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Abstract

This paper examines the impact of perturbations on best-
response-based algorithms that approximate Nash equilibria
in zero-sum games, specifically Double Oracle and Fictitious
Play. More precisely, we assume that the oracle computing
the best responses perturbs the utilities before selecting the
best response. We show that using such an oracle reduces
the number of iterations for both algorithms. For some cases,
suitable perturbations ensure the expected number of itera-
tions is logarithmic. Although the utility perturbation is com-
putationally demanding as it requires iterating through all
pure strategies, we demonstrate that one can efficiently per-
turb the utilities in games where pure strategies have further
inner structure.

Code —
https://github.com/geoborek/perturbing-best-responses
Extended version — https://arxiv.org/abs/2511.12523

Introduction

Computing Nash equilibria (NE) in two-player zero-sum
games with huge strategy spaces is a computationally de-
manding problem. Among algorithms approximating NE in
such games, a substantial role is played by those based on
best-response oracles (BROs) due to their ability to consider
only a subspace of the strategy spaces. Prominent exam-
ples of such algorithms are Fictitious Play (FP) introduced
in (Brown 1951) and Double Oracle (DO) (McMahan, Gor-
don, and Blum 2003). The latter served as a basis for al-
gorithms leveraging deep reinforcement learning to approx-
imate best responses, such as Policy Space Response Ora-
cles (Lanctot et al. 2017; McAleer et al. 2022; Bighashdel
et al. 2024).

It is known that each two-player zero-sum game has an
approximated e-NE of logarithmic size in the number of
pure strategies n for given € > 0 (Althofer 1994; Lipton and
Young 1994). On the other hand, it is not difficult to con-
struct games where FP and DO need at least n iterations to
find an e-NE. This raises a natural question whether there
is a BRO-based algorithm computing -NE in a logarith-
mic number of iterations. (Hazan and Koren 2016) answered
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this question negatively as they proved that any (random-
ized) BRO-based algorithm needs at least Q(,/n/ log® n) it-
erations. At the same time, they introduced quite a compli-
cated BRO-based algorithm providing a quadratic speed up
O(y/n/€?) (up to a poly-logarithmic factor). Consequently,
it follows that one needs to make BRO more powerful to
achieve logarithmic number of iterations.

One way to make BRO stronger is by adding perturba-
tions. Such an oracle perturbs the utilities before comput-
ing a best response for a given mixed strategy. We call such
an oracle perturbed BRO (PBRO). A PBRO-variant of FP
known as Stochastic Fictitious Play (SFP) was introduced
in (Fudenberg and Kreps 1993). Its convergence to NE in
zero-sum games was proven in (Hofbauer and Sandholm
2002). In this paper, we prove that SFP achieves the log-
arithmic complexity in the number of pure strategies n in
expectation (note that PBRO makes SFP a randomized al-
gorithm). Analogously, we define a PBRO-based variant of
DO called Stochastic Double Oracle (SDO). Although its
complexity in terms of n is still an open problem, we prove
that perturbations ensure logarithmic behavior in expecta-
tion for some examples where DO needs O(n) iterations,
namely for examples introduced in (Zhang and Sandholm
2024). We also tested experimentally on other games that
perturbations reduce the number of iterations. However, it
turned out that the perturbations do not accelerate the con-
vergence in random games. Implementing perturbations into
a BRO for normal-form games requires iterating through all
pure strategies to perturb the utility, which is not computa-
tionally efficient. However, for games whose strategy spaces
have an inner structure like partially-observable stochastic
game (POSG), one can efficiently perturb only the rewards
for transitions or terminal states. Even though such pertur-
bations do not precisely correspond to the perturbations in
normal-form games, we experimentally show that they are
able to reduce the number of iterations. More precisely, we
demonstrate that on POSGs from (Zhang and Sandholm
2024) and a path-planning game where one player looks
for the shortest path in a grid, while the other player might
choose any edge and multiply its cost by a fixed coefficient.

Related Work

The convergence of FP was studied in several papers focus-
ing mainly on the convergence rate w.r.t. € instead of the



size of the game. FP converges to NE in zero-sum games,
as proved in (Robinson 1951). Its convergence rate is one of
the oldest open problems in game theory, known as Karlin’s
conjecture (Karlin 1959). However, there are several par-
tial results (Abernethy, Lai, and Wibisono 2021; Daskalakis
and Pan 2014). Recently, Anticipatory Fictitious Play (AFP)
was introduced (Cloud, Wang, and Kerr 2023). AFP still
needs O(n) iterations in the worst case, but provides often
faster convergence. Moreover, it calls the BRO four times
in an iteration, whereas FP only calls the BRO two times.
It is known that perturbations are related to the regulariza-
tion (Hofbauer and Sandholm 2002; Abernethy et al. 2014).
A regularized versions of AFP (PU and OMWU) were inves-
tigated in (Cen, Wei, and Chi 2024). Both variants need at
most O(logn) iterations, but they maintain probability dis-
tributions over all pure strategies, making them unsuitable
for large games.

It is easy to see that DO needs ©(n) iterations. However,
to our knowledge, there is no deeper theoretical study of its
convergence rate. Exponential lower bounds for DO applied
to POSGs were obtained in (Zhang and Sandholm 2024).
Further variants of DO were investigated in (McAleer et al.
2022) but without any convergence guarantees.

Background

This section introduces our notation and the necessary back-
ground for the paper. The set of natural numbers {1,...,n}
is denoted [n]. The real-valued vectors are denoted by bold
lowercase letters, e.g. p € R™. Its i-th component is de-
noted p;. The projection into the i-th component is the map
m;(p) = p;. The vectors from the standard basis of R™ are
denoted e, ..., e,. Thusm;(e;) = 1iff i = jand m;(e;) =
0 otherwise. Similarly, bold uppercase letters denote matri-
ces, e.g. M € R™*™, The entry of M in arow i € [m]
and a column j € [n] is denoted M (i, j) = e/ Me;. The
symbol A,, stands for the simplex of probability distribu-
tions over [n]. We identified the members of A,, with vec-
tors p € [0,1]" such that ) ;" p; = 1. Given sets of in-
dexes R C [m] and C C [n], M[R, C] is the submatrix of
M having only rows with indexes in R and columns with
indexes in C.

This paper focuses on 2-player finite zero-sum games that
can be identified with matrix games if we index the sets of
pure strategies by natural numbers. A matrix game is given
by a matrix M € R™*"™. The row indexes [m] correspond
to the set of pure strategies of the row player. Analogously,
the column indexes [n] correspond to the pure strategies of
the column player. The entry M (i, j) denotes the game’s
outcome if the row player chooses the i-th strategy and the
column player the j-th strategy. A mixed strategy for the row
player is a probability distribution p € A,,, and analogously
for the column player. The expected outcome of the game
when the row (resp. column) player plays p € A,, (resp.
q € A,) can be expressed as M(p,q) = p' - M - q.
We assume that the entries in M represent losses (resp.
rewards) for the row (resp. column) player. Thus, the row
player chooses her strategy to minimize the expected out-
come, whereas the column player wants to maximize it.
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The FP and DO algorithms rely on a best-response oracle
for each player. Given a mixed strategy q € A,,, the oracle
for the row player computes the index of the best response
and the corresponding value, namely

BR,(q) € argmin;(Mgq), BRVal.(q) = rn[in] mi(Mq)
3 i€(m

i€[m]
Analogously for p € A,,, the column player’s oracle com-
putes

BR.(p) € argmax;(p' M), (p' M)

BRVal.(p) = max m;
j€ln] "

j€ln]

Note that BR,.(q) and BR.(p) are pure strategies. In gen-
eral, there might be several best responses for a given mixed
strategy, and any of them can be returned by the oracle.

Given ¢ > 0, a pair of strategies (p*, g*) is said to be
e-Nash equilibrium (e-NE) of the game M if the following
inequalities hold:

M(p",q") — BRVal,(q") < &,BRVal.(p") - M(p",q") < ¢

A Nash equilibrium (NE) of the game M is 0-NE. Given a
pair of strategies (p, q), a sufficient condition for the pair to
form e-NE is

BRVal.(p) — BRVal,.(q) < ¢

that we use as a termination condition for FP and DO.

This paper investigates the influence of perturbations be-
fore selecting the best response. Let w and v be random
vectors with respective dimensions m, n whose components
are i.i.d. random variables coming from a given distribution.
Perturbed best responses are defined as follows:

(D

éT?T(q) € argminm;(Mq — u),
i€[m]

BR.(p) € argmax7;(p' M + v)
j€ln]
When we use the perturbed best responses in FP or DO, we
assume that the probability distribution for the perturbations
vectors u, v is fixed.

This paper considers two common distributions uniform
U(a,b) on the interval [a, b] and Gumbel G(u, /3). The Gum-
bel distribution G(u, 3) is a continuous probability distri-
bution with a CDF given by F(z) = e=¢ """ where
i is a location and S > 0 a scale. The Gumbel distribu-
tion is tightly related to the well-known function softmax,
see e.g. (Goodfellow, Bengio, and Courville 2016), mapping
x € R to a probability distribution softmax(x) € A,, de-
fined by

eri
Z?:l e’

The following lemma is due to (Gumbel 1954) and is
called Gumbel-max trick in the machine learning commu-
nity; for details see (Train 2009, Chapter 3) or (Franke and
Degen 2023). Given € R”, the Gumbel-max trick allows
to sample from softmax(x) by taking argmax of the per-
turbed values z;.

Lemmal. Letx € R"and i* € {1,...,n}. Let z € R™ be

a random vector whose components z; be drawn i.i.d. from
G(0, B). Then the probability

P(argmax m;(x 4+ z) = i*) = m;« (softmax(x/j3))
i€[n]

7; (softmax(x)) =



Algorithm 1: Stochastic Fictitious Play

Require: Initial strategies k,l; € > 0; a probability distri-
bution for BR,. and BR,.
Ensure: -NE (p*, ¢*)
t+1
D<€k, g <€
b < BRVal,.(q), ub + BRVal.(p)
while ub — Ib > te do
t—t+1 N
i+ BR,(q), j < BR:(p)
Pp<—pt+e,q—q+te;
b + BRVal,.(q), ub + BRVal.(p)

end while
return (p*, g*) = (p/t, q/t)

Dually, it follows from Lemma 1 that

P(argmin7;(x — z) = i) = my« (softmax(—x/f))

1€[n]

as argmin, m;(z — z) = * iff argmax, m;(—x + z) = i*.
Consequently, if we perturb the utilities with the Gumbel
distribution G(0, ), the perturbed best-response BR,-(q) is

sampled from softmax(Mgq/3) and analogously BR.(p)
from softmax(—p " M /p).

To prove our result on SFP, we need to recall the ran-
domized exponentially weighted forecaster (REWF), intro-
duced in (Cesa-Bianchi and Lugosi 2006, Chapter 4). Let
M € [0,1]™*" be a m X n-matrix viewed as a loss func-
tion [m] x [n] — [0, 1]. Consider a “sort of”” game between
a player and an opponent with 7" > 1 rounds. In the round
t, the player chooses an action é; € [m] and the opponent
an action j; € [n], making the player to suffer the loss
M (i, j+). The player’s goal is to minimize the cumulative

loss Zthl M (i, ji). REWF is a randomized strategy for
the player based on the opponent’s previously selected ac-
tions. In the round £, REWF samples ¢; based on j1, . .., ji—1
from the distribution softmax(—n 22;11 Me;, ), where n >
0 is a parameter. Following REWF ensures an upper bound
on the regret, i.e., the difference between the cumulative
loss and the best fixed player’s action ¢; it immediately fol-
lows from (Cesa-Bianchi and Lugosi 2006, Theorem 2.2 and
Lemma 4.1).

Corollary 2. Let M € [0,1]™*", T > 1, n > 0, and
d € (0,1). REWF satisfies, with probability 1 —
T T
. . . Inm Tn T. 1
_ < 20 20 Zln=
;:1 M (i, Ji) Zrél[lrg] ;:1 M (i,j:) < o + 3 + 3 In 3

Stochastic Fictitious Play

Stochastic Fictitious Play (SFP) is a randomized version
of Fictitious Play (FP). Its pseudocode is shown in Algo-
rithm 1. We expand it with the termination condition (1) so
that it stops after reaching e-NE. Note that the best-response
values BRVal..(q), BRVal.(p) are not perturbed, hence the
termination condition is not affected by the perturbations.
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The algorithm maintains two vectors p and g represent-
ing multisets of already played pure strategies. In each it-
eration, SFP finds perturbed best responses w.r.t. p and q
respectively!. When the termination condition is satisfied,
SFP returns the average of all the played strategies so that
the resulting vectors p*, ¢* form probability distributions.
Note that even though Algorithm 1 operates with vectors
e; € R™, e; € R", SFP can be implemented efficiently
without considering all the dimensions by storing only the
multisets of pure strategies played by the players up to the
current iteration.

Using the Gumbel-max trick (see Lemma 1), we show
that SFP combined with Gumbel perturbations corresponds
to the computation when both players apply the randomized
exponentially weighted forecaster (REWF) against each
other. W.l.o.g. we assume that the matrix game M € R™*™
is normalized into [0, 1] and m < n.

Theorem 3. Let M € [0, 1]™*™ be a matrix game such that
m < nande > 0. An e-NE can be computed by SFP with

perturbations sampled from G(0, 3) in O (=% log 1) expected it-
. _ 24++2Ilnn
erations, where 3 = Ry et

logn

Proof. We first prove that SFP finds e-NE in O(=%") itera-
tions with probability at least 1/2. We let SFP to iterate for
logn

2
T — <2+\/€21Tn> € 0( 23

Let p;, q;: denote the vectors p, q at the iteration ¢t < T'.
Further, let ¢, = éﬁr(qt,l) and j; = éT?C(pt,l). At the
iteration ¢, we have g;—; = Zg;ll ej.. Thus Mq;_, =
Zi;ll Me;, . By Lemma 1, i; is sampled from the distribu-
tion softmax(—n Zi;ll Me;,) for n = 1//. By our choice
of 8 and T, we have n = y/8Inn/T. Consequently, Corol-

lary 2 for § = 1/4 implies with probability at least 3/4,
using also m < n and In4 < 2,
In

Zsz,j, —mmZMl]t < ry

Inn
VT =VT ( V 2>
Applying Corollary 2 to the matrix 1 — M ", we can de-

rive an analogous bound for the column player with proba-
bility at least 3/4

T
I
> M(ic.) ZMZt:]t <f(1+\/ r;”)

Consequently, both inequalities hold simultaneously with
probability at least 1/2 using the well-known lower bound
P(ANB) > P(A)+ P(B) — 1 on the probability of the in-
tersection of two events A, B. Summing the above inequali-
ties, we get

T
max M (i, g
je[n]; (t

"Formally, p, g are not probability distributions. We assume
w.l.o.g. that the best-response oracle works for them as well.

) iterations.

<m In4
n

T
2

Inn

<—+—+

max
jeln] ¥

manM@ jt <f2+\/21nn)

i€[n]



Algorithm 2: Stochastic Double Oracle

Require: Initial strategies k,l; € > 0; a probability distri-
bution for BR,. and BR,.
Ensure: -NE (p*, ¢*)
t+1
R+ {k},C « {1}
P < €, q <€
b < BRVal,(q), ub + BRVal.(p)
while ub — b > ¢ do
t<—1t+1
(P, @) < getNash(M[R, C1)
i+ BR,(q), R+ RU{i}
j ¢ BR.(p). C + CU{j}
b <+ BRVal,.(q), ub + BRVal.(p)
end while

return (p*,g*) = (p, q)

s o]
o 0,0

o
— —_
-1

= =
R EY R Bl B EY

Figure 1: An example of the 4-bit stochastic game.

SFP returns the pair (+ 23:1 €7 23;1 e;,). Note that

T T
1 1 T
b=BRVal. [ - e, | = =D elMm
v ac(thle“> jet (thlef >
1 T
= —max » M/(i,J)
T jeln] =

Analogously, Ib = 7 min; e[ Zthl M (4, j;). Combining
the above facts, we get ub — b < (24 v21n n)/\/T =c.
Thus (F Zf:l €, = Zthl e;,) forms e-NE with probabil-
ity at least 1/2.

To obtain an algorithm with a logarithmic expected num-
ber of iterations, we execute SFP for 7" many iterations until
we find e-NE. It occurs in the first or second run in expecta-
tion. O

Stochastic Double Oracle

This section introduces Stochastic Double Oracle (SDO), a
randomized variant of Double Oracle (DO) with perturbed
best responses. Its pseudocode is shown in Algorithm 2. As
DO, it maintains two sets of pure strategies R, C for the row
and column player, respectively. At each iteration, it com-
putes NE for the induced subgame M [R, C]. The termina-
tion condition is the same as in SFP.
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Figure 2: An example of the 4-bit POSG.

In this paper, we take the first steps in investigating con-
vergence for SDO. We start with two matrix games intro-
duced in (Zhang and Sandholm 2024) that are difficult to
solve for DO, i.e., DO needs to iterate through all pure strate-
gies to find e-NE. We prove that SDO with suitable pertur-
bations finds e-NE in a logarithmic number of iterations in
expectation for both.

Example 1. Let n > 1. In the first game, both players
choose a number from [n]. The player who chooses the
greater number wins. If the chosen numbers are equal, it
is a draw. The corresponding square matrix L € R™*" is
defined as follows:

0 1 1

10 1
L=

11 0

The game L has a unique pure e-NE consisting of the last
row and column for any 0 < ¢ < 1. Thus finding e-NE for
€ < 1 is the same as finding NE. If DO is initialized with
k =1 = 1 and the best responses are chosen adversarially
(i.e., we always take the best response with the least index),
DO needs n iterations to find the NE. Note that there are
several candidates when DO looks for a best response to a
row or column. On the other hand, when we apply SDO to
L, the perturbations allow us to select a candidate uniformly
randomly.

We prove our result on SDO by applying drift the-
ory (Kotzing and Krejca 2019). For technical reasons, we
prove it w.l.o.g. for a dual game where the player who
chooses the smaller number wins. Its matrix § = LT has
a unique NE consisting of the first row and column.

Let £ > 1. Consider the k-th row @ of S, i.e., z; = 1 for
1t < k,x; =0,and x; = —1for¢ > k. The following crucial
lemma shows that BR.(ex) with uniform perturbations se-
lects a best response uniformly among {1, ...,k —1}. Anal-
ogous lemma can be proven for the k-th column.



Lemmad. Letx = (1,...,1,0,—1,...,—1) € R" be the
k-throwof S, k > 1, and z = (z1, . . ., zn) a random vector
whose components z; ~ U(—1/2,1/2). Let I be the random
variable I = argmax; ¢, 7 (T + z). Then E[I] = £

Proof. Note that z; +z; ~U(1/2,3/2) fori < k, x;+z; ~
U(-1/2,1/2) for i = k, and z; + z; ~ U(—3/2,—-1/2)
for i > k. Thus we have E[I] = Y1 ;i P(I = i) =
Zf;lli - P(I = i) because P(I = i) = 0 fori > k.
Moreover, P(I = i) = ;2 is the uniform distribution on
{1,...,k — 1} as the first k — 1 components of x are equal.
Consequently, E(I) = - Y1 O

= i=1 ¢ =

k—1

k
3

Next, we need to understand equilibria of the subgame
S[R, C] in every iteration of SDO. For notational simplic-
ity, we index rows and columns in S[R, C] with the same
indexes as in the original matrix S. Further, we denote the
probability simplices over R, C' by Ag, Ac, respectively.
Lemma 5. Ler R,C C [n]andr = min R, ¢ = min C.

1. Ifr < ¢, then {e;,q) is NE in S|R,C] forany i € {k €
R | k < ¢} and q € Ac. There are no other NEs.
Dually, if ¢ < r, then (p,e;) is NE in S[R,C]| for any
je{keC|k<r}andp € AR. There are no other
NEs.

Ifr = ¢, then {e,, e.) is the unique NE in S|R, C|.

2.

3.

Proof. For the first item, let  be an i-th row of S for ¢ €
{k € R|i < c}.Note that z; = —1 for all j € C. Thus the
i-th row in S[R, C] is equilibrial strategy for the row player.
A column player can play an arbitraty strategy. The second
item is proven analogously as the first one.

The last claim follows if we note that the r-th row in
S|[R, C] is of the form (0, —1,...,—1) and c-th column in
S[R, C] is of the form (0, 1,...,1). O

Theorem 6. SDO finds NE of S in O(logn) expected num-
ber of iterations.

Proof. We assume k,! = n, which is the worst possible start
for SDO on S. Let R;, C; be the row and column strategies
in the iteration t¢. Define r, = min R; and ¢; = min C;.
Next, we define X; = max{r,c;}. Apparently, we have
Xip1 < Xysince ryy < rpand i1 < ¢ Once X; = 1,
SDO will find the NE in the next iteration. Thus, we want to
show E[T] € O(logn) where T' = inf{¢ | X; < 1}. This
can be proven by (Kétzing and Krejca 2019, Corollary 17),
if we show that X; — E[X 1 | X1,...,X¢] > 60X, for
some § > 0. Regarding the sequence X1, Xs,..., we will
consider only subsequence X, X3, ... of odd iterations ¢
as SDO needs often two iterations to improve strategies for
both players. In other words, we will prove X; — E[X; o |
X1,X5...,X;] > 6X; for some § > 0. To simplify the
notation, we denote the conditional expectations without the
condition in the rest of proof. For instance, E[X; 2] means
E[Xiio | X1, X3,..., X¢].

Let ¢ be an odd iteration. There are two cases. We prove
the case if r; < ¢;. The proof for the case when r, > ¢,
is analogous. If r; < ¢, then (e;, q) is NE for S[R;, Cy]
for some i < ¢; and some ¢ € Ao by Lemma 5 (items
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Figure 3: The clusters corresponding to the terminal states.

1 and 3). Consequently, the best response for the column
player is j = BR.(e;) < i < ¢;. Thus j becomes the new
minimum of Cy41, i.e., ;41 = j. Applying Lemma 4, we
get E[Ct+1] = ’L/2 < Ct/2.

In the iteration ¢ + 1, we either have ryy; < ¢p4q1 Or
Ti4+1 > Cey1. In the first case, X120 < X441 = ¢i41. Thus
E[Xt+2] < E[Ct+1] < Ct/2 < maX{Tt,Ct}/Q = Xt/2
If riy1 > 441, then (p,e;) for some j < r,yq and any
p € Ar by Lemma 5. Consequently, the row player’s best

response ¢ = BR,(e;) < j < ry11 becomes the minimum
of Ryyo, i€., Ti42 1. Applying the column analog of
Lemma 4, we get Elriio] = 5/2 < 1441/2. As ¢pya <
ci+1, we have Xy o < max{ri;a,ciy1}. Consequently,
E[X:12] < max{ri+1/2,¢:/2} < max{ri/2,¢:/2} <
X,/2.

To sum up, we have X; — E[X; ;2] > X;/2. (Kotzing
and Krejca 2019, Corollary 17) implies E[T] < 2Ilnn for
the subsequence of odd iterations. Thus SDO needs at most
1 + 4 Inn iterations to find the NE in expectation. O

Example 2. The second example from (Zhang and Sand-
holm 2024) is a modification of the game from Example 1
where the best responses are unique. We will again use its
dual variant. Its matrix U € R"*" is defined as follows:

0 —2 -1 -1
2 0 -2 ~1
v-|1 2 o -1
111 0

Again, U has unique e-NE for 0 < ¢ < 1 consisting of the
first row and column. DO needs n iterations to find the NE,
if initialized with &k = [ = n.

The following theorem can be proven analogously as The-
orem 6. The main difference is a modification of Lemma 4;
Lemma 8 below (its proof is in the extended version of the
paper). It shows that the perturbed best responses w.r.t. a sin-
gle row ey, are not selected uniformly from {1,...,k — 1}
as was the case for the game S. The distribution is due to the
unique best responses shifted towards larger indexes. How-
ever, the expected index is less than 3/4k which is sufficient
to apply (Kotzing and Krejca 2019, Corollary 17).

Theorem 7. SDO finds NE of U in O(log n) expected num-
ber of iterations.

Lemma 8. Lerx = (1,...,1,2,0,—2,—1...,—1) € R"
be the k-th row of U, k > 1, and z = (z1,...,2,) a
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Figure 4: SFP iterations on random [0, 1]-matrix games (left), U T (middle), and the f-finger Morra game (right) for e = 0.1.

random vector whose components z; ~ U(—1,1). Let I
be the random variable I = argmax;c,) Ti(x + z). Then

E[I] < 3/sk.

nJ

Efficient Perturbations

Let M € R™*" be a matrix game and g € A,,. Suppose we
have a best-response oracle computing BR,.. To implement a

perturbed best response BR,.(q) using BR,., it requires per-
turbing every component of M q. That cannot be done if
SDO maintains only a fraction of M. Nevertheless, suppose
M represents a game with inner structure like an extensive-
form game (EFG) or a partially-observable stochastic game
(POSG). In that case, we can implement an efficient PBRO
using a best-response oracle and perturbation of utilities/re-
wards for terminal states or transitions.

Consider the (fully observable) stochastic game from Fig-
ure 1. In this game, each player chooses a sequence of four
bits that corresponds to the player’s actions taken in non-
terminal (circular) states. The terminal (squared) states con-
tain their corresponding reward. This game and its general-
ization for any number of bits n was defined in (Zhang and
Sandholm 2024). Considering the n-bit game, the equivalent
matrix game is of size 2" x 2™ and has the form of the matrix
L from Example 1. To perturb best responses efficiently in
this game, one can perturb only the rewards of the terminal
states before applying the standard best-response oracle.

We experimentally tested that this kind of efficient pertur-
bation speeds up the convergence of SDO for the stochastic
game from Figure 1. Furthermore, we did the same for the
POSG from Figure 2 also coming from (Zhang and Sand-
holm 2024). In this POSG, the players cannot observe the
state of the game. So they again choose only four bits. The
n-bit generalization of this game has an equivalent matrix
game of size 2" x 2" and has the form of matrix UT; see
Example 2. The experimental results are shown in the next
section. Here, we explain the details of our implementation.

One possibility to test our hypothesis for the game in Fig-
ure 1 would be implementing the best response oracle as an
MDP solver, for instance using the value iteration algorithm
(VD). However, VI would eliminate the existence of multi-
ple best responses as it computes the optimal decision for
each non-terminal state. For example, if the second player
chooses 0 as her first bit, any sequence starting with 1 is a
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best response for the first player. However, VI would return
1,1,1,1 as the only best response.

Thus, we tested the hypothesis on the corresponding ma-
trix game L. Each matrix entry corresponds to a terminal
state. However, this correspondence is not one-to-one, as
several entries correspond to the same terminal state. So, it
induces a clustering of entries in L according to the terminal
states. The clustering for L is shown in Figure 3 (left). Each
color represents a single cluster.

Now, perturbing the reward of a terminal state is the same
as perturbing its corresponding cluster by the same ran-
dom value. Let K be the number of clusters and z a K-
dimensional random vector whose components z; are i.i.d.
random variables. For each cluster & € [K], we denote
the {0, 1}-matrix By, € R™*™ that masks the cluster k,
i.e., By(i,j) = 1 iff the ¢, j-entry belongs to the cluster
k and By (i, j) = 0 otherwise. Finally, for a column player’s
mixed strategy ¢ € A,,, we compute the perturbed best-

response as follows:
) Q> 2

The best response for the column player is defined anal-
ogously. The same clustering can be applied also for the
POSG in Figure 2. The corresponding clustering is shown
in Figure 3 (right).

K

((L + Y 2B

k=1

élv?r(q) = argmin m;
1€[m]

Experiments

All our experiments were implemented in the programming
language Python and experimentally evaluated on the CPU
AMD Ryzen 7 PRO 7840U. All randomized algorithms
were repeated ten times to report the mean and the standard
deviation. The initialization of SFP and SDO was determin-
istic, with the algorithm starting at the worst possible in-
dexes. For tie-breaking best responses, the one with the least
index was taken. To generate pseudorandom values, we used
the numpy library with the initial seed 1.

SFP was tested in combination with Gumbel perturbations
G(0, 8) where 8 was set according to Theorem 3. We ran
SFP with ¢ = 0.1 on random square [0, 1]-matrix games,
the matrix games L (Example 1) and U " (Example 2), and
f-finger Morra game (Good 1965) all normalized to the in-
terval [0, 1]; Figure 4. We compared SFP with FP, AFP, and
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AFP with perturbed best responses (SAFP). The left graph
shows the number of iterations on random n X m-matrix
games. In the experiment, we generated 100 random games
for each n. AFP outperforms all the other methods; SFP and
SAFP behave similarly on random games. The middle graph
presents the number of iterations for the game U " . An anal-
ogous graph for L looks almost identical, so we omit it. FP
and AFP show their the worst-case O(n) complexity. SFP
and SAFP again have a similar performance. Finally, the
right graph shows the number of iterations for the f-finger
Morra game. The horizontal axis represents the number of
fingers f. The size of the corresponding matrix is f2 x f2.
Interestingly, SFP and SAFP are able to quickly find an e-
NE for large values of f. However, this is not the case for
FP and AFP.

We did similar experiments for DO and SDO combined
with the uniform perturbations. The SDO iterations for ma-
trix games L, U T, f-finger Morra game, and the Colonel
Blotto game with five battlefields for different numbers of
units are shown in Figure 5. We omit the DO iterations in
the left graph as the DO needs n iterations for the size n. In
all these cases, SDO outperforms DO. However, we noticed
this is not the case for random games where perturbations do
not provide a faster convergence or even degrades the con-
vergence rate if the perturbations are too large. This outcome
is somewhat expected, considering that the best responses in
random games are inherently stochastic.

Further, we tested the efficient perturbations of clusters,
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see Equation (2), on the matrix games L and U T of size
2™ x 2" corresponding to stochastic games from Figure 1
and 2. The results are shown in Figure 6 (left). Although
SDO with efficient perturbations requires more iterations in
comparison with Figure 5 (left), still the obtained results are
much better than the linear complexity of DO.

To test the efficient perturbations further, we defined a
path-planning game on an n x n-grid. An example of such
a grid for n 4 is shown in Figure 6 (middle). The col-
ors and numbers denote the costs for particular transitions.
The path-planning player looks for the shortest path in the
grid starting in the node S and finishing in the node E. The
other player selects a single edge and multiplies its cost by
a given coefficient; 10 in our experiments. We implemented
the perturbed best-response oracle by perturbing the transi-
tion costs every time the oracle is called. Figure 6 (right)
show that uniform perturbations reduce the number of itera-
tions with increasing grid size.

Conclusions

To summarize, perturbing best responses improves the con-
vergence of FP and DO. We proved that SFP has a logarith-
mic complexity in the number of pure strategies n. Although
DO needs O(n) many iterations to find e-NE in the worst
case, it is still possible that SDO finds an e-NE in O(logn)
expected number of iterations. We leave this open problem
for future research.
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