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Abstract

House allocations concern with matchings involving one-
sided preferences, where houses serve as a proxy encod-
ing valuable indivisible resources (e.g. organs, course seats,
subsidized public housing units) to be allocated among the
agents. Every agent must receive exactly one resource. We
study algorithmic approaches towards ensuring fairness in
such settings. Minimizing the number of envious agents is
known to be computationally hard. We present two tractable
approaches to deal with the hardness. When the agents are
presented with an initial allocation of houses, we aim to refine
this allocation by reallocating a bounded number of houses to
reduce the number of envious agents. We show an efficient
algorithm when the agents express preference for a bounded
number of houses and houses are accepted by a bounded
number of agents. Next, we consider single peaked preference
domain and present a polynomial time algorithm for finding
an allocation that minimize the number of envious agents. We
further extend it to satisfy Pareto efficiency. Our former algo-
rithm works for other measures of envy such as total envy,
or maximum envy, with suitable modifications. Finally, we
present an empirical analysis recording the fairness-welfare
trade-off of our algorithms.

Code — https://github.com/anonymous1203/FairSocieties

1 Introduction

The problem of house allocation comprises of a set H of m
houses to be allocated to a set N of n agents with prefer-
ences (cardinal utilities or rankings) such that every agent
gets exactly one house. Such one-sided matching problems
appear in a wide range of domains, from economic hous-
ing markets (Shapley and Scarf 1974) and logistical tasks
such as dormitory or course-seat allocations among students
(Budish 2011) to critical healthcare domains like allocating
donor kidneys among patients (Caragiannis, Filos-Ratsikas,
and Procaccia 2015). The rapid integration of automated
decision-making processes has made the question of fairness
in one-sided matching problems more relevant than ever.

The gold standard of fairness is envy-freeness, where no
agent envies the houses allocated to any other agent. In
particular, they prefer their allocated house more than any
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other allocated house. Gan, Suksompong, and Voudouris
(2019) demonstrated that if such an envy-free allocation
exists, it can be computed efficiently. However, such allo-
cations may not even exist, making it imperative to mini-
mize the unavoidable envy. A few objectives of interest that
are studied in the literature (see Aigner-Horev and Segal-
Halevi (2021); Kamiyama, Manurangsi, and Suksompong
(2021); Madathil, Misra, and Sethia (2025)) are as follows:
minimizing the sum of envy experienced by all the agents
(TotalEnvy), the number of envious agents (Envy), and the
maximum envy experienced by any agent (MaxEnvy). Inter-
estingly, the latter two are known to be NP-hard! to com-
pute even for binary valuations (Kamiyama, Manurangsi,
and Suksompong 2021) and for weak ordinal preferences
(Madathil, Misra, and Sethia 2025), while the complexity of
the former is not known in general.

1.1 Our Contributions

In this work, we focus on minimizing the number of envious
agents (Envy). The computational question of minimizing
the number of envious agents is notoriously hard. It is hard
to approximate to within a factor of n' =7 for any constant
v > 0 where n is the number of agents (Kamiyama, Manu-
rangsi, and Suksompong 2021), and the exact computation
is W[1]-hard with respect to the minimum number of en-
vious agents, even for binary preferences of length three or
ordinal preferences (Madathil, Misra, and Sethia 2025). To-
wards tractability, we ask: “given an allocation, is it possible
to modify it in order to move closer to a fair allocation min-
imizing Envy?” Hosseini, Kumar, and Roy (2024) proposed
to focus on finding fair solutions within the space of all effi-
cient solutions; these are primarily tractable, however, they
can be far from optimal fair solutions. To reach closer to an
optimal allocation, we propose an approach that focuses on
refining a given allocation via reallocating houses to achieve
fairness, by sequentially expanding the search space. The
benefits are (i) to the best of our knowledge, it is the first
tractable approach in the general setting (ii) it allows control
over how much reallocation is required or desirable.

Fixed Parameter Tractability. Given an allocation, we
propose a generic refinement framework via reallocations
that enables computation of fairer allocations. To this end,

'TIf m < n, the problems are easy (Hosseini et al. 2024).



we design a fixed-parameter tractable (FPT)?* algorithm for
the following decision problem: given an allocation A and
non-negative integers k and g, can A be refined to an allo-
cation A such that Envy reduces by at least & with at most
q reallocations (Theorem 1). The parameter is g + d, where
d is the maximum degree of any vertex in the associated
preference graph. It is relevant to note that our framework
is measure-oblivious, and works for any measure of envy —
Envy, TotalEnvy or MaxEnvy (Theorem 2).

In a housing market with a large number of houses (i.e., m
is large), it is likely that d is small as it is infeasible for an
agent to express its preference over all the houses. Agents’
approvals of houses are also restricted by locations. A house
in upstate wouldn’t be approved by all those who want to live
in Manhattan, while a house in Manhattan won’t be liked
by someone looking for a peaceful, cheaper, and bigger res-
idence. Additionally, certain markets, such as Singapore’s
Housing Development Board, also impose quota constraints,
wherein each housing project must hold a certain percentage
of every major ethnic group (Benabbou et al. 2018, 2020).
Consequently, a Chinese applicant may rank a flat in an
87% Chinese neighborhood lower, recognizing that the eth-
nic quota renders her ineligible for it. Also, implementing a
large number of reallocations can be practically challenging,
thereby, justifying the choice of our parameters.

Polynomial Time Algorithms. Given that minimizing
Envy is hard even for weak ordinal rankings, in search
for tractability, we explore single-peaked and single-dipped
preferences. These constitute an important preference do-
main in decision-making problems, which not only model
many real-world settings including house allocations and
matching markets (Bade 2019; Beynier et al. 2021; Tamura
2023) but also serve as a tractable realm for many hard prob-
lems, albeit not always (Faliszewski et al. 2009). In many
cases agents’ housing preferences are influenced by avail-
ability of facilities. For example, elderly individuals may
prioritize houses near a hospital, while couples with children
might prefer houses closer to a school. The value they assign
to a house decreases as its distance from their preferred lo-
cation increases, producing single peaked preferences. We
show that for single-peaked/dipped preferences, an alloca-
tion with minimum Envy can be found in polynomial time
(Theorems 3 and 4). Focusing on efficiency, we observe that,
although, a Pareto optimal (PO) allocation may not be com-
patible with minimizing Envy, we can decide the existence
in polynomial time. We also present structural properties for
single-peaked and single-dipped preferences.

Experiments. Our empirical analysis is done on synthetic
data with cardinal preferences. It shows the effects of real-
locations on welfare loss and Envy, and how quickly we can
converge (based on the values of ¢) to an optimal alloca-
tion given various initial allocations with welfare guarantees
such as Nash (geometric mean of agents’ utilities) or egal-
itarian (minimum utility of any agent) welfare. We average

2An FPT algorithm with respect to a parameter £ runs in time
F) (n+m)°® for a computable function f.

17051

over 100 instances with 6 agents and 11 houses and record
(i) the loss in welfare and (ii) the decrease in Envy as we in-
crement the number of reallocations ¢ from 1 to n. We also
implement our algorithms for single-peaked/dipped prefer-
ences and observe that the welfare loss due to minimizing
Envy is insignificant when cardinal preferences conform to
these structures.

1.2 Additional Related Work

House allocations have been studied since early 1970s with
various models: existing tenants (Shapley and Scarf 1974),
and new applicants (Hylland and Zeckhauser 1979; Ab-
dulkadiroglu and S6nmez 1999). The concept of fairness in
house allocations is more recent and was first explored by
Beynier et al. (2019); Kamiyama, Manurangsi, and Suksom-
pong (2021); Madathil, Misra, and Sethia (2025); Hosseini,
Kumar, and Roy (2024). Aigner-Horev and Segal-Halevi
(2021) looked into a relaxed variant where each agent re-
ceives at most one house and developed an efficient algo-
rithm to find an envy-free matching of maximum cardinality
under binary utilities. Shende and Purohit (2020) examined
the interplay between envy-freeness and strategy-proofness.
Minimization of various envy measures across all edges in
an underlying graph on agents has also been looked at (Hos-
seini et al. 2023, 2024; Dey et al. 2025). Choo et al. (2024)
discussed envy-free house allocations in relation to subsi-
dies. Adjusting a given allocation for achieving fairness was
studied by He et al. (2019); Friedman, Psomas, and Vardi
(2015, 2017) for online fair division settings. Single-peaked
preferences were first formalized by Black (1948). A signif-
icant literature in social choice has also focused on charac-
terizing single-peaked preferences (Ballester and Haeringer
2011; Elkind, Faliszewski, and Skowron 2020; Puppe 2018)
and they have been studied for domains like voting and elec-
torates (Conitzer 2007; Faliszewski et al. 2009; Sprumont
1991) among others. For more details, we refer the reader to
the survey of preference restrictions in social choice (Elkind,
Lackner, and Peters 2022).

2 Preliminaries

We denote the set of integers {1, ...,¢} by [¢]. An instance
of the house allocation problem with ordinal preferences is
given by Z = (N, H, ), where N is a set of n agents, H
is a set of m houses, and == {>; |[i € N} is the ranking
profile with >; being the ranking of agent ¢ over (possibly,
a subset of ) houses H. We assume m > n. Weuse h >=; h'
to denote agent ¢ prefers houses h and i’ equally, otherwise
weuse h = h'.

Allocations. An allocation A : N — H is an injective
mapping from the set NV of agents to the set H of houses
where each agent gets exactly one house. The house allo-
cated to agent ¢ under the allocation A is denoted by A(7).
For two allocations A and A’, we use AAA’ to denote their
symmetric difference.

Fairness. Given an allocation A, we say that agent i
envies agent j if ¢ ranks j’s house better than its own
house, i.e., A(j) =; A(i). The pairwise envy is defined as



envy, ;(A) := I[A(j) =i A(i)] where I denotes the indica-
tor function which is one if the condition is satisfied and zero
otherwise. The amount of envy experienced by 7 is given
by envy;(A) := 3., envy; ;(A). An allocation A is envy-
free (EF) if for every agent i € N we have envy,;(A) = 0.
Given an allocation A, we denote by £(A) the set of all en-
vious agents. That is, £(4) = {i € Nlenvy;(4) > 0}.
We consider the problem of minimizing the number of envi-
ous agents (Envy) in an allocation A. Formally, Envy(A) :=
|E(A)]|. The total envy of an allocation A is defined as the
sum of the amount of envy experienced by all the agents:
TotalEnvy(A) = 3 g4y envy;(A). Likewise, the maxi-
mum envy of an allocation A is the maximum envy experi-
enced by any agent: MaxEnvy(A) := max;cg () envy;(A).

Efficiency. An allocation A is said to be Pareto dominated
by another allocation A’ if at least one agent gets a strictly
better house and no agent gets worse-off under A’. A Pareto
optimal allocation is not Pareto dominated by any alloca-
tion. All the missing proofs are deferred to the full version
(Hosseini, Roy, and Sethia 2025).

3 Refining Fairness: A Parameterized
Algorithm

Kamiyama, Manurangsi, and Suksompong (2021) showed
that we cannot design a polynomial time algorithm to find
a minimum Envy allocation for binary preferences, unless
P = NP. Furthermore, it cannot have an FPT algorithm with
respect to the number of envious agents k even for weak or-
dinal preferences, (Madathil, Misra, and Sethia 2025). We
design a FPT algorithm that, given an initial allocation A,
computes the “best” allocation that is at most g reallocations
away from A, parameterized by ¢ and the degree of the pref-
erence graph. We first state the main result of this section.

Theorem 1. Given an instance T = (N, H,>) of house
allocation, a complete allocation fl and two positive inte-
gers k and q, deciding if there is an allocation A such that
Envy(4) < Envy(A) — k and |A A A| < q admits an
algorithm that runs in time O*(3%9tY)) (randomized) or
O*(824102(34(d+1)) (deterministic), where d is the maximum
degree of any vertex in the associated preference graph G.

Intuition and Challenges. Our algorithm starts with an
allocation A. To find an allocation with reduced Envy from
an initial allocation, arguably, the most employed technique
is to iteratively eliminate envy cycles. An envy cycle is a
directed cycle of agents where each agent envies its out-
neighbor. To eliminate a cycle, each agent gives her house
to the previous agent (who envies her) on the cycle. Envy
can be further reduced by unallocating some houses and re-
allocating their occupants to currently unallocated houses.
These reallocations can be systematically done using A-
alternating paths. An A—alternating path starts at an unal-
located house, continues with a sequence of allocated agent-
house pairs, and ends at an allocated house. Thus, chang-
ing the allocation along an alternating path unallocates one
house and reallocates all the agents on the path. In order to
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make an envious agent envy-free, we may need to unallo-
cate multiple houses simultaneously (see Example 1). The
challenge is to identify the paths and the subset of houses to
be allocated (a minimal improvement set as in Definition 2).
If we need to identify multiple paths that reallocate some
q € [n] agents on the paths, a brute-force algorithm takes
time m®(@ to find the agents and another O(¢?) to identify
the houses on the paths, where d is the maximum number
of houses in an agent’s preference list. We design an algo-
rithm that finds the minimum Envy that can be achieved by at
most ¢ reallocations from /1, and runs in time 39049 which
is significantly better when m is large (note m > n, more
discussion deferred to the full version). If a few agents re-
quire reallocation in A, then we can converge to an optimal
allocation faster (for small q).

Notations. The preference graph G is the bipartite graph
between agents and houses, i.e., G = (N U H, E) where
E = {(i,h) : agentiranks house h}. Let A be an alloca-
tion. Then A is a matching in G. An A-alternating path P
is a path in G whose edges alternate between allocated and
non-allocated edges. We call it an A-alternating cycle if it
starts and ends at the same vertex. Then, for an A-alternating
path/cycle P, we define A @ P as the allocation obtained
from A by removing the edges that appear in both A and
P, and adding the edges in P that do not appear in A. If
X = {Py,...Ps}is acollection of s alternating paths and
cycles,then A® X = Ap P, @ ... D P;. Suppose that X
induces a component C' in G. Then, we slightly abuse the no-
tation to write A @ C instead of A ® X. On the other hand,
given two allocations A and A, the symmetric difference,
denoted by A A A is a set of A-alternating path(s) and cy-
cle(s) in G (that are also A-alternating path(s) and cycle(s),
respectively in ). See Example 1.

Example 1. Consider the following instance with 5 agents
and 8 houses. The allocation A = {(i,,h,)|z € [5]}

is a complete allocation. Note that Envy(A) = 5. There
are no envy cycles. Three A-alternating paths are Py
hs,i1, hi,i2, he), Po = (hz,i3,h3,i4,ha), and Py =
he,is5, hs). Furthermore, for each P,, z € [3], it holds
that Envy(A @ P,) = Envy(A4)

A 5. Let A Ao
P, @ Py ® Ps. Then, AANA = {Pl,PQ,Pg}, and A =

{(il, hg%, (ig, hl), (2.37 h7)7 (i4, hg), (i5, hg)} Surprisingly,
Envy(A4) = 0.
i1 ths = he = ha = hs =
ig:h5th4>h2>h1>h8
i3:h5th2>h4>h7>h3
i4 :hs > ha > ha > hs = hr
i5 tha > ha > hs > he = h1

Therefore, we conclude that
3

Envy(A) < Envy(4) + Z Envy-drop(4, P;).
i=1
where Envy-drop(A, P;) = Envy(A) — Envy(A & P;) de-
notes the decrease in number of envious agents in A @ P;
compared to A.



Algorithm 1: Reduce Envy by k with at most ¢ reallocations

Input: (N, H,>), an allocation A, k, ¢ € Z>
Output: An allocation A with Envy(4) = Envy(4) — k
and |[A A Al < q.
1: Construct a bipartite graph G = (N U H, E) where
(i,h) € Eifiranks hfori € Nand h € H.
2: Let x be a coloring of the vertices and edges of G with
three colors red, green, and blue uniformly at random.

3: Let Egp = {e € E|x(e) = blue}, and C be the con-
nected components of G — E'g.
for C € Cdo
if C' is not feasible, then delete C'
end for
for C € Cdo

ro = Envy(A) — Envy(A @ C)
ne = number of agents in C'
end for
Using knapsack algorithm find a subset X of C such that
YcexTc > kand ) oy no <q
creturn A= A® X

—_— =
YRk

—_
[\

Overview of Algorithm 1. Our algorithm works in two
phases. In the first phase, we identify a class C of subsets
of A-alternating paths and cycles (via randomized coloring
or universal set family) such that we can reach the desired
allocation using some subsets from C. In the second phase,
we begin by deleting the components in C that are not fea-
sible (Definition 3). Then, we identify minimal improvement
sets, (Definition 2) of C such that the number of envious
agents decreases by k and no more than ¢ agents’ alloca-
tions are changed. Towards this, let C' € C be a feasible
component. Then, C' contains a set of A-alternating paths
and cycles. We denote the decrease in the number of envi-
ous agents Envy(A) — Envy(A @ C) as r¢. Note that r¢
can be negative if the number of envious agents in AeC
is more than that of A. Additionally, nc denotes the number
of reallocated agents in AacC. Finally, we solve a knapsack
on C using r¢ as profit and n¢ as cost to obtain a desired
allocation. We begin with some definitions.

Definition 1 (Dependent Set). Let Abea complete alloca-
tion. A subset T = {T1, Ty, ... T;} of A-alternating paths/-
cycles is said to be dependent ifEnvy(A O ®...0T,) #
Envy(A) = > ey (Envy(A) — Envy(A & T7)).

Definition 2 (Minimal Improvement Set). Let T' be a set
of pairwise disjoint A-alternating paths/cycles. A subset

S C T is an improvement set for A if there exists a posi-
tive integer k such that for each subset S C T\ S and some
integer k', it holds that (i) Envy(A® S) = Envy(A) —k, (ii)
Envy(A®S’) = Envy(A)—k/, and (iii) Envy (A S®S') =
Envy(A) — (k+k'). Further, subset S C T is a minimal im-
provement set if no subset of S'is an improvement set.

In Example 1, set { P, P>, P5} is the only improvement set

and thus it is minimal. In Observation 1-Lemma 4, we prove
properties of a minimal improvement set that will be helpful
in our proof. Observation 1 follows from the definition.

Observation 1. Let S be a minimal improvement set for
A. Then, every path/cycle in S is dependent on at least one
other path/cycle in S.

We show that if Envy(A) is not minimum, then an improve-
ment set exists for the allocation A.

Lemma 1. Letr A and A be two allocations. Then,
Envy(A) — k = Envy(A) for some k > 0 if and only if
S is an improvement set, where S is the set of alternating
paths and cycles in A A A.

Next, we prove some properties of an improvement set re-
lating it to the preference graph G.

Lemma 2. For any minimal improvement set S for an allo-
cation A, the graph G[V (S)] is connected.’

Separation of Paths / Cycles. A coloring x : V(G) U
E(G) — {red, green,blue} is a good coloring if the fol-
lowing events hold true.

1. Each agent i, house h, and the edge (i, h) that appears

in a path or cycle in A A A is colored red. That is, if
(i,h) isin T, it is colored red. We have, x (i) = x(h) =
x(i,h) =redVi,h,(i,h) € E(T).

2. Let S be a minimal improvement set. Then each edge
(i, h) in G incident to two vertices of S such that (i, h) ¢
T is colored green. That is, x(i,h) = green V (i,h) ¢
T,ieS hes.

3. Let S be a minimal improvement set. Each edge (i, h)
in G where either agent ¢ or house % is in S but not
both ¢ and h are in .S, is colored blue. That is, x(i,h) =
blueVi e S,h ¢ Sori¢ S,h e S. The edgesin G
that is colored blue is denoted by E'p.

Lemma 3. Given a coloring X, the probability that X is a
good coloring is at least 3~39(4+1),

Thus, we get a good coloring with high probability if we
repeat the above algorithm 337(4+1) times.

Definition 3 (Feasible Components). We say that a com-
ponent C' € C is not feasible if any of the following holds
true. (1) There exists a green or blue vertex in C. (2) The
graph induced by the red vertices and edges in C' is not a
disjoint union of A-alternating paths/cycles. (3) There exists
an edge in G between two vertices of C' that is colored blue.
(4) component C' is dependent, that is, there exists another
component C' € C such that Envy(A® C) —Envy(A) = ky,
Envy(A & C) — Envy(A) = kg, and Envy(A & C @ C') —

Envy(A) < k1 + ko. A component C is feasible otherwise.

Equipped with the definitions of good coloring and feasi-
ble component, we finally prove that each minimal improve-

ment set in A A A is a feasible connected component in C.

3GV (S)] is the preference graph on V (S) (vertices of S).



Lemma 4. Let S be any minimal improvement set in A A A.
Then, in a good coloring, the graph G[V (S)] is a single
component in C. Moreover, it is a feasible component.

We are now ready to argue the correctness of Theorem 1.

Proof Sketch of Theorem 1. Suppose that we have a good
coloring x for the graph G. Then, Lemma 4 ensures that
every minimal improvement set is a connected and feasible
component in C. We show that once we have the feasible
components in C, we need to choose a collection C’ C C of
components such that ) ..o re > kand Yoo ne < g
Note that this is exactly the classical knapsack problem with
q as the maximum admissible weight and & as the minimum
required profit. In particular, the input to the knapsack prob-
lemis (C,71,72,...,7|¢c[, N1, N2, - . . N¢|, ¢, k) and goal is to
decide if there is a subset X C C such that ZCG xnc < q
and ).y 7c > k. We defer the proof of equivalence to the
full version. The knapsack problem can be solved in time
O(|Clg) = O(nq) (Kellerer, Pferschy, and Pisinger 2004).
For the randomized algorithm, a good coloring is obtained
with high probability by repeating the step 337(¢*+1) times.
Thus, total time taken is O((n + m)? - 3%4(4+1) A deran-
domization of Algorithm 1 and its run time analysis is pre-
sented in the full version. O

‘We now show that Algorithm 1 is oblivious to the measure of
envy under consideration. It can be suitably adapted for total
envy or maximum envy of an allocation. In fact, it works for
“cardinal preferences” as well by only modifying Line 1 of
Algorithm 1 to define the edge set of preference graph G as
follows: (i, h) € E if agent ¢ has a non-zero, positive value
for house i fori € N and h € H.

Theorem 2. Given an instance T = (N, H,V') of house

allocation, a complete allocation A, and two positive inte-
gers k and q, deciding if there is an allocation A such that

TotalEnvy(A) < TotalEnvy(A) — k (or MaxEnvy(A4) <
MaxEnvy(A) — k) and |A A A| < q admits a fixed-
parameter tractable algorithm parameterized by q and d,
where d is the maximum degree of any vertex in the associ-
ated preference graph G.

4 Restricted Domain: Efficient Algorithms

In this section, we present efficient algorithms for minimiz-
ing Envy when the rankings over H are complete, strict, and
single-peaked/dipped. We first present the definitions. We
say h is a peak house for agent ¢, denoted as peak(i) if h is
the first-ranked house for i. That is, h =; h’ for each b’ # h.

Definition 4 (Single-Peaked Preferences). A preference
ranking >; is single-peaked with respect to an ordering >
of houses H if for every pair of houses h,h/ € H, we have
that if h > h' > peak(i) or peak(i) > h' > h, then I/ =; h.
A preference profile > is single-peaked if there exists an or-
dering 1> over H such that »; is single-peaked with respect
to > for every agent i € N (see Figure 1).
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Intuitively, in single-peaked preferences, as an agent moves
away from his favorite house peak (i) in the ordering > in
any direction, left or right, the houses become less preferable
for her. Likewise, under single-dipped preferences, there is
an ordering > on the houses such that for any agent 7, there is
a least preferred house h, called a dip(), and she prefers the
houses better as she moves away from h in either direction
with respect to the ordering >. Formally,

Definition 5 (Single-Dipped Preferences). A preference
ranking >; is single-dipped with respect to an ordering >
of houses H if for every pair of houses h,h' € H, h 1> h' >
dip(i) or h > h' ©> dip(i), implies h <; h'. A preference
profile — is single-dipped if there exists an ordering > over
H such that >; is single-dipped with respect to > for every
1€ N.

We now state the main result of this section, and set the no-
tations that will be helpful in the proof.

Theorem 3. Given a single-peaked instance T = (N, H, -
,I>), minimizing the number of envious agents admits a poly-
nomial time algorithm with run time O(|H |?).

Notations. For a house &, we denote the set of agents who
prefer it to all other houses as base(h). That is, base(h) =
{i€e N|h>; hforallh/ #h} ={i € N | h = peak(i)}.
Suppose that the set of rankings > are single-peaked with
respect to the ordering > over the houses (h1 > hs >

. > hy,). The interval [h;, h;) denotes the set of houses
h; > ... > hj_1. We say that a house h is a shared peak
if it is the most preferred house of more than one agent, that
is, |base(h)| > 1. Otherwise, if base(h) = 1, we say it is
an individual peak. We say that a house h is non-wastefully
allocated if it is allocated to an agent in base(h), otherwise
it is allocated wastefully. We define the span of a peak house
h, denoted by span(h), as the set of houses that are identi-
cally ranked by all the agents in base(h), starting from their
first ranked house. If a house & is an individual peak, then
we say span(h) = 0.

Example 2. Consider the instance in Figure 1 with four
agents and the following rankings.

ha = h1 = hs > ha = hs = he = hr
ha > hs > he > hg > ha > h1 > hr
ha = hs > he >= hs = h7 = ha > h;
ha > hs = he = h7 > hs > ha > h

11 :
79 ¢
13 :
T4

It is a single-peaked instance with respect to the order-
ing > = hi > ho > hg > hy > hs > hg > h7. The
house hy is a shared peak, and hsy is an individual peak.
Notice that peak(i1) = ho and peak(iz) = peak(iz) =
peak(iy) = hy. Consequently, base(hy) = {i2,i3,14}. Note
that |span(hs)| = |[{ha,hs,he}| = 3, as these are the
top houses identically ranked by all the agents in base(hy).
Also, |span(hy)| = 0. An important and helpful observa-
tion is the following. If at least two agents from {is, 13,14}
were to be envy-free in any allocation, then not only the
peak house hy would have to remain unallocated, but all the
houses in span(hy) must also remain unallocated under any
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complete allocation. The allocation of ha, hs, hy, and h7 to
the four agents, respectively, is the one minimizing Envy with
exactly one envious agent, namely, 3.

We now present a series of structural results. If a shared peak
h is assigned to one agent, it leads to envy among the other
agents, with at least |base(h)| — 1 envious agents. On the
other hand, we show by the following claim that even if & is
not assigned, at least |base(h)| — 2 agents are bound to be
envious under any allocation.

Lemma 5. Let h be a shared peak. Then, at most 2 agents
from the set base(h) can be envy-free under any allocation.

Proof. Consider an allocation A. If the house h is allocated
wastefully, then all the base(h) agents are envious, no mat-
ter which house they receive in A. If h is allocated non-
wastefully to an agent, say ¢, then ¢ is always envy-free in
any completion of this allocation, as she receives her first-
ranked house. But, all other |base(h)| — 1 agents are envious
of 4. If house h is not allocated in A, then we prove at most
two agents in base(h) are envy-free. Let a single-peaked
axis for the preferences be denoted by >= h; > -+ > hpy,.
Consider three agents 41, i2, and i3 from base(h). Then, at
least 2 of these agents are allocated to houses from the inter-
val either [hq, h) or (h, hy,] on the axis >. WLOG, we as-
sume that A(i1) = h; and A(iz) = hy such that {h;, h;} €
[h1,h) and | < j. Then, since h is a peak for both ¢; and is,
by the structure of the rankings, it holds that both agents ¢;
and i, have the (partial) ranking hy < h; < h; < h. Then,
agent i envies i;. Thus, at most one envy-free agent can
be assigned to each interval [hy, h) and (h, h,,]. Therefore,
at most two agents can be envy-free from the set base(h).
Furthermore, the houses allocated to the two agents lies on
either side of A in a single peaked axis. O

We now proceed to show another interesting structural claim
that helps us to allocate the individual peaks non-wastefully.

Lemma 6. There exists an allocation with the minimum
number of envious agents where all individual peaks are al-
located, and they are allocated non-wastefully.

Algorithm 2: Minimize Envy for Single-Peaked Preferences

Input: (N, H, ) and a single-peak axis >
Output: Allocation A that minimizes Envy
Base cases:
1: for h € py do A(base(h)) = h
2: end for
3: for hj, by s.t. hj € span(h;) and h; € span(h;) do
A(t) = hy, A(i") = hy s.t. i € base(h;), V" € base(hy)
4: end for
5: for hj, hy s.t. hj € span(h;) but hy ¢ span(h;) do
A(i) = hy for some i € base(h;)
6: end for
Greedy resolve:
7: S < Set of remaining unallocated shared peaks.
8: Order the houses in S as h =< A’ if |span(h)| <
|span(h’)| Say, {h,,h.,,... D} is the ordering.
9: for j € [S] do m',n' = number of unallocated houses
& agents under A
10 if m' — |span(h.;)| > n’ then Resolve h., & U «+
span(h.,)

11: else Allocate {h,, h-, 41, ... h.g} non-wastefully.
12: end if
13: end for

14: Each remaining agent, in a fixed order, chooses its fa-
vorite house among the remaining houses, except U.
15: Output A.

Let the number of individual and shared peaks be p; and pg
respectively. Then any allocation can have at least p; + pg
envy-free agents, just by allocating the peaks non-wastefully
and completing the allocation in an arbitrary manner. More-
over, by Lemma 5, no allocation can have more than p; + 2 -
pgs envy-free agents. This establishes the following result.

Lemma 7. Let |EF(A*)| be the number of envy-free
agents under any optimal allocation A*. Then, p; + ps <
|EF(A*)| <pr+2-ps.

The following is a generalization of Lemma 5.

Lemma 8. Let {h1, ha,...hy} be the set of k shared peaks
such that span(h;) N span(h;) # O for any j,l € [k].
Then at least k and at most k + 1 agents from the set
Uje[k] base(h;) are envy-free under any optimal allocation.

A shared peak h is said to be resolved under an alloca-
tion A if span(h) remains unallocated and as a result ex-
actly two agents from the set base(h) become envy-free un-
der A, specifically, the agents from base(h) who get their
span(h) + 1 ranked house (Lemma 5).

Overview of Algorithm 2. In the light of Lemma 6, we
first allocate all the individual peaks non-wastefully. For a
pair of shared peaks h; and h; such that h; € span(h;) and
h; € span(h;), we allocate h; and h; non-wastefully. Oth-
erwise if h; € span(h;) but by ¢ span(h;), then in the light
of Lemma 8, at most 3 agents from base(h;) Ubase(h;) can
be envy-free, and to that end, we allocate h; non-wastefully.
Now what remains are the shared peaks, possibly with over-
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Figure 2: Welfare loss incurred starting from a Nash (blue) and Egalitarian (green) welfare-maximizing allocation and perform-

ing at most ¢ reallocations, where 1 < g < n.

lapping spans. We resolve these remaining peaks in a greedy
manner, by choosing a peak with the minimum span size in
each step. In each step, we resolve a peak and set some unas-
signed houses as unavailable. We resolve the peaks as long
as the number of unallocated agents is less than the number
of available unallocated houses. Finally, we complete the al-
location by letting the remaining unallocated agents choose
an available unallocated house, one by one.

Proof Idea of Theorem 3. Let EF(A) denote the set of
envy-free agents in an allocation A. Let A be the output
of Algorithm 2 and A* be an optimal allocation. Clearly,
|[EF(A*)| > |EF(A)|. To prove the correctness of Algo-
rithm 2, we show that |[EF(A*)| = |EF(A)|. To this end,
we show that |[EF(A*)\ EF(A)| = |EF(A)\ EF(A*)| by
a case analysis. O

Theorem 4. Given a single-dipped instance T = (N, H, -
, ) of house allocation, minimizing the number of envious
agents admits a linear time algorithm with runtime O(m).

The proof depends on a structural claim that at most 2 agents
can be envy-free under any allocation. It is relevant to note
that, unlike Algorithm 1, Algorithm 2 does not extend to
other envy measures like TotalEnvy. This is because the
structural claim of Lemma 5 is specific to Envy.

5 Experiments

We experimentally evaluated our algorithms with synthetic
house allocation instances. We construct instances with n =
6 agents and 6 < m < 11 houses. Every agent values a
house between an integer between 0 and 10 chosen uni-
formly at random. The results are averaged over 100 in-
stances for each (n,m) pair. For each instance, our algo-
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rithm (Algorithm 1) is initialized with a welfare-maximizing
allocation. We compare the welfare of the allocations ob-
tained as the numbers of reallocations aimed at minimizing
Envy increases 1 < ¢ < n. Figure 2 shows that the welfare
loss as we increase the number of reallocations starting from
a Nash and an Egalitarian welfare-maximizing allocation.
We also show (deferred to the full version) the reduction in
Envy as we increase the number of reallocations. These plots
suggest that welfare loss and the drop in Envy starts flatten-
ing after 3 reallocations. That is, a small number of reallo-
cations, specifically around 3, are sufficient to significantly
reduce envy while maintaining high welfare. Thus, starting
from a welfare-maximizing allocation, just a few targeted
changes can move the system close to a minimum envy state
without substantial sacrifice in welfare. We defer additional
experiments to the full version.

6 Conclusion

We present a general framework that enables tractable com-
putations for finding fairer solutions in house allocations.
Given the known hardness and inapproximability of mini-
mizing envy in this context, unless P=NP, we cannot get a
tractable algorithm parameterized by maximum envy k and
d, even for binary preferences, making a framework like ours
essential to achieve any tractability. The properties that are
necessary for our algorithm are: the connectivity of minimal
improvement sets, and being able to compute the decrease
in envy (r¢) due to an improvement set. Thus, the algorithm
may extend for weighted envy (Dai et al. 2024) but would
not directly work for concepts like local envy (Hosseini et al.
2023; Beynier et al. 2019) where the envy depends on fac-
tors other than the structure of the preferences. Extending
our algorithms for single-peaked preferences with ties and
other envy measures is an interesting direction.
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