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Abstract

We study the problem of allocating indivisible goods among
agents with additive valuation functions to achieve both fair-
ness and efficiency under the constraint that each agent re-
ceives exactly the same number of goods (the balanced
constraint). While this constraint is common in real-world
scenarios such as team drafts or asset division, it signifi-
cantly complicates the search for allocations that are both
fair and efficient. Envy-freeness up to one good (EF1) is a
well-established fairness notion for indivisible goods. Pareto
optimality (PO) and its stronger variant, fractional Pareto
optimality (fPO), are widely accepted efficiency criteria.
Our main contribution establishes both the existence and
polynomial-time computability of allocations that are simul-
taneously EF1 and fPO under balanced constraints in two fun-
damental cases: (1) when agents have at most two distinct
types of valuation functions, and (2) when each agent has
a personalized bivalued valuation. Our algorithms leverage
novel applications of maximum-weight matching in bipartite
graphs and duality theory, providing the first polynomial-time
solutions for these cases and offering new insights for con-
strained fair division problems.

Introduction
The fair division of indivisible goods is an important prob-
lem that has been widely studied in mathematics, eco-
nomics, and computer science (Brams and Taylor 1996;
Brandt et al. 2016). In recent years, this topic has attracted
even more interest (see surveys (Amanatidis et al. 2023;
Aziz et al. 2022b; Guo, Li, and Deng 2023)). Many previ-
ous studies have discussed fairness and efficiency under the
assumption that there are no constraints on allocation. How-
ever, in real-world problems, it is often necessary to make
allocations under various constraints. Motivated by this, re-
cent works have studied fair division problems under a vari-
ety of constraints (see the survey (Suksompong 2021)).

For instance, in team sports drafts, new players are as-
signed to teams, and it is typical for each team to receive
the same number of new players to prevent any team from
having a numerical advantage. Another example is the di-
vision of indivisible assets, such as inherited jewelry or art-
work, among family members. Siblings often agree to take
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the same number of items, but differences in market value
or personal significance may still lead to envy. These exam-
ples highlight the importance of considering allocations that
maintain balanced quantities while also satisfying fairness
and efficiency.

In this paper, we study the problem of finding fair and
efficient allocations under the constraint that each agent re-
ceives the same number of goods (the balanced constraint),
assuming that the total number of goods is a multiple of the
number of agents. We also assume that each agent has an
additive valuation function.

To formalize notions of fairness in such settings, sev-
eral criteria have been introduced in the literature. Envy-
freeness (EF) (Foley 1966) is one of the most fundamen-
tal fairness concepts. It requires that no agent prefers some-
one else’s bundle over their own. However, with indivisible
items, achieving EF can be impossible even in very simple
scenarios, such as when there are only two agents and a sin-
gle item. To address this issue, various relaxed notions of
fairness have been proposed. The most prominent among
these is envy-freeness up to one item (EF1) introduced by
Budish (2011). EF1 requires that each agent prefers their
own bundle to that of any other agent after removing at most
one item from the other agent’s bundle. It is known that an
EF1 allocation always exists and can be computed in poly-
nomial time (Lipton et al. 2004). Moreover, even under the
balanced constraint, an EF1 allocation can be found using
the round-robin algorithm (Caragiannis et al. 2019).

On the efficiency side, Pareto optimality (PO) is a stan-
dard benchmark. An allocation is PO if no agent can be
made strictly better off without making someone else worse
off. A stronger concept, known as fractional Pareto optimal-
ity (fPO), extends this notion to fractional allocations. It is
known that maximizing utilitarian welfare yields an fPO al-
location, and thus also a PO allocation. Consequently, such
an allocation always exists and can be computed in polyno-
mial time.

While finding allocations that are either EF1 or PO indi-
vidually is relatively straightforward, the problem becomes
considerably more complex when both fairness and effi-
ciency must be achieved at the same time. In what follows,
we examine the main challenges in satisfying both criteria
simultaneously and review previous progress on addressing
this issue.
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For the unconstrained case, Caragiannis et al. (2019) es-
tablished the novel result that maximizing the Nash social
welfare (Nash 1950; Kaneko and Nakamura 1979), defined
as the geometric mean of the agents’ valuations, yields an
allocation that is both EF1 and PO (but may not be fPO).
However, since maximizing Nash social welfare is NP-
hard (Nguyen et al. 2014) and even APX-hard (Lee 2017),
this approach does not directly yield an efficient algorithm.
Barman, Krishnamurthy, and Vaish (2018) addressed this
computational limitation by proposing a pseudo-polynomial
time algorithm that computes an EF1 and PO allocation and
proved the existence of an EF1 and fPO allocation. Subse-
quently, Mahara (2024b) developed a polynomial-time algo-
rithm to compute an EF1 and fPO allocation when the num-
ber of agents is constant. The existence of a polynomial-time
algorithm for finding an EF1 and PO (or fPO) allocation in
general case remains an important open question.

There is growing interest in fair and efficient allocation
under various practical constraints that extend beyond the
unconstrained setting. When such constraints are present,
achieving both EF1 and PO1 becomes more challenging
than in the unconstrained case. A natural first approach is
to maximize Nash social welfare among allocations that sat-
isfy the constraints, but in general, such an approach does
not lead to an EF1 allocation. Furthermore, under general
constraints, there may not exist any allocation that is both
EF1 and PO (Wu, Li, and Gan 2021; Cookson, Ebadian, and
Shah 2025). To date, the only known result guaranteeing the
existence of an allocation that is both EF1 and PO under con-
straints is due to Shoshan, Hazon, and Segal-Halevi (2023),
who studied fair division under category constraints and de-
veloped a polynomial-time algorithm to find such an alloca-
tion for the case of two agents.

Our Results
In this paper, we study the problem of fair division of in-
divisible goods among agents with additive valuation func-
tions under the balanced constraints.

We first observe that maximizing Nash social welfare over
balanced allocations does not necessarily guarantee EF1 (see
Example 1). We then give a characterization that an alloca-
tion is fPO if and only if it maximizes a weighted utilitar-
ian social welfare (Proposition 1). We also show that check-
ing whether a given balanced allocation satisfies fPO and
EF1 is polynomial-time solvable, whereas checking PO is
coNP-complete. Additionally, we provide a reduction from
the problem of finding an EF1 and fPO allocation under un-
constrained case to balanced constraint case.

We establish both the existence and polynomial-time
computability of balanced allocations that are simultane-
ously EF1 and fPO in two important cases: when there are

1In the constrained case, we consider PO and fPO only with re-
spect to feasible allocations (i.e., constrained PO and constrained
fPO). It is not difficult to see that PO (or fPO) with respect to all al-
locations may not exist. For example, suppose there are two agents
and two goods, and one agent values both goods positively while
the other agent assigns zero value to both. Then, the PO allocation
with respect to all allocations must assign both goods to the agent
who values them, but such an allocation is not balanced.

at most two types of agents, and when each agent has a per-
sonalized bivalued valuation, i.e., each agent i assigns two
distinct values ai, bi (ai > bi ≥ 0) to the goods.

In the personalized bivalued case, we show that maximiz-
ing the weighted utilitarian social welfare with appropriately
chosen weights yields an EF1 and fPO allocation.

In the two types case, we provide an algorithm that main-
tains primal and dual optimal solutions for the linear pro-
gram that maximizes weighted social welfare. The algorithm
searches for an EF1 allocation by gradually changing the
weights. In this procedure, we exploit a characterization of
dual optimal solutions for maximum-weight perfect match-
ings in bipartite graphs using the shortest path distances. It
is worth mentioning that our result for the two types case
implies the result for the unconstrained case.

It is worth noting that the balanced constraints are a spe-
cial case of the category constraints studied in (Shoshan, Ha-
zon, and Segal-Halevi 2023; Igarashi and Meunier 2025) and
the matroid constraints considered in (Kawase and Sumita
2020; Kawase, Sumita, and Yokoi 2023; Cookson, Ebadian,
and Shah 2025). Moreover, both cases analyzed in this paper
have been widely studied in the recent fair division literature
(see Related Work).

Due to space limitations, we omit most of the proofs,
which can be found in the full paper.

Related Work
Fair and efficient allocation for divisible items The
Fisher market framework, originally introduced by Irving
Fisher (see (Brainard and Scarf 2005)), has long been a cen-
tral object of study in both economics and computer science.
This model with divisible goods is well known for exhibiting
strong notions of fairness and efficiency. In particular, Varian
(1974) showed that when all agents have equal budgets, the
equilibrium allocation achieved in a Fisher market is both
EF and PO. It is established that such market equilibria can
be computed in polynomial time under additive valuation
functions (Devanur et al. 2008; Orlin 2010; Végh 2012). For
the constrained case, an EF and PO allocation still exists if
each agent has an identical constraint (Cole and Tao 2021),
but finding it is PPAD-complete even in the balanced set-
ting where each agent receives exactly one good (Tröbst and
Vazirani 2024; Caragiannis, Hansen, and Rathi 2024). More-
over, there exists an allocation that is both SD-EF (which is
a stronger notion than EF and balancedness) and ordinally
efficient (which is slightly weaker notion than PO) (Kojima
2009); however, such an allocation may not exist even under
category constraint (Kawase, Sumita, and Yokoi 2023).

Fair and efficient allocation for indivisible chores For
indivisible chores, the existence of EF1 and fPO (or PO) al-
locations was previously known for a few restricted cases:
instances with two agents (Aziz et al. 2022a); instances with
bivalued valuations for each agent (Ebadian, Peters, and
Shah 2022; Garg, Murhekar, and Qin 2022); instances with
two types of chores (Aziz et al. 2023); instances with three
agents (Garg, Murhekar, and Qin 2023); and instances with
three types of valuation functions (Garg, Murhekar, and Qin
2024). In a significant breakthrough, Mahara (2025) recently
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showed the existence of EF1 and fPO allocations for general
additive valuations.

Fair and efficient allocation under constraints Shoshan,
Hazon, and Segal-Halevi (2023) proposed a polynomial-
time algorithm for fair division under category constraints
with two agents, which finds an EF1 and PO allocation
when each category consists of only goods or only chores. If
goods and chores are mixed, the algorithm finds an EF[1,1]
(envy-free up to one good and one chore) and PO allocation.
Igarashi and Meunier (2025) extended this result to general
settings with n agents, proving the existence of a PO alloca-
tion in which each agent can be made envy-free by reallo-
cating at most n(n− 1) items.

For budget constraints, Wu, Li, and Gan (2021) showed
that any budget-feasible allocation that maximizes the Nash
social welfare achieves a 1/4-EF1 and PO allocation for
goods. They also showed that there exists an instance in
which there is no (1/2 + ε)-EF1 and PO allocation for any
ε > 0. Here, α-EF1 is an approximate relaxation of EF1,
which requires that each agent prefers their own bundle to
α times the bundle of any other agent after the removal of
at most one item from that other agent’s bundle. Cookson,
Ebadian, and Shah (2025) investigated fair division under
matroid constraints, showing that maximizing the Nash so-
cial welfare yields a 1/2-EF1 and PO allocation for goods.

For a broader overview of fair division under various con-
straints, see the survey by Suksompong (2021).

Bivalued and two-type instances For bivalued in-
stances2, Amanatidis et al. (2021) showed that an EFX al-
location can be computed in polynomial time for goods.
Here, EFX (envy-freeness up to any good) is a stronger fair-
ness concept than EF1. Garg and Murhekar (2023) further
showed that both EFX and PO allocations can be computed
in polynomial time for goods. In the context of chores, Garg,
Murhekar, and Qin (2022) and Ebadian, Peters, and Shah
(2022) proved that EF1 and PO allocations can be computed
in polynomial time. Additionally, Garg, Murhekar, and Qin
(2023) showed that EFX and PO allocations can be com-
puted in polynomial time for chores when there are three
agents. Akrami et al. (2022) established that maximizing the
Nash social welfare is polynomial-time computable when
the two values are multiples of each other, but becomes NP-
hard when they are coprime.

For instances with two types of valuations, Mahara (2023,
2024a) showed that an EFX allocation always exists for
goods under additive valuations, and even under more gen-
eral monotone valuations. In addition, Garg, Murhekar, and
Qin (2023) showed that EF1 and PO allocations can be com-
puted in polynomial time for both goods and chores.

Model
For each natural number `, we denote [`] = {1, . . . , `}.

2In a bivalued instance, each agent i assigns one of two fixed
values, a > b > 0, to the goods. This setting is a special case of
the personalized bivalued instance, where each agent may assign
their own pair of distinct values.

An instance of our problem is a tuple (N,M, (vi)i∈N ),
where N = [n] represents the (non-empty) set of agents
and M = [m] represents the (non-empty) set of indivisi-
ble goods. Each agent i has a valuation function, denoted as
vi : M → R+, where R+ represents the set of nonnegative
real numbers. We assume that each agent’s valuation is ad-
ditive, and write vi(X) :=

∑
j∈X vij to denote the utility

of agent i when i receives a subset of goods X ⊆ M . A
valuation function vi is called personalized bivalued if there
exist ai, bi ∈ R+ with ai > bi such that vij ∈ {ai, bi} for
all j ∈M .

Throughout this paper, we assume that m is a multiple of
n, and define k := m/n. An (integral) allocation is an or-
dered partition A = (A1, . . . , An) of M , i.e.,

⋃
i∈N Ai =

M and Ai ∩ Ai′ = ∅ for any distinct i, i′ ∈ N . Each Ai
is the bundle allocated to agent i. An allocation A is called
balanced if |Ai| = k for all i ∈ N . We sometimes repre-
sent a balanced allocation A by a matrix x ∈ {0, 1}N×M ,
where xij = 1 if good j is allocated to agent i (i.e., j ∈ Ai),
and xij = 0 otherwise. A balanced fractional allocation
is a matrix x ∈ RN×M+ such that

∑
j∈M xij = k for all

i ∈ N and
∑
i∈N xij = 1 for all j ∈ M . By the prop-

erty of the total unimodularity, the set of balanced fractional
allocations forms the convex full of the balanced (integral)
allocations (see, e.g., (Schrijver 2003, Sec. 21.2)). Thus, a
balanced fractional allocation can be interpreted as a lottery
over balanced allocations.

An allocation A is called envy-free up to one good (EF1)
if, for all i, i′ ∈ N , either Ai′ = ∅, or there exists a good
j ∈ Ai′ such that vi(Ai) ≥ vi(Ai′ \ {j}). A balanced (frac-
tional) allocation x ∈ RN×M+ Pareto-dominates a balanced
(fractional) allocation x′ ∈ RN×M+ if (i)

∑
j∈M vijx

′
ij ≤∑

j∈M vijxij for all i ∈ N , and (ii)
∑
j∈M vijx

′
ij <∑

j∈M vijxij for some i ∈ N . A balanced allocation is
called Pareto optimal (PO) or fractionally Pareto optimal
(fPO) if it cannot be Pareto-dominated by any other balanced
integral or fractional allocation, respectively.

Observe that the set of achievable valuation vectors
(
∑
j∈M v1jx1j , . . . ,

∑
j∈M vnjxnj) arising from balanced

fractional allocation x forms a polytope, which is pre-
cisely the convex full of the set of valuation vectors
(v1(A1), . . . , vn(An)) corresponding to balanced alloca-
tions A. Thus, the fPO allocations can be characterized
within the framework of multi-objective linear programming
(see, e.g., (Ehrgott 2005)).

Proposition 1. A balanced allocation A is fPO if and only
if it maximizes the weighted sum (weighted utilitarian so-
cial welfare)

∑
i∈N αivi(Ai) for some positive weight vec-

tor α ∈ RN++.

Note that, for any given strictly positive weight vector α,
the maximum value

∑
i∈N αi·vi(Ai) taken over all balanced

allocations A can be computed by the following linear pro-
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gramming (LP):

max
∑
i∈N

∑
j∈M αivijxij

s.t.
∑
i∈N xij = 1 ∀j ∈M,∑
j∈M xij = k ∀i ∈ N,

xij ≥ 0 ∀i ∈ N, ∀j ∈M.

(1)

To illustrate the above concepts, we present a concrete
example.
Example 1. Consider an instance with N = {1, 2}, M =
{1, 2, 3, 4}, and the valuations are

(v11, v12, v13, v14) = (10, 10, 21, 22), and
(v21, v22, v23, v24) = (0, 1, 6, 8).

The possible valuation vectors for balanced allocations are
visualized in Figure 1. This instance has a unique EF1 and
fPO allocation: ({1, 3}, {2, 4}). Note that the allocation
({1, 4}, {2, 3}) is PO but not fPO. Among the balanced allo-
cations, ({1, 2}, {3, 4}) maximizes the Nash social welfare,
but it is not EF1. Moreover, in this instance, no EF fractional
allocation (i.e., ex ante EF) can be represented as a lottery
over EF1 and fPO allocations (i.e., ex post EF1 and fPO).

v1(A1)

v2(A2)

({3, 4}, {1, 2})

({2, 4}, {1, 3})

({2, 3}, {1, 4})
({1, 4}, {2, 3})

({1, 3}, {2, 4})

A = ({1, 2}, {3, 4})

20 25 30 35 40

5

10

Figure 1: Possible valuation vectors for balanced allocations
in Example 1. Square markers indicate fPO allocations and
red markers denote EF1 allocations. The blue region repre-
sents the set of possible valuation vectors for fractional bal-
anced allocations.

Properties of EF1 and fPO Allocations
In this section, we provide some properties of EF1 and fPO
that will be used in subsequent discussions.

It is well known that an EF1 balanced allocation can be
computed by the following round-robin procedure (Cara-
giannis et al. 2019): First, an ordering of the agents is fixed.
Then, according to this ordering, the agents take turns se-
quentially to choose their favorite available good (breaking
ties arbitrarily). This process is repeated in multiple rounds
until all goods have been allocated. We call the outcome of
the round-robin procedure the round-robin allocation.

For a balanced allocation A = (A1, . . . , An) and a
weight vector α ∈ RN++, define a weighted directed graph
G

(α)
A = (N ∪̇ M ∪̇ {r};

−→
E ∪

←−
E ∪ E+, w(α)), where

−→
E = N × M ,

←−
E = {(j, i) ∈ M × N | j ∈ Ai},

E+ = {r} ×M , w(α)(i, j) = −αivij for all (i, j) ∈
−→
E ,

w(α)(j, i) = αivij for all (j, i) ∈
←−
E , and w(α)(r, j) = 0

for all j ∈ M . It is not difficult to see that A maximizes∑
i∈N αivi(Ai) over all balanced allocations if and only if

G
(α)
A contains no negative-weight directed cycles.
Next, we characterize the optimal solution of LP (1). Its

dual is given by:

min k ·
∑
i∈N qi +

∑
j∈M pj

s.t. qi + pj ≥ αivij ∀i ∈ N, ∀j ∈M.
(2)

We call the dual variables (q,p) the potentials and p the
price vector. By the complementary slackness theorem, a
feasible pair x and (q,p) forms optimal solutions to the pri-
mal and dual LPs if and only if, for all i ∈ N and j ∈ M ,
either xij = 0 or qi + pj = αivij .

Let A be a balanced fPO allocation that maximizes the
value

∑
i∈N αivi(Ai) for some α ∈ RN++. Then, we can

construct an optimal dual solution as follows (see, e.g.,
Schrijver (2003, Sec. 17.4)).
Lemma 1 (folklore). Let A be a balanced allocation that
maximizes

∑
i∈N αivi(Ai) for some α ∈ RN++. Then, an

optimal dual solution (q,p) to (2) can be obtained by setting
qi as the shortest length of r–i path for each i ∈ N and
−pj as the shortest length of r–j path in G(α)

A . Here, the
solution is nonnegative, i.e., (q,p) ∈ RN+ × RM+ . Moreover,
the potentials computed in this way do not depend on the
choice ofA.

We introduce price envy-freeness up to one good (p-EF1),
which is a key concept introduced by Barman, Krishna-
murthy, and Vaish (2018). This notion has been widely used
in the literature for computing EF1 and PO allocations (Bar-
man, Krishnamurthy, and Vaish 2018; Ebadian, Peters, and
Shah 2022; Mahara 2024b; Garg, Murhekar, and Qin 2022,
2023, 2024; Mahara 2025).
Definition 1 (p-EF1). Let (q,p) be potentials. For any non-
empty set of goods X ⊆ M , define p(X) :=

∑
j∈X pj and

p̂(X) := p(X) −maxj∈X pj . An allocation A is called p-
EF1 if p(Ai) ≥ p̂(Ai′) for any pair of agents i, i′ ∈ N .

For an appropriate choice of prices p, p-EF1 implies EF1.
Lemma 2. Given a weight vector α ∈ RN++, let A be an
optimal balanced allocation of LP (1), and let (q,p) be an
optimal solution of the dual LP (2) such that qi ≥ 0 for all
i ∈ N . IfA is p-EF1, then it is also EF1.

By the LP formulation, we can check whether a given bal-
anced allocationA is fPO in polynomial time.
Theorem 1. Given a balanced allocationA, whether it sat-
isfies EF1 and fPO can be checked in polynomial time.

Next, we demonstrate that any instance of the uncon-
strained problem can be transformed into an equivalent in-
stance with balanced constraint. This is achieved by intro-
ducing a set of “dummy” goods that have no value to any
agent, allowing for a direct correspondence between the
properties of allocations in the two settings. This equiva-
lence is formalized in the following theorem.
Theorem 2. For an unconstrained fair allocation instance
(N,M, (vi)i∈N ), let M ′ be a set of dummy goods of size
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|N | · (|M | − 1) and let v′i(X) = vi(X ∩M) for each i ∈ N
and X ⊆M ∪M ′. The following equivalences hold:
• If an allocation A is PO (resp., fPO, EF1) in the un-

constrained instance, then a balanced allocation (A1 ∪
D1, . . . , An ∪ Dn) where (D1, . . . , Dn) is an ordered
partition of M ′ is PO (resp., fPO, EF1) in the balanced
instance.

• If a balanced allocationA′ is PO (resp., fPO, EF1) in the
balanced instance, then an allocation (A1∩M, . . . , An∩
M) is PO (resp., fPO, EF1) in the unconstrained in-
stance.

This theorem implies that if we construct a polynomial-
time algorithm to find an EF1 and fPO balanced allocation
for a specific setting, then it can also be used to find an EF1
and fPO allocation for the corresponding unconstrained set-
ting. This result has immediate algorithmic implications. For
instance, our polynomial-time algorithm for the two-types
case under the balanced constraint can be directly applied to
the two-types case in the unconstrained setting. This is be-
cause, after the addition of dummy goods, the agent types
remain unchanged, ensuring that the resulting balanced in-
stance continues to fall within the two-types framework.

It is known that, in the unconstrained setting, the prob-
lem of deciding whether a given allocation is PO is coNP-
complete (De Keijzer et al. 2009). By combining this with
Theorem 2, we obtain the following corollary.
Corollary 1. The problem of deciding whether a given bal-
anced allocation is PO is coNP-complete.

Personalized Bivalued Valuations Case
In this section, we consider the case of personalized bivalued
valuations, where each agent i ∈ N assigns to every good
j ∈ M a value vij ∈ {ai, bi} for some ai > bi ≥ 0. We
show that a balanced allocation that is both EF1 and fPO
always exists, and that such an allocation can be computed
in polynomial time.
Theorem 3. When each agent has a personalized bivalued
valuation, there always exists a balanced allocation that is
both EF1 and fPO. Moreover, such an allocation can be
found in polynomial time.

Our algorithm prepare k slots for each agent, and consider
perfect matching between slots and goods as a balanced al-
location. We set ε = 1/(nk(k + 1)) and the weight of each
edge between sth slot of agent i and good j ∈M as

w
(
(i, s), j

)
=

{
ai/(ai − bi) + s · ε if vij = ai,

bi/(ai − bi) if vij = bi.

Our algorithm outputs a balanced allocationA∗ correspond-
ing to a maximum weight perfect matching X∗ in this
weighted bipartite graph. Intuitively, the weights without the
s · ε term are chosen so that the objective function increases
by the same amount regardless of which agent receives a
high-value good. The s · ε term is included to ensure that
high-value goods are distributed as evenly as possible among
the agents.

In the personalized bivalued setting, fPO allocations can
be characterized by a specific weight vector α such that

αi = 1/(ai − bi) for each i ∈ N . This motivates the choice
of this particular weight vector.
Proposition 2. For agents with personalized bivalued valu-
ations, a balanced allocationA is fPO if and only if it max-
imizes the value

∑
i∈N vi(A

′
i)/(ai − bi) over all balanced

allocations.
We show thatA∗ computed in our algorithm satisfies both

EF1 and fPO.
Lemma 3. A∗ is EF1 and fPO.

Now we are ready to prove Theorem 3.

Proof of Theorem 3. We can compute the maximum-weight
perfect matching X∗ in the bipartite graph in polynomial
time by the Hungarian algorithm, which runs in polyno-
mial time (Schrijver 2003). From this matching, we con-
struct the balanced allocation A∗ defined by A∗i = { j ∈
M | ((i, s), j) ∈ X∗ }, which can also be obtained in poly-
nomial time. By Lemma 3, this allocation satisfies both EF1
and fPO. Therefore, for agents with personalized bivalued
valuations, a balanced allocation that is simultaneously EF1
and fPO always exists and can be computed in polynomial
time.

Two Types Case
In this section, we consider instances in which agents are
partitioned into at most two types, referred to as type-1 and
type-2 agents. This structure serves as a tractable interme-
diate case between the setting of identical agents and fully
heterogeneous populations.

We begin by revisiting the simplest case, where all agents
belong to a single type; that is, every agent shares the same
valuation function (vi = u for all i ∈ N ). In this setting, the
round-robin allocation is not only guaranteed to be EF1, but
it also trivially satisfies fPO. This is because, with identical
valuations, every complete allocation maximizes utilitarian
social welfare.

We now turn to the case with two types. For each type
t ∈ {1, 2}, let Nt denote the set of agents of type t, with
nt = |Nt| and n = n1 + n2 the total number of agents.
Without loss of generality, we assume N1 = {1, . . . , n1}
andN2 = {n1+1, . . . , n}. All agents of the same type share
an identical valuation function: for each i ∈ Nt, vi = ut.

Our main result in this section is the following.
Theorem 4. When the number of agent types is at most two,
there always exists a balanced allocation that is both EF1
and fPO. Moreover, such an allocation can be found in poly-
nomial time.

To obtain such an fPO balanced allocation, we only con-
sider weight vectors α ∈ RN++ such that αi = 1 for all
i ∈ N1 and αi = γ for all i ∈ N2, where γ ∈ R++.

Without loss of generality, we may assume utj 6= utj′ for
some t ∈ {1, 2} and j, j′ ∈ M . Otherwise, the problem is
trivial since every balanced allocation is both EF and fPO.
We denote

δ :=
mint∈{1,2}, j,j′∈M :utj 6=utj′

|utj − utj′ |
1 + maxt∈{1,2}maxj∈M utj

(> 0).
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We search γ for which the resulting balanced allocation
A is EF1. Recall that a balanced allocation A maximizes∑
i∈N αivi(Ai) if and only if G(α)

A contains no negative-
weight directed cycles. In what follows, we write G(γ)

A in-
stead of G(α)

A for α = (1, . . . , 1, γ, . . . , γ). Define

C = {γ1, γ2, . . . , γL}

=
{
u1j−u1j′

u2j−u2j′

∣∣∣ j, j′ ∈M, u1j > u1j′ , u2j > u2j′
}

to be the set of critical values of γ, where δ < γ1 < γ2 <
· · · < γL < 1/δ. Intuitively, a critical value γ represents a
point at which a zero cycle appears in G(γ)

A . Note that L =
O(m2) since there are at most O(m2) pairs of goods (j, j′).
We define the intervals between these critical values as I1 =
[δ, γ1], I2 = [γ1, γ2], . . ., IL+1 = [γL, 1/δ]. We will denote
γ0 := δ and γL+1 := 1/δ. If C = ∅, we define L = 0.
Lemma 4. For each ` ∈ [L + 1], if A maximizes∑
i∈N1

u1(Ai) +
∑
i∈N2

γu2(Ai) for some γ ∈ (γ`−1, γ`),
then it also maximizes the value for any γ ∈ [γ`−1, γ`] = I`.

For each interval I`, letA(`) be a balanced allocation that
maximizes

∑
i∈N1

u1(Ai)+
∑
i∈N2

γu2(Ai) for all γ ∈ I`.
Let S(`) :=

⋃
i∈N1

A
(`)
i and T (`) :=

⋃
i∈N2

A
(`)
i .

For each interval I` and for each γ ∈ I`, we determine the
potentials (q(γ),p(γ)) ∈ RN+ × RM+ according to the proce-
dure described in Lemma 1. Here, we do not need to specify
` since the potentials do not depend on the choice of the
allocation. Since agents of the same type have identical val-
uations and identical weights, there exists a path of length 0

inG(γ)

A(`) between any two agents of the same type. Thus, we

have q(γ)i = q
(γ)
i′ for any i, i′ ∈ N1 and q(γ)i = q

(γ)
i′ for any

i, i′ ∈ N2. We redistribute the goods in S(`) among the type-
1 agents, and those in T (`) among the type-2 agents, using
the round-robin procedure with respect to the price vector
p(γ). Let (X(`,γ)

1 , . . . , X
(`,γ)
n1 ) and (Y

(`,γ)
1 , . . . , Y

(`,γ)
n2 ) de-

note the resulting allocations for type-1 and type-2 agents,
respectively. We assume that the round-robin is applied in
the order of indices. Then, we have the following relations.
Lemma 5. For any ` ∈ [L+ 1] and γ ∈ I` we have

p(γ)(X
(`,γ)
1 ) ≥ · · · ≥ p(γ)(X(`,γ)

n1
)

≥ p̂(γ)(X(`,γ)
1 ) ≥ · · · ≥ p̂(γ)(X(`,γ)

n1
),

and

p(γ)(Y
(`,γ)
1 ) ≥ · · · ≥ p(γ)(Y (`,γ)

n2
)

≥ p̂(γ)(Y (`,γ)
1 ) ≥ · · · ≥ p̂(γ)(Y (`,γ)

n2
).

Let Â(`,γ) = (X
(`,γ)
1 , . . . , X

(`,γ)
n1 , Y

(`,γ)
1 , . . . , Y

(`,γ)
n2 ).

We will omit the superscripts (γ), (`) and (`, γ) when they
are clear from the context.

For each interval I`, we first check whether Â(`,γ) is EF1
for γ = γ`−1 and γ = γ`. If either allocation is EF1, we
immediately return it as an EF1 and fPO balanced allocation.
If not, we examine the following two conditions for each
` ∈ [L+ 1] and γ ∈ {γ`−1, γ`}:

(a) p(γ)(X(`,γ)
n1 ) ≥ p̂(γ)(Y (`,γ)

1 ),

(b) p(γ)(Y (`,γ)
n2 ) ≥ p̂(γ)(X(`,γ)

1 ).
We will show in Lemma 7 that at least one of these two
conditions holds for any (`, γ). Furthermore, if both condi-
tions hold for some (`, γ), then Â(`,γ) is EF1 (Lemma 6).
Since we have assumed that neither endpoint allocation is
EF1, exactly one of the two conditions holds at each end-
point. Additionally, we will show in Lemma 8 that condi-
tion (a) holds at (`, γ) = (1, δ) and condition (b) holds at
(`, γ) = (L + 1, 1/δ). Therefore, as we move through the
intervals, at least one of the following two situations must
occur:
• Case 1: For some ` ∈ [L + 1], condition (a) holds at
(`, γ`−1) and condition (b) holds at (`, γ`).

• Case 2: For some ` ∈ [L], condition (a) holds at (`, γ`)
and condition (b) holds at (`+ 1, γ`).

We can find such an ` in polynomial time by checking the
conditions for each ` ∈ [L+ 1] and γ ∈ {γ`−1, γ`}.

If we encounter Case 1, there exists γ∗ ∈ I` such that
Â(`,γ∗) satisfies both conditions (a) and (b) (Lemma 10).
Therefore, Â(`,γ∗) is EF1 and fPO by Lemma 6. We search
for such a γ∗ by tracking the changes as we continuously in-
crease γ within the interval I`. Since all agents of the same
type share the same q(γ)i , there is a shortest path from the
root r to each node in N ∪M that uses at most four edges
in GA(`) . There are at most O(m2) such paths. The length
of each path is a linear function of γ, so each−q(γ)i and p(γ)j

can be represented as the minimum of O(m2) linear func-
tions in γ. Thus, −q(γ)i and p(γ)j are piecewise linear func-
tions with at mostO(m2) segments. This structure allows us
to efficiently track the changes in the potentials as γ varies,
enabling us to find a suitable γ∗ that satisfies both conditions
(a) and (b) in polynomial time.

If we encounter Case 2, we construct a sequence of allo-
cations by successively exchanging one good from a type-1
agent with one good from a type-2 agent at each step, transi-
tioning from Â(`,γ`) to Â(`+1,γ`). Specifically, at each step,
we select a pair of goods (j1, j2) with j1 assigned to a type-
1 agent and j2 assigned to a type-2 agent, and swap their
assignments. Then, we redistribute the goods among type-1
agents and those among type-2 agents using the round-robin
procedure with respect to the price vector p(γ`). By repeat-
ing such single-good exchanges, we can transform Â(`,γ`)

into Â(`+1,γ`). We will show that during this process, we
reach an allocation that satisfies both conditions (a) and (b),
thus yielding an EF1 and fPO balanced allocation (Lem-
mas 11 and 12).

We now proceed to the proofs. We first show that if Â
satisfies the conditions (a) and (b), then it is EF1.

Lemma 6. Let ` ∈ [L + 1] and γ ∈ I`. If p(γ)(X(`,γ)
n1 ) ≥

p̂(γ)(Y
(`,γ)
1 ), then the envy from a type-1 agent to a type-2

agent can be eliminated by removing one good. Similarly,
if p(γ)(Y (`,γ)

n2 ) ≥ p̂(γ)(X
(`,γ)
1 ), then the envy from a type-2

agent to a type-1 agent can be eliminated by removing one

17072



good. In addition, if both conditions hold, then the allocation
is EF1.

Next, we show that at least one of the conditions (a) or (b)
holds for any ` ∈ [L+ 1] and γ ∈ I`.
Lemma 7. For any ` ∈ [L + 1] and γ ∈ I`, at least one of
p(γ)(X

(`,γ)
n1 ) ≥ p̂(γ)(Y (`,γ)

1 ) or p(γ)(Y (`,γ)
n2 ) ≥ p̂(γ)(X(`,γ)

1 )
holds.

We show that if Â(1,δ) is not EF1, then condition (a) holds
for (`, γ) = (1, δ), and if Â(L+1,1/δ) is not EF1, then con-
dition (b) holds for (`, γ) = (L+ 1, 1/δ).

Lemma 8. If Â(1,δ) is not EF1, then p(δ)(X
(1,δ)
n1 ) ≥

p̂(δ)(Y
(1,δ)
1 ). Also, if Â(L+1,1/δ) is not EF1, then

p(1/δ)(Y
(L+1,1/δ)
n2 ) ≥ p̂(1/δ)(X(L+1,1/δ)

1 ).
We establish the existence of the desired γ∗ in Case 1.

As a preliminary step, we show the continuity of the prices
received by each agent.
Lemma 9. For each ` ∈ [L + 1], i ∈ N1, and i′ ∈
N2, the values p(γ)(X(`,γ)

i ), p̂(γ)(X(`,γ)
i ), p(γ)(Y (`,γ)

i′ ), and
p̂(γ)(Y

(`,γ)
i′ ) are continuous with respect to γ over I`.

Now we can prove the existence of γ∗ in Case 1.
Lemma 10. Take any ` in [L + 1]. Consider the
case where p(γ`−1)(X

(`,γ`−1)
n1 ) ≥ p̂(γ`−1)(Y

(`,γ`−1)
1 ) and

p(γ`)(Y
(`,γ`)
n2 ) ≥ p̂(γ`)(X

(`,γ`)
1 ). Then, there exists γ∗ ∈

I` such that p(γ
∗)(X

(`,γ∗)
n1 ) ≥ p̂(γ

∗)(Y
(`,γ∗)
1 ) and

p(γ
∗)(Y

(`,γ∗)
n2 ) ≥ p̂(γ

∗)(X
(`,γ∗)
1 ). Moreover, such a γ∗ can

be computed in polynomial time.
We next show that, if we encounter Case 2, then we can

find an EF1 and fPO balanced allocation by successively ex-
changing one good from a type-1 agent with one good from
a type-2 agent. Let ` be the index chosen in the algorithm.
Since both A(`) and A(`+1) maximize

∑
i∈N1

u1(Ai) +

γ`
∑
i∈N2

u2(Ai), we have q(γ`)i +p
(γ`)
j = u1j for all i ∈ N1

and j ∈ S(`) ∪ S(`+1), and q(γ`)i + p
(γ`)
j = γ`u2j for all

i ∈ N2 and j ∈ T (`) ∪ T (`+1). We observe that Â obtained
during the process of Case 2 is always fPO.

Lemma 11. Fix ` ∈ [L+ 1] and let (q,p) = (q(γ`),p(γ`)).
Suppose M is partitioned into S and T with S ⊆
S(`) ∪ S(`+1) and T ⊆ T (`) ∪ T (`+1). Let Â =
(X1, . . . , Xn1

, Y1, . . . , Yn2
) be the balanced allocation ob-

tained by the round-robin procedure with respect to p, as-
signing goods in S to type-1 agents and goods in T to type-2
agents. Then, Â is fPO.

Next, we show that if Â does not satisfy condition (b) at
some step, then Â at the next step satisfies condition (a).
Lemma 12. Let (S, T ) be a partition of M and p ∈ RN+ .
Let Â = (X1, . . . , Xn1 , Y1, . . . , Yn2) be the balanced allo-
cation obtained by the round-robin procedure with respect to
p, assigning goods in S to type-1 agents and goods in T to
type-2 agents. Suppose j1 ∈ S and j2 ∈ T , and consider the
new partition (S′, T ′) = (S \{j1}∪{j2}, T \{j2}∪{j1}),

and let Â′ = (X ′1, . . . , X
′
n1
, Y ′1 , . . . , Y

′
n2
) be the balanced

allocation obtained by round-robin with respect to (S′, T ′)
and p. Then, if p(Yn2

) < p̂(X1), we have p(X ′n1
) ≥ p̂(Y ′1).

This lemma implies that if we encounter Case 2, we can
find an EF1 and fPO balanced allocation by successively ex-
changing goods between type-1 and type-2 agents until con-
ditions (a) and (b) are satisfied. This is because Â = Â(`,γ`)

at the first step satisfies condition (a), and at the end we will
have Â = Â(`+1,γ`) and it satisfies condition (b). If an allo-
cation satisfies both conditions (a) and (b), then it is EF1 by
Lemma 6.

Now, we are ready to prove Theorem 4.

Proof of Theorem 4. If Â(`,γ) is EF1 for some ` ∈ [L + 1]
and γ ∈ {γ`−1, γ`}, then the algorithm returns it as an EF1
and fPO balanced allocation. Otherwise, the algorithm finds
an EF1 and fPO balanced allocation via Case 1 or Case 2,
depending on which situation occurs. For Case 1, it finds
γ∗ ∈ I` such that Â(`,γ∗) satisfies both conditions (a) and
(b), and returns it as an EF1 and fPO balanced allocation
by Lemma 10. For Case 2, it finds an EF1 and fPO balanced
allocation by Lemma 11 and Lemma 12. Thus, the algorithm
always finds an EF1 and fPO balanced allocation.

For each ` ∈ [L + 1], the allocation A(`) can be com-
puted in polynomial time by the Hungarian algorithm. For
each ` ∈ [L + 1] and γ ∈ I`, we can compute the poten-
tial (q(γ),p(γ)) in polynomial time by the Bellman–Ford
algorithm by Lemma 1. We can then compute the alloca-
tion Â(`,γ) in polynomial time since the round-robin redis-
tribution of goods takes O(m) time. Since L = O(m2)
and the critical values can be computed in O(m2) time, we
can check whether Â(`,γ) is EF1 for each ` ∈ [L + 1] and
γ ∈ {γ`−1, γ`} in polynomial time. For Case 1, we can find
a desired γ in polynomial time by Lemma 10. Hence, the
total time complexity for Case 1 is polynomial. For Case 2,
we can find an EF1 and fPO balanced allocation in poly-
nomial time since we only need to perform a sequence of
single-good exchanges, and the number of such exchanges
is at most O(m).

Conclusion
In this paper, we addressed the problem of finding a fair
and efficient allocation of indivisible goods under the bal-
anced constraint, where each agent receives the same num-
ber of goods. Our main contribution is to affirmatively re-
solve the existence and polynomial-time computability of
allocations that are simultaneously EF1 and fPO in two im-
portant cases: when agents have personalized bivalued val-
uations and when there are at most two types of agents. We
developed novel polynomial-time algorithms for both sce-
narios, leveraging techniques from maximum-weight perfect
matching.

A natural next step is to extend our results beyond two
types of agents to the general case of three or more types,
but this becomes much more complex.
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