
ERALIZED THIELE that is non-dominated and that is ei-
ther a subset or a superset of L1 U --- U Ly, where { =
arg max;ey (Juev (wf > 0)).

Further structural results, specialized for the VI domain,
are developed in the proof of Theorem 7.

4 FPT Results on Voter Interval

The following result shows that GENERALIZED THIELE on
VI is FPT parameterized by Ac + Ay. Note that GEN-
ERALIZED THIELE on general instances is NP-hard even
if Ac = 3 and Ay = 2, and the hardness persists even
for PAV and for CC, which are special cases of GENERAL-
IZED THIELE (Aziz et al. 2015; Skowron, Faliszewski, and
Lang 2016). This shows that the problem is easier to solve
in the VI domain assuming P#NP (a standard assumption in
computational complexity theory). This result progresses to-
wards resolving the central open question on the complexity
of PAV in the VI domain.

Theorem 7. GENERALIZED THIELE on the Voter Interval
domain is FPT parameterized by Ac + Ay and is XP pa-
rameterized by Ac.

Proof. Due to having VI preferences with respect to
(v1,...,vy), for every candidate ¢ € C, we have V, =
{vi,vig1,...,v;} forsome 1 < i < j < n (wlo.g., we
assumed there are no candidates with an empty set of sup-
porters). We denote by min(V..) and max(V,) the indices of
the first and, respectively, the last supporting voters of can-
didate c.

We order the candidates (cy, . .., ¢y,) such that for every
pair of indices 7 < j, one of the following conditions holds:
(1) max(Ve,) < max(V,,), or (2) max(V,,) = max(V,)
and min(Ve,) < min(V%, ).

For each ¢ € [n], we define the set C; = {c € C :
max(V,) = i}, called a triangle. Each triangle C; con-
sists of candidates with the same last supporting voter v;.



Note that {C4,...,C,} is a partition of C. The term #ri-
angle comes from the visual shape of the approval set of
candidates in C; when the approval profile is displayed as a
matrix. In particular, after applying the above candidate or-
dering (¢1, - . ., ¢m ), Where candidates in C; appear consec-
utively, and arranging the voters according to the VI-axis,
the approvals form triangular patterns, as shown in Figure 1.
We denote by min(C;) and max(C;) the indices of the first
and, respectively, the last candidate included in C;.

‘ C1 C2 C3 ‘ Cy Cs Cg
V1 v
V2 v v v
vz | v vV V|V
Uy v v Y

Figure 1: An example of a VI approval profile, where the
voters are ordered according to the VI-axis, and the candi-
dates are ordered as described in the proof of Theorem 7.
In this example, there are two non-empty triangles: C'3 =
{c1,c2,c3} and Cy = {ca,c5,c6}. Triangle Cs is asso-
ciated with voter v3, meaning that each candidate in Cjy
has vs as their last supporter. For instance, ¢c; € Cj3 be-
cause max(V;,) = 3. The collective set of supporters of
Cy is Vo, = {ve,vs,v4}. We have min(Cy) 4 and
max(Cy) = 6.

Due to Theorem 4, let us consider a fixed non-dominated
solution Wopr. It holds that Wopr N C; is a subset of can-
didates from C; having indices exactly {min(C;),...,j}
where j = min(C;) +|WoprN C;| — 1 < max(C;). In other
words, any optimal solution contains a (possibly empty) pre-
fix of every triangle C;.

The number of all possible committees consisting of pre-
fixes of the triangles might still be exponential in . We solve
the problem via a dynamic program. It iterates over some or-
der of the triangles C1, . .., C}, and considers prefixes of C;
based on prefixes taken so far to a solution of a limited num-
ber (in terms of the parameters) of preceding triangles. A
crucial observation is that candidates from triangle C; have
common supporters with at most O(Ay - A¢) many candi-
dates outside of C;. This allows for making “local” decisions
when considering candidates from a triangle C;, where the
size of locality is defined in terms of the parameters.

More formally, let Vo, be the set of voters supporting any
candidate from C; (hence, |V, | is the height of a triangle
C;). We observe that |Vg,| < Ag, as all members of C;
have the i-th voter as the last supporter and the maximum
number of approvals received by a candidate is A¢. Hence,
we can write Vo, C {max(Vg,) —Ac, ..., max(Ve,)}. We
have |C;| < Ay, as every candidate in C; is supported by v;.
Thus, overall, the size of every triangle is bounded in terms
of the parameters of our instance.

We base our dynamic program table
Tla,b,dy,... vdive, ] on these observations: the table
saves the maximum total score of GENERALIZED THIELE
of a (non-dominated) committee of size a taken from the
first b triangles (that is, from Cy U - - - U C}) such that the i-th
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voter from V(, approves exactly d; committee members.
As our goal is finding a committee, we will also store (only)
one committee that achieves a particular score in table 7.

We initialize the table with the first triangle, that is,
for b 1, we fill exactly min{|C}|,k} + 1 entries of
Tla,1,dy,..., dive, ] by considering committees C (a) be-
ing a prefix of C; of size a. Formally, C1(0) = () and
Ci(a) = {emin(c1)s -+ Cmin(C1)+a—1} fora € N :a <
min{|C1|, k}. By d;(a) we denote the number of approved
candidates by i-th voter from V¢, in a committee C (a). We
store the total score achieved by a committee C (a) in a cor-
responding entry of T'[a, 1,d1(a), . .., d|v, |(a)].

When iterating over b > 1, we will consider committees
Cy(a) for 0 < a < min{|Cy|, k} being merged with every
committee stored in non-empty entries created in the pre-
vious step, i.e., when considering solution up to (b — 1)-th
triangle. Formally, we take a committee Wiep, from every

non-empty cell of T[|Wemp|, b — 1,d7™, ..., d\%" ] and

Ve, |
we create a new committee Wiemp U Cy(a) for every a such
that 0 < a < min{|Cy|, k — [Wiemp|}. Note that in this way
[Wiemp UCh(a)| < k. Now, we compare the score of Wiemp U
Ch(a) with a score of a committee of respective entry of
T,ie., T“VVtempH'aa b, dl(aa VVtemp)a cees d\Vcb | (a, VVtemp)],
where d;(a, Wiemp) is the number of approved candi-
dates by the i-th voter from Vg, in the committee
Wiemp U Cp(a). If Wiemp U Cp(a) achieves a strictly
higher score, i.e. score(Wiemp U Cy(a)) > T[|[Wiemp| +
a,b,di(a, Wiemp), - - - dIVob |(@; Wiemp)], then we update the
entry with this higher score, and we store Wiemp UCj(a) as a
committee achieving this score. We note that the procedure
is well-defined also in the case of C, = () because the only
prefix of Cj considered will be an empty set. The formal
recurrence is provided in the full version of the paper.

To obtain the maximum total score committee, we
search for the largest value among non-empty entries of
Tlk,n,dy,...,dy, |]. The correctness of the dynamic pro-
gram follows from the fact that every such entry stores a
valid committee of size k, and, as argued before, the opti-
mal committee Wopr satisfies Wopr N C; = C;(|Wopr N
Cy|), i.e., Wopr consists of prefixes of the triangles C;.
This implies that, for every b € [n], the table entry
T[[WoprN (Uie Ci)l, b, di (D), - . ., djv, | (b)] stores a com-
mittee whose total score is at least score,, (Wopr NU;e51Ci)
because the relevant triangle prefixes C;(|Wopr N C;|) (or
any other prefixes yielding the same score and satisfying
each voter in V¢, by the same number of approved com-
mittee members) were explicitly considered during the con-
struction of this entry. Together with the base case, i.e., fill-
ing the entries T'[a,1,ds, ..., dve, (], this completes an in-
ductive argument for the correctness of the algorithm.

The size of T is at most O(k - n - AL). In order to fill
all entries for particular b € [n], we consider at most k + 1
prefixes of b-th triangle merged with every committee stored
in a non-empty cell of 7" with b — 1. Therefore, we consider
at most O (k? - Aec) many committees, each in polynomial
time. In total, this gives a running time of O* (A% which
is FPT with respect to A¢ + Ay.




A consequence from the above presented proof is an FPT
algorithm parameterized by A + k. That is, the indices of
T, which encode how many times every voter involved is
represented, never exceed the committee size k.

Corollary 8. GENERALIZED THIELE on the Voter Interval
domain can be solved in O* (k") time.

We note that Theorem 14 provides an FPT algorithm
parameterized by Ao + k for every instance, but its run-
ning time is double-exponential on k in contrast to the non-
exponential dependence on k in the case of VI (Corollary 8).
It is another example of parameterization for which much
more efficient algorithms exist for the VI structured domain.

5 FPT Results on General Instances

In the next two subsections, we present two FPT algorithms
for GENERALIZED THIELE which answer affirmatively two
open questions known in the literature (Yang and Wang
2018, 2023), which were asked for a special case of PAV.
In Section 5.1 we provide a polynomial-time algorithm for
instances with Ao = 2. In Section 5.2 we give an FPT al-
gorithm parameterized by the total score of an optimal com-
mittee.

5.1 Polynomial-Time Algorithm when Ay = 2

Our polynomial-time algorithm for GENERALIZED THIELE
with Ao = 2is based on a generalization of an integer linear
program (ILP) studied by Peters (2018). The ILP formula-
tion of Peters (2018) is defined for any w-THIELE, but it can
be easily adjusted to GENERALIZED THIELE by modifying
the objective function (Sornat, Vassilevska Williams, and Xu
2022). For a given election (C,V, A, k) the ILP for GEN-
ERALIZED THIELE (ILP-GT) is defined as follows, where
roughly speaking, the y. variables mark selected candidates,
the x, ; variables track voter satisfaction levels and the ob-
jective ensures that the highest available values in a Thiele
sequence are always chosen:

maximize Z Z Wy - Ly (ILP-GT)
veEV i€ k]

subject to Z Ye =k eY)
ceC

Yoy ye VeV @

i€ k] ceEA,
xyi € {0,1} Vv e V,i € [k]
ye €{0,1} Vee C

Peters (2018) showed that the constraint matrix of ILP-
GT is totally unimodular (TU) when an approval profile is
CI, hence an optimal solution can be found in polynomial
time. He actually argued that if an approval profile A cap-
tured as a matrix, one can find an optimal solution in poly-
nomial time even when an additional row with all-1s is ap-
pended (corresponding to Constraint (1)), as the resulting
matrix is still TU. In the case of A being CI, total unimod-
ularity was an immediate implication from the fact that A
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being CI has consecutive one property, and because the ad-
ditional row consists of only 1s (hence, it is consistent with
the consecutive 1s property).

In the case where A is VI, total unimodularity is not nec-
essarily preserved. While the transpose A” satisfies the con-
secutive 1s property and is thus TU, this property may be
lost when appending an all-ones row to A. Specifically, the

m
A
A—does not, in general, have the consecutive 1s property in
its transpose. There exists a small VI approval profile that
yields a non-TU matrix; see Example (3), where a VI profile
with 4 candidates and 3 voters together with the cardinality
constraint (the first row) is not TU (its determinant is —2).

matrix obtained by adding a row of 1s of length m to

3)

=

Example (3) extends to Example (4) with 2m candidates
and 2m — 1 voters for any m > 2, whose determinant is
2 — 2m < —2. Hence, these matrices are not TU either.

1
(12m—1)T

However, there are more classes of integer programs that
can be solved in polynomial time. In particular, if the coef-
ficients of the constraint matrix are in {—2,—1,0,1,2} and
the sum of absolute values is at most 2 for each column, then
the problem is polynomial time solvable (Schrijver 2003).
Such matrices are called generalized matching matrices.

Theorem 9 (Schrijver 2003). ILPs with a generalized
matching matrix can be solved in strongly polynomial time.

12m71
Iopm—1

“4)

These matrices correspond to problems called (general-
ized) matching problems, hence the name. The correspond-
ing ILPs capture a variety of well-known problems in poly-
nomial time such as minimum cost flow, minimum cost
(b-)matching and certain graph factor problems (Schrijver
2003). These structures even remain FPT time solvable pa-
rameterized by the number p of additional columns (Las-
sota and Ligthart 2025). However, we are facing the problem
of having an additional row, which is shown to be, in gen-
eral, not FPT assuming FPT is not equal to W[1] (a common
hypothesis in parameterized complexity similar to P versus
NP) (Lassota and Ligthart 2025). Fortunately, we can alter
ILP-GT slightly and obtain a generalized matching matrix.

Before we show the proof, note that if there is a candidate
that is not approved by any voter, we can delete this candi-
date from the instance. If k is larger than the remaining can-
didates, we take all those remaining candidates and greedily
fill up our committee with any candidate from the discarded
list to obtain an optimal solution. If there is at least one can-
didate that is approved by only one voter, then we add a new
dummy voter v, that approves exactly all of candidates with
only one approval. This voter vy will have a zero contribu-
tion to the objective function. Hence, in the following, we
assume w.l.o.g. that all candidates are approved by exactly
two voters.



Theorem 10. GENERALIZED THIELE with Ac = 2 can be
solved in polynomial time.

Proof. We modify the formulation of ILP-GT as follows.
First, we replace Constraint (1) by the following equality:

S @y =2k 5)
veV ie[k]

Second, we strengthen Constraint (2) by replacing the in-
equality with equality:

Z LTy, = Z Ye

i€[k] cEA,

Yv e V. ©6)

Constraint (1) previously ensured that exactly £ candi-
dates are selected. As argued above, each candidate has ex-
actly two supporters, so choosing any candidate (represented
by variable y.) implies that two variables x, ; must be set to
1 (one for each approving voter) for valid solutions. Thus,
replacing (1) by (5) and enforcing equality in Constraint (6)
shifts the responsibility for enforcing the committee size
from the ¥, variables to the x, ; variables.

After these modifications, each variable x,, ; and y. (each
corresponding to one column of the constraint matrix) ap-
pears in exactly 2 constraints with coefficients in {—1,1}
(and 0 everywhere else). This implies that the resulting con-
straint matrix is a generalized matching matrix. By applying
Theorem 9, we obtain a solution in polynomial time. O

5.2 FPT Algorithm Parameterized by the Score

Next, we prove that GENERALIZED THIELE is FPT parame-
terized by k£ + A¢. The result relies on reducing the problem
to a set cover variant called p-partial set cover that is solv-
able efficiently.

In the p-partial set cover problem, we are given a universe
U of t elements, and a set of subsets S of size s. The goal
is to cover at least p different elements of U using the mini-
mal number of sets in S. This problem is FPT time solvable
parameterized by p.

Theorem 11 (Blaser 2003). A minimum p-partial set cover
can be computed in time 2°®) . s - t.

Note that this algorithm also solves the weighted p-partial
set cover problem where each set in S is assigned a weight
and the goal is to find the minimum weight set cover hitting
at least p distinct elements of U.

Our algorithm reduces GENERALIZED THIELE to p-
partial set cover with p bounded by a function of k and A¢.
We view each voter as an element of the universe and every
candidate as the set of supporters. Contrary to the set cover
problem, in GENERALIZED THIELE, it can be beneficial to
“cover” a voter multiple times. To implement this in our re-
duction, we use color coding, a powerful tool to design FPT
time algorithms (see, e.g., the book of Cygan et al. (2015)).
Color coding is used to color solution candidates such that,
with high probability, an optimal solution only takes one so-
lution candidate per color. We use the colors to color all ap-
provals where each color indicates the additive contribution
to the valuation function. This allows us to create different
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elements not just for every approval, but also the way it con-
tributes to the objective function, e.g., the number of times a
voter has been “covered”.

To derandomize color coding, splitters have been in-
troduced (Naor, Schulman, and Srinivasan 1995). Splitters
compute a number of colorings instead of a single one such
that at least one coloring has the desired property that an op-
timal solution only takes one solution candidate per color.
This can be expressed in terms of hash functions:
Definition 12. An (n, k, £) splitter is a family of hash func-
tions F from {1,2,...,n} to {1,2,..., ¢} such that for ev-
ery S C {1,2,...,n} with |S| = k, there exists a function
f € F that splits S evenly; that is, for every j,5 < {, we
have |f~1(5) N S| and | f~1(5') N S| differ by at most 1.
Lemma 13 (Naor, Schulman, and Srinivasan 1995). There
exists an (n, k, k) splitter of size e*k°1°8(F)) log(n) which
is computable in time e kC1°8() . nlog(n).

Equipped with splitters, we can finally present the main
result of this section.

Theorem 14. GENERALIZED THIELE is FPT parameter-
ized by k + Ac.

This yields the following FPT algorithm.
Proposition 15. For every Thiele sequence w, w-THIELE
can be solved in time 2do<d) -nmPW) hence it is FPT pa-
rameterized by d, the total score of an optimal solution.

6 Conclusion and Future Work

We presented new algorithms for computing optimal com-
mittees under Thiele rules. We identified structural proper-
ties of optimal solutions, which on Voter Interval instances
enable a dynamic programming approach over a chain of
subsets of candidates. We also resolved an open problem by
showing that winner determination under any Thiele rule is
polynomial-time solvable when each candidate is approved
by at most two voters, using an ILP-based approach. Fur-
thermore, we provided an FPT algorithm parameterized by
k + A¢ using color-coding technique, which we apply to
obtain an FPT algorithm parameterized by the total score d.

Several directions remain open. The most prominent
question is whether winner determination under PAV on
Voter Interval instances is polynomial-time solvable or NP-
hard. Another question is whether the ILP-based result
for A¢ = 2 can be replaced by a purely combinatorial
algorithm—a question that also arises in the context of
Thiele rules on Candidate Interval profiles (Peters 2018).

It is natural to ask whether Theorem 7 extends to more
general preference domains such as Voter-Candidate Inter-
val (Dong et al. 2025; Elkind et al. 2024; Godziszewski et al.
2021). In contrast to (Dong et al. 2025), whose objective
allows discarding dominated candidates, dominated candi-
dates crucially affect Thiele scores.

Finally, our structural results and algorithms could be
used to reason about tied committees, for example by an-
alyzing possible and necessary winners under Thiele rules,
since our methods that compute optimal scores and can han-
dle preselected candidates (by adjusting Thiele sequences in
GENERALIZED THIELE).
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